
ABOUT SPECIAL LIMITS AND SUMS

BY MIHÀLY BENCZE AND FLORICĂ ANASTASE

Theorem 1.
If f : R→ R and a ∈ R then

n∑
k=1

a+ f(k)

f(k) + 2a+ f(n− k)
=
n− 1

2
+

a+ f(n)

f(0) + 2a+ f(n)

Proof.
We consider the notation: an = a+f(k)

f(k)+2a+f(n−k) therefore,

ak + an−k =
a+ f(k)

f(k) + 2a+ f(n− k)
+

a+ f(n− k)

f(n− k) + 2a+ f(k)
= 1

Hence,

2

n−1∑
k=1

ak =

n−1∑
k=1

(ak + an−k) = n− 1

And then,

n∑
k=1

ak =
n−1∑
k=1

ak + an =
n− 1

2
+

a+ f(n)

f(0) + 2a+ f(n)

�

Application 1.
For a ≥ 0 find:

Ω = lim
n→∞

1

n

n∑
k=1

a+ ka

ka + 2a+ (n− k)a
· tan−1

(
n2

n2 − kn+ k2

)
Solution. Using the following identity

tan−1

(
k

n

)
+ tan−1

(
n− k
n

)
= tan−1

(
n2

n2 − nk + k2

)
and put in Theorem 1 f(x) = tan−1

(
k
x

)
it follows that:

Sn =
1

n

n∑
k=1

a+ ka

ka + 2a+ (n− k)a
· tan−1

(
n2

n2 − kn+ k2

)
=

=
n−1∑
k=1

tan−1

(
k

n

)
+

a+ na

2a+ na
· π

4
=

1
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=

n∑
k=1

tan−1

(
k

n

)
− π

4
· a

2a+ na

Therefore,

Ω = lim
n→∞

1

n

n∑
k=1

a+ ka

ka + 2a+ (n− k)a
· tan−1

(
n2

n2 − kn+ k2

)
=

lim
n→∞

1

n
·

(
n∑

k=1

tan−1

(
k

n

)
− π

4
· a

2a+ na

)
=

∫ 1

0
tan−1 xdx

IBP
=

= x · tan−1 x|10 −
∫ 1

0

x

1 + x2
dx =

π

4
− 1

2
log 2

�

Application 2. Find:

Ω = lim
p→∞

1

pa
·

p∑
m=1

m∑
n=1

n∑
k=1

k2

2k2 − 2nk + n2

Solution. Let ak = 2k2

2k2−2nk+n2 hence,

ak + an−k =
2k2

2k2 − 2nk + n2
+

(n− k)2

2(n− k)2 − 2n(n− k) + n2

=
k2

2k2 − 2nk + n2
+

(n− k)2

−2k(n− k) + n2
=

k2

2k2 − 2nk + n2
+

(n− k)2

n2 − 2kn+ 2k2
= 1

Hence,
n∑

k=1

k2

2k2 − 2nk + n2
=
n+ 1

2

and we get:
p∑

m=1

m∑
n=1

n∑
k=1

k2

2k2 − 2nk + n2
=

p∑
m=1

m∑
n=1

n+ 1

2
=

p∑
m=1

(
m(m+ 1)

4
+
m

2

)
=
p(p+ 1)(2p+ 7)

24

Therefore,

Ω = lim
p→∞

1

pa
·

p∑
m=1

m∑
n=1

n∑
k=1

k2

2k2 − 2nk + n2
=

= lim
p→∞

1

pa
· p(p+ 1)(2p+ 7)

24
=


0, if a > 3
1
12 , if a = 3

+∞, if a < 3

�
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Application 3. For a > 0b > 1 find:

Ω = lim
n→∞

1

n
·

n∑
k=1

a+ bk

bk + 2a+ bn−k
· tan−1

(
n2

n2 − kn+ k2

)
Solution. Using the following identity

tan−1

(
k

n

)
+ tan−1

(
n− k
n

)
= tan−1

(
n2

n2 − nk + k2

)
and taking ak = a+bk

bk+2a+bn−k · tan−1
(

n2

n2−kn+k2

)
we get

ak =
a+ bk

bk + 2a+ bn−k

(
tan−1

(
k

n

)
+ tan−1

(
n− k
n

))
Hence,

ak + an−k =
a+ bk

bk + 2a+ bn−k

(
tan−1

(
k

n

)
+ tan−1

(
n− k
n

))
+

+
a+ bn−k

bk + 2a+ bn−k

(
tan−1

(
n− k
n

)
+ tan−1

(
k

n

))
= tan−1

(
k

n

)
+tan−1

(
n− k
n

)
Thus,

n∑
k=1

ak =
n−1∑
k=1

ak + an =
n−1∑
k=1

tan−1

(
k

n

)
+
π

4
· a+ bn

bn + 2a+ 1

and

1

n

n∑
k=1

a+ bk

bk + 2a+ bn−k
·tan−1

(
n2

n2 − kn+ k2

)
=

1

n

n−1∑
k=1

tan−1

(
k

n

)
+
π

4n
· a+ bn

bn + 2a+ 1

=
1

n

n∑
k=1

tan−1

(
k

n

)
− π

4n
· a+ 1

1 + 2a+ bn

Therefore,

Ω = lim
n→∞

1

n

n∑
k=1

a+ bk

bk + 2a+ bn−k
· tan−1

(
n2

n2 − kn+ k2

)
=

lim
n→∞

(
1

n

n∑
k=1

tan−1

(
k

n

)
− π

4n
· a+ 1

1 + 2a+ bn

)
=

∫ 1

0
tan−1 x dx =

π

4
−log

√
2

Observation. If in Theorem 1 we take a = p, p ∈ N and summing after
p ∈ N it follows that:

n∑
p=1

n∑
k=1

p+ f(k)

f(k) + 2p+ f(n− k)
=

n∑
p=1

(
n− 1

2
+

p+ f(n)

f(0) + 2p+ f(n)

)
=

=
p(n− 1)

2
+

n∑
p=1

p+ f(n)

f(0) + 2p+ f(n)
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Application 4. For a ∈ R find:

Ω = lim
n→∞

1

na
·

n∑
m=1

n∑
k=1

m+ k

2m+ k

Solution. In Theorem 1, we take f(x) = x and a = m,m ∈ {1, 2, ..., n}
then:

n∑
k=1

m+ k

2m+ k
=
n− 1

2
+

m+ n

2m+ n

n∑
m=1

n∑
k=1

m+ k

2m+ k
=
n(n− 1)

2
+

n∑
k=1

m+ n

2m+ n

Ω = lim
n→∞

1

na

n∑
m=1

n∑
k=1

m+ k

2m+ k
= lim

n→∞

1

na

(
n(n− 1)

2
+

n∑
k=1

m+ n

2m+ n

)
=

= lim
n→∞

1

na−1

(
n− 1

2
+

1

n

n∑
m=1

1 + m
n

1 + 2m
n

)
=

1

2
lim
n→∞

n− 1

na−1
+

∫ 1

0

1 + x

1 + 2x
dx =

=
1

2

(
1 +

1

2
log 3 + lim

n→∞

n− 1

na−1

)
=


1
2(1 + log

√
3); a > 0

1
2(2 + log

√
3; a = 2

∞; a > 2

Application 5. For a ∈ R find:

Ω = lim
n→∞

1

na
·

n∑
p=1

n∑
k=1

p+ k2

2p2 + 2k2 − 2nk + n2

Solution. In Theorem 1, we take f(x) = x2 and a = p, p ∈ {1, 2, ..., n}
then:

n∑
k=1

p+ k2

2p2 + 2k2 − 2nk + n2
=
n− 1

2
+

p+ n2

2p+ n2

n∑
p=1

n∑
k=1

p+ k2

2p2 + 2k2 − 2nk + n2
=
n(n− 1)

2
+

n∑
p=1

p+ n2

2p+ n2
=

=
n(n+ 1)

2
−

n∑
p=1

p

2p+ n2

n∑
p=1

p

2p+ n2
≤

n∑
p=1

p

2 + n2
=

n2 + n

2(n2 + 2)
→ 1

2
; (n→∞)

n∑
p=1

p

2p+ n2
≥

n∑
p=1

p

2n+ n2
=

n2 + n

2(n2 + 2
→ 1

2
; (n→∞)
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Therefore,

Ω = lim
n→∞

1

na

n∑
p=1

n∑
k=1

p+ k2

2p2 + 2k2 − 2nk + n2
= lim

n→∞

1

na

n(n+ 1)

2
−

n∑
p=1

p

2p+ n2

 =

=

{
0, a ≤ 2

∞, a > 2

�

Theorem 2.
If f, g : R→ R and a ∈ R then

n∑
k=1

g(k)g(n− k)(a+ f(k))

f(k) + 2a+ f(n− k)
=

1

2

n−1∑
k=1

g(k)g(n− k) +
g(0)g(n)(a+ f(n))

f(0) + 2a+ f(n)

Proof. Let ak = g(k)g(n− k) + g(0)g(n)(a+f(n))
f(0)+2a+f(n) and we get

ak+an−k = g(k)g(n−k)+
g(0)g(n)(a+ f(n))

f(0) + 2a+ f(n)
+
g(n− k)g(k)(a+ f(n− k))

f(n− k) + 2a+ f(k)
= g(k)g(n−k)

Therefore,

2

n−1∑
k=1

ak =

n−1∑
k=1

(ak + an−k) =

n−1∑
k=1

g(k)g(n− k)

n∑
k=1

=
1

2

n−1∑
k=1

g(k)g(n− k) +
g(0)g(n)(a+ f(n))

f(0) + 2a+ f(n)

Application 6. Find:

Ω = lim
n→∞

n∑
k=1

k + 2

(k + 1)(n− k + 1)

Solution. In Theorem 2, we take f(x) = x, g(x) = 1
x+1 and a = 2, then

1

n+ 4

n∑
k=1

k + 2

(k + 1)(n− k + 1)
=

1

2

n−1∑
k=1

1

(k + 1)(n− k + 1)
+

n+ 2

(n+ 1)(n+ 4)
=

=
1

2(n+ 2)

n−1∑
k=1

(
1

k + 1
− 1

n− k + 1

)
+

n+ 2

(n+ 1)(n+ 4)

Hence,

n∑
k=1

k + 2

(k + 1)(n− k + 1)
=

n+ 4

2(n+ 2)

n−1∑
k=1

(
1

k + 1
− 1

n− k + 1

)
+
n+ 2

n+ 1

Therefore,

Ω = lim
n→∞

n∑
k=1

k + 2

(k + 1)(n− k + 1)
= 1

�
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Theorem 3. If f, g : R→ R and a ∈ R then

n∑
k=1

(g(k) + g(n− k))(a+ f(k))

f(k) + 2a+ f(n− k)
=

n−1∑
k=1

g(k) +
(g(0) + g(n))(a+ f(n))

f(0) + 2a+ f(n)

Proof. Let ak = (g(k)+g(n−k))(a+f(k))
f(k)+2a+f(n−k) and we get

ak+an−k =
(g(k) + g(n− k))(a+ f(k))

f(k) + 2a+ f(n− k)
−(g(n− k) + g(k))(a+ f(n− k))

f(n− k) + 2a+ f(k)
=

= g(k) + g(n− k)

Thus,

2

n−1∑
k=1

=

n−1∑
k=1

(ak + an−k) =

n−1∑
k=1

(g(k) + g(n− k)) = 2

n−1∑
k=1

g(k)

and then
n∑

k=1

ak =

n−1∑
k=1

g(k) +
(g(0) + g(n))(a+ f(n))

f(0) + 2a+ f(n)

�

Application 7. Find:

Ω = lim
n→∞

n∑
k=1

k2

(k + 1)(n− k + 1)(2n2 − 2kn+ k2)

Solution. In Theorem 3, we take f(x) = x2, g(x) = 1
x+1 and a = 0, we get

n∑
k=1

(n+ 2)k2

(k + 1)(n− k + 1)(n2 + (n− k)2)
=

n−1∑
k=1

1

k + 1
+
n+ 2

n+ 1

Hence,

n∑
k=1

k2

(k + 1)(n− k + 1)(2n2 − 2kn+ k2)
=

1

n+ 2

n−1∑
k=1

1

k + 1
+ 1

n∑
k=1

k2

(k + 1)(n− k + 1)(2n2 − 2kn+ k2)
=

1

n+ 2
(γn + log n− 1) + 1

Therefore,

Ω = lim
n→∞

n∑
k=1

k2

(k + 1)(n− k + 1)(2n2 − 2kn+ k2)
= 1+ lim

n→∞

γn + log n− 1

n+ 2
=

= 1 + lim
n→∞

log n

n+ 2

L.C−S
= 1 + lim

n→∞

log(n+ 1)− log n

n+ 3− n− 2
= 1

�
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Theorem 4. If Sn =
n∑

k=1

xk then

1)
n∑

k=1

(n− k + 1)xk =
n∑

k=1

sk

2)
n∑

k=1

(n− k + 1)(n− k + 2)

2
xk =

n∑
k=1

(n− k + 1)Sk

1) We have the following relations,
S1 = x1

S2 = x1 + x2

...............................

Sn = x1 + x2 + ...+ xn

By adding up these relations, we have:
n∑

k=1

(n− k + 1)xk =

n∑
k=1

Sk

For 2), we have:
n∑

k=1

(n− k + 1)(n− k + 2)

2
xk =

n∑
k=1

(nx1 + (n− 1)x2 + ...+ (n− k+ 1)xk) =

n∑
k=1

(S1 + S2 + ...+ Sk) =
n∑

k=1

(n− k + 1)Sk

�

Application 8. For a ∈ R find:

Ω = lim
n→∞

1

na
·

n∑
k=1

(n− k + 1)((n− k + 2)

2
·

k∑
p=1

p2

2p2 − 2kp+ k2


Solution. In Theorem 1, we take f(x) = x2, a = 0 we get

xk =

k∑
p=1

p2

2p2 − 2kp+ k2
=
k + 1

2

In Theorem 4, we take

Sn =

n∑
k=1

xk =

n∑
k=1

k∑
p=1

p2

2p2 − 2kp+ k2
=
∑
k=1

n
k + 1

2
=
n(n+ 1)

4
+
n

2
=
n(n+ 2)

2

Hence,

n∑
k=1

(n− k + 1)(n− k + 2)

2
·

k∑
p=1

p2

2p2 − 2kp+ k2

 =

n∑
k=1

(n−k+1)
k(k + 2)

2
=
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n∑
k=1

k(k + 2)(n− k + 1)

2
=

n∑
k=1

k3 + (n+ 1)

n∑
k=1

k2 + 2(n− 1)

n∑
k=1

k =

=
n(n+ 1)(7n2 + 21n− 10)

12
Therefore,

Ω = lim
n→∞

1

na
·

n∑
k=1

(n− k + 1)((n− k + 2)

2
·

k∑
p=1

p2

2p2 − 2kp+ k2

 =

= lim
n→∞

1

na
· n(n+ 1)(7n2 + 21n− 10)

12
=


= 0, a > 4
7
12 , a = 4

∞, a < 4

�

Application 9. For a ∈ R find:

Ω = lim
n→∞

1

na
·

n∑
k=1

(n− k + 1) ·
k∑

p=1

p3(k − p)
2p2 − 2kp+ p2


Solution. In Theorem 2, we take f(x) = x2, g(x) = x it follows that

xk =

n∑
p=1

p3(k − p)
2p2 − 2kp+ p2

=
k(k2 − 1

12

In Theorem 4, we take

Sn =
n∑

k=1

xk =
n∑

k=1

k(k2 − 1)

12
=

(n2 + 1)(n2 + n− 2

48

Hence,

1

na
·

n∑
k=1

(n− k + 1) ·
k∑

p=1

p3(k − p)
2p2 − 2kp+ p2

 =

n∑
k=1

(n− k + 1)xk =

n∑
k=1

Sk =

=
n∑

k=1

(k2 + 1)(k2 + k − 2)

48
=

=
1

48
·n(n+ 1)(2n+ 1)(3n2 + 3n+ 1)

30
+

1

48
·n

2(n+ 1)2

4
− 1

48
·n(n+ 1)(2n+ 1)

6

+
1

48
· n(n+ 1)

2
− n

24
Therefore,

Ω = lim
n→∞

1

na
·

n∑
k=1

(n− k + 1) ·
k∑

p=1

p3(k − p)
2p2 − 2kp+ p2

 =


0, a > 5

1
1440 , a = 5

∞, a > 5
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