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o)

n+m-n B
Zn(n+1)(n+2) -(n+k) mZn(n+1)(n+2)-...-(n+m)_

o)

1 1 1 ~
" m ;n(n+1)(n+2)-...-(n+m—1)_(n+1)(n+2)-...-(n+m) a

1
m-m!

1(< 1 1,1
=;(;f(n) ~ fn+ 1)> = —(f) -~ f+ D) = (- 0) =

“(""‘):;;n(nﬂxnu)-...-(n+k):Zﬂ‘:’1<“<e_1

a? N b? N c? Berggrom a+b+ cAM>GM 3 , 3 3
b+c c+a a+b 2 -2 rue” Zﬂ(nk)
Therefore,

a? b? c? 3

b+c+c+a+a+b >29(n,k)
Solution 2 by Fayssal Abdelli-Bejaia-Algerie
@)

a? N b? N c? Ber‘q:mm (@a+b+c)? a+b+c 2 3
b+c c+a a+b 2(a+b+c) 2 2Q(n, k)
We have:
») > Em Y Y erh
n(n+1)(n+2) (n+k) (n+k)' (n+k)!
k=1n=1 S s

! 1! 2!
= =1(k+1)!+(k+2)!+(k+3)!+

We know that:

i ( R ) 2=e—2
_(k+U' TRTRE] - €

i 1+1+ (1+1+1+1+ ) 2 1— >
_(k+2)' 31741 121 3 2772
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Y N 11 10
Y arm = Yam et )=y
> 0! 11 21

Z(k+1)! (k+z)| (k+3)| =1,04>1-Q(kn)>1

1

b
1l

We need to prove that:

a+b+c> 3
2 2Q(n, k)

a+b+c
-.-TZB\/abcandabc=1—>a+b+

1447. Find:
-1

Spm 1> (143

k=1|i=1
Proposed by Vasile Mircea Popa-Romania

Solution 1 by Kaushik Mahanta-Assam-India

Zk:i(i+%)(i+1)=zk:< + = +z+> i( )=

i=1
C(ke+ DY 3 k(k+DRk+1)  k(k+1)  k(k+D?(k +2)
_< 2 >+E' 6 Ty T 4

-1

i=1

_ 4
= lim L k(k+ D2(k+2)

k=1]i=1

=1L%Zn:lzk:i(i+%)(i+1)

4
- k(e + D2(k +2)

1 +£]:22(%‘$)‘4;ﬁ

:4;[_2(k+2)_(k+1)2 2kl L

_23411'21_ 212
T2 6 - 3

[y
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Solution 2 by Asmat Qatea-Afghanistan

-1
n k .
] Z( #) D) =tim Y (45
_nl—>lg> 2) " Tale | Z\V T2 T
k 3 L& -1
— 1i i3 — i2 — 1 =
‘,llL“.%z Zl +ZZl +Zzl‘

i [kz(k +1)2 QR+ DR+ 1) ke+ 1) -

= lim

n—>oo 4‘
Z kOt DO +3k+2)]7 N 1 ~
lim 4 neh Lik(e+ D2 +3k+2)
n n /1 1
=4 - lim ! =4 - lim 2z 2 1 =
B n—>ook_1k(k+1)2(k+2)_ oo\ ko k+2 (k+1)? B

‘lL%zi:(E_m) Z(k+1)2_3 432 -1 =7-4(2)

k=1

Therefore,
i -1

i(i+%)(i+1)

Solution 3 by Mohammad Hamed Nasery-Afghanistan
-1
3 i
_ 13 .3, V.2
_,{L'?ok Z(‘ T2t +2)

Q = lim z ( )(l+1)
‘n—)OO
=1 =1
K 3 L& -1
— 1i i3 — j2 — 1 =
S [Se2gess)

 w [K2(k+1)? 3k(k+1)(2k+1) 1k(k+1)]
=‘““Z[ t3 6 z

n

= llmz

k=1]i=1

_ 212
B 3

n k -1

n—oo
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n /1 1
4 l'mz 1 4 - lim 2 2 1
e - 11 = - 11 —_— —_ =
noo Ly k(k+1)2(k+2) n-c k k+2 (k+1)2

n

= 1 —_—
= im@ (- 5g) - Z(k+1)2 PA@m =T Re

k=1
Therefore,
n k -1 2
. R A _ 21
:1111—{2;2[_2"("4_2)(!-'_1) _7_T
k=1]i=1
1448. Find:
C(NZNEB LT
Q= lim -
n—->0oo

Proposed by Daniel Sitaru-Romania

Solution 1 by Asmat Qatea-Afghanistan

1 2 3
VZ-Y&-38. ... 2 2227220 . .. 2T
n—oo n n—oo n
2;+2—2+2%+---+Zln 22
= lim =lim—=0
n—-oo n n-o N
X
x+x*+x3 4=
1—x
1+2x+3x2+ = !
C(1-x)?
X+ 232+ 323 + 00 = —
(1 —x)?
1 1
Forx=-->—25=2
(1-3)
Solution 2 by Surjeet Singhania-India
ok
o

lim — 1_[(2")2" = 11m 22

n-on
=1
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LetS ik—1+z+3+ + (D
€ 2k 2722723 2n
k=1
1 1 2 n
=gttt g ()
From (1), (2) we get:
S 15—1+ 2-1)+—= (3 2)+ -+ ! + n
no2Tm 2 22 23 2"(n—n+1) 2nt1
111
1 1 1 1 1 n 1—(7) .
Esn=i+ﬁ+?+'“+ﬁ+2n+1= 1 +ﬁ_2(1 2” )+
2
~ £ 1 Zn £ 1 2(1_2—")4_1
Q= lim - 1_[(2")2"—11m 22F = lim — 2712 = Jim =2 7
n-on n—oo ‘n n-on n-on

=1
Xn

n 1 n
Now,2(1—-271") +ﬁ< 2+1= 3,sinceﬁ< 1andﬁ< 1,vneN

1 -n 1 8 8

So, X, = Zp20-2 Y <—23=— hence0<x,<—,Vn€N

n n n n
Then:limx, =0

n—oo

Therefore,
(NZ-VEYE. .
Q = lim - =0
n—oo

Solution 3 by Syed Shahabudeen-India

v2-Y4-%8. ... 72" Sk 1 _gn k
Q= lim( = lim — 1_[(2")2" — im =] [ 22F = 1im = 2%z

n—-oo n n-on n—oo n n-on
=1

nok _ XAn(X) . . .
k™"x where A,(x) is a eulerian polynomial.

(1 x)n+1 4
=k
D
k=1

Therefore,

Forn=1andx =

NIH
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(ﬁ-w%. vz—> L,

n

Q= lim

n—oo

Solution 4 by Sire Ambrose-Albania

(x/i-‘VZ-*i/ﬁ-...-ZW> 27.41.85. .. (20

Q =lim = lim
n—oo n n—-oo n
1 1 1 1
1-1-1-...-1 22 - 43 - 88 (2mM)2n
<<
n n
n n?
1n (zn)zn 1 Zzn
—< Q< S0—<QA<<—-0
n n n
Therefore,
(V2 NE-YB LAV
Q= lim - =0
n—o0o

Solution 5 by Amrit Awasthi-India
| (ﬁ-w-%- \/2_>
Q= lim

n—oo

n

n—oo

n
log @ = lim logZZ k2% _logn; (%)
k=1

_ on+1l

o d\"1—z 1
z k™Mz"* = (z—) — Form =1and z = —,we have:
£t dz 1-2z 2

" 1

. S(r-@rnE) +n @) o
Zk(z-l)kzE . =z-<1+—>=z;(**)
-

Replacin (xx)in (x),we get:log(Q) = 2log2 — logn

4 4
log(Q) = 1111_)1?0 log (E) ,then: Q =1lim—=0

n-on

Solution 6 by Mohammad Rostami-Afhghanistan
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n 1 i i n Zn L
V2-3Y4-3/8- ... 2V2" 22.222.223. . .22" 2 2k=12k
Q = lim = lim = lim
n—-oo n n—oo n n—oco n
- . 1-(n+1)z" + nz"*1
We know: Z kz“ =2z
(1 - 2)?
k=1
n+1 n
1 1- 2n + 2n+1
2 2 2+
B .
Q= lim = lim =0
n—oo n n—oo n

Solution 7 by Fayssal Abdelli-Bejaia-Algerie

2.3 s

n 1
V2. Va-V8. ... V2r = 22727 e

1 2 3 n
+—=+—=+:-+——> 2,because

ShEytmEtEtt e
S—1+<1+1>+<1+2)+<1+3)+ =
2 \22 22 23 ' 23 24 24 B
_1+1+1+ 1+1(1+2+3+ +n)
2 22 23 2n  2\2 22 23 2n
1 1 1 1 1
S":ES"J’EJ“?J’?JF'"ﬁ
1n
1+1+1+ 1 li 1—1_(7) 1 15 1th S 2
—_ —_— —_— to e — —_— = —_ — = .
222 3 T T ate T 1 2°n i
2
Therefore,
C(VZ-VE-YE- . PR\ 28
Q= lim =lim—=0
n—-oo n n-oo n
Solution 8 by Samar Das-India
n 1 1 i n Zn £
V2-3V4-8. ... %2n 22.222.223 - .. 27" 2~ k=12
Q = lim = lim = lim
n—oo n n—-oo n n—oo n
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, 1 1 1 1 1 n
1 2n
Ry =2 <1 N ﬁ) 2n+l
2 2 _ 21
Th f ﬂ l- 2 21 gn+1 l- 4 1 1 O
erejore, =lim———=Ilim— —+——— =
e n noen Zzz_n 22311:1

Solution 9 by Kaushik Mahanta-Assam-India

= llm = llm
n

n—->oo

n 1
Q=i (ﬁ-W-%-...-Z\/zn> . 22.222.223. ..22¢7 2
= 1m

1449. Find:

n+1 n

n—>0oo

Q = lim (Mi/(n +D!I2n+ D! Yn!(2n— 1)!!>

Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by Kaushik Mahanta-Assam-India

If k is odd: k!! = D' put: k = 2n — 1,k = 2n + 1 then:
2z ()

(2n)! (2n + 2)!

>l and 2n+1)! = 271 (n+ 1]

2n-1D!' =

97 RMM-CALCULUS MARATHON 1401-1500




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

("*i/(n +D!Cn+ DI Ynl2n- 1)!!) B

Q= 1lim

n—-oo

n+1 n

| (((n F D) (@4 D) (mn - ((zn)!)%>
- rl;l—>m 1 o 1
2((n+ D)™ (n+1) 2:-(nhn-n

By Stirling’s :

(2n+2)! = JZnZn+2) (2": 2)
2n
2n)! = 2Zn2n) (2?")
1 2n+ 2\ = 2m\?
o0 lim_<(2n(2n+ 2))72 . (S5) _ (2m(2m))? (= > _

2n+2

(n+1) n

oo 2
oy l(AmA D 4w\ 14 2
T a2 e2(n+1) e n T2 e z(n n)_e

Solution 2 by Marian Ursdrescu-Romania

Q = lim (Mi/(" + D!+ D! Yn!(2n— 1)!!> _

n+1 n

n—-oo

_lim",/n!(Zn—l)!! n "‘*i/(n+1)!(2n+1)!!_1 B
B n+1 "[nl(2n— DI B

n—-oco n
i ST (n “YEIDIGRED_ ),
n+1 Yl (2n - 1)l ’

w/n'(Zn 1)” "n'(Zn 1)”CD_ n+1D!(2n+ 1) n*n

e m+12  n2n-DI

n

)2" 2n+1 2
n+1 n+1 e?

"Vm+ 1D (2n + 1)

limn : —-1]=
noeo \n+1 Vnl(2n — D!

; (2)
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log( n n+11/(n+1)!(2n+1)!!>
1

ntl  Mhia-1

= limn og [ MVm+DiEn+ 1)
now 1 n "Ym+1!@n+ 1D Bln+1 "l (2n - DI
B\n+1’ "Il (2n - DI
( n ."+i/(n+1)!(2n+1)!!>_
nt+l  Yal@e-DU )

= limn-log

n—oo

= lim log

n—->oo

n \n("Ym+DI@n+ DN |
(n + 1) "l (2n— 1) -
o [lim(( n )n. (n+1)!(2n+ 1) >l_
~ e \\n 1 n@n-DI"Ym+ D 2n+ /|

1 i n \n n+1)2n+1) _

-8 ["L% <(" + 1) ' "Ym+1D)!I2n+ 1)!!)] -

n )"'(n+1)(2n+1)' (n+1)2 lg
m+1D? "y Diee+ Dl

~—~

lim (

=1
Ogln—wo n+1

1 _ e
=log<z-2-7> =loge =1;(3)

From (1), (2), (3) it follows that:
Q = lim (Mi/(" +D!I2n+ D Yn!(2n- 1)!!) _2

n+1 n e2

ez

n—-oo

1450. Find:

\

5\/8\/11 ~V3n—-1

@ = lim 1 1
(-7 + -+ R

\ /

Proposed by Daniel Sitaru-Romania
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Solution 1 Asmat Qatea-Afghanistan

5\/8\/11 ~V3n—-1

@ = lim 1 T |~ hmy
D -3G) ++ D1 ()

k=1 k=1 ot
1 n 1 n 1 n
_-[0 xz(k)( 2 dx_jo x’1 Z(k)( *) dx_j s
k=0 k=0
11_ n
fo 1—x x "
V525
0=lim—<Q<lim—=0
n—-o H, n—oo Iy,
Proof for (*):
X 1
x4a 4t 4= o ,x€(0,1)—>1+2x+3x2+'":(1—x)2
1 1
Forx =- - le=2
(1-3)

Solution 2 by Adrian Popa-Romania

1 1 1 1
E= |5 8\/11’...\/311—1=57-822-1123-...-(311—1)2_":

1 1 1 a1 log(1+x)<x . 3k-2
_ elog(3.2_1)2.(3.3_1)23..".(311_1)2" — eZk:zz—klog(Bk—l) 2 e>k=2 2k
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n n n
3k-2 k 1
2k TP L2k L2k
k=2 k=2 k=2t
24 gt
Letxe (0,1)) > 1+x+x“+--+x"= T T 1
1+2x+3x2+---+nx"‘1=(1_x)2|-x
x
—>x+2xz+3x2+---+nx"=(1_)()2
1 0
11,2 3~ n > ) Z , 1.3
= — _— _— = e d —_— = —_——_—= =
¥T2T2T T 21y 4,2 272
TR
o 1\""
1 1 1 1 1 (7) —1_1
ZF P A T S A | =
k=2 71
3k—2 9 7 7
—>k_2 X —E—1=E—>E<eZ=,/e7

(1-x)"= (:;) + x(';) + x(:) + o (D" (Z) —1- x(:) + 22 (’21) bt (1) (:)
Jlﬂdx _ flx(rll) - xz(;) + .o+ (_1)nxn(2) e
0 0

X X

(<G G- et ()

L@t (O e 1m 1 1"
R R R R (e WA AR
On the other hand,

fll—(l—x)"dx_J‘l[l—(l—x)][1+(1—x)+(1—x)2+---+(1—x)"‘1]
0 x ~Jo x

1
+ ...
0

dx =

1 5 ) 11 1

=J 1-A-0+A-2++A-0)"Vdx=1+-+5++—

0 2 3 n
S =H, — S =logn+ y. Therefore,

5\/8\/11 3n-1
@ = lim 1 1 <
(D -G+ + Dm0

e7

lim——=
n-cologn +y
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1451. If (a,,)p>1, @, € R, VN € N* such that lim % = a € R}, then find:

n—oo N--an

0 = lim <n+1\/ An+1 . W)

n+1 n

n—>0oo

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by Marian Ursdrescu-Romania

Q: llm n+llan+1_:/a_n — llmr\l/a_nn n .n+1/an+1_1 _
nbo\ n+1 n noo M2 n+1 1i/a_n

n-oo N

n+1
n la log(L- n\/ an+1>
= lim Zn-n<e mH Ve ) _q ; (D)

n—— - 2

. a, . n|Qp C,«D . Ani1 n°"
lim > = lim —= = lim T =
n-o N n-oo \ NN n—-oo (n + 1) n+ a,

an n? Ani1 a

= i ( n ) .
e\t 1 (n+1)? n%2-a, e?’

(2)

.nlo n _n+1\/an+1 _
S\n+1 Tva, )T

( n )n'n+1 /_a2+1 _
n+1

= lim log a2
n—>oo n
_ tog/ 1im ( n )n'aN+1' n? (n+1)? ~ log 1-a-1-£ _
n-o\\n+1 nZ. a, (n + 1)2 n+1 ,an+1 e a

=loge =1;(3)
From (1), (2), (3) it follows that:

0 = tim [V %1 _Van) _ @
nbo\ n+1 n e’

Solution 2 by Remus Florin Stanca-Romania

Q = lim (nﬂv a"*l—'l/a_”):limr‘l/a_"( n .n+1\’a"+1_1>:
n-o\ n+1 n n-oo N n+1 'Va_n
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r\l/a_n'n< n n+ /an+1_1>;(1)

= lim .
n-ow n? n+1l */q,
. Nan Ant1 nt 1 a,, a®
lim —- = lim T == lim——=—==
n-co M n-o (N + 1)1 a, e* nson’a, e

n+1/an+1—r{/a_n>—i~]imn< n n+1(_an+1_1>:

Q = lim = .
n—>00< n+1 n e? now \n+1 /g,

n+1 n
\/an+1 n am
a ( n ) Cntl |

=£2-limn nn—+1—1 =— - limlog| (——
e? n-w \/a_n e n-w n+1 a,
n
a 1 a,. 1 a . (1 a,,, n?
=?'AL‘2'°g<Z' a, 'n+1/—an+1>=?','lL‘£‘o<Z'n2_a,l'r;/a—n>=

_a (e (n+1)>"*2 gq, _a a e?\ a
—ez %8 E'nl—ng'W ez %o d) T e

1452.
(1 - 2n?)x,, — 4n?

X1 =4,x = ,n >
1 ntl (2+x,)n%2+1

Find:

n k
e\ Zka(1g)
Q = lim <(3 + xn)2k=q>

n—>0oo

Proposed by Ruxandra Daniela Tonild-Romania

Solution by Adrian Popa-Romania
2+x,

(1-2n®)x, —4n* x,—-2n%*(x, +2)
Xn+1 = = 224+ Xpi2 =
" 2+x,)n%2+1 2+x,)n%2+1 " 2+x,)n%2+1

Yn
Letyn =2+ Xu = Y1 = 17, 3

x1=1—>y1=6

Y1 6
=12y =3y 1177
Y2 Y1

=22y, 11 y(aZ+ 25 +1
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Y1 6
k = —_ 1 = = =
Ty @ A - D)+l am—D2rn—1
* 6 + 1
6 4 —-nn-1)2n-1)
= b = - =

nm-D2n-1)+1 ‘n=In 1+nn-1D2n-1)

n k n

- E Zk:l(l—m) n(n+1)(2n+1) Zkﬂ#
Q= lim | (3 + x,)“*=1n =lim|[(1+ 2+ x,,) 6n ] =
n—-oo n—oo

1
.

6 (n+1)(2n+1)
1 Tnm-D2n-D+1 6 1+
= lim{|(1 + y,)¥» =
n—oo

C1ve 1 1 q
= exp 52@;2—,{ = exp f x+1dx =2
* 0
n

k=11+

1453. Find:

x! —2x
Q =lim
-3 x—3

Proposed by Jaihon Obaidullah-Afghanistan
Solution by Ajentunmobi Abdulqoyyum-Nigeria

xl— 225 A1) - 20
Q = lim = lim%E =
-3 x—3 x—-3 d
ﬁ (x — 3)
x+1)-2
= limL =limIF'x+ DyYx+1)—-2 =
x-3 1 x-3

=T@yY@) -2) =6yp(4) -2

n
1
P+ =—y+) iln=3|
k=1

@=yB+1= +31— il U
VO =YEHD =y 4 ) gy rlegtz=yag
k=1
11
Q=6<—y+?)—2=—6y+9
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1454, Find:
o1 5 x -1 H(n—k—l)!-(—l)"
o1 ZO , " (n—2K)! - k- 4F

n—oo

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Ahmed Yackoube Chach-Mauritania

n 2]
] nyxk—1 (n—k—-1)!-(-1)k ]

n—c0 \}e=0
n - n n n
1(x)=kzﬂ(2)i_:=xi1\; kZO ] (x+1) )Hln-zn—1
¢ (m—k—-D!-(-DF : (n—K)!- (D"
Jn= s (n—200l kI 4k (n—k)!(n—Zk)!-k!-4"=
| (1% n—k | (—1)* n—k-1 1
< Jrot e > ) (1 =
[z . 3] b
An:kZ_O(_l)k< i )2-2"—2 Z( 1)k< i >2" 2k =27"0,(1)
=2""(n+1)
2] ok 2] k1
:kZO(_l)k( k—1 )Z_Zk:;(_l)k< k-1 )Z_Zkkjﬂ
Z] Z]

_ kZO (—1)k+1 (n - 12( - k) 2-2k-2 — _g-n kzzo (—1)k <n - lzc - k) gn-2-2k _

=-2"U,,(1) =-2""(n—-1);~ U, (X) — Chebyshev's polynomial
-n 1-n

= 1-— 1) =
Jn n(n+ n+1) -
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Therefore,

B -

n
n xk—1 (n—k-1)!-(-1* 2
— 1i — 1i n-1 —
Q_Eclff(Z (k)x—l L (m—20)! k- 4F lim n2 _—

n—c \k=0

Solution 2 by Amrit Awasthi-India

n 2]
] n xk -1 (n—k-1)! (-1D*
: (k (k)x—l) ; (n—2k)! - k! - 4%

Q= 1lim
x—-1
n—-oo =0
n [zl
_Z(n)xk—l_ _ (n_k_l)!'(_l)k
P=/ W >%x=1'97 (n— 2k)! - k! - 4K
k=0 k=0
xk_ak

= ka*?

We know: lim
>a X—a

Putting a = 1 and substituting we have:

p= ()%

Now, consider the expansion of

1+ x)" = (g) + (Dx+ (Z)xz TR (:)xn

Differentiating both sides respect to x, we have

n(1+x)" 1= (111) + (Z) 2x+ -+ (Z) nx™1
x=1=>n-2"_1=Z(Z)-k=2(:).k=p;(*)
k=1 k=1

Now, consider the following expansion

n n Bl s
(1+Vitax)" +(1-Vitax) =n-2" Zﬁ
k=0
Putting x = — % and rearranging we have:
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2]

2! z(" D [Z (n— k) (- _[7] (n—k— 1! (-DF
4*(n — k) 04"(n—k)(n—2k)!k!_k=0 4*(n — 2k)' k!

= q; (+*)

Hence, using (*), (*x) it follows that

21—n
Q=p-q=lim<n-2"‘1- >=1
n—-oo n
1455. Find z if:

—log(2 —2cos(1)) i(m—1)
2z i 2z

= ,F1(1,1;2;2)

where ,F(a, b; c; z) —is Gaussian hypergeometric function and i = v—1.
Proposed by Amrit Awasthi-India

Solution 1 by proposer

We know that: cos k + i sin k = ek,

Dividing both sides with k and summing both sides from k = 1 to k = <o we have,

cos k z sink i etk
k
k=1

Now, using two infinite famous sums, we have:

S co sink m—1
z = ——log(2 2 cos(1)), =

k 2
k=1 k=1

Thus,

—log(2 — 2 cos(1 i(m—1 o etk i 0. et
g( ' @) , i . )ZZT:_logu_el): 2F1(1,1;2;€") - €
k=1

Hence rearranging to get it in the form of real statement, we have z = e'.

Solution 2 by Akerele Olofin-Nigeria

F1(1,1;2;2) =

o (D127 2" i r(1+mr+n)z" _

L s n r2+n) nl
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_i " log(1—2)
S Luin+1 z

n=0
—log(2 —2cos(1)) +i(m—1)  log(1—2)
-~ 2z T z
- —log(2 —2cos(1)) +i(mr—1) =—-2log(1—2z)

- —log(2 — 2 cos(1)) + log(e!™ V) = —21og(1 — 2)

- log ﬂ = log(1 — z)?
2 —2cos(1)

ei(n’—l)

C2-2 cos(1)

) ) ei(n’—l)
=(1- —2z4+(1-——x
-2~z “ < 2-2 cos(l))

-z=1+ ie%w/Z —2cos(1)
Solution 3 by Syed Shahabudeen-India

—log(2 —2cos(1)) i(m—1)
2z + 2z

2F1(1,1;2;2) =

—log(1 — z) .
,F1(1,1;2;z) = —, (by Euler hypergeometric Integral)

—log(1—2z) —log(2—2cos(1)) i(mr—1)
= + =
z 2z 2z

1 (1) et
= 5 (~log(2 — 2 cos(1)) + log(e!™ V) = log Z—Zcos(D)
eitm-1) 2 —2cos(1)
log(1—2) = log [7—5 . Z‘l‘j;

1456. Prove that:

= 1

Z JFi1(2n,mn+1;-1) 12 n,n+7,n+1 B
; ;2) — ; ._2) 35 1 nn+l1

= F(n+12) - Fi(Ln+1;,-2) n+ynn+ly,—

=%(\/§erf(%> +\/%>

Where ,F;(a; b; z) —confluent hypergeometric function

108 RMM-CALCULUS MARATHON 1401-1500




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Gt (z a”) —Meijer G —function
pa (Zlp, )

,F1(a, b; c; z) —Gauss hypergeometric function, erf(x) —error function.
Proposed by Izumi Ainsworth-Lima-Peru

Solution by Dawid Bialek-Poland

n,n+%,n+1

1 nn+1
n+7,n,n+ 1,7,7

1,2
Gy | 1
_2%a7b. b1 T(2b - 2a - 1)
V3 - T'(b)

— F1(2b —2a — 1; b; —2/2)) ; ()

- (1F1(2b — 2a — 1; b; 2\/z)

We have:
n,n+%,n+1 n,n+%,n+1
63112; 1 1 nn+1 =G§'§ 1 1 n+1-1n+1
n+7,n,n+1,7,T n+1—7,n+1—1,n+1, ) )
o 2 (F1(,n+1;2) — (F1(L,n+1;-2))
= . 1(1; ; - 1L T
V3 - T(n+ 1) ! !
- i F12nmn +1;,-1) s
& Fi(n+1;,2) - (Fi(Lin+1;,-2) va3-T(n+1)

(F1(,m+1;2) — (F1(L,n+1;-2)) =

1 i LJFi2nmn+1;-1)
w4 r(n+1)
n=

zn

Note: ,F(2n,n;n+ 1;-1) = ,F;(2n,n;2n — n + 1; —1), so from Kummer’s theorem

asz = —1:

F(a—b+1)-[‘(1+%)

Fi(a,b;a—b+1;-1) = >
201\ Y, )
Ma+1)-T(1+5-b)
I'm+1) - Tn+1)
JFi2nn;2n—n+1;-1) = ,F;2nnn+1;,-1) = rzn+1) ; (%%)
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n+1) Tn+1) 2° 1 <T@+l _
2\/—2 rn+1) r(n+1)‘2\/; r(2n+1)'
1 n+1
2\/_ _04nr(n+ . 21'[2 < )
1w 1 1\ 1
‘<z< 3 _>>
_ 1 Zr(n+1) 1"(%) . (%) 1
anr(3) & "W r(ned) T+ 2n-1;(2
i (2 i
1 /1 31, 1
‘ﬂ'(ﬁ'l‘“('z;i) 7;)

Recall error function definition:

33)= (155 )

def 2x€” —x* F (1 3 2) F (1
111 lzlx 141 ;2;2

erf(x) = Ne=
1
= \/E E erf <\/—E), (%)
1 1 31 1\ G 1 1 e 1 1
0=o (G m(132)+ ) = 2 (TEW' i'erf<¢—;)+7;) -
1 e 1 1
5 ({77 () + )
1457. Prove that:
v3
® (sin(mx?) — x3 cos(mx?) cos(mwx?) me 2
j 6 T3 dx =
0 x°+1 x> +1 3

Proposed by Angad Singh-India

Solution by proposer
Consider the complex line integral,
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elnz
=¢——dz
J iz:‘ + a3

where a > 0 and n = 0 and C is a quarter circle of radius R in the first quadrant centered
at the origin traversed anti-clockwise. Hence,

dx+ | —————Rie%d0 + | —————idy

; J-R einx’ % ein(Rew)z 0 pin(iy)?
x3 + a3 o (Re%)3 + a3 g ((y)2+ad

2

R einx
Let I, =j ——dx
0

x3 + a3
7 ein(Rei®)’ o
Iz = . lee do
0 ein(iy)2
I3 = | ————id
T R (i) +ad ey
Now, using the residue theorem,
_we' i
5 ina?w? W B 1 \/_ h
J =2mi 342 ,where w = 2 3 us,
_nazx/g
na* . (na*
Re(j) =————|(V3cos|—— ) — sin[ —
2 2
Similarly,
Re(l,) chos(nxz)
e = —_—
! 0o X3+ad
Now, observe that
% ein(Rei“’)2 % ein(Rei“’)2
I,| = ———— Rie%do| < +f ——— [ |Rie®|do <
12| o (Rei®)3 + a3 o |(Re®)3 + a3 | |
R n
2 2
< f e—nR smzede
R3 — a3 B
Thus,
TR TR .
|I,] < m since ll_{?om =0, thus I, vanishes.
Now,
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, 0 ein(iy)2 y Re(1) .[R a3 sin(nm?) — x3 cos(nx?) p
= _ = ——
3 R(iy)2+a3ly e\ls 0 x® + ab *
Finally, we have,
Re(J) = Re(Iy) + Re(I;) + Re(I3)
Thus,
_na*y3
me 2 73 na? _(na*\\ _
32 cos | — sin { — =
R cos(nx?) R a3 sin(nm?) — x3 cos(nx?)
= f 31 3 - f 6 1 6 dx
0o X3+a 0 x6+a

Substituting n = ,a = 1 and letting R — o we complete the proof.

1458. Prove that:

b dx 1 v omn b + 2k
fa x(x+2)(x+4)(x+6)..(x+2n) _ 2"-n (kZl (k) (~1)log (a n Zk)

Proposed by Asmat Qatea-Afghanistan

Solution 1 by Ravi Prakash-New Delhi-India

1
x(x+2)(x+4)(x +6)...(x + 2n)

- 1 1
- kz (—2k)(—2k+2)..(-2)-2-4-..2n—2k) x+k

I
So

n

_ (—Dk 1 11 ny 1
a znk!(n—k)!'x+2k_ﬁ'ﬁz(_1)k(k)x+2k

k=0 k=0
Thus,
b dx 1 < n (P dx
,L x(x+2)(x+4)(x+6)..(x+2n) ~2n. n!kZo(_l)k (k)_]; x+2k
1 < b + 2k
“2nin (Z (Z) (-=1)"log <a n Zk)

k=1
Solution 2 by Serlea Kabay-Liberia

Let f,(x) =x(x+2)(x+4)..(x+2n)
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1 = 1 ao aq - a
” =1_[ %= x Trrzt T tarem me
fo(x) 1 ax+ —
x+2m (x+2m)ak

,wherem € [0,n]
fn(x) & oxt 2k

n
1 1
Putting x = —2m, a,, = | | = | | _—
k= Ok:thk Zm 2 k=0,k¢mk m

—)am= =

-m)A-m)(2-m)..((m- 1) —m)((m+1)—m)..(n—m)
Z—n
T EmEmrDEm+2) (D12 (n—m)
_ D™ _
T 2nm(m-1)(m-2)..(-1)-1-2..(n—m)
=nm _ =™ n!
T 2nm (n—m)!  2"-n! ‘m! (n—m)!

1y
am = i ()

1 1 v m (1D b q 1 v on b dx
ow’f"(x)=2n'"!.kZo(k)x+2k®fafn(x)dxzzn'"!‘,;(k)(_l)kfax+2k=

n

b+2k)
a+ 2k

(:) (—1)*log (

n!

1459. Prove that:

Jln (lix)xsin(%x)dx:%'{/a‘vm>1
0 \J

Proposed by Surjeet Singhania, Kaushik Mahanta-India

Solution by proposers

Define f(Z) = exp (zlogz—zlog(l—z)ﬂ'rrz)

n
We are define f(z) on its analytical branch with 0 < arg(1 —z) > 2w,—w < argz < mit
is easy to see that f(z).

Analytic also we can easily find branch points and branch cut.
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Branch point at zz = 0, 1 and branch cutis [0, 1]. Now, integrate f(z) on Dogbone

contourf(z) is bounded function. Hence,
f}'l:}’Z f(z)dz = 0 as radius shrinks.

ff(Z)dz = jlexp <zlogz — 2108(1;2) —2imz + inz> i
A 0

Lf(z)dz = j:f(x)dx

Using Cauchy’s Residue Theorem:

jf(z)dz + ff(z)dz = —2mi Res,_..f(2)
A B

ZiJOIH’(l i x)x sin (%) dx = 2mi Resz=ozlzf(%)

1, (1) _ 1 ma
Now, Res,_o— f (Z) = Res,—o 7= =5, Ve

Therefore,
Ll"/(lfx)"sm(%dx%w

2021 71'2
f (2021 — x) log(x — 2020)10g(2021 — x)2%%1 dx = 2021 (1 — —>
2020 12

1460. Prove that:

Proposed by Muhammad Afzal-Pakistan
Solution 1 by Syed Shahabudeen-India

2021
Q= f (2021 — x) log(x — 2020) log(2021 — x)?%21 dx =
2020

t=x-2020 1
= ZOZlf (1-t)logtlog(1 —t)dt =
0
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=2021-—— | (1 —0)P*1edt =
aba f ( )

i)
= 2021—] (1 -t log(1 - O)t*dt =
da ),

9 1 1
= 2021—<f t®log(1—t)dt — f t*1log(1 —t) dt>
da\ ), 0

8 (Har1) _ ¥'(a+2) | —y(a+2)-y
Where, 6a(a+1) T a+1 + (a+1)2

g(HMz) _Y'(a+3) N -P(a+3)-y

da\a+2 a+2 (a+2)2
B YPpla+2) —yPa+2)-y yP'a+3) -p@a+3)-y
9_2021( a+1 (a+ 1)2 tTarz (a+2)2
1
:zoz1<¢(2)+y ¢1(2)+¢() lpf) D

We know that:

5 3
Y(2)=1-7,9'(2)=32)-1,9'(3) ={(2) — ¥ =5-v

Therefore,
Q=2021(1- (2)+1+(() >_3 =2021(1 i
¢ 2 8 8/ 12

Solution 2 by Ajentunmobi Abdulqoyyum-Nigeria

2021
Q= f (2021 — x) log(x — 2020) log(2021 — x)?9?1 dx =
2020

t=x-2020
=2 2021f (1-t)logtlog(1 —t)dt =
0

1 1
=2021 f log(1 —t)logtdt — f tlogtlog(1—t)dt
0 0

A B

1 had 19 1
= —_ = — ptn =
jolog(l t)logtdt E nap|p OJ tP dt

>=
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19 1 o 1 1
== wap g i A TR

k=1 n=1

o)

[o9)

N N

n=1 n=1

=1 21—1 m 1]=2 m
B n 6 - 6

Also,

1 21 1
Bzf tlogtlog(l—t)dtz—Z—f t-t"logtdt =
0 n=1n 0

© 1 © 1
— zlilmzof tm+n+1 dt = _z lf tm+n+1 dt =
nom 0 Ly

n

B 1 0 1 1 m?

= — —_ _ = —:1——
Zn amlm"°m+n+2 Zn(n+2)2 12

Thus,

2 2 2
Q=2021(A—-B) = 2021 lz —?— <1 —E)l = 2021 <1 _E)

1461. Prove that:

dx =
x*+10x2+9 =263

JOO _24xsin4x — (x* — 3) cos4x merf1
e _
0

Proposed by Angad Singh-India
Solution by proposer

Consider the complex line integral,

e
= d
J £ 1+22%°

C —is a rectangle having vertices R + i0,R + ia, —R + ia and - R + i0 traversed anti-

clockwise where a > 1. Hence,
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R e—xz a e—(R+iy)2 -R e—(x+ia)2
= dx + ———idy + ——d
J j_Rl+x2 x jO1+(R+iy)Zly fR 1+ (x+ia)? .

0 o—(-R+iy)?
+ j — idy
o 1+ (—R+iy)?

R e—x
Let: I, =
eth ,[_R1+x2

a e—(R+iy)2
L= —— _id
2 f01+(R+iy)2 y

-R e—(x+ia)2
I; = ——dx
3 fR 1+ (x+ia)?

0 o~ (-R+iy)?
14 = f - idy
o 1+ (—R+iy)?

2

dx

Now, using the residue theorem,

—i2

J=2mi T = 1e
a e—(R+iy)2 , (@ ey2 eaZ—RZ
Now, |I,| = J; midy <eR J; mdyst_l
e’ —R?
Since, zlean?om =0

and I, is the complex conjugate of I,, therefore both I, and I, vanishes.

Also,

. (B ,2axsin2ax — (x* —a? + 1) cos 2ax
Re(I3) = 2e“ f e ”* T 5 5 y 2
0 x*+ 2@+ 1)x*+a*—-2a*+1

Since, Re(J) = Re(I,) + Re(I,) + Re(I3) + Re(l,) and it is know that,

dx

2

fm ¢ ax=Ltreerfcat
L 1+ 22 x—zneerc()

Substituting a = 2 and letting R — oo, completes the proof.

1462. If we define
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i @31 + (p3n 1(—x -~ fx )2 e 3n+1( —x)"

n=0

then prove that:

f; f(x) _ 3¢

1
o dx = 7——((p 3)log(2¢ + 3)

¢ —Golden Ratio.
Proposed by Srinivasa Raghava-AIRMC-India
Solution 1 by Syed Shahabudeen-India

¢Z%+ EZ(_D" (—)n =f(x) <%;% + ‘P;(_l)n (_)")
(p")_zl (P1x=f(x)((p_1 (p(’fx)
‘ps+(P1x=f(x)<"’+<p(p+2x>;<?ﬁ=(p)_)f(x)=¢:;foif:1
et [[T0g L[TO e,

— 3.[00 1 dx + Zfoo ad d +1j°° ! d
“\? (2¢ + x)x2 xXTe ) (2¢ + x)x2 . @)1 (29 + x)x? .
7 » 7

_log(x+2¢) logx 1

(indefinite Integration by partial function)

42 42
_logx log(x+ 2¢)
2¢ 2¢
log(x + 2¢p) logx 1 logx log(x+2¢)
- 42  4¢2 _2<px+ 29 2¢ +
oo (20 loex_ 1)

_ x+2p\/¢ 1 ¢ 1) 1(1 2 )
_l°g( x )(4+4<p 2 " ag2) " ¢ -1
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1 ¢ 1

1 o 1 1
“to 4 192 Z(‘P—l)—z—z(Z—‘P)—Z(‘P—l”)

1
Q=_-¢'-1=(p-D-(p+1-1=-3
Thus,
¢ -3 2x+¢@\ 3)\7 3p ¢-3
(Free(5) ) 0= 7
4 12 4

Q= log(1+2¢%); (= > =@ +1)

3p 1
= ~ 3@ —3)1og(2¢ +3)

Solution 2 by Mohammad Rostami-Afghanistan

[o9)

Z tn 4 g i ()] f(x)z T gt ()]

_’"’Z +%§:<—%n f(x)

n=0 n=0 n=0

g g

®
_f()<(p 1 (p+x> (p+1——(p 1)

[o9)

NORNCE)

n

(p 1 Q+x
Z+i+(p+x_f()(p11 Z+31c)
P +(x+Do+x+o—1 @ +x+@—
M ICEE) :f(")<(<p—1><<p+x)>
p+1l+xp+eo+x+o—-1=fxX)(@+x+¢)
f(x):3(p+((p+1)x_(x+2(p)+(p(x+1)

20 +x 290 +x
B x+20+1-2¢ ©—-2¢% @+2
—>f(x)—1+(p< 2¢ +x )_1+‘p+2fp+x_1+(p 29 +x
Q+2
—>f(x)=1+¢—2(p+x
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l@d — 1+ )j ~dx - ((p+2)f
7

x?2 (x + Z(p)

B (p+2f°°1 o+2 (71 (p+2f°° 1 B
(1+(p)[ L, 107 dx 20 1xzdx 107 1x+2<pdx_
7
Q-+ 17 (p+2 -
=1+@)p+ 192 [lo x]1 + [] log(x+2<p)]1=
@ 7
BRI
PO 1+4((p+1) log 720/l
¢
+2 -1
g @D
2 _ —log ——
3¢ ¢*t+e-2 3¢p 20-1 B
—7+Tlog(1+21p+2)——+ P log(2¢p +3) =
_3e 1<1 2)1 20+3) =2 _ 1 _3)log20 + 3)
=72 "2\p 0g(2¢ +3) = 44) og(2¢
Therefore,
“fx) 3¢ 1
fl ?dx —T——((p 3) lOg(Z(p+3)

@

1463. Evaluate the expression in a closed form:

Q= 1(” 1 1 1 1 1 1 d
_Ef_w(7x2+6+7x2+1)(7x2+5+7x2+2)(7x2+4+7x2+3> *
Proposed by Srinivasa Raghava-AIRMC-India

Solution 1 by Asmat Qatea-Afghanistan

_ 2
(a+b)(c+d)(f+e)= Zabc.f x2+b \/_7x - x
cyc
1 A, A, A,
= + +
x+apx+a)(x+a3;) x+a; x+a, x+a;
x+a, 1
A1 = lim

x--a; (x + ay)(x+ ay)(x + az) (_al +ay)(—ay + a3)
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. x+a, 1
AZ = lim =
x--az (x +a)(x+az)(x+az) (—az+ay)(—a;+as)
. X+ ag 1
Az = lim =
x--a3(x +a)(x+a)(x+az) (—az+ay)(—az+ay)
I 1f°° dx
“f “ ) . (7x% + 6)(7x% + 5)(7x% + 4)

V3
1(°( 32 -1 2 1l 2z =
= — dx = — -
nf_oo<7x2+6+7x2+5+7x2+4> . n<\/42 35+\/28

1 1

1(z 1 3

Iacf:____+_

V7i\Ve 5 +a
1 1 1 1 1 1
[o-—(3_2,6}), _1(8, 8 1
“w Vi\ve V5 V3|7 Vi\Ve vz a
1 1 1 1 1 1
lp—-—(2, 32 _3), _1(12,32 3
“we—Vi\ve vz V3| VI\Vvi VB Va
1 1 1 1 1 1
L-—(8,8_4), _1(3_2,%
“ Vvi\vi V8 V3" T vi\vi vz Va

1 1

1(z 1 3

Ipte ==\ "=-"F=t 7=

VI\VI VZ V3
25 9 (1y L1 9 25
_ _1(za_38 \12) 12 _8 24

Q_ Iabc_ + + +

£ VI\V6 V5 V& 3 VZ Vi

Solution 2 by Syed Shahabudeen-India

Y S VA VA M
“n)  \7x2r6 T2+ 1)\7x2+5 T2 +2)\7x2 v 4 722 +3)

t=£x2 237 (® 2t +t)3 d
C14m )y Vit + D+ 2)(E+3)(E+4)(E+5)(t+6)
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B C D E F
) dt

+ + + +
m/‘f t+1 t+2 t+3 t+4 45 t+6

By applying Vedic method for partial function, we get

A—SSB _33(:— 1 p-1 19—_3317—53
5!’ 41’7 230’7 3127 41’7 5l

Hence,

= e, (G Jeg | (s s
Cm7\24 )y \VE(t+1) f(t+6) Vit +2) Ve +5)

),
1 *© 1
j(v’(t+3) f(t+4)> )

V3

7

|, s

Therefore,

RYC/IREREREINYENET)

Solution 3 by Ravi Prakash-New Delhi-India

a=zf 1) s trera) Gt es)?
B x2+6 722 +1)\7x2 15 7x212)\7x2+4 72243/
As the integrand is even,
2 (@ (14x% + 7)3dx

==
)y (7x2+1)(7x%+2)...(7x% 4+ 6)

To split the integrand into partial fraction, we put 7x% = t.

2t + 7)3 3
t+D(t+2)t+3)(t+4)(t+5)(t+6)
53 1 33 1 1 1
=12 . 5t+1 (D12 . 4t+2 (=2 (-1)-1-2-3t+3 "
-1 1 (-3)3 1
( 3)-(=2)-(-1)-1- 2t+4+( 4)-(=3)-(=2)-(-1)- 1t+5 1
(-5)3 1
( 5-(-4) ...(-1t+6
Thus,
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nﬂ_ZS *  dx 9f°° dx +1f°° dx +1f°° dx
2 _240 7x%2+1 8/, 7x2 +2 12 J, 7x2 + 3 12 J, 7x% + 4

9.[°° dx +25J‘°° dx
8J, 7x2+5 24), 7x*+6

._f°° dx _om
"Jo ax*+b  2/ab
It follows that:

5D D) e @

1464. Find:

jl x\Vxlog x
e X3+ xVx+1

Proposed by Vasile Mircea Popa-Romania

Solution 1 by Ajetunmobi Abdulquyyoum-Nigeria

1 xvxlogx Visu 1 ytlogy ut(1-ud)logu
=f ———  dx = 4f —4[ u=
0o X3 +x/x+1 o U +ud+1 Bt 1-ud)(us+ud+1)
Lut(1 —u®)logu Tu*logu Tu7logu
=4f ( )9 g du=4f g9 du—4f g9 du
A B
1,,4 *® 1 ® 1
u*logu d
A=4j g9 du=4z.f u9"+4logudu=42—ls=oj untttsqy =
2 o= Z At
9n+5+s 50" 92 =~a51? o
n=0 n=0
Tu7logu = 1 a 1
B=4f —ggdu=42f u9"+7logudu=42—ls=0f w7 dy =
) Y N Z -39 (5)
Mm+8+s 0" 92 ="z’ o
n=0 n=0
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1=a-8=gv (5) 570 (5)
B _81‘I’ 9 81¢ 9

Solution 2 by Syed Shahabudeen-India

1 xvxlogx Vist 01 phogt 1t* @3 -1 logt
I TR G LT
0o X3 +xvx+1 o te+E3+1 0 t°-1

1t7logt 1t*logt

o [[Glomt g, Ot
A B
We known that:

(—pm*z Lgm=1log™ ¢
R
Hence,
8 5
1=5v'(5) 2=529'5)
Therefore,

03 (v6) v 5)) = ax(e(25) -¢(29)

Solution 3 by Mohammad Rostami-Afghanistan

(' xVxlogx 1 xvxlogx VE=u
Q = lim —xzf—dxz
0 ) ¥+ xvx+1 0o X3+xVx+1
_41‘1 u*logu j‘ ut(1-ud)logu 4jlu"(l—u3)logud B
A u6+u3+1 (1—u3)(ué +ud+1) U 0 1-—u° U

_4<f Z(u")"—la 0 X%du — f Z(u")”%lb oxbdu)
> 1 ] 1
_ v 449n+a ., _ v 7+9k+b _
= 4(2 aa|a=0j0 u du Eablbzo_]; u du)
k=0
e Y = R
m+a+5l,.0 Lil9+b+8 B

n=0

124 RMM-CALCULUS MARATHON 1401-1500




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(Z Blorol )

1< 1
81

-~
SCHIRRSSCL)

9

o1
WY@ =)
n=0

Therefore,

- @)

Solution 4 by Serlea Kabay-Liberia

b=0

1 n

Let Q(n) = .[

L 1-2 dx
Kokn+1 1 od
n+1
0 _Z Loktn g _z z (0)( )
(n) f x 9k +n+1] Ok+n+1 ¢

k=0
Now,
_ 1 xvxlogx x=u? 1 4u*logu
S).:llmf ————dx = llmf
0t . 3 +xvx+ 1

a0t ) ub w3 +100
4(u* —u")logu Lu*logu 1u7logu
= lim ( ) log du=4f g du—f —gdu =
£-0+ 1—u’ o 1—u° o 1—-u’°
2Q(n) 2Q(n)
=4 Wln:zl-

20, ko (- )

1465.1f a,b € R,a < b and f: [a, b] — R continuous function such that

f f(x)dx = 2021, then find
a

b
f x(f(x) + fa+ b —x))dx

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania
125
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Solution 1 by Adrian Popa-Romania

b b
'-'ff(x)dx=ff(a+b—x)dx
b b
Q=f x(f(x)+f(a+b—x))dx=.[ (a+b—x)(f(a+b—x)+ f(x))dx

b
20 =f (a+b)(fla+b—x)+f(x))dx =

b

b
:f (a+b)f(a+b—x)dx+f (a+b)f(x)dx =

b b b
= (a+ b) ff(a+b—x)dx+ff(x)dx =2(a+b)ff(x)dx

J? Fdx
=2(a+b) - 2021

Therefore,
b
Q= f x(f(x) + f(a+ b —x))dx = 2021(a + b)

Solution 2 by Timson Azeez Folorunsho-Nigeria
b b
f f(x)dx =2021; Q = f x(f(x) + f(a+ b —x))dx; (1)

b
x—>a+b—x:>ﬂ=f (a+b—x)(f(a+b—x)+ f(x))dx; (2)

a

From (1), (2) we get:

b b
Zﬂzf x(f(x)+f(a+b—x))dx+f (a+b)(fla+b—x)+ f(x))dx
b
—f x(f(x) + f(a+ b —x))dx

b
=20 =f (a+b)(fla+b—x)+ f(x))dx
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fbf(x) dx = fbf(a+ b—x)dx

b b
20 = (a+b) f (Fx) + f(0)) dx = (a + b) j (2f(x)) dx

Therefore,
b
Q= f x(f(x) + f(a+ b —x))dx = 2021(a + b)

Solution 3 by Fayssal Abdelli-Bejaia-Algerie

b
Q= f x(f(x) + fla+b—x))dx =

b b
=.[ xf(x)dx+j xf(a+b—x)dx

Q4

y=a+b—x a

b b
nl=fxf<a+b—x)dx = —f <a+b—y>f<y>dy=f (@+b-y)f»)dy =
a b a
b b
- [ @+nroray- [ roray

b b b b
sz xf(x)dx+(a+b)f f(x)dx—f xf(x)dxz(a+b)f f(x)dx

Therefore,
b
Q= f x(f(x) + f(a+ b —x))dx = 2021(a + b)

Solution 4 by Obaidullah Jaihon-Afghanistan

b b
sz x(f(x)+f(a+b—x))dx=f (a+b—x)(fla+b—x)+ f(x))dx =

b
=f @+b)(fo) + fla+b—x)dx—Q

a

b b
29=(a+b)j (f(x)+f(a+b—x))dx=2(a+b)j F(x) dx

Therefore,
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b
Q= f x(f(x) + f(a+ b —x))dx = 2021(a + b)

1466.

[0.e]
e ™cos(ax)dx = ———
fo (ax) n? + a2

xe ™ cos(ax®)dx = ———
jo (ax”) 2(n? + a?)

“ 2 1 _a_z
j e ™ cos(ax)dx == |—e 4n
0 2\Nn

® ., 5 1 [T [n+Vn?+ a?
f e ™ cos(ax?)dx = = 5
0

2 n? + a2

“ cosh x - cosh(ax) dr — [ n(a—1) n(a+1)
_];, cosh(nx) *“ (sec( 2n ) * sec( 2n >>

Proposed by Angad Singh-India

Solution by proposer

Observe that,

(o] [ee] . 1 n
f e ™ cos(ax)dx = Re <.[ e‘""“‘”‘dx) = Re ( )
0 0

n—ial n?+a?
This proves (i).
Substituting x = t? and replacing t by x, proves (ii).
Let,.I = I(n,a) = fooo e ™ cos(ax) dx 12 %nfooo xe ™" sin(ax) dx and

a —
da

f‘” n gin(ax) d al 01+ a I—o
— = —— = — B — =
, xe sin(ax) dx on " 2a " 2n

Solving this PDE, we obtain,

a? o2
log(I) = ~n +log(c) = I(n,a) = ce 4n

a2
Sincec = I(n,0) = %\/%, we have, I(n,a) = %\/%e_ﬁ this proves (iii).
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Again, observe that,

et @ : T 1
f e ¥’ cos(ax?)dx = Re (f e Hiax? gy > = £Re( )
0

2 Vn—ia
Thus, f e " cos(ax?) dx = \/; /n+ +a - nd this proves (iv).
j coshx - cosh(ax) 1.[ ——y 1+ t3)(1+t%*9 dt =
0 cosh(nx) *=2), 1+ t2n
oo 2 2
zlf praz, AHE)A+ED
2 ), 1+t
® cosh x - cosh(ax 1(® 1+ t%)(1 + t*¢
:f (ax) x:_f t"‘a‘z-( )( )dt
0 cosh(nx) 4 J, 1+t

Since it is know that,
foo o1 dt T (na)
=—csc(—) >
0o 1+t 2n 2n

“ cosh x - cosh(ax) do = 4 n(a—1) n(a+1)
,[0 cosh(nx) = E(sec( 2n ) * sec< 2n ))

1467. Find:

* xlog(1 + x?
Q- f 8( : 4) dx
o 1+x*+x
Proposed by Vasile Mircea Popa-Romania
Solution 1 by Rana Ranino-Setif-Algerie

*xlog(1 + x?) 1 (“log(1+ x)
sz 11 22 1 o4 x:-] 1+ xt 12
o 1+x*+x 2)p 1+x+x

x
== dxdy =
Zfofo A+xy)(1+x+ x2%) xay

_1]1 1 f°°< x y . y )d p
T 2)yy2-y+1), U+x+x2 1+xy 1+x+2a2 xay

101 1 Vet x+1\ 2y-1 _ _ 2x+1]|
fy —y+1log + - tan ( )

Q==
2 Jo xy+1 V3 V3

dy =

0
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1j1 1 < | +1t(2y—1)>d
= — — f— 0 —_—
2)o ¥P-y+1 &Y 3V3 Y

_ J‘ 2y —1 p 1f1 logy dy =
S 6V3Jy ¥y +1 Y72 0 ¥2—-y+1 Y=

1 2
1 y3+y3)logy
y+1)logy 1f ( )
1 — 1 — | Y———dy=——
6\/—(0g(y oy+ o) fo v+1 Y718, y+1
1 0 1ys_%+ys_§
Q=—— — L T dy-=
18 0sls=9 J y+1
o D))
= - — —_ - — —_ — | — —_ —_ *
36055=0¢2 o) ¥Yizt3) " ¥(gte)®
Therefore,
°°xlog(1+x2) 1 2 5
— -5y 77 €Y) 1 D (Z)Y_ (=
o= [ e = (5) 0 (g) v (5) - ()

n+1 n+1
=G -v (5]
Solution 2 by Ajetunmobi Abdulqoyyum-Nigeria
1 1-y
*xlog(1 + x?) 1 (“log(1+x) Y x+1 %
Q= f Tr2tat XT3 f T+xre2 ™ =
o 1+x*+x 2)y 1+x+x

o Y2 —y+1 Y="2

1
zlfﬂd L[ ey
2 o Yi—-y+1
11 (@+x)logy 1 1(1+x)logyd

2), A+ 0a-y+y0) T 2], T 1143

'a+ylogy :fl logy . . ['¥logy
o 1+8 1+y3% 0o 1+3

_jlll(f}; Z( 1)n _ 0.[ y3nts gy = Z( 1)nas
& ()-e)

dy =A+ B;

1
s= 03n+1+s
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-, il:gz Z( D" 35 _of o +1dy__ (3(111);)2
a0 Q- )
Thus,

-y ()0 ()-wr ()0 ()
Solution 3 by Mohammad Rostami-Afghanistan

* xlog(1+ x2) 1+x2=u 1 [ logu 1 logu

@ = o (14 x%)+ (x%)? x = Efl u—(u—l)zdu_i_[1 uz—u+1du=

u:11j0 log() ( dt)_ 1f1 logt it 1 @+0tlogt
2);1_1 ,\ ¢ B o B2—t+1 2, A+)(2-t+1)

2
t2 t
1/ logt ltlogt
=—= dt dt ) =
2([0 1+1¢3 +f0 1+1¢3

1/ v d (s
=—= () — t“dt+f tZ(— —| thdt|=
2 ,I;) ; da a=0 0 =0 db b=0
1/w a 1 - ) 1
— _1 n___ t3n+adt z _1 k_ f t3k+b+1dt —
2(;( ) da azofo +k=0( ) Oblpo Jo

Al bl )

3 " (-1
T2 Z(3n+1)2 (3k+2)2

note: ®(—1,m+1,z) = z Zt ;)):Hl - 2)m+1m' [llJ(m) —ypm (Z-IZ- 1)]

Hence,

a= 0 @)+ () -vo ) -vo )
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1468. Let J,(x) —Bessel function and L, [f](y) —Laplace Transform and if

1

Sn) = f Ll (0)](y) dy
0

then prove that: fooo S(n)dn = log (:Z:g:gg) Yme1S(n) = log (ﬁ ;)

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Syed Shahabudeen-Kerala-India

1

S(n) = fo Lle (010 dy
GO@+1D2+1-(y+1)?

We know: L, {e *],(x)} =

JoriEr
sty = [ QOT DL lFT w0 (57
0 Joy+1)2+1 V5-2

-2 ((Z- 1"~ (V5-2)")

Let: Q = fooS(n) dn = fm%((\/f — 1)" _ (\/E— 2)") dn =
’ joo elog(\(/)f—l) — enlog (v5-2)
0

n
Above Integral is a Frullani Integral form i.e.

“(et—ebt) a _ log(2 +/5)
.[0 7(# = log (b) = Q =log <—log(1 " ﬁ))

Let:1 = ism) = i (V2 - 1)”;(\/3_2)" = i@_igz
— log (1~ (VZ - 1)) + log (1~ (V8 - 2)) = log(3 ~ V) ~ log(2 - vZ) =

)5

dn

—-V2 V2 -2

1og< (x/_+\/m+3>>
1og< (x/‘+\/ﬁ+1>>

1469. Prove that:

%} 1
j ( f Lx[e-‘f’vz<x>]<y)dy) dz = log
0 0
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¢ —Golden Ratio, J,,(x) —Bessel function and L, [f](y) —Laplace Transform

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Syed Shahabudeen-Kerala-India

o 1
= fo fo L (e %], (x)](y) dydz
JOF PP Fi-G+p)

We know: L, {e"%*],(x)} =

VO +9)?+1
S(n) = f fl(\/ Grel+1-G+e)  /oreZ-ore_
Jo+e?Z+1
JA+@)2+1-(1+¢)
J J t“ ldtdz =
JoZ+i-¢

dz =

=f (Vo2 +1-9) - (\/(1+<p)2+ ~1+)

ooezlog( <p2+1—¢p) _ ellog( (1+lp)2+1—(1+¢p))
0

Above Integral is a Frullani Integral form i.e.

© (et —ebt) a B log(2 ++/5)
fo fdt = lOg (E) =>Q= lOg (m)

_ log(\/(1+(p)2+1—(1+<p))
-8 log (\/(pz +1- (p)

1
2 d
((1+¢)+ (1+¢ﬂ Grer+i+td+e)
1
241—-@p=——
Vor+1-¢ JoP+1+¢

_ log(\/(1+(p)2+1+(1+<p))
@ =log log(\/(p2+1—(p)
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V5 + /6(\/§+3)+3
VA+e2+1-(1+9) =

2
V54 [2(/5+5)+1
T g T

2

Therefore,

log( <\/—+\/m+3>>
log( <J‘+\/ﬁ+1>)

1470.1f0 <a < b, f : [a,b] — (0,o), f —continuous, then :

Q =log
b b
a a

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

ff( ) dx

f 3 (x)dxdydz (b a)2
J FOf(2) + fz(x) B

Proposed by Daniel Sitaru-Romania

Letx,y,z € [a, b].
£o
fOf(@) + f2(x)

fOf (@) )‘“‘g“” PR LC0) (¢ (O
fOf@+ &) - 2/ff(@).f2(x)

We have :

= f(x). <1 -
1 AM’:‘GM 1
= @ - FOF@ S ) —5(F0) + F@)
2165
CIor@+ rm W

bbb b b b
_)j-.[.[f{;)(;();xfig(zx) Z_[_[f f(x)_%(f(}’)‘Ff(Z)))dxdydz

1
4(f(y) + f(2)),Vx,y,z € [a,b]

b

- (1 —%) (b— a)ZJf(x) dx
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Therefore,

@+ 20 f fx) dx

1471.1f0 <a < b,f : [a,b] — (0,2), f —continuous, then:

fbfbf F2(x)dxdydz - (b — a)?

@+ TDI0) T o) > f F ) dx

Proposed by Daniel Sitaru-Romania

f f 3 (@) dxdy

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Let x,y € [a, b].
IMED i fi)

Weh : =
T POATOI PO T g POIPO) g,

2 i
T3+ 200

2 2 )A”;G”’ 2 _3 fOf* )
=3/ (")'<1 Fo+ry) = 37973250

S f( ) -
@O0+ 20) -

b b b b
f3 () dxdy 2, 1
K f J 26+ F@F D) + 1200 © f f <§f @310 )> i

2 1
=30 -3fO)

f ), Vx,y € [a, b]

=(5-3)@- a)jf(x) dx

Therefore,

b b
f3(x)dxdy
Jlfz(x) FFOfD 200 ff(x) dx
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1472.1f0 <a < b,f : [a,b] — (0,2), f —continuous, then:

b b b b 2
f f dxdy b —a ([ dx N 1 ﬂ
V@ romrere - 2 )5 a\) 7

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Let x,y € [a, b].

1 —
JIFGO + FOIFOFD)

2 AM-GM 1 1

~

We have :

“ @ O @] - FO D) HE0)
21 ( 1 1 )+ 1
T AN\fx) fO)) AfOfY)
1 1/ 1 1 1
- < —( + ) +
JF@O +fIff) ~ 4 fO)/  4f()f(y)

,Vx,y € [a, b]

) dxdy

. f fb dxdy fb f 1
S I+ fFIffo»n ) f(x) f(y) T HOI®

b b 2
boaf e 1 dx
af 4<af
1473.1f 0 < a < b then:

f f fb 2x +y + eZy +Z 5 b )
dxdydz > 2(b—a) f e ™ dx
e2(x2+y?) a

Proposed by Daniel Sitaru-Romania

Solution by Asmat Qatea-Afghanistan

b Zx +y2 +e 2y2%+22 b )
f f f dxdydzZZ(b—a)zf e ¥ dx

2.2
Z(x +y2) a
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b Zx +y?2 _I_eZy +z2%

b (b
> -«
o J J f L2 ) dxdydz > Ja Ja 2e " dxdydz

We need to prove that:

2x2+y2 2y2+z2
e + e
> 2e% o e2'HY | 242" > 2px"+2Y”

ez(x2+y2)
AM-GM ®
erZ+yZ + e2y2+zz 2 Ze2x2+3y2+z2 "_>“‘ Zexz+2y2
™
-
= 2x% + 3y% + 2% > x* + 2y?

= x% + y? + z% > 0 (true).

1474.1f0 <a < b < gthen:

bsin x
3(b—a)+ 3(sinb —sina) < 6f des 4(b—a) + 2(sinb — sina)

a

Proposed by Daniel Sitaru-Romania

Solution by Ravi Prakash-New Delhi-India

Y

Let f(x) =3x+3xcosx —6sinx,0 < x < >
f'(x) =3+3cosx—3xsinx —6cosx =3(1—cosx — xsinx)

f"(x) =3(sinx —sinx —xcosx) = -3xcosx < 0,Vx€ (OE)
- f'(x) —decreasing on( ) S>f'x)<f'(0)-f'(x)<0,Vx € (O )

— f(x) —decreasing on( ) f) <f(0)=0v0<x<Z

sinx V3
V0 < x <E

6
- 3+3cosx <

lsinx
dx

b
—>f (3+3cosx)dx§6f
a 0

b
i
- 3(b—a)+ 3(sinb —sina) < 6f de;(l)
a

T

Next, let g(x)6sinx —4x —2xcosx,0 < x < >

g'(x) =6cosx—4—2cosx+2xsinx =2(2cosx — 2 + xsinx)
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g"'(x) =-2xsinx<0,V0 < x < g — g'(x) decreasing on (O, g)

s
, =

- g"(x) < g(0),v0 < x < g — g'(x) —decreasing on [O 2]

-g'(x)<g'(0)=0,vx € [0, g] — g(x) —decreasing on [O,g]

6sinx

T T
—>g(x)<g(0)=0,\7’x€[0,i]—> <4+2cosx,0<x£§

bsin x ] ]
6f p dx < 4(b—a) + 2(sinb — sina); (2)
a
From (1), (2) it follows that:

bsin x
3(b—a)+ 3(sinb —sina) < 6.[ de <4(b—a)+ 2(sinb —sina)
a

3
1475.f0 <a < b < %then:

sinx - sinhxdx <

Vb b—a
)

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

i b—a (V5 i
f sinx - sinhxdx < @f sinx-sinhxdxsj x%dx
Ya 3 ia Ya

sinx-sinhx —x2 <0,vx € (0,%3>; (1)

Let f(x) = sinx - sinhx — x%,Vx € (0,%3).

f'(x) = cosx - sinh x + sin x coshx — 2x
f'"(x) =2cosx-coshx —2

f""(x) = —2sinx-coshx + 2cosx-sinhx

T ~387 e( 3”)
_E _ — —_—
g 3

f(x) = —4sinx - sinh x.

If x € (0,7t) -» sinx > 0,sinh x =$> 0.
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3 . . . .
If x € (n;ﬂ) - sinx < 0 and sinh x > 0 then, sinx - sinhx < 0.

So, we must prove (1) in (0, m].
How, f%(x) <0 = f""(x) \, f"(x) = O then, f'"'(x) < 0 then, f”'(x) vand f"(x) = 0.
Hence,
f'(x)<0andf'(x) vand f'(0) =0, f'(x) < 0.
So, f(x) Nvand f(x) < f(0) = 0. Thus,

”3
sinx -sinhx —x? <0,vx € ; (1)

1476.1f0 <a < b < gthen:

8 (P m sin x
— log(sec( ))dxsb—a+tanb—tana
- ), 2

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

8 (b 7 sinx
— log(sec( ))dxsb—a+tanb—tana
e ), 2

b 1
@—f log dxsf (1+ )dx
nsm x) a cos? x
8 T sin x b 1
?-fa —log (cos ( 2 )) dx < fa (1 + 052 x) dx

We must to prove that:
8 T sinx 1 T
_Flog<cos< 2 ))Sl-l_coszx’vxe(o'i)

msinx msinx msinx
'.'logtSt—1—>—log(cos< 2 ))S—(cos( > )—1)=1—cos< > )z

T sin x)
4

Now, we must to prove that:

= 2 sin? <

8
—Z-Z-Sin2<
T

msinx
<
cos2 x
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= 2
We know that: sina < a, Va > 0 then, sin? (”s;nx) <z im % Thus,
8 5 s 2(nsinx>< 8 n’sinx 14
— -2 -sin <—-2.-——— =sin’x
4 4 16 cos? x

Therefore,

8 (b 7 sin x
— log(sec( ))dxsb—a+tanb—tana
e ), 2

1477.1f n € N,n > 2 then:

Nl

k1
f—-tan‘lxdx > logn
1 x

k=2

k

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

1

kq £k 1 kq
I:f —-tan_lxdng —-tan_l(—>dt=f —cot™1tdt

1 x 1t t 1t

k k k

21 = [ Ltan—t pyar =" [ Lax = (logk - log L) = wlogk
_L;(tan x+cot ' x) x—zl; x—;(Og - Ogi)—” og
k k
=2 logk
>1=—-
2 8

@
ogk = o log n! S logn

NI
NG
z
oQ
&
Il
S
1=

4
nmw

Nl:l

n
2,78
nm
k=2

= log(n)? > log(n™) = (n)? > n™ vn > 2; ()

By Induction, suppose that (n!)2 > n",vne N = ((n + 1)!)2 > (n+ 1)1,
5 ™
Wehave: (n+ 1)) =m!(n+1))2=mD?n+1)?=Zn+1D)"m+1D|:(n+1) =

) n n
M)+ 1DSm+1D"e D2(n+1) > (nn+—n1)-n" en+1> (nT-I-1>

Which is true, because:

n22:>n+123and(n;1) <e<3:>n+1>(n:1) ,vn > 2.
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Therefore,

a~ofrkr
—Z f —-tan" " xdx | >logn
nm 1 x

k=2 \"k

1478. f:[a,a + 1] —» R, f —continuous n € N,n > 2. Prove that exists

€1,C3, ..., Ch_q1 € (a,a + 1), different in pairs such that:

a+d

2
< j Fo0ldx

a+1

f () dx — flc1) + flcx) + -+ fcp-1)

n

Proposed by Dan Radu Seclaman-Romania

Solution 1 by proposer

Foralln € N,n > 2, by Mean Value Theorem, exsits:

cq € (a + %, a+ %), v, Cp_q € (a + nT_l a-+ 1), different in pairs such that:

+1 a+Z
a+1 n n a+!
f(x)dx = f(x)dx + f(x)dx + -+ f(x)dx =
L af a‘lfl a+L
a+l
_ j FO)dx + flc) + f(cz): + flcp-1)
Hence,
a+= a+l
a+1 n n
[ roax- KO 22 D) N[ fyar| < [ Ireolax: @)
But,forall ne N, n > 2,wehave 0 < a < a+%s a+% and then:
1 1
a+y a+y

j F(0)ldx < f Foldx; (2)

From (1), (2) it follows the proposed problem.
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Solution 2 by Remus Florin Stanca-Romania

We apply M.V.T. for function F(x) = [ f(x)dx on the intervals [a +-,a+— k+1

ne{0,..,n—2}

st
f;E" f(x) dx
LC ” = f(cp+1),k€{0,1,..,n—2} >
a+ﬂ n-2 a+ﬂ
J;HE F) dx = _f(c k+1) ZJ;H_ F(2) dx _f(C1)+ +f(Cn 1)
a+l a+1 a+n;1
f f(x)dx—f(cl)+f(02): + f(en-1) _ f £(x) dx—f F(x) da| <

s
< f £ GOl dax; (1)

a

n—-1

tetaw = [ r@aes [ fede- [T wax=6w -6(22)

G —continuous and derivable function so we apply M.V.T. on ["T_l 1]

61 —g(t=1 _1
1( n )=G,(XO),XoE[nn ,1]
n
Gx)=Fla+x)—Fla) =26 x) =fla+x) &
G(1) -G n-1 a+1 a1
1( n )=f<a+xo)=»ja foax- | foax =TEEX)
n
1
f(a:l‘xo) S_L |f(x)|dx®|f(a:l_x0)|s lf(;l)l,xle[a;a+%
3M € Rsuch that |f(a + xo)| < M &[22 < B

So, we need to prove that 3ngsuch that Vn = n;:

< vE>0andg =20

@n>f®nf—[]+ _[If(x1)|]+
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If( 1)I

So, forany { = it is true that 3n; such that for any n > n;:

. 'f(’;;)l = 3¢, C3, ..., C, Which satisfy the relationship.

1479.1f0 <a < b < Ethen:

. (a+b
fbl (1—sinx)d > (b-a)l 1_5"1( 2 )
0g|————)dx = (b—a)log
a 1+ sinx 1+sin(a-2|_b)

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

Let f:[a, b] » R, f(x) = log (Hf"x) :[a,b] c (0, 3) =

1+sinx 2

f()_—%<OVxE( )::»f(x)\,

2s1nx

f'x) =- ~ < 0,Vx € (0 2) = f —concave= f(a+b) > f(a);rf(b);(l)

We must to prove that: §; = §,

5; = f;<f (432) —f(x)> dx; S, = f aZLb(f(x) —f(“T“’)) dx
:a+b_b—a:

— = _ X = 2 2
x=t+ 2 ,dx—dt.{ = b
X

o= [ () - r (e o= [ (15 e+ o

- 1)1 (50 2w - ()

2f<T)éf(x)+f(x+¥)=>
b—a b—a
2f<—+a)2f(x)+f(x+T)<:>

<—+a)>f(x)+f<x+¥)£f(x+bz;a)+f(x)
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foeoneave= £ (4512) 2 LI o 2 (52 a) 2 (59 + 1@

1480.1f 0 < a < b < 1 then:

b b
.f 1 (1 —x)1dx > log\/:
u a

Proposed by Serlea Kabay-Liberia

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let f(x) = xlogx,x € (0,1).

1
We have : f"(x) = o >0,vx € (0,1) > f — convex on (0,1)

Using Jense

=2 nf(x) +f(1—x)= 2f<w> = Zf(%) = log(%),Vx €(0,1)

1 1
o log[x*.(1 — x)17*] > log (E) o xl1-x*> 25 VX € (0,1)

b b
1 b
- f x* 1. (1-x)1*dx > f —dx =log |—
a a 2X a

n—times

0 = lim | 1im ((((x)')') ! ) -2
noow | x-2 ((((x)!)!) ! ) —2

(n—1)—times

1481. Find:

Proposed by Mohamed Ahmed Nasery-Afghanistan

Solution by Amrit Awasthi-India

Let’s put: y = ((((x)!)!) .. ) Therefore as x — 2 also y — 2, and we have:

(n—-1)—times

0
rp+n-20 :

Q=lim————=1limIN"' (y+1) =limI'y+ DyY(y+1) =
y—2 y—2 y-2 y-2
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=r@uw®) =2(5-y)=3-2

Therefore,
n—-times

(). -2

2 mg((((x)!)!)!...)—z S

(n—1)—times

1482. If (a,) 51, (Bp)ns1, @, by € R, VN € N* such that lim =L = g € R*

n—oo n2-a

and

lim b3 = b € R} then find:

n-ooon

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Marian Ursarescu-Romania

n+1 bn+1 n b n+1 bn+1 n an
= lim = llm —— =
n-oo An+1 an n-eo an An+1
n b n+1|b n|A
—llm— / <+ ’ ntl, ’—n— ) (D
n-on Ani1

" b byi1 n )
llm — llm =) =
noon an n—>oo n" an noo(n+1)"1.a,.; b,

= lim n+1 n an n i;(Z)

oo 3 - b, an n+1 n+1) " ae

. n+l bn+1 n an
limn — = =
n-oo An+1
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"t1lbyiq njay
log an+1' E
nle -1
. nt1|bpyq n|@y
= lim -log — ==
n—-oo a1 Ani1 bn
bn+1 n Ay
log —t=
A1

b,

n
- lim log n+1 bn+1 . ﬁ lOg lim bn+1 ) an ) n+l Ay 41
n—oo an+1 n n—-oo an+1 bn bn+1

~1 (b L “e)—l —1,(3)
=log(b-— ) =loge =1,

From (1), (2), (3) it follows that:

n+1 bn+1 n b
= lim
n-0o Ani1 an

1483. If n € N then prove that:

—~
N
~

13

S

n

Z (:) (—1¥H3p4q

k=0

1 1
:1(k+1)(k+3)(k+5)...(k+2n+1)=2n.n!

H,, —Harmonic Number.
Proposed by Asmat Qatea-Afghanistan

Solution by Ravi Prakash-New Delhi-India

1
(k+ D(k+3)(k+5)..(k+2n+1)

n
1
_Z)(—Zr—1)(—2r—1+3)...(—2r—1+2r—1) w(2r—-1+4+2n+1)(k+2r+1)
r=

_ D" 1 . 1
_r=02"(r!)(n—r)!'k+2r+1_Zn' zn(_ ) ( ) k+2r+1

r=0
)
nl.2m , k k+2r+1 k+2r+3
r=

Thus,
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1 —
_1(k +1D)(k+3)(k+5)..(k+2n+1)

k

n-1 o)

i, N e el

T nl-2n r k+2r+1 k+2r+3/|
r=1 k=1

nl- znz(_ )r(nr1)<2r1+2 2r1+ 3)

n—1
( . )(H2r+3—H2r+1)=

n—-1

2[<><>1
=—gral("o )= (Mg = (M ek (U s (7 s
n-1
+ (D" (n _ 1) Hypiq =

(;)H
r 2r+1
1484. For |z| < % prove the following generating function:

TR

n=1

= 41og2 — log (1 +/1— sgn(z)16z) — 2 log (x/i + \/1 +1- sgn(z)16z>

Proposed by Narendra Bhandari-Bajura-Nepal

Solution 1 by Kamel Benaicha-Algiers-Algerie

Asgg &, oo © o am
- gn"(z) (4n\ 1 2 GO
0@z) = Z n <2n)z B ZnZ;n . 24n-1 ((Zn)!)z B

n=1

Z (162 sam(e)" T (2n43)r(3)

r2n+1)
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B _j \er (16sgn(z)t*)" dt =
1 ('log1 - 16zsgn(@)tD) 2" 2 [llog(1 - 16zsgn(ut)
- Tl'fo VeVl —t dt = Tl’j;) NERY: du =

u=sin@

2
2 — ;.[ log(1 — 16zsgn(z) sin* 6)do =
0

2 (2 °°
=—— U log (1 —4,/z sgn(z) sin 0) do + f log (1 + 4./ z sgn(z) sin? 0) do| =
T)Jo

2[(z %
=——f log(cos20+(1—4 zsgn(z sin? 0 de +

7|), (cos 7] + 1 + 4,/z sgn(z) )sm 0) de]

( <1+\/1 4 zsgn(z) ( 1+4 zsgn(z)))
=—-2| log 2 + log

zsgn”(z) n\
o zZ =

n 2n B

n=1

=4log2—2<log<1+\/1—4 zsgn(z)>+log<1+J1+4 zsgn(z)));(l)
Put: x = \/z sgn(z),so f(x) = 2 (log (1 +v1-— 4\/§) + log (1 +v1+ 4\/5)) =
=Zlog<1+\/1—4\/E+\/1+4\/§+\/1—16x>

V1—4Vx+1+4Vx

2(1+ V1 - 16x) >:
V1—4Vx+V1+4/x

(V1-4vx+41 Wx)
—4Vx+1+
f(x)=210g<1+\/1—16x+ * x) >=

=Zlog<1+\/1—16x+

2
=210g(1+\/1—16x)+210g<2+\/1—4\/§+\/1+4\/§>—10g<\/1—4\/§+\/1+4\/§>

= 2log(1+V1—16x) +21og<(x/§)2 +j<\/1—4\/5+\/1+4\/§)2>—
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—log(2+2 ’1+\/1—16x>=

=log(1+V1—16x) + 2log <(\/E)2 + \/E\/(1 +V1 - 16x)> —log2 =

=log(1+V1—16x) + 2log <x/i+ J1 +1 - 16x>;(11)

From (I), (II) it follows that:

[o9)

sgn™(z) (4n\ B
Z n <Zn) zZ =
n=1
=4log2 —log (1 + \/1 — sgn(z)16z) —2log (\/f + \/1 + \/1 — sgn(z)16z>

1 VrI(2n)
Note: sgn(z)z>0,T (n + E) = 22:—1r1(1n)

3

2 al+|b
f log(a? sin? a + b% cos? a) da = nlog(l | 5 | |>;(a, b) + (0,0)
0

Solution 2 by Felix Marin-Romania

o 2n 1
R F

o)

> )

n=1

_— n=1
lzl<{g

4
Gn

= (—alz]) [_1 _1)"
= 22%( n2># = f(—4'\/;) _|_f(4_\/;)

n
0 1
n t
n=2

Where, f(§) = Z (:%)% - Z <_n%> f:tn_l a= f:

1
f(1+t)_7—1—% t=x’-1 1+ 2
=f dt = f (x— )dxz
0 t 1 1+x
1
E€+210g2—210g(1+,/1+€)
Therefore,
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=4log2—210g<1+ ’1—4 |z|>—210g<1+ ’1+4 |z|>

e

> )

n=1

1
lzl<{g

1485.
1\" 1
lfa,be[R,a+b=1,en=<1+E) ,cn:—logn+ZE
k=1

Then find:

Q = lim ((n + 1)“n+1\/((n +1)! cn)b — n“n/(n! en)b>

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Mikael Bernardo-Mozambique
Let:x, = (n+ 1)“n+1\/((n +1)! cn)b —n%/(n'e,)? =
n . =1
=n®- Jy(nley)?  (u,—1) =n? {J(nle,)?- :logu -logull =

n

b b
“nle,\ u,—-1 n+1\* ["Yn+1Dlc,
= . -loguy,,vn > 2,where u, = ( ) .
n logu, n m

b b b
. (m+1) n" 1
) = <7ll‘l?o n (n+ 1)"+1> - (E) + (1)

b

1\ Vn!
lim (1 + —) .
n—oo n n

n+1\* ("/m+Dle, n ,,,— n+1
(LA (O 8 ne)

n n+1

lim
n—oo

n

()

limu, = lim

n—oo n—oo

1-(%-e-1-1)=1;(2)

fim 221 _ 1;(3)
oo logu,

b

I i (1 N 1)“" (n+1)!c, 1 B

o T phe n nle, "+1/(n+1)!."+1\/c_n B
Cer (1imY L ) o (Fle) (X
¢ (513%6 " ) ° Ge)=<Q) @
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Therefore,

b

ot 7 -7 - (3 10 1)

1486.

n
1\" 1
e, = (1 +E> VY = —logn+k51E

Find:
_ (n+1)2 n?
Q= lim o —
oo \"/2n+ DNy, Y@2n-1le,

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Mikael Bernardo-Mozambique

Letp. = n+1)2 B n? _
R P Dy, V@n-Dle,
B n? .. n? u,—1 | .
Y2n-Dle, (= 1) = "[2n—1Dle, logu, og(tn),

n+ 1)2 . "2n-1e,

n "“/(Zn + Dy,

. n? ) n _ Vnl-2n _ n((n)- Zn)" b
lim - = lim = lim =lim |——— =
nelt/n—1Dlle, m*[(2n)! 1\" o Y(2n)! no® (2n)!

2.l (1 + ﬁ)

m+1)!-2n+2)"1  (2n)! . m+1)-e-2n+2) e

whereu, = (

neh 2n+ 2)! et Ao en+ D 2D

<n+1)2. 'i/(Zn——l)!!en

n "“/(Zn + Dy,

(’:/(2n—1)u_ n+1 _<1+1> 1 n
n “12n + DI B

limu, = lim

n—oo n—-oo

=1-lim

n—oo
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u,—1
So, lim =1;(2)

'ns Tog iy

lim w® = li (1+1)2n on e @n+ Dlly, ) =
noe = 0 n @n+ Dy, " Vn )=

o3 2mh n+1\/(2_n+ D o |

R T
271 (n + 1)!

3.“ <(2n)' 21 (n+1)! 2(n+1) )

(2n+2)! e
12

ed 2(n+1)? 2e? 1 (1 + ﬁ) e?

7 M\ @Gnr e D) 7y 2 am 1 =7 ®
(1+3) (1+2%)

From (1), (2), (3) it follows that:

Q=i (n+1)2 n? _% 41 e? —e<2+l (1))
noe 2 \y) "2 8\y

mV@n+ Dy, '{/(Zn - Dle,

e
y n—oo

1487. Prove that:
1+2+-4+n 134+23+-4+n3 1°4+2°+.-+n 1
+ — et —Elog(2—2cos1)

lim H,, = lim

n—oco n—oco

2! a 4! 6!
Proposed by Amrit Awasthi-India

Solution by proposer
We know that:

x2 x* x®
cosx=1-grtg gt =t

cosx 1 x x3 x°
S T T

+
x x 2 4 6

n n n n n
I cosx_l_ Zl Zx_l_zx zx N N
now s x noe\Lix 21 41 6!

x=1

Or we have:
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B = i ¢ cosx - x
nl—gg n—nl_fg 21 X 24' 26_ e 15 (%)
X=

Now, consider

e* = cosx +isinx
e X =cosx—isinx
Adding, we have: 2 cos x = e™* + e~ %,

Dividing both sides with 'x’ and summing fromx = 1tox =

o)

cosx <o et +eix . .
ZZ =Z—=—log(l—e‘)—log(l—e“) =

X X
x=1 x=1

= —log (1 —(et+e™ + 1) = —log(2 —2cos1)
2cos1

n
COos X

1
lim =——log(2 —2cos1)
e x=1 2

Plugging the value in (*) it follows that:

lim H, = lim

n—oo n—oo

1424++n 13+23+..4n3 15425+ +n°
2! - 4! * 6! T
1
—Elog(z —2cos1)

1488.1f a; = 0 and a;, = (—1)*(k — 2)! — (k — 1)a,_, then

z(k+1)' log?2 —2log2 + 1 and

e m®\ 1 1!
Zak =E<y2+?>—§f e*log?(1 — x) dx
0

where the first one converges and the second one diverges.
Proposed by Angad Singh-India
Solution by proposer

If m| < 1,x € R then,
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logk(1+m)

x
(1 + m)* = exlos(+m) — Z —— g *" also 1 +m)* = Z ( )m"
k=0 ' k=0

[o9)

Comparing the coefficient of x in both the series, we have

2 m3  mt
log(1+m)=m—7+?—T+--.

Similarly, comparing the coefficient of x? in both the series, we have

logZ(1+m) m?> m® 11m*

2 2 2+Z4

+ -+ thus,

log?(1+m a
log”( +m) =) —Emk wherea, = 0and a; = (—1)*(k — 2)! — (k — Da,_;.

2 k!
k=1
Now,
d 11 o2
ay log“(1+m)

—_— = —— ~dm=1og?2—-2log2+1
Z(k+1)! fo 2 m =108 082+
=1

Similarly,
z a, = Z—"‘f e "mkdm = Ef e ™log?(1 + m)dm
k=1 k=1 "0 0

It is know that,

fooe‘mm"‘1 logZmdm = ¢' (k)T (k) + P(k)I' (k) = T'(k) (IIJ'(k) + 1P2(k))
0

Substituting k = 1, we have,
2

© T
f e ™log?mdm =9y'(1) +¢Y*(1) = y* + 6
0

2
Since, Y(1) = —yandyp’'(1) = %, now observe that,

o)

oo 1
f e ™log?mdm = f e™ llog?(1 —m)dm + f e ™ llog?(1+m)dm
0 0 0

Thus,

1 1
e ™log?mdm — Ef e™log?(1 —m)dm
0

1 e~
—f e ™log?(1+m)dm = —j
2 Jo 2 Jo

which completes the proof.
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1489. Find:
1
xxxm — 1\vx-1
Q=lim|—
-1\ x—1
x>1

Proposed by Mohammad Hamed Nasery-Afghanistan

Solution by Adrian Popa-Romania

1\ 1\
Q=1lim = lim =
-1\ x—1 x-1 x—1

x>1

lim X 1
*->1(x-1)vx—-1 x*
ex>1 ;X

= a(®),a(x) = 2@ > @'(x) = (e*1osx) =

= x2™) . (a’(x) log x + @)

-»a'(x) = (xa(x))' (af(x) log x + @) + xai) <a”(x) logx + a’)(cx) + xa'(x) — a(x))

x2
xxxx... . xxxx (al(x) logx + @) -1
lin}—3 = linll 3 1 =
-z T Sx-12
o 2 X r I _
x* (a’ (x)logx + _agcx)) + x* (a”(x) logx + a A(cx) + xa (xzcz a(x))
= lin11 3 =1
g

4x—1
k
1490. H, = y(n+1) —y;n € Ry, Li,(n) = ,";;12—2; In| < 1.

Find:

log (1 +H, — H1>

2
Q =1lim

"7 3 Ti ) — 'L, (%)

Proposed by Mikael Bernardo-Mozambique
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Solution by Asmat Qatea-Afghanistan

log<1+\/_ \/7>L_HZ )+ _3‘/’1 m

Zlo 2log?2 - (%) +y

<

(=Y
le N W

N—
<

Q—llm

!
72 3[Li,(n) — le

le 2

T

Note: y(n+1)=H,—-y= (H,) =y (n+1)

7.,'.2

I SR T

2) 12 2
) 7k ) , wzEl 1oz log(l —z)
@ =) 5 (16@) =) G =) -
k=1 k=1 k=1
1491. Find:

\/1!+\/2!+\/3!+---+n!
Q= lim

n—>0oo Hn

Proposed by Daniel Sitaru-Romania

Solution by Asmat Qatea-Afghanistan

S=\/1!+\/2!+\/3!+---+n!

\/a+ /a+---+\/E=p=~\/a+p=p=~p2—p—a=0

1+V1+4a 1++/5

Hence,
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R = Z+\/221+\/222+...+ 22" — /2. \/1+ /1+...+\/T =\/§¢

@
22" S nl = n € [1,») = 22" and n! are continues on the given interval:

Zn—l
,llij‘; (apply d’'Alembert's ratio test) n zzn—l n
22"'_1 2211 2 1
T R VT ;
. QApi . (n + 1)! . 22 16 6
lim 2 = lim T =hmn+1=°°
nme n-o n—-oo

" n! 256 | 24
= ZZn_l > n' 216 120

Since 22" is strictly greater than n! therefore, S is convergent (S < R)

1<5<vV2-¢

Therefore,

\/1!+\/2!+m

Q= rlll_)n(;lo H. =0
1492. Prove that:
1 1 1

/3
= 60 — 41> +8m/§tan< 5 )

—+
15 1525 15125435
Proposed by Asmat Qatea-Afghanistan

Solution 1 by Ahmed Yackoube Chach-Mauritania

1 1 - - 12
15  15+25 15+ 25 + 35 ] k_1k2(k +1)2(2k%2+2k—1)
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( 1+ 4 1 ) 485: ! + 12 — 4m?; ()
—_—— f— e —_— —_ . *
22 +2n—1 (n+1)2 L +2m—1 T

=12

1 1 2
2n2 +2n — 1 +22n2+2n 1 +Z4n2+4n+1 3

Ms iN]s

=
1l
[S

2
z(2n+1+\/—)(2n+1 V3)

 wo(57) (157

15 1 _. 1
2 ( 1+\/§>< 1—\/§>_ 2 1+v3 1-+3
+

o)

z (2n+1)2 — (\/—)

2

V3 1+\/—
1 ~¥o 1 . 1++3
Sz V3 T2 (”T>

Replacing in (*) it follows that:

9—485: 1 +12 —4m% =12 — 4% + 48 + 48 nt mv3
- 2n? +2n—1 ™= i 2v3 M\ 72
Therefore: Q = 60 — 472 + 8m\/3 tan (";/—)

Solution 2 by Ogwuche Moses-Nigeria

- 12 c 1 1
e SN
an(n +1)2(2n?2 +2n-1) [ n2+2n—-1 (m+1)? n? }
n= n=

= 1 -1 1
=124E —E —E—=124A—B—C
{ 1Zn2 +2n-1 (n +1)2 lnz} ( )
n= = n=

Lin? 6’ n+1)2 6
n=1 n=1

[S
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g+ (15 o (5T (o115 (5)
(-5 (59)]

We know that: (1 + x) — P(x) = %and P(1 —x) —YP(x) = m: cot(mx).

1 2 2 (L V3 _
“2v|1+v3 1-v3 € (5_7>n B
=$§{2\/§+n-tan<n7\/§>}=1+%\/§-tan<%§>
Therefore,

1+ 1 N 1
15 15425 15425435

—12[4<1+ —3- tan<n;/_>—<%2— >__

¢ 2m/3 /3 /3
=12 [5 — ? + 3 tan <T>l =60 — 411.'2 + 81t\/§tan <T>

+.-=12(4A—B—-C) =

1493.

n+2)!- (5x, —2x,,,1) +5n+ 13
3(n+2)!

1—1x2—5 Xn+2 =

Find:

1 1 - -
n

— 1i n -1 -1 _

€= 1111_{?0 2" n ((tan pz +lan (n + 1)2> kZ_Z (ke =1) (k)>

Proposed by Ruxandra Daniela TonilG-Romania

Solution 1 by Adrian Popa-Romania

(5xp, —2xp41) 5n+13
= (=4
Xnt2 3 3(n+2)!
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5(n+2)+3
3Xn+2 + 2Xp41 — SXy = Tmt2
B 5 3
3xniz + 2Xnia = Sn = oy Y i )
=1: 3x3+2 5 3
n=1 oxj Xg —oXq1 = Z 3|
5 3
n=2: 3x4+2x3 — 5x; —§+$
5 3
n=n-2: 3x, +2x,_1—5x,_, =m+;
Adding these relations, it follows that:
5x,.1+3x, — —5x1 = SZ(k 1)'+32k'

*=1+— +x+ +x+ - 1+1+1 ilzﬂ 1
TR €= 2 Prida et i
k=3
211,
@ = lim 11
2 2
tan-t| 22— ) p k- ()
- nZ(n+ 1)2

11 R BT R B WS

k=2
kZZ"(" 1)<k_1>
s Y R
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2" - x,

= Q= lim 1 1 =

__I_ JE——
z )

tan-1| (@ -1|_ L ‘n(n—-1)-2n2
- nZ(n+ 1)2

(n+ 1)% + n?

n- .
lim 2% Xy n?(n+1)2-1 _
n—co _1<(n+1)2+n2> (n+1)24+n? n(m—1) 2n-2

n?(n+1)2-1) n2(n+1)?%-1
" 2™x, - 4 " 4x, ) 1
T e (2nZ + 2n+ 1)(n2 — n) Tane 2 (e=1)
n‘(n+1)2% —

Solution 2 by Akerele Olofin-Nigeria
_ (5xp —2xp44) | Sm+13

Y2 = 3 3m+2)
5(n+2)+3
3Xn+2 + 2Xp11 — SXy T Tmi
5 3
3xu42 +2x,41 — 5%, = m+ D! + mt2)!
5 3
n=1 3x3+2x2—5x1—5+5
5 3
n=2: 3x4+2x3 — 5x; —§+$
5 3
n=n-2: 3xn+2xn_1—5xn_2=m+;

Adding these relations, it follows that:

n
1 1
5x,.1 +3x, —3x, — 5x; =5kz(k_1)!+3kzgmz>

n
. . 1
},:%xn—,mg(Zk, ) m@m)—l—e—l
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x2 xn 1

X - 1
v pX — T E N TR T = _ -
-e—1+1!+2!+ +n!+ :»e—1+1+z+kz3k!

= limx, =e—1; ()

n—oo

Ty B ) BN YL

=Y -0 25)

k=2
k—-1m-1 n-—2 n-2 s
n—1(k—1):(k—z):("_1)(k—2):’52"("_1)'2 s (+%)
2" x
= Q= lim n —
n-oo l-|— 1
2 N2
tan-1| 2 (n-ll-l) ‘n(n-1) - 2n-2
1_nz(n+1)2
2 4 2
o .y n+1)“+n

" nZn+1)2-1

ﬂ?ota _1<(n+1)2+n2>. (n+1)% 4+ n? -n(n—l)-Z”‘2=
nn+1?2-1) n2(n+1)2-1
= i 2" 4 —21limx, = 2(e — 1
_nl_>nolo(2n2+2n+1)(n2—n)'zn_ o Xn = (e—1)
nf(n+1)>2-1

1494. If (x,,) 0 verify xo = x; = 1 and x,, = X,,_1 — X,,—2, then prove that
(X;,)n=0 is periodic and find the general term of sequence.
Proposed by Neculai Stanciu-Romania

Solution by Ravi Prakash-New Delhi-India

Characteristic equation of x, = X,_1 — X,z ist? —t+1=0>t = —w, —w>
x, = A(—~w)? + B(—w*)"
A+B=1 _ 1 _ e
Whenn € {0,1} = {—Aw _Bw? =1 > A= _E'B = w_l.Thus,
(_1)n+1 n 2n+1
Xp = w—1 (w - )
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As X6 = X, VL € N = (x,) 50 —is periodic.

1495. Prove that:

izn:jo"dx sin x _ 7w
o x (n*sin?x + k*cos?x) 720

n=1k=1

Proposed by Narendra Bhandari-Bajura-Nepal

Solution by Rana Ranino-Setif-Algerie

Using Lobachevsky’s Formula: f(x) = f(r — x) = f(mr + x)

sinx
X

fo e e fo %f(x) dx

o n n
o (n*sin? x + k* cos? x)

Therefore,

ii[mdx sin x 7w
o X* (n*sin?x+ k*cos?x) 720
n=1k=1

1496. Prove that:

n
L = * x\ e *dx\k 1
lim lim 1+ f tanh (—) —=eY
0

m— oo n— oo n X m
k=1

e —is called Euler’s number and y —is Euler-Mascherroni constant.
Proposed by Narendra Bhandari-Bajura-Nepal
Solution 1 by Surjeet Singhania-India

Consider Laplace transformation L(tanh x) = fooo e **tanh x dx.
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)dx — Z( 1)p lf (e—sx 2px+2x __ e Sx- 2px) dx =

o —-X

(e —e
e—S
e*+e™*

L(tanhx) = f

0

1)p-1 —1)P-1
NV D NG
4 S +2p — 2 4 S +2p

p:

o (—1)P ! 1 1 1 1
53 =z(_ T
s+2p 4p+s 4p 4p-2+s 4p

s— 2 1 s v 1 1 o (S+2\ 1 o (s+4
Sy o), e (st
4 1p(4p+s—2) 4 1p(4p+s) 4 4 4 4

p: p:

Similarly,

4

4= )+ 50 (4 ) since 0 () = -y + Z T

Hence, L(tanhx) = — - — _¢(0) ( ) 41 l/)(0) (S+2)

p+2y” s
I‘( ) =210g< vst fg)
2r (55
Hence,

(3o

tanh x °°
LS< p ) = f L,(tanhx) dp = 2log
s

Vr(3)],
4

“ e dx ® x\ e *dx VsT ( )
j tanh x = f tanh (—) = 2log TN
0 X 0 n x ZI‘( Z )
We can expand it about Infinity

f‘”t h (x) e *dx 1 2 N ( 1 )
anh (— =———+o0(—
0 n/ x n_ 3n? n®

Laurent series

Now,

m

n
li 1+fwt h(x)e_xdx“—l' M 1+1 2 to (1)
et 0 an\) % m o P08 3n2 ns

k=1
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m

n
lim 1+ footanh (x) erdx\k 1 e (1)
i - — =exp|-—
n—-oo 1 0 n X m p k

Therefore,

m

n

© x\ e *dx\k
lim lim 1+ f tanh (—)
0 n

m—00 Nn—>00
m
1
= lim exp (— logm + 2 —) = eV
m-—oo k

k=1
Solution 2 by proposer

Let function A4,,(x) = tanh (ﬁ) ex;x Vx € (0, ) and since with the change of variable

x — nx we have:

f A,(x)dx = f tanh(x) x~1 e ™dx
0 0

We observe that [1,(x)| < e™* = x,,(x) since the point wise limit of 4,,(x), Vx € (0, «)

1 N
ise ™ asn — oo and fooo X,(x)dx = - and due to Lebesgue dominating convergence

theorem.

lim | A4,(x)dx = lim f x,(x)dx =0;(1)
n—o0o n—>oo 0

0
And thus we have by (1):

m
1\ 1
lim exp <—) — =

m-o k/m

= lim exp(H,, —logm) = e’
m—0oo

Solution 3 by Mikael Bernardo-Mozambique

m

. @ xy e *dx\" 7% ] *© e "dx
Let L = lim 1+ f tanh (—) = expslimn- J tanh(x)
0 n 0 x

n—-oo . X n—-oo
=1

By Maz identity: I = j h(t)G(t) dt = f H(s)g(s)ds
0 0
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* 1
L=exp(limn: [ £ tanh(0) £ ;) dx
0

+ £(e~™ tanh(x)) = _Sin__¢<s+n) %1[)(3+Z+2)
L=exP{rlti—%nJ:(_sin_%‘p(S:n)+%¢<S+Z+2)>.1ds}=

- exp{mlon- l—log(s+n) - 210g< s )> ; 210g< E”"”))L } _
iy

r +n+2 r(5+2 5\z7°
tim log( +( yeTE +)n)> = lim log <f(:())> = lim log (“3; = g3

4

) I‘(n+a):na_b(1+(a+b—1)(a—b)+o<1))

"T(n+b) n 2
n
L= exp{%&lglozn.log< \/i:lg_zg )} =
21 (%5

[,,, a §%>%<1+<%1>1g%>+0<%)> ]

1 1
. 1 1 . 10g<1+ﬁ+0(m)>
= expilim 2n - log 1+ﬂ+o<ﬁ> = exp+ lim 1 =e
n—oo n—oo
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1497. Prove that:

1 Vm

kzl(k(k+2)(k+4) (k + 2n) (k+1)(k+3)...(k+2n+1)>:2n+1(n+%)!

Proposed by Asmat Qatea-Afghanistan

Solution by Felix Marin-Romania

1 1
! (k(k +2)(k+4)..(k+2n) (k+Dk+3)..(k+2n+ 1)) -

1 - 1
(k+1)(k+3)...(k+2n+1)_k=1(k+1)(k+3)...(k+2n+1):

gk TN

t
Il

0
1 1 1 1

1-3-5-...2n+1) [*~.2k+1) 1 i
( ) k—o( ) 2n+1 H;{lzo (k+f) Z"+1 (%)

L
2n+ir (% +n+ 1) 2n+1 (n + %) !
1498.
2
"J/n$ a

Find the value of log,(b — a),Vb > a,$ —suprefactorial,
»F1(a, b; ¢c; x) —Gauss hypergeometric function.
Proposed by Muhammad Afzal-Pakistan
Solution by Amrit Awasthi-India
Let P(n) —be the superfactorial of n,thenP(n) =n!(n—1)!(n —2)!...3!2!1..

This can be rewritten as P(n) = 12" 1372 (n —1)?nl.

n

P(n) = 1_[ Jn—k+1

k=1

Taking log both sides and rearranging
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n n
logP(n) = (n+ 1)2 log k — z klogk
k=1 k=1
log P(n) = log(T'(n + 1))"+1 —log H(n) ,where H(n)
n

= 1_[ k* is the hyperfactorial of n

k=1
(rn+1)""
- Hm
Then, P(n) = G(n + 1)I'(n + 1). Thus,

lim ’ /P

n—-oo n

P(n)

where G(n) — Barnes G — function.

1 1
= lim [—2 (logG(n) +log’'(n+ 1)) — -log n]
n-ow N 2

Now, using Stirling approximation we have: log(G(n + 1)) = n? G logn — %) and
logI'(n + 1) = nlogn. Putting in the equation and solving we have:

“Pn) 3

i
ot vn 4

We know that ,F{(1,1;2; —n) = @ therefore when n approaches zero using

L’Hopitals rule we have,

a.. a  log(1+n) a
_E!g% ,F1(1,1;2; —n) = —E!}E&T =-3

Hence, —% = -2 (a,b) € {(3k,4k)|k € N}
log,(b—a) =log, 1 =0.
1499. If f(x) = tanh(nmx) and g(x) = x? + 1 for all x € [0, ),

Xnm=n"-—T (nim) and
A(k,j) = j! (k — j)! where m is fixed positive real number, then prove that:
w Kk 2n)nm
lim 1_[ <1 + w&%> T ere
" k=0 j=0 0 970 n
Where e,y —denotes Euler-number and Euler-Mascheroni constant
respectively.
Proposed by Narendra Bhandari-Nepal, Kaushik Mahanta-India,

Surjeet Singhania-India, Shivam Sharma-India
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Solution by Artan Ajredini-Presheva-Serbie

Let h,(x) = M, with x € [0, ©). We have: |h,(x)| < ——
n(x2+1) n(x2+1)

= ¢(x) and

@ 1
dx = —
fo () dx =
Also, limh,(x) = 0,Vx € [0, ). Thus, by Lebesgue Dominated Convergence Theorem we
n—oo

have:

lim oohn(x) dx=0; (1)

— 00
n 0

Let u,(x) = zx(ta:—hi’)l;rx) Xnm- Also, using by Lebesgue Dominated Convergence Theorem
X<+

we get:

o)

lim | u,(x)dx=7vy; (2)

— 00
n 0

2x *©
Since |u,(x)| < -5 Xnm = ¢(x), (also J e(x)dx = ., andlimu,(x) =y
(x2+1) 0 n-co

(using lim <nm T (nim)) - y)

n—-oo

Now, by (1), (2) we have:

o k 2Mnm
® f(x) dx\ 2&k)) Y
g [1(e+ [ 222 [T
"% k=0 j=0 o 9 k=0 j=0
Y
= exp Zzﬁ ;(3)
(kzojzol-(k !

Applying Cauchy Product Theorem in (3) we obtain:
L=ere

1500. Given two sequences of positive real numbers (a,,);>1, (bn)n>1 such
that
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n!

lim(a,.; —a,) = e and b, = " |———.Find:
n—oo n k
k=177
Q= lim <an+1bn+1 . anbn)
n—oo n+1 n

Proposed by Ty Halpen-Florida-SUA
Solution by Ruxandra Daniela TonilG-Romania

Suppose that exist I € R such that lima,, =

n—oo

lima,,; =1= lim(a,;; —a,) =0
n—->oo n—->oo

impossible. Thus, lima,, = +oo.

n—oo
aln®-n! 1 lim" n! c¢-o
= — = lim =
k=1 K mt o moeo ¥R KK
(n+1)! Yp_ k* n_ KF
= lim C— = lim = n+1) =
i (124224 +n)(n+1) =~ (m+Dn" y ( n )" B 1_(1)
T 12422+ -+ (m+ D2 mesnt D ns\n+l) e
. an+1bn+1 anbn T anbn an+1bn+1 _
lim — = lim —-1)=
nso\ n+1 n-w N a,b,
_ an bn (an+1 bn+1 n ) _
=lim——n|l—s ——-1| =
nbo M M n+1 n+1 b,
an+1 bnig
oy A b, . elog( an ntl b") -1 i1 bpyr M
= lim —- lim —- limn - -lo —_—
noo Mmoo Mmoo o (O bpi1 m a, n+1 b,
8 a, n+1 b,
a b a b n
= lim — - lim —- limnlog( ntl -"—“-—);(2)
n-oo N n-oo N n—-oo an bn bn
a, c- a,.1—a
lim = = lim L7 _ . (3)
n—-co N nbon+1—n
llmnlo ( n+1.@.1):10 lim (an+1.@.i>
n-o g n bn bn g n-o \ dy, bn bn
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a,.1\" n o\ b,1\"
= log (lim < ;”1) -lim (_n n 1) . lim( Z“) ); (4)
n—oo n—-oo n—oo n

n

a n a —a,\"
lim( "“) = lim <1+M) =

n—-oo an n—oo an

An+1—0n
an

n
an n
a a,\a,1-a li —ap)-lim (=) @) .1
(1 n+1 n) n+1 n] enl_yl (an+1—an) am (an) efe e; (5)

= lim
n—oo

a,

tim (-2)" =25(6)

i (b”“)nC:Dl' (bn+1 n n+1)”_l_ (n+1)”_ (7
noe\n+1) ~ noe\n+1 b, n T ane\ n =e )

From (4)~(7) it follows that

a, n+1 b,
From (1), (2), (8) it follows that:

a -b a,-b 1
lim( n+1 n+1_ n n)=e-—-1=1
n—oo n+1 n e
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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