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1) Ifa,b,cd>1then:
b3+ ¢3 +d3
zlog“b2+c2+d2 =>4

lonut Florin Voinea — Romania

Solution: We prove: Lemma:

2) If x,y,z > 0 then:
X3 +y% + 73

xZ+y2+2z2 3

X+y+z

Proof: We have:
x3+y3+23 x+y+z
x2+y2+z2 7 3
& 2(x3 +y3 +23) = ¥ xy (x + y), which follows from summing the inequalities
x3+y3 > xy(x +y) © (x +y)(x — y)? = 0 and the analogs.
Equality holds if and only if x = y = z.Let’s get back to the main problem.
We write the inequality: Using the Lemma we obtain:

b3+C +d3Lemma b+ c+d aem
LHS = Z:Iogab2+ 2+d2 > ZIogaT > Y log, Vbcd =

1
= §z log, (bcd) —§Z(Ioga b +log, a) = 3 12=4=RHS
Equality holds if and only if a = b = c.Remark:The problem can be developed.
3)Ifa,b,c,d > 1 then:

b* + ¢* + d*
zlog“b3+c3+d324

33 +y}+23) > +y?+z2)(x+y+2) e
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Solution: We prove: Lemma:
4)If x,y,z > 0 then:
xt+yt+zt x+y+z
x3+y3+23 3

Proof: We have:
xt+yt+zt x+y+z
x3+y3+2z37 3

S3x*+yrt+z) > (3 +y +23)(x+y+2) e
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& 2(x* + y* + z*) = ¥ xy(x? + y?), which follows from summing the inequalities
x*+y* > xy(x?+y?) o (x —y)(x® —y3) > 0, obvious, because the factors
(x —y) and (x® — y3) have the same signs and the analogs. Equality holds if and only if
x =y = z. Let’s get back to the main problem. Inequality can be written:
Using the lemma we obtain:

b* + c* + d* Lemma b+c+dAem
LHS = Z:Iogab3+ 3 2 ZIogaT > ) log, Vhcd =

1
= §Z log, (bcd) = §Z(Ioga b +log, a) = 3 12 =4 = RHS
Equality holds if and only if a = b = c.Remark: The problem can be developed.
5)Ifa,b,c,d > 1 then:

bn+1 + Cn+1 +dn+1
>
ZIOga g >4 neN
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Solution: We prove: Lemma:
6) If x,y,z > 0 then:

xn+1+yn+1+zn+1>x+y+z

xt+ynt+ 2zt 3
Proof: We have:
xn+1 + yTL+1 + ZTL+1 x + y + 7z
>
xt+ynt+zn T 3
> (xn + yn + Zn)(x + y + Z) o Z(xn+1 + yn+1 + Zn+1) > Z(xny + xyn)
With follows from summing the inequalities x™*1 + y"*1 > x"y + xy" &
& (x —y)(x™ — y™) = 0, obviously, because the factors (x — y) and (x™ — y™) have the
same sign and the analogs.Equality holds if and only x = y = z.Let’s get back to the main

problem.The inequality can be written:
Using the Lemma we obtain:

b1 + ¢l 4 q*1 Lemma b+ c+d Aaem 3
LHS = Z log, R d" > z IogaT > log, Vbcd =

z log, (bed) = BZ(Iogab + log, a) > —.12 =4 = RHS

Equality holds if and onlyifa=»b =c.
Note: For n = 2 we obtain the proposed problem by lonut Florin Voinea in RMM 11/2020.
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o 3(Xn+1 + yn+1 + Zn+1) >
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