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1) In AABC the following relationship holds:

myw, myw, mw, 9
+ + > —

a? b? cZ 4

Proposed by Marian Ursarescu-Romania

Solution. Lemma. 2) In AABC the following relationship holds:

- b+c A
m,6 = COS —
@ 2 2
M.Lascu(1987)
2 2_,2 —
Proof. Using identities m2 = 2b7H2¢77a and coszg . Ca) inequality becomes as:

b+c A (b+c>2 A 2b2+202—az>(b+c>2 s(s—a)

my = cos§®m§ > cosZEc) 2 > ”
2b2+2c2—az>(b+c)2 (a+b+c)(b+c—a)
- 4 4-b2C ,
b+c)—a
o2t 2 —at = (b4 )2 LD @
4bc

& 4bc(2b? +2c?—a®>) = (b+c)?*- [(b+c)*>—a?] e a?(b—c)? = (b—c)*
e b-c)?@—-b+c)a+b—c)=0.Equality holdsfora = b = c.
2bc

. . A .
Let’s get back to the main problem. Using Lemma and w, = 5. Cos_, we obtain:

b+c A 2bc A

m.w —5—C0S%5 - 7——7—=C0S~ be A
E=LHS=Z azazz 2 22b+c 2= —ZCOSZ—=
a a a 2
cyc cyc cyc

bc s(s—a) zs —a s?(s?+2r? —12Rr) +r3(4R + 1)
= — :S :S' =

a? bc a? 16R%r?s
cyc cyc

_ (16R —5r)(4R —3r) + (4R +71)  64R®> —64Rr + 16r> 4R* —4Rr +71°
B 16R2 B 16R2 - 16R2 -

(2R —1)? 72 Euler 9
_T_(Z ) > - = RHS.

R

Equality holds if and only if triangle is equilateral. Remark. Inequality can be much stronger.
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3) In AABC the following relationship holds:

=
a? b2 c?

R

m,w, N mywy N m.w, (2 r)

Marin Chirciu

. . 2b A .
Solution. Using Lemma and w, = b—+cccos - we obtain:

b+cCOSA 2bc COSA b 2
myw —5 C0S% 7 COS> c
EZLHSZZ azazz 2 22b+C 2: —ZCOSZ—Z
a a a 2
cyc cyc cyc
bc s(s—a) Zs—a_ s?(s? +2r* —12Rr) +r®(4R + 1) _
B a? be ° a2 16R%r2s B
cyc cyc
_ (16R—57)(4R—3r) + (4R +1) 64R* — 64Rr + 16r> 4R* —4Rr +71>
B 16R2 2_ 16R2 B 16R? B
(2R —-1) 72
—T—(Z—E) = RHS.

Equality holds if and only if triangle is equilateral.Remark. Inequality 3) is much stronger
such inequality 1).
4) In AABC the following relationship holds:

2
m,w, myw, mw, r 9
+ + >(2-+) =

a? b? c? 2= R

4
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2
Solution. See inequality 3) and (2 — %) > % < R = 2r (Euler).
Equality holds if and only if triangle is equilateral.Remark. Let’s find an opposite inequality.

5) In AABC the following relationship holds:
3

a? b2 c2 T 4

2r

m,w, +m,,w,, +mcwc _ 9(R>
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Solution. Using w, < m,, we get:

MaW, mg  s®+s*(r? —12Rr) + s*r>(12R* + 8Rr —1?) —r*(4R +71)> _

a? = a? 16R2r2s2
cyc cyc
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= 161:27”2 ls‘* +sz(r2 — 12Rr) +T2(12R2 4 8R1‘—r2) _

r3(4R +1)3
sz |7

1
"~ 16R2r2

r3(4R + )3 Gerretsen
_— <

lsz(s2 + 712 —12Rr) + r?(12R? + 8Rr — r?) — 2

(AR +1)° [

T RGAR+1)?Z |
2CR—1)

1
< Tgpzyz |(4R? +4Rr + 3r2)(4R? + 4Rr + 3r% + 77 — 12Rr) + r2(12R? + 8Rr —1%)

1

2r3Q2R —1)(4R+ 1
= Tepis [(4R2 + 4Rr + 3r2)(4R? — 8Rr + 47r2) + r?(12R? + 8Rr — r3) — ( R)( )] =

2r3(2R—7r)(4R +1)| _
- =

1 R(16R* — 16R%r + 8R*r? + 11r*) — 2r3(2R = r)(4R +71) _
"~ 16R2r2 R N

— 4 3 2..2 4
—m[16R —16R°r + 8R“r< + 11r* —

_ 16R> — 16R*r + 8R3r? — 16R?*r3 4+ 15Rr* + 2r* (2 9R3 _ g<£)3 _ pHs
16R3r?2 — 32r3  4\2r
16R®> — 16R*r + 8R3r? — 16R?r3 + 15Rr* + 2r* - 9R3
16R3r2 —32r3
& 9R® — 32R5r + 32R*r? — 16R3r3 + 32R?*r* —30Rr> —2r® >0

where, (2) ©

& (R —2r)(9R® — 14R*r + 4R3r? — 8R?r3 + 16Rr* + 2r>) > 0, which is true from
R = 2r (Euler), where it was used,

mg  s®+s*(r? —12Rr) + s?r*(12R* + 8Rr — %) —r>(4R +1)°

a? 16R%r2s2
cyc

Equality if and only if triangle is equilateral.

7) In AABC the following relationship holds:

9 r\2 m,w 9/R
el T3
4 ( R) a? 4 \2r

cyc

3

Marin Chirciu
Solution. See up these inequalities. Equality holds if and only if triangle is equilateral.
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