SOLVED PROBLEMS

BY FLORICA ANASTASE

PP36719 by Pirkuliyev Rovsen
If a,b > 0 then prove:

(a+b)'sinx+ 2ab 'tanzv - 4\/§ab’ . (O,E)
T a+b T a+b 2
Solution.
sinx 2ab  tanzx  4v2ab T
b) - : v <Q—%
(a+0) T +a+b T > a+b ve 2 (+)

(a+b)? - sina + 2ab - tana > 4v/2abx and from (a + b)? > ab

It is enough to prove that:

4ab-sin z+2ab-tan z—4v/2ab > 0 < 2sin z+tan z—4v2z > 0,Vz € (0, g) ; (1)

Let be the function: f : (0, g) — R, f(z) = 2sinz + tanz — 2v/2z.
f(x) =sec? x + 2cosx — 22, and
f"(x) = 2(sec?® x tan z—sin z) = 2(tan z(1+tan? z)—sin z) = 2(tan z—sin z+tan> z) >
> 2(sinz — sinz + tan® z) = 2tan®z, f’(z) > 0, Vo € (O, g)
Hence, f’-increases and f'(z) > f'(0) =3 —2v2 > 0 = f(z) > f(0) = 0.

So, (1) is true and then (*) is proved.
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PP37083 by Mihaly Bencze
Prove that:

n

1
Zl</ exkdx—1>§ 5n
k 0 n—l—l

k=1

Solution.
We know that: log(1+z) > £, Vz € [0,1] & e” < (1 +2)?, Vz € [0,1]

k
e — 1< 22k 4 22k

[ ast
) \° TSk 1 2%k
1
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(/ole$kdx - 1> <2 <k(k2+ 5t R 1)) :

k=1

- 2 1 3n
S;<k(k+1)+k(kz+1)> T+l

| =

n
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PP37084 by Mihaly Bencze Compute:

n

1 _ 1
lim — E ek(R+1)
n—oo n

k=1
Solution.
et -1 .
lnr%) . =1, then, Ve > 0,(1 —e)z <e" -1 < (1 +¢e)x
xr—r
Hence,
1 1
1) < eRGRID —1 < (1 -
A=ermrn =¢ <+
1 & 1 e 1 1 & 1
1+(1-8)-y —— <= D <14 (1—g)= ) ———
+( E)nkzk(k+1)_nze s 1+ 8)n E(k+1)
=1 k=1 k=1
1 n I e 1 1 n
1+(1—¢)=- <= ReD < 14 (1— )= -
+ E)n n—i—l_n;e s 1 E)n n+1
Therefore,

n

1 1
lim — ekt =1
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PP37253 by Mihaly Bencze

s dx > log LAY 1tb2 V1452

a++v1+a?

b
. T
PI‘OVG that lf 0 <a S b then af (m)

Solution.
We know that: tan 'z < z, Vx > 0. Thus,

/b 1 dx—logb+m
a V1422 a+ 1+ a?

dx >

b - 3
/a (\/1 +x2tan_1m>
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bfPP37408 by Mihaly Bencze Prove that:

-1  (n—1)(2n+3)
an3+1 3(n+1)

m=2 k=2
Solution.
Hk—1 ﬁ -1 Hk2+k+1 2 m? +m+1

k341 k+1 s kE+1 m2+m 3
Hence

B-1l 2 ( ) 2 — ( 1 1
ST () 2 (o) -
kaQk +1 3m:2 +1) 3m:2 m m+1

:g n—1+1— 1 :(n—l)(2n+3)
3 2 n+1 3(n+1)
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PP37448 by Mihaly Bencze

n
Prove that: tan <z_:1 tan~—! I€2+1k+1> =

Solution.
_ 1 o (B+1)—k _ _
t L — e A Ye4+1)—t Lk
R Tk ™ 1Tk (k+1) —tan
Hence,
1 m n
tan(%tam M)—tan(tan (n+1)—1):n+2
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PP37324 by D.M. Batinetu-Giurgiu-Daniel Sitaru
In any AABC the following relationship holds:

(Zt) (Fanr) -

cyc
2
2
> hg
Bergstrom cyc

Zhb+h czyc:hb_:h Zhhb-l-hh = Z(hahb+hahc):

cyc cge

Solution.
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(24)
cyc Z 3 hb

2> hg hb

cyc

cyc

Therefore,

(Z hb+h ) (ZM) ;(Zh hb> <Z(ha+1hb)2> Jighen 1

cyc cyc
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PP37313 by Daniel Sitaru-Claudia Nanuti
If a,b,c,d € R then:

(ad — be)®(a® + b%)(c? + d*) + (ac + bd)'° < (a® 4 b?)°(c* + d?)°

Solution.

(a® 4+ b*)(? + d?) = a®® + a®d® + b** + b2d? = (ac + bd)? + (ad — bc)?
(ad — bc)®(a? + b%)(c? + d?) + (ac + bd)'* =
(ad — be)®[(ac + bd)?* + (ad — be)?] + (ac + bd)'® =

= (ac+ bd)** + (ad — bc)* + (ad — be)®(ac + bd)? =

[(ac — bd)?]® + [(ac — bd)*]® + [(ad — be)** (ac + bd)?
Let us denote: a = (ad — bc)?, B = (ac + bd)?. Hence,

o’ + 37 +a'f < (a+ )
afl4a® 4+ 10ab(a + B) + 583 > 0

which is true for all o, 8 > 0 we have 4a> 4+ 10aB(a + B) + 558 >0
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PP37316 by Daniel Sitaru-Claudia Nanuti
If a,b,c¢ > 0,vab + vbc + y/ca = 12 then:

(a+b+\/%)3+ (b+ ¢+ Vbe)3 N (c+a+ /ca)?

(a+0b)? (b+ c)? (c+a)? = 8l
Solution.
(a+b+Vab)®  (b+c+Vbe)® (c+a+eca) Radon
(a+b)? (b+c)? (c+a)? -
(2a+2b+2c+f+f+\ﬁ) _ (2a+2b+2c+12)3
(2a + 2b + 2¢)3 (2a + 2b + 2¢)?
2(a+b+c+6)3

(a+b+c)?
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AM—-GM
Let us denote x = a+ b+ c > Vab + Vbe + /ea = 12. Remains to

prove that:
2(z +6)3

—— > 81 & 2(2+6)°—812% > 0 & (v—12)*(22+3) > 0, true for all z > 12
x
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PP37380 by Daniel Sitaru
If f:R— (0,00), f—continuous, a > 0, f(z) = f(—=z), Vx € R then:

a+Vata?
/a x +logx do — 1/ 2 dx
1 ) a
%a:f(m—g) 2 1+\é;+72 f(z)
Solution.
/“ ac—l—log:c / logu
Q: u:
1 :nf(x—f f
a 2+1 <108;u_|_1 2+1
_/ : /um—g
: flu=3) Flu=3)
a+v/4+a2

/ uz +1 . 1/ 2 dx
flu=57 " 2 fwdme f(a)
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PP37357 by Daniel Sitaru-Claudia Nanuti
Solve for real numbers:

|cosz| + | cosy| = /(2 + sinz + siny)(2 — sinz — siny)

Solution.

|cosz| + |cosy| = /(2 + sinz + siny)(2 — sinx — siny); (*)
It follows,
(| cosz| + |cosy|)? = 4 — (sinz + siny)?
cos® x + cos? y + 2| cos z|| cosy| = 4 — 2sinx siny — sin® xsin®y
|coszcosy| +sinxsiny =1

If coszcosy > 0, we get: cos(z —y)=1< z=2kn+y, kEZ
If coszcosy < 0, we get: coszcosy+sinzsiny=1< z+y=2k+1)7r &
y:(2p+1)7r_xvpez
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