ABOUT SPECIAL LIMITS AND SUMS

BY MIHALY BENCZE AND FLORICA ANASTASE

Theorem 1.
If f:R— R and a € R then

Zn: a+ f(k) :n—1+ a+ f(n)
1fk:)+2a+f(n—k) 2 £(0) +2a+ f(n)
Proof.
We consider the notation: a, = M%-i%—k) therefore,
a+ f(k) a+ f(n—k)
Ot Ok = O st fn— k) T k) + 20+ (k)
Hence,
n—1 n—1
22% = Z(ak—l—an p)=n—1
k=1 k=1
And then,
n n—1

Application 1.
For a > 0 find:

a+ k* 1 n?
Q=1 -t
nl—{gonzka—i—Qa—i- (n—k)e o (nQ—kn—i-k?)

Solution. Using the following identity

_ 2
tan ! ﬁ + tan~ ! Lk = tan"! S
n n n? —nk + k2

and put in Theorem 1 f(z) = tan~! (£) it follows that:

a+ k° 1 n?
Z - tan ————5 | =
k® +2a + (n — k)@ n? — kn + k?
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n
~ tant (E) T
n 4 2a+ n®

k=1

Therefore,

a+ k° 1 n
Q=1 ot _
nlﬁngonzka%—Qa—F (n—k) o (nQ—kn—Fk?)

m=1n=1k=1
Solution. Let a; = m hence,
2k2 (n—k)?
WOk = o ok +n? - 2(n — k)2 —2n(n — k) + n?
k2 (n — k)2 k2 (n — k)2

T 2k2 — 2nk + n2+—2k(n —k)+n?  2k2—2nk+ n2+n2 — 2kn + 2k?
Hence,

Zn: k2 ~n+1
L= 2k? — 2k +n? 2

and we get:
2 _ 2 -
m=1n=1k=1 2k 2nk +n =1n=1 2
zp: m(m+1) m (p+1(2p+7)
4 2 24
m=1
Therefore,

1 K& k2
Q= lim — - =
e 22 o e

m=1 =
0, ifa>3
_ g L P+ DT ) a3
p—00 p@ 24 127

400, ifa<3

=1
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Application 3. For a > 0b > 1 find:

a+ b n?
Q= lim — tan ! | 5
nlﬁnolon Zbk+2a+b” RoAn (n2—kn—|—k2>

Solution. Using the following identity

_ 2
tan~ ! ﬁ +tan~! n-k = tan" _r
n n n?2 —nk + k2

. k _ 2
and taking ap = % ~tan~! (#Tlﬂcg) we get

B a+ b tan-L k + tan-! n—k
ak_bk+2a+b”_k & n & n

_ ety * tan ! k + tan ™ n-k +
bk 42 + bk n n
n—k _ _
+L tan™! u + tan™* ﬁ = tan" ! E +tan_1 n—k
b* 4 2a 4 bk n n n n

Thus,

Hence,

ar + Gp_p

and

Zak—Zak+an—Ztan_1< > % I%

ln 1t 71' a+b"
= an~
[y

Z ot b tan~! —2 o0 1
bk +2a + bk —kn + k2 mzm+aa+1

_nk:1 n n 14 2a+b"

k=

Therefore,

a+ bk 1 n?
Q_nh—{gonzbk—i-%—i—b”k “tan <n2—kn+k2 B

. 1 < (kK 7r a+1 Lo T
Jim, <n 2 tan ()5 1+2—|—b> = [ vt e = g 2
Observation. If in Theorem 1 we take a = p,p € N and summing after
p € N it follows that:

p+ f(k) = (n-1 p+ f(n) B
sz k)+2p+ f(n— )_;< 2 +f(0)+2p+f(n)>_

n—l " p+ f(n
+Zf +2p+f( )

p=1
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Application 4. For a € R find:

Q_nhanoloﬁ Zk m—i—k
Solution. In Theorem 1, we take f(z) = z and a = m,m € {1,2,...
then:

Zn:m—l—k: n—1+m+n
om+k 2 2m +n

n n

m+k nin—1 m+n
3 -1 5~

2m + k 2 2m+n

Il = m+k 1 (nn-1) m+n
Q= lim — = lim —
nggon“ ot 2m + k nggona ( 2 +kzz2m+n

3(1+1logV3); a>0
1 n—1 1
=— flog3+hm — | = §2+log\/§; a=2
n—oo N
00; a>2

—~~

Application 5. For a € R find:

0= e 2 ey
_n—>oona 2p +2k2—2nk+n2

Solution. In Theorem 1, we take f(z) = 22 and a = p,p € {1,2,...

then:
n

Z p+ k? ~n—1 p+ n?
— 2p2 4+ 2k2 — 2nk +n2 2 2p + n?

n

zn:z p+k _n(n—1)+ "\ p+n? B
2 2 _ 2 = 2~
=i 2p® 4 2k? — 2nk +n 2 = 2p+n

n

2 p:12p—|—n2

n n

2
P P n - +n
< = %
;2p+n2_;2+n2 2(n? +2)

;(n — 00)

N |

- P - D n +n 1
;2p+n2_;2n+n2 2(n24+2 27 i (n = 00)
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Therefore,
1 —w— p+ k2 1 [(nn+1) &< p
Q= lim — =lim — | —= — =
nggon“;; 2p2 + 2k2 — 2nk + n? 60 14 2 ;2p+n2
_ 0, a<?2
N o0, a>2
O
Theorem 2.
Iff,g:]R—HRandaE]Rthen
g k)(a+ f(k gOgn a+ f(n
Z Zg (0)g(n)( (n))

+2a+fn— ") + 20+ F(n)
Proof. Let a;, = g(k)g(n — k)

g9(0

FO)F 2047 (n) and we get

n g( )g <n><a+f<n>)
(n)(a+f(n)  g(n —k)g(k)(a + f(n — k)

_ )9 _
agt+an— = g(k)g(n—k)+ F0) £ 2a 1 f(n) Fon— k) + 20+ F(F) = g(k)g(n—F)
Therefore,
n—1 n—1 n—1
2 Z ar = Z(ak +an—k) = > g(k)g(n—k)
k=1 k=1 k=1
SRR o 9(0)g(n)(a + f(n))
% - ;g(k)g(” TR0 + 20+ ()

(
Solution. In Theorem 2, we take f(z) =z, g(z) = xlﬁ and a = 2, then
1

n n—

1 k42 1 1 n+2
n+4kzl(k:+1)(n—k+1) :ikzl G+ Dm—k+D)  nr)ntd)

= 1 L n+2
B n—|—2 k:l k:—l—l T n—k+1 (n+1)(n+4)

Hence,
z”: k42  n+4 "z‘:l 1 L2
kzl(k—i—l)(n—k—i-l)_2(n+2)k:1 E+1 n—k+1 n+1

Therefore,
= 2
Q= lim Rt =1
n—oo £ (k+1)(n—k+1)
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Theorem 3. If f,g: R — R and a € R then

n —1

(9(k) +g(n—k)) a+f +g( )(a+ f(n))
; f(k)+2a+ f(n—k) kz f(0) +2a+ f(n)
Proof. Let a; = (g(l})(z)gggi})((af )( ) and we get
Gty = (9(k) +g(n—k))(a+ f(k) (9(n—Fk)+g(k)(a+f(n—Fk))
" f(k) +2a+ f(n—k) f(n—k)+2a+ f(k)
=g(k) +g(n—k)
Thus,
n—1 n—1 n—1 n—1
25" =S (ar t anr) = S (9(k) +9ln — k) =23 g(k)
k=1 k=1 k=1 k=1
and then

n n—1
_ (9(0) + g(n))(a+ f(n))
2 o= 2 0+ e e T

Application 7. Find:

Q= li
novoo £ (k1) (n — k + 1)(2n% — 2kn + k?)

Solution. In Theorem 3, we take f(x) = 2%, g(x) = ﬁ and a = 0, we get

n—1

(k+1)(n—k+1)(n*>+ (n— N k n+1
kzl k=1
Hence,
n k:2 1 n—1 1
— +1

= (k+1)(n—k+1)(2n* - 2kn+k*) n+2=k+1

;(k+1)(n—k+1)(2n2—2kn+k2) n+2(’7 + logn )+

Therefore,
- k2 . Yn+tlogn—1

Q=1 =14+ lim 1" - _
nLII;o; (k+1)(n—k+1)(2n? — 2kn + k?) s n+2

logn r.c-s . log(n+1)—1logn
= im
n—oo N + n—soo N+3—n-—2

=1
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Theorem 4. If S,, = Y zj then

k=1
1) Z(n—k—i—l)xk :Zsk
k=1 k=1
2) Z (n—k+1)2(n—k+2)$kzz

k=1
1) We have the following relations,

M
I

S1=x1
Sy =z + 22

Sp=x14+ 29+ ... + 2

By adding up these relations, we have:

n

> (n—k+ Dy, Zsk

k=1
For 2), we have:

i(n—k+1)(n—k+2)

2
k=1 k=1

n

n n

D USi+ St S =D (n—k+

k=1 k=1

Application 8. For a € R find:

n

(n—k+1)Sk

1)Sy,

p2

k
O - lim iz (n—k+1);(n—k+2) Z

n—o0 NG
k=1

Solution. In Theorem 1, we take f(z) = 2

k

— 2p2 — 2kp + k2

, a =0 we get

2
B P _k+1
xk;sz—Qkp—l-kQ 2

In Theorem 4, we take

k+1
”_Zxk_ZZQP 2/<:p—|—k:2 Zn =

k=1 p=1
Hence,

z": (n—k+1)(n—k+2)‘zk: P2

2 — 2p? — 2kp + k2

k=1

Tk = Z(”fﬁl +(n=1Dz2+..+(n—k+1)xg) =
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n n n

— 1 n
WHZ)(; s ):Zk3+(n+1)2k2+2(n—1) k=
k=1 k=1 k=1
_ n(n+1)(Tn? + 21n — 10)
12

B
Il
—_

Therefore,

O— lm i-Z (n—k+1)((n—k+2).zk: 2 )

n—oo nt 2 = 2p? — 2kp + k2
=0, >4
1 nm+1)(mEt2n-10) | ¢
= lim —- =494, a=4
n—oo N 12 12
00, a<4
O
Application 9. For a € R find:
1 = Pk—p)
0=l e D | kD) e
k=1 p=1
Solution. In Theorem 2, we take f(x) = 22, g(x) = x it follows that
Y pPk—p) _ k(-1
k — 9p? — 2kp + p? 12
In Theorem 4, we take
n n
E(k>—-1) m2+1)(n>+n-2
Sn=D m=) gy = 18
k=1 k=1
Hence,
1 n k pg(k __p) n n
— . (n—k+1)-> 35—t | => (n—k+ Dz =) Si=
L p=1 2p* = 2kp +p k=1 k=1
_i(k2+1)(k2+k:—2) B
— 48
_Llam+1)@2n+1)Br*+3n+1) 1 #*(n+1)* 1 an+1)2n+1)
48 30 48 4 48 6
1 nn+1) n
48 2 24
Therefore,
0 a>>5
. 1 = : p3(k‘ - p) 71
Q:nlggoﬁ.z (n—k+1)~22p2_2w ={ ho, a=5

k=1 p= 00, a>>5
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