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1401.1f 0 < a < b < 1, then:

n m
7}
a+bsmx .j‘ T 1 V2
b+asmx b + asinx x_4 b 2b+aV2
0

0
Proposed by Florica Anastase-Romania

Solution 1 by Adrian Popa-Romania

Let:f, g: [0 E] >R f(x)= m (x) = 1 derivable with
9: 0y ’ b+ asine’ 9™ T bt asinx
(x) = (b%? — a*)cosx S 0,9'(x) = acosx <0
fx = (b + asinx)? gx) = (b + asinx)?
- fisincreasing and g decreasing
17.' T

s

Chebychevls 4

a+ bsmx yi4 a + bsinx

N > | -7 i
b+ asinx .[ brasinx ¥ 2% (b + asinx)? dx (D)
0 0

17.' w
1 1a® .
a + bsinx b (5 — b+ (b+asinx)
- dx
T a
0 0

(b + asmx)2 - (b + asinx)?

k]

T
z
— b? f L b f dx y
(b + asmx)2 b + asinx (i)
0 0

cosx b 1 a’ — b?
Lett=——— > dt=—— x -

+
b + asinx a\b + asinx b(b + asinx)?
T LA
) )
B bf — b? f
" a) b+asinx (b + asmx)2 (itd)
0 0
cosx 1 1 V2
- )
F ii ) iii t:1 = —_— e —————
rom (ii), (iii)we ge P asmxlo b 2b+ al2

k]

T
4
So. a+ bsmx j‘ > (1 V2
0: b + asinx asmx b+ asmx 4\b 2b+aVv2
0 0
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Solution 2 by Mohammed Diai-Rabat-Morocco

T T
1 1
a + bsinx (1l 2
[absine [ 1 gem(i_2 ),
b + asinx b+asmx 4\b 2b+ aV2
0 0

4 sinx 1 V2
Letbel=j — ,]=j —dx,a=-——F—
b + asinx b + asinx b 2b+ a2

L .
dx f‘l sinx

/(4
We have: bl + a X =—
J = f o b+ asinx 4

b + asinx

cosx 1% 1 (—cosx)(—asinx)
And]=[——.]4—f :
b+ asinxly, J, (b+ asinx)?
1 V2 7 cos’x cos’x

1
== —~ _a| ———dr=a-aKwhereK=| ——
b 2b+aVv2 a o (b + asinx)? *r=a-ak,where fo(b+asinx)2 x
14 14
(*)<:)(aI+b])IZza®a12+bljzz(]+aK)

@a12+bI]>(bI+a])]+EaK<:)Iz—]2>EK<:>(I—])(I+])>EK
- 4 4 4

=4

Tl' T

2 1-—sinx z 1+ sinx J4 (1 —sinx)(1 + sinx)
—. x . —. —

o b+ asinx o b+ asinx (b + asinx)?

The last inequality is true by Chebyshev’s inequality since the functions have opposite

monotony.

1+ sinx ] ] 1 — sinx
(f — increasing) and g: x -

frx-

(g — decreasing)

b + asinx b + asinx

Solution 3 by Ruxandra Daniela Tonila-Romania

V2
m (1 V2 ) _ (n 0) 1 7
4\b 2b+aV2 4 b p 4 V2
2
T w b4
_ (n O) cos0 6‘051 _ cos0 0031 led 1)

(f f(x)dx)l — fG).Vf:R - Rx € R; (2)
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Cosx

Consider: bt asine ff(x) dx; (3)

2) & fx) = ( cosx )’ _ —sinx(b + asinx) — cosx - acosx
f = b + asinx (b + asinx)?

a + bsinx @)
(b + asinx)?’

From (1), (2) and (4) it follows that:

T T
(1 V2 —led fI a + bsinx 4
4\b 2p+av2z/) J, . o (b+ asinx)? x

Therefore, we have to prove that:

e flx)=-—

; ; .
a + bsinx 1 7 47 a+ bsinx
—_dx-'[—_dxzf ldx- | ———————dx
b + asinx b + asinx 0 o (b+ asinx)?
0 0
T (a + bsinx) T 1
Let: g: {O;Z] - R g(x)= BT asing and h: [O;Z] - R g(x)= b T asink

The inequality becomes:

fo%g(x)dx . fo%h(x) dx > ffldx . fo%g(x)h(x)dx =3

: : S
—f g(x)dx-f h(x)dx < —f 1dx-f g(x)h(x)dx
0 0 0 0
: : S
dx- | —h(x)d 1dx- | — h(x)d
‘aeodx- [*-nedx < ["1dx - [ *-gGonGoax
Let hq: [0;%] - R, hi(x) =1—-g(x) and

(b%? — a®)cosx

1(0) = - (b + asinx)? <0Ovxe [Og]
x T o i
1) ———m === ===
hy(x) hi(0) N N \ N hy (%)
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o hy(x) = hy (%),Vx € [o,g] . (5)

bv2
nE-1-
4 a2
b+=
bv2
+ av2 bV2 a2
<loat——<b+—r 2L p-2fco
a2 2 2 2 2
b+%5=
bv2
a+2-
< (b-a) (——1><Owhich is clearly true. Thus hl( )=1— =>0-
a2
b+%=
h (E)>Ogh(x)>0<:>1— (1)>0 gx) <1and h(x) = ——
14/ = 1= g\x) = gix) = " b+asinx”

vxe[0,2] - k() < ~h@®g(x)

gx)<1 @f g(x)dx <f

1dx andj h(x)dx<f —h(x)g(x)dx -
0

f g(x)dx - fﬂ h(x)dx<f 1dx-fn—h(x)g(x)dx
0 0

Therefore,

T n
1 1
fa+bsmxd f 1t 1 V2
b + asinx o b+asmx 4 b 2b+a\/_
0 0
at:

1402. Show that

— H
1)2_711

2.5

k=1

for alln € Z*, where H,, denotes the harmonic number.
Proposed by Max Wong-Hong Kong
Solution 1 by Ravi Prakash-New Delhi-India

(-1D* m—1y D" n! 1Dk w
k2 (k— 1) nk? (k—1)!'(n—k)! n k k!'(n—k)!
1

O (—DF o1y 150 (—DF 1 _
=2 e (i) =;;T(Z) =;;(—1>"(Z)fx" 1

0
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1

SINCIEIARTE

k=1 0

x"—-1
1—x

=IH

1

1

[(1-x0)"-1] ==
1-3]

1 1

1 ) ) i 1, 1, 1
=——f(1+x+x +---+x"‘)dx=——[x+—x +=-x +---+—x”]
n n 2 3 n J

1 1 1 1
——(1 +=+- +—) =——H,

n 2 n n
Solution 2 by Surjeet Singhania-India

We know H;, = 22:1% = Yk=1 fol xkldx = fol Yi-1 X" tdx
1

1

1—x" . B

- [T dx= - -a I - Dl - n [ 2@ - 0 dx
0 0

Hence we get:
1

H
—7” = fx”‘l In(1 — x) dx
0

Now —% = fol 2" 1In(1-x)dx = fol(l —x)" In(x) =
n-1 1
— Z(—1)" (n ; 1) f x*In(x) dx
k=0 0
-1 n n
—1y (=" — 1) (=D*! — 1) (=1)*
=2 a0 ) e = L6005

o (—1)F H,
Z k2 (2—1):_7
k=1

Solution 3 by Akerele Olofin-Nigeria

=

=
1l
[S

Consider
1 0 1
1—x" 1—-(1—-uw)" 1-(1—-uw)"
H, = dx=—-—| ————du=| —————du
1—x u u
0 1 0
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= f(i( 1)k 1 uk- 1)du Z( 1)k-1 )fu"‘ldu
0 0
=z“,2’“ ()= n =Y V2

k=1 k=1
Now,
o (—DF g (—1)k I'(n)
kZ1 k2 (k—l)_z; k2 T(m)I'(n-— k+1)

1 (D I(n+1) (- 1)k (D' v H,
_szl k T(k+ DIn—k+1) —2 __kZl k (k)__T
FlnaIIy,

N (D' p—1 _ H,

Z k2 (k - 1) T n

k=1
Solution 4 by Kamel Benaicha-Algiers-Algerie

DR mo1y O (—DFl(n—1)! o (—1)k
S":z K2 (2—1) an D kk! (n— k)! E,ZT(D

k=1 k=1

1 1
1 1t 1 (t"—1 1
j (1-x)"-1)dx =1 t—gf dt=—;f(1+t+t2+---+t"‘1)dt=
0 0

1403.

1 mm 1 mm
_4\1+24+3++n — _ ) —= in(—
E( 1) 1+24+3+--+n) 2m(m+2)cos(2) 2(m+1)sm(2)

n=1

Proposed by Srinivasa Raghava-AIRMC-India

Solution by proposer

8 RMM-CALCULUS MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Z( 1)1+243+4n01 L2 4 3 4. +n)—2(— Yz

n=1 n=1

Fit — fom = (_1)%1)2& (m + 1)2(m +2)

From the difference equation the generation function follows:

n(n+1) nn+1)
2

. jg dz [ z+4z*+2° . 102f dz [ z+4z*+72°
= lim - | =lim= == " |=
fm =1 z=0 271 ’ (e +2z%)3 S12% 70 2TTi “ (e + z2)

dz z+4z% + 28
+ f —Zz " |
1=—ive 2TiZ (e + z?)

i ( 1)62 jg dz [ z+4z2+2°
~ i\ T2) % Zzi\/;ZnizZ (e + z?%)
-m1+4ive—e€ -m1—4ive—e€
—hm(——)ﬂz N 4 (-ive —>=
-1 <( ) 2iVe (=1e) —2iVe

€+ 3 21(1 +(-D™Ve+ (1 - (D™
16e2 T 4¢? *

~ lim(ive) " [(1 s

_mmet [ (4 (D™ +4iVed - (D™ — e - (D™ _
+lim(iVe) [ 16¢2

_im imtm _im imm _im imtm
(e 2—e2) 21<e 2+e2)+<e 2—e2)
+m

4 4 4

—e 'z

= —%sin (g) + m% <Zcos (g) — sin (g)) + m? lcos (ﬂ)

1404. Prove that:

1 3 5 7
B e = 2N = am2o
where W, (x) is the trigamma function.

Proposed by Vasile Mircea Popa — Romania

Solution 1 by Akerele Olofin-Nigeria

Consider
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PO —x) — P9 (x) = 7 cot(mx) = 1/)(1)(1 x) + PpD(x) = n? csc? (mx)

From the last identity above when x = :> P ( ) +yp® ( ) = 2 csc? (g)

5
when x = 3

Sy (E) 490 (3) = w2 ese? (22) 5 90 () = 90 (3) 9 (2) 4y ()
= p® ( ) +p® ( ) (1/,(1) ( ) +yp® (g))
= m? csc? (g) ? csc (5;) = m? (csc2 (g) — csc? (%))
=n?(4+2V2 - 4+ 2V2) = 4n*V2
= 1(5) + 91 () -1 (5) - ) = 42
Solution 2 by Ahmed Yacoub Chach-Mauritania

amn)-n()-n)n -z

D’une part:

T 2m? 2272

T e e

D’autre Part:

3 5 3 3 w2 2m? 2\2m?
"’1(5)*"’1(5)="’1(§)+"’1(1‘§)=Sm2(3§)= I —cos(3E) VZ+1
finalement:

2V2m?  2/2m?
A= VZ—-1 VZ+1 = 4v2n?

Solution 3 by Max Wong-Hong Kong

#0990 @) w0

By Euler’s reflection formula

Frx)Fr(1—x) =mcscmxfor0 <x<1

10 RMM-CALCULUS MARATHON 1401-1500
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InT(x) +InT(1—x) =Inm+ Incscnx

—1T cSC TX cot Tx
0) —1DyY®(1 - —
PV () + (DY -x) p—
PO (x) —yp@(1 —x) = —mcotmx

PV (x) + PV (1 — x) = n? csc? mx

#@)-9Q)- w0 @)oo

8

[ 1 1 [ 2 2
=T\ T om =T T
sin’ 5 sinz%t 1-cosz 1—c053f
1 1
2 2 2(5vV2)+2(5V2
e\ (6@ G
1—7\/2 1+7\/E 7

Solution 4 by Probal Chakraborty-India

We know the formulae Y™ (z) = —f

013 (log t)™mdt

1-
1 7 5 3 1
t's t's t's t's 1 d
== + + - ogtdt
f 1—t 1-t 1—-t 1—-¢t]°8
1/ 5 _3 7 1
t8+t8—t8—t 8 8 -
=f T logtdt = z° =t > 8z'dz = dt
0
1 5 3 7 1
a t—§+a t—§+a t—§+a t—§+a d
aaazof 1-t 1—-t 1-t 1-t
0

1 3 7 1
| (t8%—14+t8%—1 t8—14+¢38%-1
= — j dt — dt
da 1-t

1-t
0
-3 t(m(3+a))-meot(n(5+a)
—aaazonco m(gta mcot(m(g+a
, T 5
[n csc? g T csc?—n[4+2\/_ 4+ 22| = 4m?V2

as y+f011—tdt =yPz+1)

11
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Solution 5 by Syed Shahabudeen-India

2=v1(5) -1 () v () + i 5)
d 1
T (1/}((1) — Y1 -a) -z (¥Ba) - P(1 - 3a>)>
= % (—n cot(am) + %ncot(Ban)) = % csc?(am) — % csc*(3am)

1
~fora ==
o 8

(4 3T
_ 2 2(%Y _ 2 2 _ 2
Q) = m”csc (8) T cSC (—8>—4Tl' V2

1405. If

1

d(n) = j x"—-1)In(1—x)
0

xIn(x)

then prove that,

. (2¢(n) =*
y—%( n2 +E>:((3)

Proposed by Angad Singh-Pune-India

Solution 1 by proposer

Observe that,
1 o o 1
( ) B (xn _ 1) xk—l dx — z 1 J- (xn+k—1 _ xk—l) p
$n) = In(x) Kk FT k In(x) *
0 k=1 k=1 o

k=1 k=1 m=1
hence
((W"C 1 ™+ 1)
¢( )_mz=1 m kzlkm-}-1 m=1 m

12 RMM-CALCULUS MARATHON 1401-1500
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expanding ¢(n) we obtain,

2 2 3
T n+{(3)n _((4)n N

¢n) = ——¢ 2 3
finally,
2¢(n) 2{(d)n

taking limit as n — 0 of both the sides completes the proof.

Solution 2 by Asmat Qatea-Afghanistan

1 1
(x"—1)In(1-x)

H
= dx=¢'(n) = | x* 'In(1 —x)dx = ——
() S dy = ¢ = [ In(1 - R dx = -
0
lim 2¢(n) lim 6¢(n) + m’n — lim 6¢’'(n) + n?
n-0\ mn2 3n = e 3n? 150 6n
hopital
H 2 , ,
S G o B S AL
n-0 6n n-0\n n-0 n2
hopital
hopital
_ (Hy -n+H,—H, 1 ,
N _}11—>0 2n B _Ellm(H )

!

1 - Cm(S 1
= Zimim+ D) = —EL'L%(Zm) ‘L‘i‘é<kzo<k+n+1>3>

=1
= ,Zo—“” 5= 43)

1406. If (a,,),>1 is bounded positive real sequence, then compute

n
l. z 1
noo\ Lon+ag+ k
k=1

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

Solution 1 by Surjeet Singhania-India

If (a,),>1 be bounded real sequence = 0 < a,, < m, where m is any positive real number

13 RMM-CALCULUS MARATHON 1401-1500
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Let o(n) = X34 ﬁwk So we need to find lim,,_,,, @ (n)

Since0<a,<m>>n+k<ag,+n+k<m+n+k

1 1 1
< <
n+k a+n+k m+n+k

=

Take sumfromk =1ton

1 n+m(1—xm)

n Tl
R, = Z fx"*"*"“l dx = f—x dx
" n+k+n 1—x

k=1 10 0

=Hypim — Hpim

1 + 2n+
J-xn m_xnm
1—x
0

Where H, is Harmonic number

R, =Hypym —Hyim

~y+1n(2n+m)+0<%)—y—ln(n+m)+0(%)=1“(Zn+m)+0(%)

n+m
2+
limR,, = lim In 1’}1 = 1In(2)

1 1
: n — 1 n
Also lll'lln_,oo Zk=1 m = lll'lln_,oo ;Zk=1 F

1
1 =
=f1+xdx=ln(1+x)|(1,=ln(2):>7111_>1£1°sn:1n(2)
0

Hence by Sandwich theorem

n

llm on) = llm kzlm = In(2)

Solution 2 by Samar Das-India
Since (a,,),>1 is a bounded positive real sequence let lower bounded be [l and upper

bound is L. Therefore n+ k+L>n+k+a,>n+k+1

14 RMM-CALCULUS MARATHON 1401-1500
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n

1 1
= E < < E—
n+k+L n+k+a, n+k+1

n

1
! ! li , = In(1 In2
ok e\ R T ol =In
n 0

lim —
n—oo ‘n 1 + k

1407. Find the limit

x—-0

lim (3 log (‘\/E —
+

n n
1 ) 1 ( 1 ><1 1
k L ZZ k a, —;Z k 1
+o e \1+,+20 e \1+ 5+

l L

(llm——Ollm——Oandllm—zo)
n-oco N n-on n-on

Therefore,

dx

\/1+\/1+16x

Notation: |. | denotes absolute value.

> +1og(|1 — V1 + 16x|) — 4logx>

Proposed by Naren Bhandari-Bajura-Nepal

Solution 1 by Asmat Qatea-Afghanistan

lim <3 In
x—0*t

= lim
x—0t

x/i—\/1+x/1+16x

+1In|1 — V1 + 16x| —4lnx>

(VZ-V1+vi+ 16x)3 -(1-VI+16x)

x4’

In

(x/— J1+VI+16x ‘/_+‘/1+“1+16x> (1 -VI+16x)-

VZ +J1+V1+16x

(1++V1+16x)

(1++V1+16x)

= lim | In
x—07t

x4

15

RMM-CALCULUS MARATHON 1401-1500




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

3
1++v1+16x
1-v1+16x- -(—16
— 1im | In ( 1+\/1+16x> ( )

x—0+ X3 (\/f+\/1 +m)3 (1+V1+16x)

= lim | In (-16x)°- (-16)
SRR W PP (VZ+V1+v1+ 16x)3 (1+Vi+16x) (1+Vi+16x)

I 16*
(VZ +v2)’ (2)*
=In 8* —lnz—g —1—51n2
@2’ @2 2

Solution 2 by Mikael Bernardo-Mozambique

lim (3 log (|\/E — J1 +V1+16x
xX—

>+ log(|1 — V1 + 16x|) —4logx>

lim <3 log (|\/E — \/1 +V1+ 16x
xX—

_ ( <|\/§—\/1+\/1+16x|> |1_,/—1+16x|>
lim | 3log +log< p >

>— 3logx +log(|1 — V1 + 16x|) —logx)

x—-0*t X
s~ lim (1 + nx) = lim e™
x—0t x—-0t

( <|\/§—\/1+\/e16x> 11 - Ve
3log = + log (T)

lim
x—0t

_ VZ — V1T e%| 11— e
lim (3 log < = ) + log <—>>

x—07t X
8x - x

|\/§—m| |1 — e*|
. x >+log<8-—x >>

,}L%l <3 log (8

-V N2 = x> < <
NE_ml:{‘/i 1+e%V2 1+e*>0=2e*<1=>x<0
Vitex—V2V2—-Vi+e*<0=2e >1=2x>0

16 RMM-CALCULUS MARATHON 1401-1500
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I1—e"|‘{1_ex’1_ex20=”ex31=>xso
S leF-1,1-€e*<0=>e*>1=2x>0

forx >0
Vi+eX—v2 e —1
L= lim <3 log<8 —> +log<8- ))
x—0%* x x

L= lim (310g(8. &t ! + lim 1 (8 ex—1)
B A L I ey L L S

L =3log (%) + log(8)

L= 3-log<%> =3 (3 —%)log(Z)
15

L= = log(2)

Solution 3 by Samar Das-India

lim (310g \/f—\/1+\/1+16x +log|1 — V1 + 16x| —4logx>
X—
2-1-+1+16x
= lim <3 log +log|1 + 16x| — 4logx>
x0 VZ+V1+V1+16x
= lim <3log|1—\/1+16x| +log|1 — V1 + 16x| —3log|V2 + /1+\/1+16x —4logx>
= lim <4log|1—\/1+ 16x| — 4logx — 3 log ﬁ+J1+V1+ 16x>
X

\/§+\/1+\/1+16x

)

\/§+\/1+\/1+16x

)

. 1-1-16x
= lim 4log| —4logx — 3log

x>0+ 1++V1+16x

= lim (4log16x—4log|1 +v1+16x| — 4logx — 3log
X—

)

x/i+J1+V1+16x

x—07t

16x
= lim <4log |T| — 4log|1 + V1 + 16x| — 3 log
= 41log 16 — 4log2 — 31og(V2 + v2)
15

212
= 41og8 — 3log(2v2) = log (—9> = - log2
22
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Solution 4 by Mohammad Rostami-Afghanistan

Q= linal(3log<|\/§—\/1+\/1+16x
X

>+log(|1 — V1 +16x|) —4logx>

Vi+1lex=u=1+16x=u’=x =

u? -1 {x>0:>16x>0:>1+16x>1

16 'Wi+16x>1>u>1=>u—-1"
3
_ VZ—vi+u| -|1-u
Q=1}L1}1+ [log( 2= 1) +4log16 =

| [ ( 1—uf® 11—l )
= l]rn+ log 3
u—1 (\/E_}_ /1+u) .(1_u)4(1+u)4

=1

+16log2 =

3
og—————+16log2 = —log2**2** + 16 10g 2
(2v2)" - 24

—( 17+16)1 2 =102
72 082 =108

Solution 5 by Muhammad Afzal-Pakistan

31n \/E—\/1+\/1+16x

+1In|1 —v1+16x|—4Inx

lim
x—0t

lim [3In|vV2 — V2 + 8x| + In|8x| — In|x* 8—:
x—-0t X

], lim [3 In|v2(1-V1+4x)|+1n
X

|

2
lim 3 [ln\/f+ In|2x| + In H]
x-0t X

15
lim 3[InV2 + In4] = —In2
x-0% 2
1408. Find:

Q-1 (3n—1)!-n?
T e (27" (n)?

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Syed Shahabudeen-India

Q=1 (3n-1)!-n?
T ale (27" - (n)?
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JarGneD () 2
= lim,,_, ( )( 5 )3n (By Stirlings Formula)
33"(2nn)7(§)
V2me . [((3n-1)°"2 e . (1 —ﬁ) e e’ 1
= lim =—lim—————F=——=——
(2m)2 n-oo 33nnSn—E 27T n>o \ 1)2 21 \/§ 21T\/§
n

Solution 2 by Mohammed Diai-Rabat-Morocco

By Stirling Formula:

n! <\2mnn"e™, (3n — 1)! <\/2r(3n — 1)(3n — 1)3" 1el-3n
3n-1

1
(3n — 1)3n1 = (3n)3n1 (1 _ %) — (3n)3n—1e(3n—1) ln(l—g) —

1

1
_ (gn)3n_le(3n—1)(—ﬁ+o(n)) _ (3n)3n_1e—1+%+o(1)f(sn)sn_le_l

(3n-1)n? o \[2r(3n)(3n)3""le~lel 372 3

33n(n!)3 33n(\/m)3n3ne—3n " em
Therefore Q) = g
1409. Find:
n o[n
Q = lim— - el [ex]dx, [-] — floor function
n—oo en

Proposed by Arhgyadeep Chatterjee-India

Solution by Mohammad Rostami-Afghanistan

n
—=t->ne *dx =dt » —tdx = dt

I‘f [E]dx' dt
0 dx=—7;x—>oo=>t=0andx=0:>t=n

szm[%]dxzfo[t](_ft)=fngdt=
0 n 0

10 21 22 " n—-1 n—1 k+1k
=j —dt+f —dt+f —dt+---+j —dt=Zf Zdt =
ot 1 t 1 t n-1 N =1 'k t
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n-1
Z [klog k]! = Z k(log(k + 1) — logk) =
k=1

=1(log2 —log1) +2(log3 —log2)+ -+ (n—1)(logn —log(n — 1)) =
=—(log2+1log3 +:-+log(n—2)+log(n—1)+ (n—1)logn) =

n" 1
= —log[(n—1)!] +logn™?! = log l—l

(n—-1)!
[ n—l . nn—l
- 08 (n—1)!l_’e “ -1

Note: ifn —» oo: I'(n+ 1)~V2mn (g)n;n! =I'(n+1)=n-T(n)

n (o n n n"1
0 lim Y TR i Y o i YT
n-o en n-o en n-o en (n 1)'
n\n 1 1 1
=lim|v2nn(—) - — | =1limI'(n+1) - =
"-’wl (e) V2m - nI‘(n)l n-—00 ( ) V2rr-T(n+1) V2m
Therefore,
Q= lim Y e _ 1
n—-co en V2

1410. Find:

n

a=tim > ek-0(" ) ()

k=1

Proposed by Marian Ursarescu — Romania

Solution 1 by Mohammed Diai-Rabat-Morocco

1<k<n=>1<2k-1<2n-1<2n

n

NANRIHE YR ANIES A MBI

k=1 =1
By Vandermonde Identity:

n

z n+1) (2n)!
“\ 2n (n+1)!(n—1)!

k=1
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It follows that:

1

n
1 (2n)! nymY)
exp( In ((n T 1)|>> < (;(2" ~1 (=) (k)> =
1 (2n)!
< exp (;1“ (an)) )
1
(Zn)! Zﬁzznn2n+fe—2n _ 22" . .
n+1)!(n—-1)! ~ 27tn n2ne—2n T Jmn By Stll‘lYlng formula
1 2n)! 2nln2 — lln(ﬂ”)
1 _ 2 ~2In2
n \(n+ D (n-1) n
1 (2n)! In2n+ 2n1n2 - g In(n)

By (*) we can assume that:

Q = lim Z(Zk 1) K — 1)( ) =exp(2In2) =4

n—oo

Solution 2 by Adrian Popa-Romania

Q = lim Z(Zk — 1)Ck-1ck

n—oo
ck1.ck < 2k - 1)ck1ck < 2n-1)Cck1ck >

:>ch 1ck < Z(Zk 1)ck-1ck < (2n — 1)26" 1ck

ch 1 Ck Cn+1

2 (2n + 2)!

n A S LA P L

Y U Y R 4 AP (n+2)!nl

- 1111—>I2> Con™ = 111—>I2> C'21+1 - 111—>oo (2n)!
n+1D!(n-1)!

(2n)!(2n+1)(2n+2) ) (n+1)!(n-1)!

(n+1)!(n+1)-(n-1)!'n 2n)!

= lim,,_,o, =4 (1)
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=~ limy, e J(Zn 1)Chil = 2 lim,,_,o,

(2n+ 1)C2n+2

From (1) and (2) = Q = 4.

1411.If f(x) = %fw allx € (0,0)and I = fooo x%f(x) dx, then
prove:
oo n
@) = z 4 (91 Z 1
(D=2 a7 k3
n=1 k=1
where {(n) = Y}, P — is Riemann zeta function.

Proposed by Narendra Bhandari-Bajura-Nepal

Solution by proposer

We shall be using the following result foralln,m > 0

; (1)

1
I(nm) = fo x"log™ xdx = (—1)™ v

We prove result (1) by making substitution x = ¥ - dx = e”dy

u=-(n+1)y

0 —Uu,m
e "u
I(n,m) = f eYthym gy 2

ConrDrm+D)™

SinceI'(m+1) = fooo e "u™du (definition of gamma function) and hence

F(m+1) m!

In,m) = (-1)™ D™ (—1)mm

o) 2 si
We call the integral I = | " SIRY_ jx and since 2 cosh 2x = 3 + 4 sinh? x and thus

0 2cosh2x+1

I_-]‘°° x2 sinh x dx; (2)
~ J, 3+ 4sinnzx ™"’

Further we know that sinh x = % Plugging in (1) therefore, gives us

1 f‘” et —e) 71 fl log’y(1-y») 1 fllogZya—yZ)
o 3t —e2™ T 2) 32+ (-2 T2), yt+yr+1

2

N d .
Now we make substitution y> =t - dy = 2—\;? and the latter integral becomes:

22 RMM-CALCULUS MARATHON 1401-1500




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1logz(\/_)(l—t) dt = 1 (Ylog?t(1-1¢) 1 1(1-1t)?log?t

4 o VE(t2+t+1) 16 o V(2 +t+1) t_Ro(l—ﬁ) Vi

Since x € (0, 1) and we exploit the geometric series of Yo, x3" =

summation and integral sign we have:

1 v (llog?t(1—£)23" 1« (! 1
—Zf g td-t dt=—2f log? t(1 — 2t + t) " z dt
16 41 ), Vi 16 41 ),

n= n=

Using the result (1) our integral

2! — 1 2 1

- 3t 3|~

B\l @} (e

Since foralln > 0,9,(z) = (—1)""n! Y5 0 Gaion and plugging n = 2 we have:

)n+1

1 1 5 1
55 (2:) - ) - ()
since 1, (5) = —144(3), ¥, (3) = —182¢(2) — 4V37% and ¥, (2) = —1824(3) +

4+/31? and putting back these value to (3) we have:

- =2 232® =43

9j°° x2 sinh x i 9 336
o 2cosh2x+1 ~ 7 432

Now we need to evaluate:

o)

P (CEI RPN e

n=1

Interchanging n, k wit k, n doesn’t change the overall summation due to symmetry, so

25:22n(n+k)3 ZZk(n+k)3 Zan(n+k)2

n=0 k=1
Due to result (1) we can express the summand( +k)2 = f x™*k=1]10g x dx and hence
ogx [ & x" x logxlog?(1—x) A *21-x
26 = fgzz__dx_fgg( ) gy =
n k 0 1-—x
n=1k=1
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fl log? xlog(1 — x)
= - dx

We solve the last integral using Feynman technique so we set

J(a) = _jllog xlog(1 — ax)
0

1—x X, ](1) = —25,](0) =0

Differentiating with respect to a we have:

(@) = J‘l xlog? x p _j‘lxlogzx( a 1 )d ~
J{a)= o 1—x)(1 - ax) = o 1-a 1-ax 1-x =

S |
— T z f (an+1xn+1 logz x — xntl logz x)dx
an:O 0

Due to result (1) the last integral reduces to

2 <« / at! 1 2 (Lis(@-a
1-— aZ((n+2)3 (n+2)3>_1—a< a _(((3)_1)>

n=0

Therefore,

1 . . . _
25— zf (Lls(a) _Liz(@) ((3)> da = 20(4) + zf is(@) —¢(3) 2
0 0

a 1—-a 1—a

1og(1 — a) Liy(a S 1 (!
—25=2((4)+2f & a) 2( )da=2((4)+zzﬁf a"1log? ada
0 n=1 0

Since flx"‘l logxdx = —% and hence
= 20(4) - Z 1= 20— 24(®) = L)
And 4S5 = {(4) also due to Euler’s identity
[e%) Hk ~ o ~ E
2 ;F = 50(4) — *(@) = 53(@)

And hence
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1412. 2, = 3,2x%,; +/1— 2% = 1,n > 1.Find:

Q = lim(2" - x,)

n—>oo

Proposed by Daniel Sitaru-Romania

Solution 1 by Adrian Popa-Romania
From mathematical induction principle, we have:

. T
P(n):x, = sm(m),Vn ENNn=>1

T
2x2,.,+1—x2 =1 2x2,, +\/sin(2n_1 - 6) =1>

2x3.1 =1—cos (ﬁ) = 2sin® (znn- 6)

= Xp41 = Sin (ZI 6)
1[4

X =sin£=>2x2+ 1—sinZE=1:2x2=ZsinZ£=>x = sin—
1 6 2\1 6 2 12~ 2 12

T

2x§ = /1—sin2£:>2x§ = 1—cosE=Zsin2£:>x3 = sin—
12 2 24 24

From mathematical induction principle, we have:
. T . 3
X, = sin (Z"‘l ) 6) = sin 3 2n

Therefore,

. 3
Q= lim(2" - x,) = lim 2" - sin (=) = Ii sin(577) _m
e - s 255 )
n

n—>oo el
2
Solution 2 by Mohammad Rostami-Kabul-Afghanistan
. ) ) 1—cosa .,
X, =sina - 2x;,, tcosa=1-x;,4 == - sin 2
a
. a 2 > 4 a > 1- COSf . a . a
- Xpsq1 = Sin—- - 2x COS— = Xpip = = sin“— - x,,,, = sin—
n+1 Z n+2 Z n+2 Z 4 n+2 4
- a - a = a
Xp = SINTG, Xnyg = SINTT, o, Xnype = SINZE
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a
n+k=t—>k=t—n—>xt=sinﬁ
A 4 . a T a a
=1-x; =—=sin— =sin - = -
172 6 2.2m 2.3 2.27m " 2-n

(1 «a [t o /1\]ton Sy 1
=i 55 - ()]s )

o=t xo- (o sn 5 (3] -

n—>oo

14
3

m/1 S A |
(+3(g) =u-2r =g gnow=u-0)
.o /m 1 m__ sinu w
= lim (- sinw) = U == =3

Solution 3 by Asmat Qatea- Afghanistan

cos™

1y
2—\/2+---+\/2+2x=25in< o >

n

cos lx
2—\/2+---+\/2+2x=2cos< on )
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n—oo

T
_ _ 6 |_T
Q=1im2" x,) = llm 2™ - sin <2n_1> =3

1413.1f 1 < a < b then:

bbb
logx-log(yz) 3
> —
fff logy -10gz dxdydz > 2(b — a)
a a a

Proposed by Asmat Qatea-Afghanistan

Solution by Daniel Sitaru-Romania

bbbl I bbbl (l I )

: +
f f f ogx-log(yz) dxdydz = f f f 0gx-(logy + logz) dydz =
a a a a a a

logy-logz logy-logz

= flogxdx f—dx fdx—Z(b—a)flogxdx f—d

a a a

1 ¢ HM-AM INTEGRAL FORM
=2(b - a)Z flogxdx f— X >

a
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b 1 .flogx
fa logxdx a

> 2(b — a)?

dx =2(b—a)3
Equality holds fora = b.
1414.
—kx?

Ifp =¢p(x,m)= Z — —elog(kz) then:
k=1

(@)
4

joox5log(x)qb(3 —2y)dx =
0

Proposed by Angad Singh-Pune-India
Solution 1 by Amrit Awasthi-India

Considr the function: f(x) = log(x)e™"*. The Mellin transform of f(x) is given by:
I'(s)yp(s) —I'(s)log (k)
kS

. j“xs_l log(x)e-*xdx = L¥E) - UOLLL IO
0

Now, consider the integral

(xz =t,xdx =%d t)

o “2log(vt)e *tdt 1 [©
I= f x5log(x)e **" dx = f g(\/z—) =2 f x’log(x)e ®dx =
0 0 0

1 IT3)yY@B)-TIB3)logk) 1
(s=3>,<*>z' k3 T 4k3

(3 -2y —2logk)

an

© xSlog(x)e " dx 1
o (3—2y—1log(k?)) 43

Now, summing both sides from k = 1 to k = o, we get:

o e—kx?
,[0 slog(x)zg 2y — log(kz) 421(3

Therefore,
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ijslog(x)(p(B —2y)dx = @
0

Solution 2 by Syed Shahabudeen-India

o) ® —kx?

@ e
Q= j; x°log(x)¢p(3 — 2y)dx = j; x>log(x) kZl 32y —log (k) dx =

e—kxZ o0 )
— 51 ~kx* g
kZI?’ v log(kz)fo x’log(x)e X

[ee] 1 [ee]
A= f x5log(x)e—kx2dx = a3 (f t’log(t)e tdt — log(k)f tze‘tdt> =
0 0

tk2

1 loa(k 1 log (k3
= 23 W@ —log ()T (3)) = =5 (3-27-1log()

1 1 )
5 kx? — R
€= 23 Zy—log(kz)_[ log(x)e™™ dx 4Zk

Solution 3 by Asmat Qatea-Afghanistan

o)

[ee] © 1
Q= f x°log(x)¢p(3 — 2y)dx = f xSlog(x)e " 2

— log(k?) dx =

= z ! foox’;log(x)e""‘2 dx =
3 -2y —log(k?) ),

N {(3)
Z —log(kZ) 4k3(3 2y —2log (k) ===

0 (t=kx? k=1)
I'(n) =.[ t"levtdt 2 f (kx®)" le "’ 2kxdx
0

I'(x) =f (kx®)" llog(kx?)e *** 2kxdx =
0

= log(k).[ (kx®)" e " 2kx dx + 2.[ (kx®)" llog(x)e %" (2kx)dx
0 0

e

r(m)yn) = log(k) -T(n) + 4k"f x2" 1og(x)e " dx
0
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- f 21159 (x)e " dx = m (rm)y(n) - log(k)[‘(n)) s
f xSlog(x)e~*" dx = i(3 — 2y —2log(k))
. e
Solution 4 by Serlea Kabay-Liberia

x5log(x)e " dx

> 1
¢33 —-2y)=¢p(x3-2y) = ; 3-2y— log(kz)fo

I

® u=k
I(a) :=f x*log(x)e” kx? g x I'(@)|ges = I<—x>
0

*© a _, du 1 ® a1 —u r (a -ZI_ 1)
= | e e = ey T
ICE T
I'(a) = —F(logk _ "’(T)) oI= 4k3 (1 g(k) —p(3))
I= 43{3 (log(k) _3 + y) 4;(3 (3 2y — log(kz))

Now,

S < 1 1
Q= fo x°log(x)¢p(3 — 2y)dx = kzzl 32y — log (i) (4k3 (3 -2y — log(kz))> =

_15:1
4Lk
k=1

Therefore,

ijslog(x)(p(B —2y)dx = @
0

kx2

2 3- Zy - log(kz)

5

Solution 5 by Mohammad Rostami-Afghanistan
(kx?=u)

Q= j

0

1 d @ 2

— e Stag—kx® g4 ™
L,3-2y - log(k®) 9a of e o
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B 1 9
B _13—2y—log(k2) da

1
[ vty -
a=0Jo k 2k \u

_ 1 d foo 6;—‘1—1 “Udu =
L 3—2y—log(k2) dal,_o v e au=

1 -3-%
Z 3-2y-— log(kz) Z ’ (3 * 2)]

a=0

e

o 18 (s0) 63

a=0

z -2y — log(kz) [ 4

I‘(3)logk r@)p@E)|
z 3-2y-— log(kz) l T | T

—log(k?) + 2 (% — y)
4K3

1
B —~3-2y- log(k?)

1 3-2y—log(k®) 11 @3

- _13—2y—log(k2)' 413 ZHF_ 4

Therefore,

ijslog(x)¢(3 —2y)dx = @
0

Solution 6 by proposer

Using the definition of gamma function and some manipulations, it can be shown that,

r(z)

f x1eg—ax? log(x)dx = <1[1 (—) log(a)),where an>0
0

4a2
Thus,
n
[o%] e—ax2 l" —
f x"og(x) — dx = (2,1)
0 P (7) —log(a) 4a2

Substituting n = 6, replacing a by k and summing up both the sides from k = 1 to k = o,

we have:
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w o ek {3)
-[0 **log) ;tp(s) “Tog0 =2

Since p(n) = —y + H,,_4 for alln € N, we have:

” v e {3
5 =
fo X log(x)kz13 =2y —Tog (kD) dx 4

1415. Find without any software:

(x% + 6x + 15) sinx
Q =j dx
x* +12x3 + 54x2 + 108x + 81

Proposed by Daniel Sitaru — Romania

Solution 1 by Adrian Popa-Romania

Q_f (x* + 6x + 15) sinx 4
T X+ 1223 +54x2 +108x+ 81

(x> +6x+9 +6)sinx [(x + 3)% + 6] sinx
=f (x + 3)* =j (x +3)* -
sin x sin x
= mdx +6 mdx
Y1 y2

—6 sinx d
Y2=0 ) xy3p ™

2sinx Cos X 1
27 " Grar P2 Gaap T TN TGy
1 1
2 (x +3)2
2sinx Cos X sin x
TGr3? @r3? 3™
Y1

f'=—sinx;g=—

Y2 =
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2sinx COS X

T (x+3)3 (x+3)2

Q=y; - Y1

_ 2sinx CcOoS X N
T T @+3° x+3)2 €

Solution 2 by Igor Soposki-Skopje-Macedonia

(x? + 6x + 15) sinx [(x + 3)% + 6] sinx
fx4+12x3+54x2+108x+81 x=f (x + 3)*
={ u=sinx
du = cosxdx
(x+3)%+6
T (x+3)"
_[(x+3)?*+6 :{x+3=t}:
(x+3)4 dx = dt
t’+6 1 1 1 2
(2 (Lo Lae= 12
1 2 (x+3)2+2
=_(x+3)_(x+3)3”‘”‘f”'duz_ (x + 3)3

] (x+3)%+2 (x+3)%+2
= —sinx- Gt 3)° + Gt 3)° cosxdx

:11

11:{ u = cosx
du = —sinxdx
(x+3)%2+2
T x+3)3
(x+3)%+2 x+y=t
:f (x + 3)3 :{dxzt}

—ft2+zdt—f1dt+zfdt—l t 1—1( +3) 1
B 3 St ;3 T (x + 3)2

sin x dx

:u-v—v-du:cosx[ln(x+3)—ﬁ]+f<ln(x+3)—ﬁ)

Iz

sin x d
x+32%

=I5

I, = fln(x+3)-sinxdx—
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. dp = dx
I = sin x dx = u=sinx v_(x+3)2 _
3 (x + 3)2 1
du=cosxdx v=-
(x+3)
sinx +f CcoS X d
= —— ——dx
(x+3) (x+3)
Iy
I, = Ccos x dx = UuU=cosx dv = civg _
7 x+3) . *
du=—sinxdx v=In(x+3)

=cosx-In(x + 3) +fln(x+ 3) -sinxdx

[ = sinx
37 (x+3)

+ cosx - In(x + 3) +fln(x+ 3) -sinxdx

sinx

(x+3)

sinx

D)
Ccos x sinx

132 (x+3)
sinx[(x+3)>+2] cosx sin x

T @13)? @+3E x+3)
—(x +3)%sinx — 2sinx — cosx (x + 3) + sinx(x + 3)?

N (x +3)3 N

(x+3)cosx+2sinx
- (x +3)3

I, =fln(x+3)-sinxdx+ —cosx-ln(x+3)—fln(x+3)sinxdx

—cosx - In(x + 3)

I, =cosx-In(x +3) — —cosxIn(x + 3)

+c

Solution 3 by Akerele Olofin-Nigeria

(x®+6x+15) sinx

Now @ = fx4+12x3+54x2+108x+81
f(x2+6x+15)sinx sin x dx i 6 sin x 4
S w= x=|——dx ———dx
(x+3)4 (x +3)2 (x+3)%
A1 A2

_ sinx u=x+3
:Hll_f(x+3)2dx{:du=dx
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A= fsm(Zz_ 3) du B Sm(l;_ 3) +fcos(z:l— 3) i

~—————

A3
sin(u
( )du+
u

= A3 =

j‘wdu = sin(3)j

cos(u)
u

+ cos(3) f du = sin(3) si(u) + cos(3) ci(u)

. . ] sin(x)
= A4 =sin(3) si(x + 3) + cos(3) ci(x + 3) —

(o x+3
sin(x
(x+3)4 dx
(x2+6x+7) . N cos(x)
x+3)3 T xr3)?
sin(x) sin(x)

= mdx+6 mdlelﬁ'lz
L . . sin(x) | ,
= sin(3) si(x + 3) + cos(3) ci(x + 3) — ~13 sin(3)si (x + 3)
(x2+6x+7) . cos(x)
i3y St
(P +6x+7) sin(x) cos(x)
S O= T ey S e T ey
2sin(x) cos(x)
C(x+3)8%  (x+3)2

= A, (By the same technique) = 6 |

= A, = —sin(3) si(x + 3) — cos(3) ci(x + 3) +

> w

—cos(3)ci(x+3) +

Sw=

Solution 4 by Samar Das-India

B (x? + 6x + 15) sinx dx
T x*+12x3 + 54x2 + 108x + 81

x2+6x+3

x% + 6x + 15| x* + 12x3 + 54x2 + 108x + 81
x* + 6x3 +15x2
6x3 + 39x% + 108x + 81
6x3 + 36x% + 90x
3x% +18x + 81
3x% + 18x + 45

36
(sinx)dx
=> Q= 1
f (x2+6x+3+2L) (1)
x4+6x+15
Now, x2 + 6x +3 + o> =22 + 6x + 15 + ——— — 12
! x2+6x+15 x2+6x+15
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Y
=(a+%—12) (Leta=x2+6x+15)=(a 6
sin x B asinx _(a—b+6)sinx
36 " (a-6)2 (a—6)2

2 A
(x +6x+3)+x2+6x+15

1 6 o 1 6 .
B (; + (a—ﬁ)z) smx = (x2+6x+9 + (x2+6x+9)2> sinx (2)

@, 1 6 _
= Q :f<(x+3)2 + (x+3)2)s1nxdx
sinx sinx
= mdx+ 6 mdx
IBP
= (xST;)Z dx+6 sinxf(x + 3)4dx — f cosx(ic3+ 37

. . -3
2.[ sinx d 6((smx)(x+ 3)

G 13 x+ —3 +%j(cosx)(x+ 3)73 dx)

. _ » )
- _f (::1;)2 dx +(-2) (::1;)3 + 2 {(cos x) J(x +3)3dx— f (—sin x)_(;c +3) dx}

M A T T

sinx 2sinx —COS X sinx
((x m 3)2) AT
2sinx Ccos x
- _{(x+ 3)3 + (x + 3)2}-'_ ¢

Solution 5 by Yen Tung Chung-Taichung-Taiwan

f (x*> + 6x + 15) sinx _ [ ({(x+3)%+6)sinx

x*+12x% + 54x2 + 108x + 81 (x +3)*
let y=x+3

(y? + 6) sin(y — 3)
:f =
sin(y — 3) 6 sin(y — 3) sin(y — 3)
=f y? dy+j y* dyzj ¢
sin(y — 3) + ycos(y — 3) sin(y — 3)
- y? _'J' @
sin(y — 3) + ycos(y — 3) sinx + (x+ 3)cosx
-~ +C=-—
y3 (x + 3)3

dy
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6
Where f65m(y 3) dy _ sm(yy 3) +J-2cos(y 3) dy(

u = sin(y — 3) dv = y—4dy>

2
du=cos(y—3)dy v= 5

_ sin(y — 3) N <_ cos(y —3) B J sin(y — 3) dy)

y? y? y?
2

u = cos(y — 3) dvzﬁdy
1
du = —sin(y — 3)dy v=—?

sin(y — 3) + ycos(y — 3) sin(y — 3)
= 3 _f 7 dy

y y

Solution 6 by Syed Shahabudeen-Kerala-India

(x? + 6x + 15) sinx
(x*+ 12x3 + 54x% + 108x + 81)

((x+3)%+6) . B 1 6 .
ot 3)° sin(x) dx = f <(x 392 + ot 3)4> sin(x) dx

eix eix
=Im f(m)dXﬁ'Gfde
B

Here
= f( Tz dx (byIBP)— 3)2 Zlf(x+3)3 dx
elx i elx
= [ grdx (byIBP)= T+ 2 [ Edx

~ Q=1Im(A+6B)

—7 ix i 2 _ CcoSs X 2sinx
- m<_e ((x 32 et 3)3)) - <(x 32 Tt 3)3)

Solution 7 by Timson Azeez Folorunsho-Nigeria

B f (x? + 6x + 15)sinx B f (x? + 6x + 15)sinx 4
T ¥ 123 +54x2+108x 181 | 2+ 6x+3) (x> +6x+15)+36
(x? + 6x + 15)sinx 4
(2 +6x+15—-12)(x2+6x+15)+36 "~
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B J‘ (x? + 6x + 15)sinx
) (&2 +6x+15)2 —12(x2 + 6x + 15) + 36

_ [ &% +6x +15)sinx dx = J‘ (x® + 6x + 9 + 6)sinx
~ ) GPrex+15-62"" (X + 6x + 12)2

B f (x? + 6x + 9)sinx + 6sinx dx = f (x + 3)?%sinx N 6sinx B

B (x + 3)* B x+3)* x+3))T

dx =

dx =

= f((x + 3)2sinx + 6(x + 3) " Zsinx)dx =

= f(x + 3)%sinx dx — 2(x + 3) 3sinx + 2 f(x +3)3cosxdx =

_ 2sinx coSsx
~ (x+3)3 (x+3)2

1416. Suppose a, 3, ¥ be the roots of x3 — 5x + 7, then evaluate the sum

x3

4x3 —18x2 —10x + 37
apy

Proposed by Surjeet Singhania-India

Solution by proposer

Observe that:
|—52+7|<5|z|+7_5-3+7_22<1
z3 z3 33 27

So, |-5z + 7| < |23| for |z| = 3.

By Rouche’s Theorem: z3 — 5z + 7 has all roots inside |z| = 3. Assume:

3 3

z z
(z—6)(z3—-5z+7) z*—623—-522+37z—52

(@)=

f(z) —is Meromorphic function, hence sum of all residue of f(z) at singularities of

f including residue at infinity is 0. All poles are of order 1, hence:

a3

a3 —18a? — 10a + 37
Poles of f are a, 8,7, 6 and o

Res,-qf(z) = )
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> Res,of(2) + Res,—of (2) + Res,oof (2) = 0

x=a,f,y
z —Res,_.f(z) — Res,_¢f(z) = 1 —g = —2
aﬁy4zs 1822 — 10z + 37 = = 193 193
Therefore,
z3 23
473 — 1822 — 10z +37 193

apy
1417. Find the real values of a and b such that:
T 5
a( . V5
—j sinx|1+—cosx| dx=F,
b 3
0

Notation: F,, denotes n™" Fibonacci number
Proposed by Naren Bhandari-Bajura-Nepal
Solution 1 by Max Wong-Hong Kong

5
f:sin(1+§cosx) dx. Letu=1+§cosx. duz—gsinxdx

NG
1—? 1 \/E

B f V5 s, 3 1[ 6]1_T

= 3 u>du \/§6u L5
VE

6

=‘%<(1‘§> _<1+%§>6>=+ 36f((3+ﬂ ~B-)

25 <3+\/§6 3-vE\"\ 25 [/1++5 1-V5\ " pimer 2°
=36\/§( 2 >_< 2 ))236\@(( 2 ) ‘( 2 ))25“
a (25 a 3° 729
5<§>F12=F12’ b 25 32

(a,b) = (729x,32x),x € R\ {0}

Solution 2 by Syed Shahabudeen-India

T 5 3+/5
_af . X V5 _a/ 1 s g
F1z—3fs1nx +?cosx _5<35\/§) [/—t t
3-5

0
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“(356W)((3+W) ~(3-5)")

e ()59 -25)

25 a 36
=2 (3—6) F1; (by binet formula)= = == . a = 729 and b = 32

Solution 3 by Hemn Hsain-Egypt

611.'

=3 j sin(x) <1 + ? os(x)> dx = Fq,

0
6

ﬂ=—%@(@—?)ﬁ—<1+s>6>'n=%<%><<1+§> (%))
w5 -05) oS ()

2n+1

1
(p)*+1 — (_) 25a 25a a 3°
Fani1 = ¢ , QA =_——Fqy, e Fiz2=Fu2 7 =55
v/5 36p 36p b 25

a b e Rt

1418. Find:

x2+n’x+1
Q(n) = _fx“—nxz +1dx,n€ [0,2)

Proposed by Samir Cabiyev-Azerbaijan
Solution 1 by Samar Das-India

x2+n?x+1

mdx ( ne [0, 2))

am) = j
j‘ (x? + 1)dx .[ n’x dx
(

x*+1—nx?) x*+1—nx?

e o
f(x2+——n) fz_,_l “ny (lety )
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B e oy ()

y=_xz 1 1 x—; n2 1 2x%2 —n
= z_ntan \/z_n +\/4_n2tan ,—4_n2 +c

Solution 2 by Ravi Prakash-New Delhi-India

24nZx+1 241
Q(n) = f;_:xfﬂ,n €[0,2) = I, + n%I, where I; = fx4fnx2+1 dx
_ xdx
and I = fx4—nx2+1
1 1 1
1+ dix—= 1 x—=
I, = f—lx dx =f 1( > x) =5 tan™! (—2 2
xt+-z-n x—;) +2-n —n —n

1 _1<x2—1>
= tan
V2 —n xV2—n

ForI,, putx® =t

n
I, =1jt o lf( = =2 tan™! (—(t_f) @)

2 n\?2 n\2 4 —n2 4 —n2
t-3) +1-(z)
Thus,
am) 1 . _1<x2—1>+ 2n? . _1<2x2—n>+
n) = an an c
V2 —-n xV2-n) V4-—n? V4 — n?

Solution 3 by Timson Azeez Folorunsho-Nigeria

) = (x? + 1dx J n’x
W= @ a2+ 1 xr—nx2+1
A Iy

(x% + Vdx :f(1+x—12)dx

I, =
1 xt—nx?2+1

xz—n+x—12

_ (1+xl2)dx _ 1. _ 1
14 —pruty—x—;,dy— (1+x—2)dx
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J ‘L — ! (=)
I, = 57 = tan
y2+(2—n) 2—n 2—n

p 1, _1<x2—1>

= an

! 2—-n xV2—-n
n2xdx dy

L= aoaaputu =257

p 1.[ n?du nzj‘ dy
= —_— —_— => —_—
z u?—nu+1 2

= xdx

n . (2y—n n? (2x*—n
I, = tan 1( )=> tan~1
4 —n? V4 —-n?/ V4 —n? V4 — n?
o(n) L ‘1<x2_1>+ n t ‘1< xz_n>+c
n) = an an
V2 —n x2-n) V4-n? V4 — n?

1419.

If (V)ns1,Vn =—logn+ Z X with llm Yn =17,

Y is Euler — Mascheroni constant. Then compute:
Q = lim(siny,, — siny)Vn!
n—oo
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by Marian Ursdrescu-Romania
2n!

n Vn!
Q = lim(siny,, — siny)Vn! = lim(siny, — siny)n - 0 (1)
n—->oo n—->oo

Vn! '(C,HD)_ n+1)! n" . n" . n \" 1
lim ===l 5 S e = = m () =@

(siny, —siny) 459 siny,, - siny,
llm (sm Yo — siny)n = lim = lim =
n n+1 n
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s (Vne1 — Y Yne1 TV s (Vne1 — Y
e 2 sm( n > ") cos ( n > ") sin ( 1t 2 n) Vns1tVn\ Vne1 —Vn
- lim — % Z.cos . ;(3)
n-o0 — ; n=>®  Ypi1 — Va 2 — —1
nn+1) nn+1)

+
(yn+1z Yn) = cosy; (4)

(}'n+1 — Yn)

lim cos

n—oo

sin

lim =1;(5)

n-oo Ynt1 — Vn

1 1 ogntl
limM=limn+1 =limn+1 n
n—-oo 1 n—oo 1 n—oo 1

n+1 “nn+1 “n(n+1)

—log(n+1) +logn

= lim 2 lim
n—-oo 1 x—-0 —X

n(n+1)

1—(n+1)log(1+%)(%=x) 1—(%+1)log(1+x)_

. x+(x+1)log(x+1)(l:') . 1-log(x+1)—-1
= lim 5 = lim =
x—0 —-X x—0 —-2x
log(1+x) 1
lim———=—;(6
xl—IB 2x 2 ’ ( )

From (1)~(6) it follows that:

n 1
Q = lim(siny,, —siny)Vn! = %cosy
n—o0o

Solution 2 by Mikael Bernardo-Mozambique

. . . X—y x+Yy
 sinx —siny = 2sin 5 cos—;

— + n
Q= lim (2 sinynz L4 cosY“Z Y)- Vn! =
n—oo

“n!l=vV2nn (g)n

Yn—V ™ n\" Sinynz_y n n
= cosy lim | 2sin 5 Znn(z) = cosy lim A Yn—7v) \/ﬁ-z

n—oo n—oo
2

n (¢-D) n+1
lim [Vvn 2 lim =1
n—co n—oo \/ﬁ

1
ﬂzzcosy-l-l-lim(yn—y)-n
n—>oo
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H 1 + +1 1 1+0(1)
n O Y T T 1202 n?

lim(y,—y) n=lim(H,—logn—y) -n=
n—oo n—>oo

2
Therefore,
1
Q = lim(siny,, — siny)Vn! = —cosy
n-oo 2e
1420. Prove that:
o =t sin% i—1
tim | emt| ) — | de - z
° 0 n=0 ' (\/E + (i — 1))

Proposed by Tobi Joshua-Nigeria
Solution 1 by Syed Shahabudeen-India

Laplace transform

o © .n . TN
t Sll’lT © in -
lim| et Z ' dt =1lim3m | e (exp (te % )) dt =
s—1 0 n! s—1 0

n=0

_ « V2
I G v

VZ(VZ+(+D) VZ4i(2+v2) 1 1 4i(1+42)
20-0 S 3@ 2 @ 8
(i—1)(\/i—(i—1))2 i1

) (VZ+Ga-1)(V2- G- 1))2 (VZ+a- 1))2
Solution 2 by Akerele Olofin-Nigeria

= 151_1)111 ImL {exp <tei7n>} = 3m< ! =

s—e4

zsm

i—1 1442

LHS =
(\/i +(i— 1))2 2

[oe)

o t" sin%
Let: Q = j e™st E dt =
0 n!

n=0

s
S
>
c—
8
®
2
5
=
QU
(o)
I

n=0
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. n
st (TTn) . ;’; = Im (12 SPa) (:‘l*n)> = Im li <_exl) (%T)> =
n: S S S S S

| 1 I 1
=m| ——— = | =im T, .|
s—exp(%r) s —cosz —ising

1[4
S—COS4+lSln4 1
=Im =
( —V2s+1 ) V2(s2 —V2s+1)

I
s

0

=S
I

Therefore,
1 1 14+V2 i—1
1\/_(52 V2s+1) 2vV2-2 2 (\/E+(i—1))2

llm Q(s) = 11

Solution 3 by Mohammad Rostami-Afghanistan

» (< t”sin% i—1
— 13 —S —
a=tin || )t Jaes
0 (VZ+@a-1)

n=0

i—1 i—1 i—1
(ﬁ_l_(i_l))z_2+2\/f(i—1)+(i—1)2_2+2\/fi—2\/f+i2—2i+1_

~ i—1 _ i—1 1 V241
C(2v2-2)i-(2v2-2) (2v2-2)(i-1) 2v2-1 2

V241
T2

o t" sin 21t 4 > sm— st=u
Q=1lim [ e z dt = lim Cestin g =
0
=0

s—1 n! s—>1
n=0

[ee)

sin o nd © sinlE 4 o

nn un du nr

= lim 4 f e (—) — = limz 4 +1f e tumtD-1 gy =
0 . : s Jo

s-1 n! S S s—-1
n=0
o) . Nm o
L SIn7= T'(n+1) . nmw
= lim = S

1 r(n) sttt
= n=0 ( ) n=0
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VZ. . V2 VZ o \Z VZ. . V2
=0+<7+1+7>+0+<—7—1—7>+0+(7+1+7>+0+

(ﬁ \/E> 1 V2 VZ+1 VZ+1
+ r— - Q0=

272772 T2

1)+
2 2

1421. Prove that:

ifoosln2n+1 dx 3 :
. x Tz Tles

n=1

Proposed by Narendra Bhandari-Bajura-Nepal

Solution 1 by proposer

n
m
Let F(m,n) = Z (—1)k (k) ,m = 1now and have Pascal identity:

(m) = <m 1) <m ! and therefore
k) 1 ’

ROV (o R i | ED YO R ey B
Sl () e (o ("))

We obtained the final result observing the telescoping sum and therefore,

F(m,n) = Z(—l)k (Z) = (—1)" (m; 1) and if m = 2n + 1 then

F2n+1,n) = ()" (2:)

Now we recall the power reduction formula of:

sin?®*1x = (;1)1120(2”’: 1) sin((2n+ 1 - 2k)x) = - 41)nkzzo (Zn’;l- 1) sin(ax),

wherea = 2n+ 1 — 2k > 0 and it is well known that:

sin(ax) sin x 4 o .
f dx = f dx = —,the original integral reduces to
0 x 0o X 2
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® sin?"*1 x (-1)" v+ 2n + 1\ (®sin(ax) T /2n
e S ) 5 )
fo x x 4n k—O( ) k 0 x *=2am\n

and we are left to evaluate the sum

S_ni 1 (Zn)
2.4 n2\n /)
n=1

Since the generating function of central binomial coefficients is

1
for |x| < -.

(211) n 1

Xt = —

n V1 -—4x 4

Dividing by x and hence on integration from 0 to y we have

1 ,2n y 1 1 2
e e
— n\n o xW1l—4x X 1+.,/1—-4y

n=1

NgE

0

=
I

Further we divide by y and integrate it to get

y" (Zn) f < 2 )dy flog(l +.,1-4y)
— =2 | log| ——=)—=2loglogy — 2 d
lnz n g 1+ glogy y y

1-4y/ Yy

e

n=

_,2
Now, substitutingz = \/1 — 4y > y = ITZ and the integral we have

log(1 + log(1 + log(1 +
_Zfz og( 2Z)dZ:J<Og( z)  log( Z)>dz
1—-2z 1+2z z—1

Applying by parts in formal integral it is easy to show

log(1+z 1
F =log?(1+2) —fMdZAF = =log?(1 + z) and for latter
14+2z 2
integral set z— 1 = u such that we have:
u
flog(1+z)d = log21 +flog(1+7)d — log21 Li (~>) und
T, 4z=log2logu ” u =log2logu — Li; (~ ) undo

the substitution and evaluating for constant of integral at y = 0 we have then

o 1 2my , _ 2y
Z—2< )y =3log“2 + 2Liy | ————— ] —
n‘\n 1+,1—-4y

n=1

1

1-,/1-4
—log?(1+./1—4y) —2log2log <Ty>,now settingy = 4
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3

[ = 1 2n T T
— — _ 2 L 2
2 kz—o 4n . n2 ( n ) 2 (€(2) — 210g(2)) 12 nlog” 2,where we used

1\ w? log?2
Liz() 5

2) 127 " 2

Solution 2 by Surjeet Singhania-India

i(_1)n+1 ]

2n+1 ix
2Zn+1 (e

Denote: X,, = sin X = — e~ix)2n+1

2n+1

X, = (—pm+t Z (2" + 1) (—1)ke2nix+ix-2ikx, (1)

22n+1 k
k=0

2n+1

—1)r i 2n+1 .
Also, X, = (z% Z ( i ) (_1)keZka—2mx—sz; (2)
k=0
Adding (1), (2) we get:
2n+1

—-1" 2n+1
X, = sin®"*1x = (22n31 z ( " )(—1)" sin(2nx + x — 2kx)

[S) SinZn+1 x
Denote: I, = —dx =
0 x

2n+1

(=" z (Zn + 1) (—1)k f‘” sin{(2m + 1 — 2k)x} dx
0

k=0

n -
® sin(mx) 55 Yfm>0
We kow that: f dx = -

n 2n+1

=SS (P cor @)+ SRS P (D) -

k=0 k=n+1

S (P =,

k=0

In

n

Jn = kzz:o(_l)k (Zn’:— 1) _ 211_[1. jglll:e (1+ z)2n+1 Z (_Zi)k .

k=0
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Jn = % (1+2)%" (1 — (— %)n+1> dz = (-1)* (2:)

|z]=€

| _j‘°°sin2"+1xd ~ T (Zn)
Y A x x_2(2n+1) n
- 1, llog x 2n 1logx 1
S e 3 e
n=1 n=1 1 x
 (llog(1—x) 1 og(1 — x?)
=_j —(1——>dx=—1tf D8 T2 dx =
2) 1-—x Vx o 1+x
mlog? 2 llog x 5 -
= — > —nfoz_xdxz——log Z——Zznlf logxdx =

T, 1 N m 5
=—Elog 2+"kzlznn2:"u2<i)_fl°g Zzﬁ—nlog

Therefore,

s

— =——mlog?2

f°° sin?"lxdx w3
2
0 n x 12

1

=
1l

1422. Prove that:

fl(x +1)tan 'x + xlogx + (x? +1)log(1+x)
0 1+ x2

1
= 5¢ (nz +12m(2 + log2) + 48(log 16 — G — 3))

-where G —Catalan constant.

Proposed by Akerele Olofin-Nigeria
Solution by Syed Shahabudeen-India
I(x®*+1Dtan1x + xlogx + (x* + 1) log(1 + x)
j; 1+ x2

_f1x3tan‘1xd +f1tan‘1xd +f1xlogxd +f11 1+xd
), Trr YT 12T 1), s T

=A+B+C+D
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T

1,3 -1 tan"1x=0 IBP

x°tan™ " x 73

Azf —zdx = f Otan®0do = =
o 1+x 0

1 1/1
(1 — Elog 2) - f (E sec? 0 + log(cos 0)) do =
0

—”(1 1 2) 1+j%1 (cos 8)d0
=2 >log > 0ogcos

Apply Fourier series of log(cos 0), it follows that,

T T, »® _1a\k
j:log(cos 0)do = — (j: (;( L c’(:s(an) + log 2) de) =

- L N Gt DU ST
T\ 24 k2T 8T 2T

_Tl'
T4

1
sz log(1+x)dx =log4 -1
0

1
Q=A+B+C+D=%(n2+121t(2+log2)+48(log16—G—3))

1423. Find:

dx

ﬂ_‘[""\/E-tan‘lx
)y x%+1

Proposed by Vasile Mircea Popa-Romania

Solution by Rana Ranino-Setif-Algerie

1 1

9'_j""’\/f-tan‘lxd _j‘l 1 j“"’ x72 X2\
), T T o), \1a T 1y | Y
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f‘” x2 ti_lef""t%‘ld B m
o 1+ x2 2, 1+t 2sin1_\/7
e x—% p t=2:fy21 1 oot%—l p T 1
= — 2 = — 2
JO 1+ x2y? o 2”7 fo T+et ﬁy
n (11-y72 n§f1< on
—_ —_ 2 — 2n>d —
V2l =197 =Ll V)Y
_om i 1 1 ) (1[)(1) 1P<1)>
g+log2
Therefore,
®Jx-tan lx T /T
0= . x2+1 dx—ﬁ(5+log2)
1424. Prove that:
x—x3 p 1 ( : (\/E+1>
x =——(m —log
+ (2 — 6x% + x*)? 16V2 V2 -1

_j; (4x — 4x3)2
Proposed by Angad Singh-India

Solution by proposer
Consider the complex line integral

_ jg dz
J= c1+z*
Where R tends to infinity and C is a rectangle having vertices 0 + 0i,1 + 0i,1 + iR and

0 + iR traversed anti-clockwise. Hence,

R 1 0 1 0
d — _id —  _d —  _d
x+f0 1+ +iy)t' y+f1 1+ (x + iR)* x+jR 1+ @)™
R
1

1
Traror?
0 1 0 1
Is = f T+t iR e = f 1+ )Y
RMM-CALCULUS MARATHON 1401-1500

1
]=_[0 1+ xt
1
Let11=j; mdx,lz=j;
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Now, let us find the real part of all the integrals listed above.

Using the residue theorem, we have:

. 1 o
]=2m'2i\/2(1+i)_2\/i(1 £), thus
T
ReD =375

Similarly, I can also be easily using standard methods to get,

, fl 1 4 ™, 1 | (\/E+1>
= X = 0
1+ Tz vz B\Vz-1

Observe that:

R (I)—jR 4x — 4x3 d
e\2) = o (4x —4x3)% + (2 — 6x2 + x*)2 x

Also it can be shown that:

L = <f1 1 gy < 1
31 = S ira+im T TR -1

0 1
—— __d
fl 1+ @x+iR*

Since, Ileim R _1 = 0, thus I; vanishes, hence Re(I3) » 0 as R — oo.

Finally,

L | R 1
| =f —d =—if ——dy,thus Re(I,) = 0.
4 R 1+(ly)4 y 0 1+y4. y (4)

Equating all the real parts, we get:
Re(J) = Re(Iy) + Re(I;) + Re(I3) + Re(l,)
T T 1 V2 +1 R 4x — 4x3
= + log +f V) : 7 dx
2V2 42 42 C\V2-1) Jo (4x—4x°)* + (2 - 6x* +x*)

After the manipulation an as R — oo, we complete the proof.

1425.

17 301 _
If & (n) = j Li,(x) IOf 1—x) A
0

Prove that ®(n) can be expressed as:
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- (H,)? +3HHP + 2HY
d)(n) - _Z knt1

where H;m) is the n'" generalized harmonic number of weight m.
Proposed by Akerele Olofin-Nigeria

Solution by Ngulmun George Baite-India

17; 3714 _
o(n) zj Li,(x) 105 (1-x) dor
0

k
x
Li,(x) = Z o polylogarithm function.

x* log3(1—x 1 (!
¢(n)—f Zk & (x ) :Zﬁf x*1log3(1 — x) dx
k=1 0
1
() = Zﬁlk;(l)
=1
1
Ik=f x*1log3(1 - x)dx =

0

1t : 1 !
= E.’o (xk—1) log3(1 — x)dx = [E (xk—1)log3(1 - x)]o

k 1—x

k
3
:__f Z X1 log?(1 - ")d"—‘EZf X1 1og?(1 - x) dx
m:

k
<3S e

3 (11— xk
— —f log3(1 — x)dx
0

| w

1 1 1
Jm = f x™ 1log?(1 — x)dx = —f (x™—1)'log?(1 — x)dx =
0 mJo

11_xm

p log(1 —x)dx =

= [%(xm —1)log?(1 - wx)]: —%fo 1—
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2 (' 2« (1
——j Z xP~1log(1 — x)dx = — —z j xP~llog(1 —x)dx =

(Hm)z H(Z)
mZ

3 (Hp)?2+HZ 3 1
From (2): I = —2yk_ St = 2 2pd 4 3y HE + 20D} =
H} + 3HH? + 2H})
- knt+1
) — 110 (x)log3(1 —x) e o (H)3 + 3HHP + 2HD
$(n) = 0 x X = kn+1
1426. Find without any software:
log x
0= 5 53 dx
log?x + (2 —2ex)logx + 2e?x? — 2ex + 1

Proposed by Daniel Sitaru-Romania

Solution 1 by Asmat Qatea-Afghanistan

_f log x dx =
= ) logZx + (2 — 2ex)logx + 2e?x2 — Zex + 1~

f log x
logZx +2(1 —ex)logx + e?x% + (ex — 1)2

_.[ log x dx =
) (logx — ex + 1)2 + e2x2 =

log x
= 2 dx = (*)

— 2 ex
(logx —ex+1) <1+(logx—ex+1) )

ex elogx

(Let: dx = du)

logx—ex+1:u_)(logx—ex+1)2

du 1
() =— f1+u2:Ztan u+cC

Therefore,
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0= log x
~ ) logZx+ (2 —2ex)logx + 2e2x2 — 2ex + 1
1 1 ex
= —tan~ ( ) +C
e logx —ex+1
Solution 2 by Syed Shahabudeen-India
log x d xf_ft
logZx + (2 — 2ex)log x + 2e2x2 — 2ex + 1 X =
_.[ te' i =
t2 + (2 — 2et+1)t + 2€2+2t —2ett1 41
tet te! d =
(t+1)2 —2et*1(t + 1) + 2e2+2 (t+1—ett1)2 4 e2+2t ™
te'
= j " g2 +2t dt = (x)
et+1
Let: M= T et
1 dm 1
== = —tan~!
() ,[1+m2 ~tan"'m+C
Therefore,
log x
logZx + (2 — 2ex)logx + 2e?x? — 2ex + 1
1 1 ex
= —tan~ ( ) +C
e logx —ex+1
1427.
If0<a<bSE,then
b IN sint
j 0 1+ cost dt d a2 log2
x<|la—— -
1 +smt)d f lo (1 +smt) dt
a 1 + cost 1 + cost
Proposed by Florica Anastase-Romania

Solution 1 by Ruxandra Daniela Tonila-Romania
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X X X

J‘ sint dt = J‘—sint dt = j(1+cost)’dt_ log(1+ DI =
1+ cost 1+ cost 1 + cost -9 costllo =

0 0 0
=log2 —log(1+ cosx) > 0,Vx € [a,b]; (1)

1+sint
, hi(8) =

1+sint+cost
1+cost

(14cost)?

Let h,: :0, %] - R hy(t) = >0, vt e [0’ g]

t T
0 —
2

Ry (0) t+++++++++++++++

hi(® | p,(0) 2 2 7 hy (g)

So, hy(0) < hy(t) < hy (g),w € [0, g]

1<1+sint<2VtE[0n]
@_ — —
2 1+cost™ "2

o1 <1><l <1+Sint)<l 2Vte[0n]
°9\2) = "9 \1 1 cost) = "09% "2

X 1 X
(:)f log(—)dtﬁf
0 2 0

1 x 1+ sint
< xlog (—) < f log (—) dt < xlog 2
0

1+ sint

199 (T cost
°g 1+ cost

X
)dt < f log2dt
0

2 1+ cost
1 - 1 < @)
xlog2 =~ x 1+ sint - 1y’
fO log (1 + cost) dt  xlog (2)
x sint x sint x sint
@ Jo T+ cost ™t s T+ cost ™t s T+ cost ™t
xlog2 T ox 1+ sint - 1
fO log (1 + cost) dt xlog (2)
x sint
- log2 —log(1 + cosx) - fo mdt - log(1 + cosx) — log2
xlog2 T ox 1+ sint - xlog2
fO log (1 + cost) dt
Now,
x sint
Jo T cost dt - log(1 + cosx) — log2
x 1+ sint - xlog?2
fO lo (1 + cost) dt

56 RMM-CALCULUS MARATHON 1401-1500




blog(1 + cosx) — log2 blog(1 + cosx b1
But:j 9( ) g dxzf 9( )dx—J —dx
a

R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

x Ssint
@fb Jo T cost 4t Iy < f”log(1+cosx)—logz I
a fx lo 1+ sint) di ~ xlog2
0 1+ cost
sint
[rSmt gy
Let: I = f 01+ cos.t dx,hence

a fxlo (1 +smt) dt

0 1+ cost
b
log(1 + cosx) — log2
< f g( ) 92 .
a xlog?2

a xlog?2 a xlog?2

1 jblog(1+cosx) J 1.,

- log2 ),
/3 , sinx
Let: hy: [0. f] - R, hy(x) = log(1 + cosx), hy(x) = T reoss
T
x 0 z
hx)| —-———————— ——————
T
h,(x) hy(0) ™ \ \ h, (E)

i3 . 1
s log (1 + cosi) < hy(x) < log(1 + cos0)]| '

< log(1 + cosx) < log2 -
x x

blog(1 + cosx) bq
OSJ dxslogzj ;dx(:)

X

a a

1 (bPlog(1+ cosx bq
f g( ) xSf —dx &
. X

<
log2 X

by 1 (Plog(1+ cosx) bq
—f —dx < f f —dx <0
a log2 x a X

Therefore,

blog(1 + cosx) — log2
| SJ- 9( ) g dx <
xlog2

a

So, it is enough to prove that:

57
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( a2> log2 o
a—— .
1+ sint -
Iy 10g(

T+ cost) Ut
From (2) we have:
1 1 > 1
alog (3) 15 tog (1ot} ac~ 097

and(a—a;)zaz(i—%) >0,(-a<b)

Thus, we get:
a* (3~ ) log? N (3 5) log? _ a(l 1) oo

a 1+sint\ .~ alog2 a b
fO l (1 + cost) d

a? log2
A T+ sinty . =0 =1
fl g( )dt

1 + cost
N sint
T dt a’ loa2
(:)f 01+cost de<(a-%). g .
f log 1 + smt) dt b fa lo (1 + smt) dt
1+cost 0 “°I\T ¥ cost
Solution 2 by proposer
First:
n b4
Z z
f Sty - f (oS 11— 1og2
1+cost™" ) 1+cost™ =%
0 (]
Let functions: f -[0 E] >R, f(x)= ﬂ
Rt ’ 1+ cosx’

1+ sinx

F(x) = f F()dx, g(x) = log (1

osx

) and G(x) = 0fg(x)dx

1+ cosx + sinx

How:F"(x) = f'(x) = 0,6"(x) =g'(x) =

_—
1+ cosx

Vx € [O, g] — F, G is convexe— VT € [0,1] and p, q € R such that:

X
F(1-0p+1q) < A~ DF(p) + TF(q).forp =0, = x5, 7=, x; < x; >
2
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%x:) < %xzz) F( ) j ——=is increasing
(analogous @ is increasing— ﬁ decreasing)

Applying Chebyshev’s inequality, we get:
(F . [F() 1 [F® [
X X X X
fa(x) g f X G "—b—af x "fa()
a a

a

a

<(b-a) F(b) a _2 F(Z) a log2
= b G b Ga b (a 1+ sint
fO log (1 + cost) dt
Therefore,
b x sint
f Jo T+ cost ™ d a®\ log2
x<|la—— y
1 + smt) d b fa lo (1 + smt) dt
a 1 + cost 0 ‘09 1+ cost
1428. Find:
1w 1 -
— 1z = 2 4 = 6 | 8
@ fllr?o<" Z" Z 7!2" +9!Z" )
k=1 k=1

Proposed by Amrit Awasthi-India

Solution by proposer
We know by Taylor expansion that,

x2 x°

smx—x—?+§— e -
That implies,
sinx x2 +x4 N
x 3! 5!
Or
sin1 _ 1 1 1 N N
1 31 51 7!
sin2 22 24 26+ N
2 31 51 7!
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sin 3 32 34+ 36

=l - -

3 3!+5! 7!+ +
sinn 1 n2+n4 n6+ N
n -_ 3| 5| 7' . s

Adding, and taking the as limit n approaches infinity

n

o N sink s c i 1 c go 4 1 c 8
nl—>12> k n—>oo n__z z _ﬁz: +&2
k=1 k=1 k=1

k=1

Now, let’s evaluate the sum on left hand side. It can be rewritten as,

_kl—l>l(} k = -1+ k
k=0

zsmk  sink . sink - sink

Using Abel-Palana summation formula the sum can be rewritten as

= sink “sinx 1. sinx  (®[sin(ix) sin(—ix) dx
Z =j dx + =lim +lj - - - 5
k 0o X 2x0 x 0 ix ix e —1
k=0 — — —
3 1 0
2
Therefore,
isink_ 1+§:sink_ 1_|_11'+1_11'—1
k k 2 2
k=0 k=0
So,
1% 1 v 1
n_
— T _ = 24 4_ — 6 4 — 8 _
o-pm(n-23 st 2S e S )X
k=1 k=1

1429. Find without any software:
1
Q= f log(1 — x) - cos(4cos™ 1 x)dx
0

Proposed by Max Wong-Hong Kong

Solution by Mohammad Rostami-Kabul -Afghanistan

1
= j log(1 — x) - cos(4cos™ 1 x)dx =
0
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19
-[0 da a=0

9 1 1
=— [8f x5 (1 — x)* - 1dx — 8f 711 —x)* 1 1dx + f
da a=0 0 a

1

xl—l(l _ x)a+1—1dx] —

[BB(S a+1)—-8B(3,a+1)+B(1,a+1)] =

I‘(5)I‘(a +1) I‘(3)I‘(a +1) TWr(a+1)]
[ I'(a+6) I'(a+4) I'(a+2) ]_

_ IFa+1) Fla+1) T(a+1)|
= a_ st [(8)( YViare PPrars Tar z)] =
_ INa+1r(a+6)—-T(a+1I'(a+6)
— (8)(24) T2 E ]a_o _
6 INa+1r(a+4)-Tla+1DIr'(fa+4)
I2(a+4) ]
I"(a +Dr(a+2)—-T(a+ 1)F’(a +2)
I2(a+2) L_O
r'ar(e r(yr'ce
- @24 [ 32(6)( LR )] -
16 r'mr@) -rr'@|  [r'areE)-rri)|
) r2(®) ] § r2@2) ] )

_ Y1) —y(6) Y1) -yp@| , [pQ) -y(2)|
=(8)(24) [W]_16[ G ]+[ 1 ] =

8 8

=§[—Y—(H5—}’)]—§[}’ H;—P]+[-y—-H;—p)] =

_ 8H +8H H - 8(1+1+1+1+1>+8<1+1+1) _ 53

T o5ty 1T e\1 7273 5/ 3\1 23 ~ 225
Therefore,

—jll 1 (4 ‘1)d—53
= ; 0g(1—x)-cos(4cos™ " x x—225

1430. Prove that:

2

V3 [oe]
fﬁ Z cos(2nx) dx — 7m3
. n *= 216

n=1

Proposed by Ahmed Yackoube Chach-Mauritania
Solution 1 by Kaushik Mahanta-India

5/ cos(2nx) : 5/ einx) 4 ,—i(2nx) z
= f z dx = f z dx =
0 n 0 2n

n=1 n=1
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l(an) ® e—i(an) 2
-} D

n=1

dx =

f [—— (log(1 — e*™) + log(e 2* (-1 + ez"‘))]Z dx =

f [ Zlog (1 e2ix) . g2ix (_(1 _ eZix)))]z dx =

n 2 n
= .[6 [llog(—(l — eZi")(e‘ix)Z)] dx = f6[logi +log(—2isinx)]*dx =
o 12 0

% i i z %
= j [loglil + > + log 2 + log|—i| — > + log(2sin x)] dx = j log?(2 sinx) dx
0 0

For solving I, we will now employ the method using by Random Variable in MSE.
T

6
I =f log?(2sinx) dx =
0

T T

6 T\ 2 6 )
=f (x—i) dx+Ref log?(1 — e?**®)dx =
0

_191t3+R jlog (1—z) 191t3+1l j‘logz(l—z)d
“6ag TRe| T T gag T2™ 2 z

i

Where C —unit circlefromz = 1toz = es.

log?(1 - 2) e logz(l—z) IPB
mf ————dz = Imf ————"dz =
c 0 z

eirt
m 3 log(1—2)lo
= [Imlog?(1 — z)logz]¢® + Zlmf 8 1 Zz % 1z
) _

_m i S Liy(1 -z
= Imlog? ( )log (e3> [2Imlog(1—2z) Li,(1 - 2)]¢° + Zlmj Mdz

2m cos cos
Syl +ZZ

Integrating both sides of Fourier series,

7.".3
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[oe)

sin(n@) mw-06
Z = 0<0<2m

n 2
n=1
We get,
icos(ne) 62 m9+n2 Csin(ng) 63 mwo?  m?o
n 4 2 6’ n* 12 4 6
n=1 n=1
z""S(T):ﬂ_Z ZC°S(3)=51T3
n? 36’ n? 162
n=1 n=1
2 573 B 713

_191t3 1[ m 28 w

648+2 27 3 36+2.162 - 216

Solution 2 by Akerele Olofin-Nigeria

o)

. sin(n@) mw—-0
Since: z = ;0<0<2m

n 2
n=1
x Y xcos%—cos(N+%)t
f z sin(nt) dt = f 7 dt; x € (0,2m)
T =1 m 2 sini
N N t 1
z cos(nx) z (=nn fx Cos7 — COS (N + 7) tdt B
n=1 n n=1 n T 2 Sil’l%

N 1
= Z S —log (sin;) + chos (N +t2) ' dt
T Zsini

In the above integral it approaches 0 as N — oo, we get:

icos(nx)— log2 — log (sin>); (0 < x < 2m)
— = —log og(sinz); x <2m
n=

- 2
z COSZNY) _ _1og2 — log(sinx) = — log(2 sinx)

n
n=1

fo% (i cos(:nx))

n=1

2 T b4
dx = f6(— log(2 sinx))%dx = f6(log(25in x))%dx =
0 0
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6
= f (log?2 + 2log 2 log(sin x) + log?(sin x))dx
0
Since we are familiar with the Fourier series expansion of log(sin x)

.[0% (i cos(jnx))2 dop =

n=1

4 1
= log?2 g T 2log2 {—ﬁi(—%uz(i/—_i) + % — 12imlog 2)} +

+%<14n + 7mlog? 2 + 9\/§log2< 1[:(1)( ) 1[1(1)( )))

Therefore,

T o) 2
fﬁ z cos(2nx) g = 19n3 N 1| n® 28 n? o 5m°|  7m’
0 n *T 648 2| 2773 36 162| 216

n=1

1431. Find without any software:

1
_ (In(x+1) —In(x+3)
= f (x + 3)2

Proposed by Simon Peter-Madagascar
Solution by Daniel Sitaru-Romania

1 1
ln(x+1)—ln(x+3) ' x+1
n:f f ) dx =

(x + 3)2 x+3 x+3
0
) 2
1 1 1 1 1 (x+3):2
| Z1 2 : dx =
2233 fx+3 x+1
0 x+3
1 1 1
_ 1l 1+1l 1+2 f dx f dx f dx _
T T3 My T3y 4(x+1) J)ax+3) J2x+3)2) "
0 0 0
1 1 1
_ 1l 1+1l 1"‘] dx J dx dx _
— gz 2c+1) J2x+3) ) x+3)2
0
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= 1l 1 1l 1 112 1l 4+113+1 1—
=gmgtgmgtgyma—ginddoindty—3=

1 Iin3 In2 1

(1+1 1)12+( 1+1)13 -
272 n 372)"™ T 1276 2 12

1432. Find a closed form:
“xlog(1+ x)
dx

Q=
fo xt+1
Proposed by Vasile Mircea Popa-Romania

Solution 1 by Zaharia Burghelea-Romania
~xlog(1 + Ixl +1 *x1 +1
=f —ﬁ( x)dxzf sk i Oﬁ(x )dx+f xlogr+ 1)
o x*+1 o Xx*+1 . xt+1
1 S
lxlogx 1xlog(§+1) “xlog(x+1) & "
:f 7 dx+f—4 dx+f —————dx =
0o Xt +1 o x*+1 . xt+1

Ixlogx ®xlog(x + 1
8 +2f de=1+2]
1

,[0 xt+1 x*+1
“xlog(x — 1

1
—E((]+K)+(]—K)),K=J1 o)

lxlogx = *2%1 (1 logx 1 1

—— —1q1\n 2n —

fox4+1d 4] x2+1dx 420( 1 jox logx dx
n=

II}

B (_1)n+1 B G
4. (2n+1)2 4
n=0

x+1 2
xlog(x2 —1)  *2*1 (*log(x —1)  * 1 OOl(’g(x—l)
k=| 2225 —Zax e S| B gy 2 o X1y
J+ f T 11 zfl 211 2]1 21

1f°°log2d _71'1 5
) x=1clog

K==
SIrK=g) wra
x+1 -1,
K_f‘”x‘"g(m)d FLT (1= 1) logx
J-K= L 1 T ) P reatt1

IBP
~
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B lfl tan™? ((\/f + 1)x) —tan™! ((\/f — 1)x) e

2 X

dx

1 (V2 an 1y 1 (V¥ 1tan 1x 1 ‘/E”tan_l(%)
A e
0

b 2 x 2 )71 x

\/—+11
-] - K——j —dx——log(1+\/—)
Therefore,

“xlog(1+ x) G
o= 2220 gy = Zlog2 —1 1+vV2)—~
fo X+ 1 16082 + glog(1+v2) — 5

Solution 2 by Felix Marin-Romania

~xlog(1+
ﬂ:f xlog(1 + x)
0

zt+1 iyt +1

log(z + 1 log(iy + 1
] dx = m{zm lim l(z _ py2los )l f Ly log(iy )ldy}
x*+1 Z-p

1 “ylog(iy + 1)
= ZTl’lOg(Z +\/§) - R . Td}' =

1 1 1 *ylog(y*+1)
—5n10g2+znlog(1+\/§)—i . Tdy—

N

y

1 1 “log(y +1)
= §1tlog2+41tlog(1+\/_)——f0 ﬁdy

=J

P f‘”log(y+1) :fllog(y+1)dy+f1°l°g(%+1)<_g>:

Z+1 y:+1 1.4 y?
Z

j‘l logy dv 4 j‘llog(y+ 1)
y:+1 o Y:+1
G y=tan 0

T
4

dy = G+2f log(tan@ + 1) d6@
0

T

1 % T 1
j log(tan6 + 1) do = f log (tan (Z - 0) + 1) do = J [log2 —log(tan 6 + 1)] dO
0 0

“log(y +1
—>flog(tan0+1)d0——log2—>] f%dy=6+%log2
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Therefore,
“xlog(1+ x) T 4 G
Q= ———dx=—log2 +—1 1 2)——
fo i1 = qglos2 +log(1+v2) -5

1433.

1 3
If f(x) —2f (m) = x, compute Q = .L f(x)dx

Proposed by Santiago Alvarez-Mexico

Solution 1 by Asmat Qatea-Afghanistan

1 1
f(x) —2f (m) =1;(),putx - mthen

( ! ) 2 (x_l) ! (ID), put LI
— — . _—_—
/ 1—x f X 1—x’ putx 1—x en

F(5) -2 =2

Adding fist two relations, we get:

f(x)_4f(ycyc;1):x+1ix

(x—1)
From (I) + 2(II) + 4(III) - -7f(x) = x + 1= +4- p
4 81) _E)

f(x)=;<xi—1+;—x—4>—>J:f(x)dx=%<log(7 >

Solution 2 by Mohammed Rostami-Afghanistan

£0) 2f< 1 )__ tti 1 . 1 1 _t-1
. 1—x L putting x 1-t 1—x 1_% t
A
1 t—1 1 1 x—1 1
f(ﬁ)_zf< t )zl—t_)f(l—x)_zf< X )zl—x
1 1 u—1 t—1
t=1—u_>1—t= u and t U
u—1 u-—
F(r) -2rw ===~
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d ( 1 ) 2 (x—l)_ 1 .
and from f 1= f o —1_x,wege.

x—1

(= 1) —2f(x) =

X X

x—1 2
Fo =4 () =2+ 1
Now,fromf(x;—1> —-2f(x) =x;1 and f(x) —4f<x;—1) = x+%,weget:

-1 2
T =4 ()
4 4 x 2
[ =gt 7 76—

3/ 4 4 x 2 13 2 9

Hence,ﬂzf2 <_7+ﬂ_7+—7(x—1))dx:_ﬁ+7log(i>

Solution 3 by Muhammad Afzal-Pakistan
1
f@-2f (=) =% ®

1
Letm=——->x=1——
1—x m

f(1—%)—2f(m) _ 1—% orf(l—;)—Zf(x)z 1—%;(2)

1

1
— | =2x——4+1;(3
1—x) * x+ (3)

From2 - (1) + (2) af(l—%)—z}f(

1 2
Putx=1—E—>f(1—L)—4f(m)=2_E_

1
m-—1 +

m-—1
X
x—1

() —arom =2 o () a0 =33

1 m-—1
e 4 2x
flr=)-srw=6---"2:@

2x
x—1

1
Adding (1) with (4),we get —7f(x) =6+x—4- i

e =3 ()

Solution 4 by proposer

Fo) - 2f (1) =% @
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- -1 1
F(57) -2 =" @and s (1) -2 () = 12 ®
N 1\ 2x-2 1
Thas, _4f(x)+f(1—x)_ x T1-=x

4x — 4 2
—8f(x) + f(x) = i
4x — 4 2
-7f(x) = p +1_x+x
3 34x—4 2 2 9\ 13
Then:—7fzf(x)dx=f2< p +1_x+x)dx=7log(i)—ﬁ
1434.
1 1 dxd
IfI(z)=jj Xy ,V|z| < 1, then prove:
(1 —xyz)(1+x)(1+y)
1+
I(z)— [le(z)—2L12< Zz)+((2)],where

Li,(z) — Dilogarithm function, {(z) — Rieman'’s zeta function
Proposed by Ngulmun George Baite-India

Solution by proposer

1
Note that m = f x"k-1dx we write
0

+k

_ 1 k-1 1 ad
log2 — H, = (- 1)"2( D™y JO x"[Z(—nk-lxk-l]dx:
k=1

1

—con [ g 1

-1 T for|z| <
0

Z):‘)(T-I-n —log2)?z" = 2(]1 ;:ilxdx)z " =
1 ,n
<f0 1J:—xdx>< ) Z.f f (1-Iilcx})l(lz+y)dx‘iy=

B fo fo (Zo y nZn) a +¢g?1y +)

3

n=0
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< dxdy _
Z(H"_"’gz)z ffa ond+ondty @

I(Z)—E(H —log2)? z" 2( —2log2 H, + log? )znz

[oe]

z 2m —ZlogZZan + log? Zz "=

n=0
1 1 1+z log(1+z
=1, Li,(z) + 2log2log(1 + z) + 2Li, (E) - 2Liz< > )] —2log2 gl( . ) + log? 2(

1
1 1+ = (—1)k-1
- [Liz(z) —2Li, < > Z) + ((2)] where z (-1

1435. Prove that:

f‘x’ log(t+1)

) dtzg(logz +gi)

— 00

1 )_
1—-2z)

Proposed by Simon Peter-Madagascar

Solution by Rana Ranino-Setif-Algerie

® log(t+ 1 0 log(t+1 *log(t+ 1
f g8( )dtzf og( )dt+f ogt+1) . _
e 41 e tEH+1 o t2+1

®log(1 -t *1 t+1
- f —gz( ) e f —ng( ) e
o 241 o +1

fwlog(l_t)d”anejl (1— tan' 0) do
— og(1 — tan
o t2+1

z 2
= f log(cos 20)dO — 2 f log(cos 0) dO
0 0

1 _r
2 log 2

1 (" 12 1"
= —j log(cos 0) dO = —j log(cos 0) d6 + —f log(cos 0) dO =
2, 2 ), 2

s

= —glogz +%jjlog(cos (0+g)) do =

RMM-CALCULUS MARATHON 1401-1500

70



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

- 2+1f%l (—sin0)d6 = — log2 + =1 (1)+1f%1 (sin 0)d0 =
= -7 log 20og sin = —4log2 + 7 log 20ogsm =
- Tlogz+ ™
-~ T2 %47y
Hence,
fOOIOg(t+1)dt— ™ Z+i”2+ : 2_7l'+i1'[2
L B2l T T oeAT T RIBE =y Ty
“ log(t+ 1) 4 T
f_mﬂdt_i(logz-l_fl)

1436. Prove that:
1 rtsin™!(vV1 - x,/y) cos™1 (V1 - x,/y)
f f J1-yJ/xy—-y+1
Proposed by Srinivasa Raghava-AIRMC-India

7
dydx = 8log2 —E((B)

Solution by Rana Ranino-Setif-Algerie

1 gin-1(VI—x -1V —=% 2
Q:f f sin”!( x/y) cos”( xﬁ)dydx;(set:x:l—s_mz 0)
\/1—y\/xy—y+1 sin® @

<p0 smB
Q= 4[] dode =
sm(p

—2(p2COS(p (pCOS(p 2C08(p+ sing —2¢sing + 2
f
0

sin @ de
T T
9—4_1-7 Zcotpd 21tf7 cotod +j7(n 2 )d +8f71_cos¢d
= O‘P pagp O‘P pap . \2 Q|ap . sin @ Y

Iy I I3 Iy

IBP n z z
I; = 4[@*log(sin @)]? — 8[ @log(sin)de = —8f @log(sing)de
0 0

. — cos 2ke
Recall log(sin¢g@) =—log2 — Z 2
k=1
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t=2ke¢

z o1 (2 o1 [k
11=810g2f (pd(p+82zf @ cos(k)dep = n210g2+22ﬁj tcostdt
0 k=1 "0 k=1 0

[o9)

1 =1
1, =m*log2 + Zzﬁ[tsint + cos t]k™ = n?log 2 + Zzﬁ(cos(kn) -1)
k=1 k=1

v (CDF 1 7
I, =m%log2 + 2 (———) =m?log2 —2(n(3) +{(3)) =n*log2 — - {(3)

14
IBP

z m z
I, = —an pcotode = —2m[plog(sin )] + an log(sin @)d¢ =
0 0

= —n?log2

T
; j‘i(n 5 )d w? m? 0
3= | (5-20)dp=—F—-—=
. \2 4 1

T

Ty ein2 (P L3
I, = BJ;ZZS%(E)Z)mp = 3.[02 tan (g) de = — [16log(cos (%)]0 =

NI]

8log 2

7 7
Q = m?log2 —5((3) —m?log2 + 8log2 = 8log2 —E((3)

Therefore,
j‘l j‘l sin"!(V1 - x,/y) cos 71 (vV1 — x,[y)
0 Jo Ji-y/xy—y+1
1437.1f 0 < a < b then:
b

1 2a_2b
2Vx > — _—
J xdx>3(b—a)+ log4

7
dydx = 8log2 —26(3)

a
Proposed by Daniel Sitaru-Romania
Solution by Asmat Qatea-Afghanistan
1 2a _ 2b b 1 2%
jZ\/deZ 3(b—a) + logd <—>f2\/§dx2f(3—7)dx
a

a

a
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1 2 2 1
<—>f<2\/5+7—3>dx20<—>f(x)=7+2\/5—320,x>0

1 1
2xr 1 2x+2f+27 AMGMs 2
f(X):?+Zﬁ—3: - = E Z \/;—3:

x+——1 x\/—+2 Vx
—3 2 \J

(F+2)(F-1) 3
=3 ]2 Vx —3>3Y20-3=3-3=0

Equality holds for simultaneous

1
2 =2Vx\Jx—1=0-x=1

In initial integral inequality, equality holds for a = b.

1438.

3n
1+424+3+-+m
If A(n) = Z T then prove that:
£ ()

iA(n)x"— 7 23 3,9
- 8(x—
n=1

1) 8x+1) 4(x+1)2 2(x+1)3

Proposed by Srinivasa Raghava-AIRMC-India

Solution 1 by Asmat Qatea-Afghanistan

3n ( n 1) 3n+3 ( n 1)
m(m m(m
A(n) = —m\ A+ 1) = ———m =
2cos(3) Zcos(s)
B i m(m+1) N Sris m(m+ 1)
- mm mm
Zizeos() Sz eos ()

3n+3
< m(m+1)

)

Amn+1)—-An) =
m=3n+1 2 cos ( 3
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Bn+1)2n+2) @Bn+2)3n+3) (Bn+3)3n+4)

) 2 cos (M) i 2 cos <m> * 2 cos (_(Bn 1— 3)11')

9n? + 33n + 20

An+1)-An) =-(-1*-

2
(An+1) - AOQ)———( (-D™n*+33 ) (-1)"n+20 (1w>
> > Dz
A(m+1)—4(1) =
1 ., m(m+1) Cm+1D(-1D)™ -1 D)™ -1
_E<9'(_1) ———+33 2 +ZO'T>
2
Am +1) = —(—1)™- 18m“ +84m + 73 _z
8 8
o, 18m?>+48m+7 7
A(m) = (-1)™- 3 ~3
18n%+48n+7 7
A(n) = (1" 3 ~3
Aoﬂ::1(18n2-c—1yh+48n-(—1yt+7-(—1yt—7)
- x2—x
;(—1) A= - Z( D't = ey +1)2 Z( 1"t =
2 _x X 7x 7x
ZA(n)x < (1+x)3 48'(1+x)2_1+x_1—x>
Therefore,

A — 7 23 3 9
Z;(“” “8x—1) 8x+1) ax+1Z 2x+1)3

Solution 2 by Ravi Prakash-New Delhi-India
14+2+3++r

Let b, = = ,B(n) =A2n)and C(n) = A2n-1)
COS —-
3
6n n-1
B(n) = A(2n) = Z b, = Z(b6r+1 + bgriz + -+ beriy)
r=1 r=0
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But: bg,11 + Deri2 + - + Dorir =
(r+1)(6r+2) (6r+2)(6r+3) (6r+3)(6r+4) (6r+5)(6Tr+6)

+ + +
1 1 2-(-1) 1
. 6)2@7 ) 2-(~3) 2-(3)
r+ r+7
2 (D = (361% + 18r + 2) — (361% + 301 + 6) + (361% + 667 + 30) —
—(361% + 54r +20) + (18r2 + 39r + 21) — (1812 + 21r + 6) = 18r + 21
Thus,
n-1 9
B(n) = Z(l8r +21)=9(n—-1n+21n=9n? + 12n = Z(Zn)2 + 6(2n)
r=0

C(n) =A2n—1) = A(2n) — (bgy_2 + bgn_1 + bgn) =
9?4 21n— | ™ 2)(6;1 -1, (6n- 11(6n) N (Gn)(GZn + 1)> _
Z (_7) 2- (7)
=09n® —3n+2= —[E(Zn— D?*+6(2n—1) +Z]
- -2 ’

Hence,

9 , e
Zn + 6n, if n is even
An) = 9 ~
—an — 6n—1, if nis odd
Now,

ZA(n)x"—4Z( 1"n x"+62( 1) nat %i n1_

9x—x 7 X

~ 23 3 9
_8(x—1)_8(x+1)_4(x+1)2+2(x+1)3

)

k=1 k=1

1439.

Proposed by Asmat Qatea-Afghanistan

Solution 1 by Izumi Ainsworth-Lima-Peru

n—-1

. km n
sin=- = gn1

k=1
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2km km 2n
ﬁ _ <(2k 1)n> isin(S) Mt'sin(zg) zm1 1
sin - =

2 tein () ftein () g T

Now, we have:

2k> (1—[ cos <(n + 12n 2k)m

k=1

k=1

- L 2k — 1)
T - V[A
-t (22) ([T (5~ 4527))-
() [ (5 250
k=1 k=1
n n
2k -1\ \ ¥ 4
T k . sl H n+1l _ . — . I
= 1]11_)1?0 (Z 2 ) (1_[ sin <—Zn 311_)1?0(2 2) 4 llll_)l‘glo T 4
k=1 k=1
Solution 2 by Florica Anastase-Romania
n-1
km
Let: P, = nsin—
n
k=1

The roots of the binomial equation x™ — 1 = 0 are Xj = cos2km + isin2km,
j=12,.,.n,k=0,1,..,n—1.
So, we have:
" —1=(x—-x)Ex—x2) s (x—x5) - s (X — x)

2 | | 2m 4Tt | 4w
=(x—1) (x —cos— — lsm—) (x —cos— — lsm—) .
n n n n

2n—-1mr | . 2(n—1)m
‘| x —cos—————isin———|; (1)
n n
From :__11 = x""14+ x"2 + ...+ 1 and x = 1, the relation (1) becomes:
( 2t Zn)( 4Tt 411)
x—cos— —isin—|)(x — cos— — isin—| -
n n n n
2n—-1)mr | 2n—-D)m
‘| x—cos————isin——— | =n; (2)

Using the relations 1 — cosa = 2sin? g ; sin2a = 2sina - cosa = (2) becomes:

L o1 .. T 21 2 2
(Zsm —_— lem—cos—) 2sin® — — 2isin—cos —
n n n n n n
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L, (n—-Dm . (n—-Dm n-1m
o' | 28in ——— — 2isin cos -

)=n.: 3)

Multiplying each factor with i and extracting 2™~1, we get:

n-—1

) . km n
P, = j smT = o1
. k) = n+1-2k)m
Z 2 1_[ cos =
] 2n

¢ (2k—1)
1 k(] m_Lek= M) _
Tl (Z 2 ) ( €os <2 2n
k=1 k=1
n n n-1 1
_ .  (2k-Dm 25
= lim 22 sin| —— | |=4-lim———==4
n—oo a1 2n noco 21

k=1

:_J: =
i

1440. Evaluate the cute sum without using any “Special function”:

= 64"
& Z 2n\°>
=1n3(n)

n

Proposed by Tobi Joshua-Nigeria
Solution by Akerele Olofin-Nigeria

~ 64"
=) ——
e ()
o 64n 64" (Vi) T(n+1)° <= 6471 (V) 'T(n + 2)°
€= Z 37 N 3’
n=1,3 <(21:l)> n=1  n3T (n + 7) n=0 (n+ 1)3r (n + 7)
_ 6a(vm)? = 64"T(n + 2)I(n + 2)T(n + 2)
64( 7T) nz:;,(n+ Dn+1)(n+ 1)F(n+%)l‘(n+%)l‘(n+%)

Recall

® p n
Hi:l(ai)n ¥4

F,(aq,a;3,...,a,,bq,by,...,b,;2) = —
p q( (4 q ) nzongzl(bi)nn!
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Then

64" Tn+ DI(n+ 1Drn+ Nrln+1) 1
\/—
P S oF e e

_ ea(m)’ i 64"T(n + DI (n + DI'(n + DI'(n + 1)r( ) (§) r (§) 1
rBHrRres r(n+3)r(n+3)r(n+3) "

60 ®)(Vr)’ 333

—— <4F2(1,1,1,1;E,E,5;64))
3
3764)
:1)]

-0Q= ZL -8 [4F2 (1, 1,1, 1;;,;,;; 1)]

s (21)

where,

— (64)(8),F, (1, 1,1,1;

le le
N| W le

—8[4F2<1 1,1,1;

le

Fq(al, ay, ..., Qp; by, by, ..., by; z) = Ymeo g; 12‘;"2 (denotes Hypergeometric function)

o 1
1441.Let f,g:R > R, f(x) = (T(x + 1))x,g(x) = x'*x, where I'is the
gamma function. Compute:

Q = lim N (-1 <2m> jU )"+ (g®)"
o k7 (fo +g@)"
k=0 gx

Proposed by D.M. Batinetu-Giurgiu,Neculai Stanciu-Romania

Solution by Mikael Bernardo-Mozambique

2m k k
Q = lim Z(_l)k . (Z:‘) @) + (g(x)k) _
= (f(x) + g(x)
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m k +E m i )
= lim 2 (-1)k - (Zm)_ (T(x+1))* + x> o 2 1 <2m) | (\/F)k +x"(\/§)k

X—00 k 1 k n—-oo k x x k
=0 <(I‘(x +1))% + x1+%> k=0 (Vx! +xVx)

X

«lim Vx = 1; x!z(g)

X—00

— i k. — —1)k =
k=0 P k=0 xk (5 + 1)
2m k
2m 1 e \k
— _1\k. .
_Z( 1 ( k) ((e+1) +(e+1) )
k=0
Llet— = t,— = u, then
e+1 1
2m 2 2m 2
— m,_k <m>_k__2m _ a\2m __
Q= <k>(t)+zk(u)—(1 £)2™ + (1 — u)?m =
k=0 k=0
1 \2™ e \2m e \2m 1 \2™ e2m 41
:(1_e+1) +(1_e+1) :(e+1) +(e+1) ~(e+1)m
. (n+1)2 n? ... ,
1442. Let (b,,) 52, b, = o Y be Batinetu’s sequence and
n n n
o -1 W, G D)
" 3 5 2n+1
Find:
n!
n /w b_g
Q = lim (1 + ">
n—oo n!
Proposed by Florica Anastase-Romania
Solution 1 by proposer
(n+ 1)? n? n?

:n+m_wzw-(un_1);
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mn+1)?% Yn!
u, = i ,Vn > 2
"Ym+1)! on
” I n+1 n+1 Ain! 1 1
imu, = lim - - =1-e-—
noeo U moo\ M Yn+1) n e

n un—l y n)_
Yl logu, ~O0n) 7

=e.1.111213(109((11:1)2n.n!-'(‘:+(1;;1 ))
=e-log<lime2-n—+1>—e log( )
== (o) = ()2 + () x =+ o ()

1
In=f(1—x2)"-x’dx=(1—x2)"-x|0++2nf(1—x2)"‘1-x2dx=

limb, = lim (

n—>oo n—oo

mlr-\

= —Zn.[(l —x2-1)(1 —x®)" ldx = —ZnJ(l — x®)"dx + an(l — x> ldx =
0 0

22n (n|)2
- (2n+1)!

n|22n . (n!)z Criteriul C—D/Alembert 22(n+1)((n + 1)!)2 (2n + 1)!
lim o, =lm |51 - m—ont3n  22mn?

n!

n/ b \/w_ !
w n . n n:
:>Q:lim<1+ n'n> =e,’,21'., al e — @0 =1

n—oo

==-2nl,+2nl,,_ 1> I, =

Solution 2 by Asmat Qatea-Afghanistan

(n+1)2 n?
fm b = M\ e V) m((nt De—me) =e
(n+1)? . n?

=e

 lim ————=— = lim —
noo M (4 1)1 e /nl
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n (—1)k n (—1)kx2k+1
o= Garrr @@= () g~ on=onDen@=0

k=0 k=0

wn () = Y (1) 2 > @@ = (1 - 2"

k=0
1 1 1
f wh(x)dx = f (1-x»)"dx - w,(1) — ,,(0) = f (1 — x*)"dx
0 0 0

x=sint

1 z
2
w,(1) = f (1-x¥)"dx = f cos?™ 1 tdt; (%)
0 0

:13(1“1):1_F(%)r<n+1>w e
27202 r(med) T 2(aey)

1
n 1
1 w-n! T 1\n
llm(wn)n = lim \/——1 = lim <£ : n_7> = 1; (%)
n—oo n—-oo 2
2@+§!

“w,\br 1\e
Q=1lim|(1+ =lim(1+—) =1
n n!

n—oo

Note:

T

2
B(m,n) = 2.[ sin?™ 10 cos?" 10 do
0

. (n+a)! a
llmTz n?; (xx*)

n—oo

Solution 3 by Narendra Bhandari-Bajura-Nepal

wn=2(k ( 1)k f (Z( 1)k 2k>dx=f01(1—x2)”dx

And with x* = x, we get:

! N 1 Tn+1) 1\ 1 _ . n!\m
wn=f0xz(1 x)"dx Z—I‘(n+%) <E)_E' DI

n 2 n -1
Simplification gives us the closed form for w,, = :2::!1))' = Z;:ﬁ )
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4_1’[
Since 0 < w, < 1as——(*") ~
2n+1

‘/_ - 0asn — oo.
Further with the use of Stirling approximation n! ~v2n ( ) the limit of b,, = e for alln

n

. n!
positive integer and thus — — c asn —» ©

This shows limit attains the form 1. So,

n!
n/wn pn
Q=Ilim(1+
n—oo n!

— li n\/wn lim 1" Voin
TP R T ) TP e 2+ 1
1

S

Solution 4 by Mikael Bernardo-Mozambique

n (_1)k(n) L n
“n=/ 2+ 1 :foz(k)
k=0 k=1

1

=3¢

1 x=Vu
(—1Dkx?kdx = f (1—x®)"dx
0

)

11 1 /1
f w2 l(1-—w1-ldu=—B (—,n + 1) =
. 2°\2

1 r( )r(n+1)

V! )
= (*
2 I‘(n+;+1) 2(n+%)l‘(n+%)
o T (n + ) o H(Zk 1)
) Vmn! B 2" . n!
B 1 - (2n+1)-1-3-5-...-2n—-1
2(n+ )‘é: M, 2k-1) © ) ( )
n [\ b T ’V_w_n n n—
Q=Ilim|{1+ O =lim {1+ Dn = exp4lim On
n—-oo n! n—-oo n! n-o bn
] (n+1)? . n? _ (n + 1)? (n+1)%2 —n?
lim b;, = lim — —lim —= — —
n—oo n—oo m n—oo \/_ n—>oo m n—>oo m
2 n\n
= 1111_)12\/—_ s nl = A\2nw (—)
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c-D

"~ . Wni1 1
Q=e {llm -—}z
P n-0o Wy, b%
_ y 21 (n + 1)! 2n+1)-1-3-5-..-(2n—-1) 1
S 2n+3) 135 ... 2n-1)-2n+ 1) 2" - n! "nZ
Vn!

_ 2 1i n-n! 1 n! _
- exp nggn(z_l_%) n! emn?n(

n n
= exp {lim 21111—(5)} = exp{lim vn } = exp {lim ! } =e'=1
n2n 1

n—oo n-o ennn n—oo _2
e"n"" 2

Solution 5 by Adrian Popa-Romania
2

lim b, = lim—" D "™ i ), wh -

im b, = lim = lim(a,;; — a,,) ,where a, = —

oo " moe M ) — A moe " ml
Apiq m+1)%* Yn! = n+1 n+1 Vn!

lim = lim

: = lim . .
now @y oo™ ()l mP omoe mo MGy n

y n! lim " n! €D i n+1)! n" y ( n )n 1
m—=im |[—=IIMmM-——--—=1Im|— — —
noo M now [Nt noo(m+ 1M nl noo\n+ 1 e

n+1 . Quiq 1
- li =e - lim =e-;

it
oo M+ 1)! oo Ay

I (an+1>" 1 m+1?  Val\" I (n+1)>2 Vn!
1m = 11m . = 11m . =
n-o \ ay, noo \"™[(n+ 1)1 n? now | m? o M 1 1)]
] < Vn! )n . n! ’ (n!)l_%
=lim|———— | =lim = lim —— =
e "M+ DY PP it DFF T (n+ DA

1
. (mhn-n :
=lim—————=e - limb, = eloge =e.

P n(n + Dl noe
Now, we find the sum:

e DR
“n= L 2k 41
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1 1
[a-wtyan= ()= ()4 (5) -+ coman () ) ax =

(_1)nx2n+1 n
e w0

x=sint

1
z

12n+1=f 1-xH)"dx = f cos®™t-costdt =
0 0

Y3
= [sint - cos®" t]2 + an cos?™ 1t .sin?tdt =
0
T T

NI]

Z
= an cos?™ 1¢ (1 - cos? t)dt = ZnJ
0 0

)
cos?™ ltdt — an cos?™tltdt —
0

NI]

Iynyr = 2nlyn 1 — 20l > 20+ Dlgpgg = 203y 4
Ipnia _ 21
Iypy 2n+1

Puttingn = 1,2, 3, ..., n, and multiplying these relations, we get:

T
Ipnyr (20! 2 -
I, = Znt DU I, = focostdt—smtlo—l

2n)! -D* my  @@n)! 4" (n)?
(2n +1)H 02k+1(k)_(2n+1)!!_(2n+1)!

f (1—x*)"dx =

Now, we find the proposed limit

nl4n - (n)? (n!)?2 ((n +1)1)° @n+1)
lim @n+ 1) (2n + 1)| lim (2n + 3)! nhz

— 4 lim m)?(n+1)2(2n+ 1)! 4 1
noo (n)2(2n + 1)2(2n+2)(2n+3) = 4

=1

n!

P ! 1
1 nlan. @2\ 1\e" 1\
Q=lim|(14+—: |——— =lim(1+—) = lim <1+—) =e'=1
n—-oo n! |[2n+1)! n—-oo n! n—oo n!

Solution 6 by Heimn Hsain-Iran

(n+1)? n?

T ) Val
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n! ~ (g)n,(2n+ 1)! ~ (n: 1)

2 2
_ent D) _e:: =e((n+1)—n)=e

n+1

" on+1
_i (—1)* (n)
C Li2k+1\k
k=0
1 = n 1 1
wnzf wn(x)dx=2( )(—1)";\:2":[ (1—x2)"dx=B(—,n+1)

0 e 0 2

m-n!

wn=\/——1—>1,whenn—>oo

2(n+7)

n b_n \/ ®On n
(1 Y w") " er!l—>l2>b"<1+ _‘1> lim Lon lim &

Q = lim

n—oo

= en-o €' = en-wel = e =1

1443. Find:

7 K-k -3
Q=i Z
neh = nll(logn — logk)
Proposed by Asmat Qatea-Afghanistan

Solution 1 by Hussain Reza Zadah-Afghanistan

_ d e
. "Zl n7 -k md ) 1 "Zl @ -G _ -2
Q = lim T ook = lim —- —nz.f I dx =
noo \ L n (logn — log k) n-oon log( ) o logx

1
1
=f fx"dxdn=j —dn=[log|n+1|]Z=log8—log4=log2
0 /3 g n+1

Solution 2 by Kaushik Mahanta-India
n— 1n7k3 3 k7 3

n—-1
Q = lim Z Togn —Ton ) 1 _
n-oo k=1n ogn og n—>oon ( log( ))
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3
n—

1x7_x3
Z ‘fom"":(*)

k=1 log
Recall j dx =log(a+ 1)
1,7 _ 1,3 _1
(%) = j; logx f Tog dx =log(7+1) —log(3+1) =log2

Solution 3 by Adrian Popa-Romania
- n-1 (ky’ n-1 (k
oo (190G 15 ()
a=lim( ), T(logn —logh))  nom|n’ K K
n £ n'l(logn —log n n k=110g(ﬁ) n )
L X7 1 a3 x7 — 3
=f dx—f dxzf f f xdadx = ()
o logx o logx 0 logx

a=7

= f x%da
a=3 3

7 1 7
1
(>|<):f3 fox"‘dxdazf3 a+1da=log(a+1)|§=log2

x7—x3  x°
) log x :logx

Solution 4 by Samar Das-India

. n’” - k3—k o1 110 110
Q = lim Z T . k) hm_'z—k:
n e n ogn — log n-owo N = (_ log (ﬁ))

3

:Hml.fwzﬁx - ff *dadx =

noon Ly log(%) logx

7
1
=L a+1da=log(a+1)|§=log2

Solution 5 by Syed Shahabudeen-India

n-1 n— 7k3 k7 3
_ n’-k3—k’-n oo 1 nlO - nlO
@ = lim anl(lo n —logk) on -
n £ g g " ] log

86 RMM-CALCULUS MARATHON 1401-1500




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
3

1 jlan 1,7 _ 43 P 1
— z —f dx = (—) f (x@* — xV) dx =
o n o log o logx aal =3 J,

- (5a) (1 r1) = o, = o2
da),z\a+5 a+1 o8 1a=3—0g

Solution 6 by Remus Florin Stanca-Romania

e (1- () ()

(n_l n’ k3 —k7-n3
a-nm(y 2 )-tim > LN
Lin (logn —logk) ) n-o = nlllog (E)

n—->oo

4
_ =1k} 1—(%) Ix3 —x7 1y7 _ 43  logx=t
=llm2—(—) -—=f dx=f dx =
n-o Luan\n o —logx o logx

e tog(g)

0 7t 3t 0 8t 4t 0o ,—4t -8t o
e"—e e —e e —e
[ g [ e [T e [hien ey
—w t t 0 t 0

— 00

Where L(f(x)) — is the Laplace transform of f.

I—F( 1 1 )d ~ log 2
~J), \pr4a pr8/P T8

Solution 7 by Arslan Ahmed-Yemen

n-1
Q-1 (Z n” - k3 -k’ ) . 1 1o
=lim| 2, wiiiogn —Tog®)) = Na 2, o kyy
n Lin (logn—1logk)) n-ocon ] (—log(%))
7

3
LSO e,

= lim —-
noon L4 log(%) log x
jlxa_xbdx=loga+1,(*)=J1x7_x3dx=log7+1=log2
o logx b+1 o logx 3+1
1444. Find:
k o

1

= l-m f _ n—ll 3 _ e_xdx
T () [P5(n) + 3Py (n) + P, ()] ko nZ,O . (x —m)"""log”(x —m)
Proposed by Ankush Kumar Parcha-India
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Solution by Mohammad Rostami-Kabul-Afghanistan

o xX-m=u [
I= f (x—m)*1llog3(x —m)e*dx = f u llog3ue* ™du=
m 0

o) 03 63 [e'e)
— f un—l — ut-e " Mdu = e—m_3 f u(n+a)—1e—u du =
0 da 4=0 da 4070
63
= e‘"‘ﬁ Im+a)=e™{[I'n+a)]'}-0 =
a=0

= e ™{[Po(n+ a)T(n+ a)]'} - =
=e ™Y (n+a)(n+a)+T'n+a)Py(n+a)l,o=

= e_m{l"(n +a) [lp1(n +a) + ll)%(n + a)]}:Fo =
=e ™I (n+ a)P(n+ a)[Pp;(n+ a) + Ppj(n+ a)]
+T(n+a)[P,(n+ a) + 2P, (n + a)po(n + a)]}a=0 =

= I[P + 3P (WY1 () + P, ()]

Therefore,
1 k *©
Q= lim (x —m)" 1log3(x — m) e *dx
PR + 3Pompr(m) + Y] £ mZO n g x—m)
DI o
£ \e 1 1 e—1
1445. Find:
eHn+1 n7
Q = lim dx

Proposed by Daniel Sitaru-Romania

Solution by Mikael Bernardo-Mozambique

eHn+1

n’ ] dx
= dx = lim J
efln (

eHn+1

Q= lim

n—oo

ein (x+NM)7—x7—n n-o
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1
Let: f(x) = ;X #=0

(o) -G

3c,, € [efln, efin+1], such that:

H
en+1 dx 1

=(Hn+1_ Hn).
S I T B () S COE

n n
. eHn+1 —_ eHn . eHn+1_Hn -1 eHn(Hn+1 — Hn)
n n n n
1
“Hpyg —Hy = ]
1

en+i—1 efln

Q = lim 1

Y AFT @+ ((x +5n)" (G’ - 1)

H,=logn+y+— — — 1+(1)
n = 1081 TY 2n  12n? Onz

1 1 1
Hyx . e”ﬂ_W(”"(ﬁ))

Y+%_T1nz(1+o(n_12))

_111i—>l?on+1'(1+%)7_(%n)7_1:(1+eY)7—e7Y—1

e

n e et

Y —Euler Mascheroni Constant.

1446.

(0e] (0e] 1
ann-33
(n, k) nn+1)(n+2)-..-(n+ k)
k=1n=1
Ifa b,c > 0,abc = 1 then:
a? N b? . c? - 3
b+c c+a a+b 2Q(nk)

Proposed by Daniel Sitaru-Romania

Solution 1 by Asmat Qatea-Afghanistan
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