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2 100-RMM MATH PROBLEMS 
 

.  In acute ∆ABC the following relationship holds: 

( + + )  

Florică Anastase 

Solution. 

	 ≥ ≥ 	 ⇒ ≥ ≥
≤ ≤ ⇒⏞  

( + + ) =
+ +

∙ ( + + )

≥
+ +

= 

= ( + + ) = ( + + ) =

=  

 

.  In acute ∆ABC the following relationship holds: 

( − − ) ≥ ( + )( + + ) 

Florică Anastase 

Solution. 

: ≥ ≥ ⇒	
≤ ≤

≤ ≤ ⇒⏞  

+ +
= + +

≥ ( + + ) + +  

+ + = + 	 	 	 	 : 

+ +
≥ + + + ⇔ 
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⎩
⎨

⎧ + +
≥ ( + )

+ +

+ + = ( − − )
+ + = + +

⇒ 

− −
≥ ( + )

+ +
⇔ 

( − − ) ≥ ( + )( + + ) 

 

.  In acute ∆ 	the following relationship holds: 

+ − + + − + + − ≥ [ ( + )]  

Florică Anastase 

Solution. 

	 ≥ ≥ 	 ⇒ ≥ ≥ ⇒
≥ ≥

≥ ≥ 	 ⇒⏞  

+ + ≥ ( + + ) + +

= ( + + )
+ +

			( ) 

	 ț ∶

⎩
⎪
⎨

⎪
⎧ + + =

≥

= + − 	ș 	

				 ⇒⏞
( )

 

+ − + + − + + −

≥ ( + + ) 

+ − + + − + + − ≥ ( + + )  

∙
+ − +

∙
+ − +

∙
+ − ≥ + ⇔ 
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∙
+ − +

∙
+ − +

∙
+ − ≥ ( + ) ⇔ 

+ − + + − + + − ≥ [ ( + )]  

 

.  In acute ∆ 	the following relationship holds: 

( − − )( + ) ≥ [ − ( + )( + )] 

Florică Anastase 

Solution. 

+ + = [ − ( + )( + )] 

⎩
⎪
⎨

⎪
⎧ ≥ ≥

≤ ≤
+ + = ( − − )

+ + = +

⇒⏞  

 

+ + ≤
+ +

( + + ) ⇒ 

( − − )( + ) ≥ [ − ( + )( + )] 

 

.  In acute ∆ 	the following relationship holds: 

( + + ) ≥ ( + + ) 

Florică Anastase 

Solution. 

	 ≥ ≥ ⇒
≤ ≤

≤ ≤
⇒⏞  

+ + ≥
+ +

+ + ⇔ 

+ + ≥
+ + + +

≥⏞  
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≥
+ + ( + + )

⇒ 

+ + ≥
+ +

⇔ 

+ + ≥ ( + + ) ⇔ 

( + + ) ≥ ( + + ) 

 

.  In  ∆ABC, P, Q⊂ ( ) such that: 

⃗+ ⃗ + ⃗ =  and ⃗ + ⃗+ ⃗ = , , , ∈ ℝ, , ≠  

Prove that A, P, Q are collinear if and only if + = + .  

Florică Anastase 

Solution. 

⃗ + ⃗+ ⃗ = ⇔ ⃗ + ⃗+ ⃗ = ( − ) ⃗⇔ ⃗ = ( − ) ⃗ 

⃗ = ⃗ + ⃗ = ⃗ + − 	⃗; 	( ) 

⃗+ ⃗+ ⃗ = ⇔ ⃗ + ⃗ + ⃗ + ⃗ = ⇔ 

( − ) ⃗+ ⃗+ ⃗ = ⇔ 

													( − ) ⃗+ ( − ) ⃗ + ⃗ = ⇔ 

⃗ = − −
( − ) ⃗+ ⃗ = −

( − ) ⃗ + ⃗ ; 		( ) 

From (1) and (2) , , 	are collinear if and only if exist ∈ ℝ such that 

⃗ = ⃗ ⇔ −
( − ) ⃗ + ⃗ = ⃗+ − 	⃗ ⇔ 

⎩
⎨

⎧
−
− =

− = −

⇔ − = ( − )
− = ( − ) ⇔ + = +  

 



 
www.ssmrmh.ro 

6 100-RMM MATH PROBLEMS 
 

.  In ∆ ; , ∈ ( ); , ∈ ( ) such that ⃗ = ⃗, ⃗ = ⃗, ⃗ = ⃗ 

and = = ; , , , ∈ ℝ∗; ≠ − , ≠ ; ∙ = . 

Prove that: , ,  are collinear if and only if = . 

Florică Anastase 

Solution. 

= = ⇒ ⃗ = ⃗
⃗ = ⃗ 

⇒
⃗ = − −

⃗

⃗ = − −
⃗
		; 			( ) 

⃗ = ⃗
⃗ = ⃗ ⇒

⃗ =
+ ⃗

⃗ =
+ ⃗

; 		( ) 

⃗ = ⃗ ⇒ ⃗ + ⃗ = ( ⃗ + ⃗)   

( + ) ⃗ = ⃗ + ⃗; 		( ) 

From (1),(3) we get: 

⃗ = + ∙ −
⃗ − + ∙ −

⃗; 		( ) 

From (2),(4) we have: 

⃗ = + ∙ − ∙
+ ⃗ − + ∙ − ∙

+ ⃗ 

, ,  are collinear if and only if 

+ ∙ − ∙
+

− + ∙ − ∙
+

= ⇔ 

( + ) − ( + ) = ( + )( − ) ⇔ 

− = − ⇔ ( − ) = ( − ) = . 

 

.  In acute  the following relationship holds: 
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√
+
√

+
√

>  

Florică Anastase 

Solution. 

	 	 :		
√

> 	, ∈ , ⇔ > , ∈ ,  

	 : , → , ( ) = −  

( ) =
( + )

− , ∈ ,  

"( ) = + + − ≥ >  

⇒ "( ) > , ∈ , ⇒ ( ) > , ∈ , ⇒ ( ) > , ∈ ,  

 

√
+
√

+
√

> + +  

√
+
√

+
√

>  

 

.   In acute ∆  the following relationship holds: 

+ −
( − )

≤ ( + ) ∙ ( + )  

Florică Anastase 

Solution. 

Let: : ( , ) → ℝ, ( ) = +  

( ) =
( )

< 0,∀ ∈ ( , ) ⇒ −decreasing. 

"( ) =
( )

> 0,∀ ∈ ( , ) ⇒ −convexe. 

( + + ) = + =
+
+  
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=
∙ + ∙

+ ≤
( ) + ( )

+  

= + + + + +  

= + ∙ + ⇒ 

+ + ≤ + ∙ +  

+ + ≤ ( + ) ∙ ( + )  

( + ) ∙ ( + ) ≥ + +  

= + + + = +
+

+ −
( − )

 

≥⏞ +
∙

− ∙
( − )

 

 

.  In ∆  the following relationship holds: 

+
≤ ⋅ , ∈ ℕ 

Florică Anastase 

Solution. 

⎩
⎪
⎨

⎪
⎧ = + +

=
, ≤ ⇒ = + + ≥ , 

	 + + ≤ − + + = − ≤ =  
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Let : ( ,∞) → ( ,∞), ( ) = , ∈ ℕ, ( ) = ( )
( )

< 0 ⇒ −concave, thus 

≤ ( ⇔ 

+
≤ ⋅

∏

+ ∏

⇔ + ≤ ⋅ ⇔ 

≤ ⇒ + ≤ ⋅  

 

.  In ∆  the following relationship holds: 

+ ≥  

Florică Anastase 

Solution. 

We prove that: ≤ + ; ( ) 

( ) ⇔ ≤ ( + ) ⇔
+

−
+

− ≤ ( + )  

⇔ ( + − )( + − ) ≤ ( + ) ⇔ 

( − ) ( − − − ) ≤ ⇔ ( − ) ( + + ) − ( + ) ≤  

From ( ) ⇒ ≥ ⇒ ≥  

( , , ), , ,  reverse ordered, from Chebyshev’s, it follows that: 

+ ≤ ⋅ + ⇔ 
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+ ≤ ⋅ ⇔ + ≤ ⋅  

∑ +
≥ ⋅

∑
; ( ) 

+
=

+
≥

∑ +
⇔ 

+ ≥
∑ +

⇔ + ≥
∑ +

; ( ) 

From ( ), ( ), we get: 

+ ≥ ⋅
∑

⇔ + ≥  

 

.  In ∆  the following relationship holds: 

+ + ≥
∑( + )

∑
> 1 +  

Florică Anastase 

Solution. 

 

∵ ( + )
+ ≤ 	( 	 . = ) 

( + ) + ≤ ⇒ 

+ ≥
(∑ )
∑ ⇒ + ≤ ≤

+
= =  

∵ ≤
+

, ≤
+

, ≤
+
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+ +
≥

+ ∑ +
≥ + =

+
⇒ 

+ +
≥

+
⇒ 

+
+

≥ + ⇒ + + ≥ + ; ( ) 

Now,  

( + + ) + + ≤ + +  

⇔ ( − ) − ≥ , ( ) 

On the other hand, 

( + − ) > 0 , ( ) 

From (2),(3) it follows that: 

⋅ ≥
+ +

+ +
> ; ( ) 

From (1),(4) it follows that: 

+ + ≥ + ≥ +
∑

∑
=
∑( + )

∑
> 1 +  

 

.   In  ∆  the following relationship holds: 

+
( + ) + ≥  

Florică Anastase 

Solution. 
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≥
≥ ≥ ⇒

+
( + ) ≥

+
( + ) 

= ⋅ = =  

We must to prove that: 

+
( + ) + ≥ ; ( ) 

Let us denote: = , = , = . WLOG suppose: ≤ ≤ , then: 

√
+ √

≤
√ + √

⇔ √ + ≤ + ⇔ ( − ) + √ √ − ≤ ⇔ 

√ − √ + + √ ≤ , which is clearly true. So, 	 √
√
≤

√ √
  and analogous. 

+ ≤ + ⇔ ( − )( + − ) ≤ , which is true. So, triplets: 

( + ; 	 + ; + )	and	 √
√

;
√ √

; √
√

 have the same orientation. 

From Chebyshev’s Inequality, it follows that: 

√
+ √

( + ) ≥ ⋅ √
+ √

⋅ ( + ) ≥ ⋅ ⋅ ( + ) ; ( ) 

From (1),(2) we must to prove that: 

⋅ ( + ) + ≥ ⇔ ≥ 	( ). 

Therefore, 

+
( + ) + ≥  

 

.  In  the following relationship holds: 

+ + + ≥ + ⋅  

Florică Anastase 
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Solution. 

+ + ≤ ; ( ) 

=
( − )

( − )( − ) =
( − )

⇒
( − )

≤ ⇔ 

( + − )
≤

( + + )
⋅ ⇔ ≤ ; ( ) 

+
≥

+ ∑
≥
( )

+
=

+
⇔ 

+
≥

+
⇔ 

+ ≥ + ⇔ 

+ ≥ + ⇔ 

+ ≥ + ⇔ 

+ ≥ +  

 

.  In ∆  the following relationship holds: 

+
+

+
+

+
+

≥ +  

Florică Anastase 

Solution. 
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∵ ; 		 =  

Let be the function: ( ) =  concave, from Jensen inequality: 

( ) + ( ) + ( ) ≤
+ +

 

For = ; = ; =  , we get: 

+
≤ ; ( ) ⇔

+
≤ ⋅ ⇔ 

+
≤ ⋅

∑

∑ +
=  

Now, 

+
+

≥

+ ∑
+

≥
+

=
+

| ⇔ 

+
+

≥ + ⇔ 

+
+

≥ + ⇔ 

+
+

≥ + ; ( ) 

From (1),(2) it follows that: 

+
+

+
+

+
+

≥ +  
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.  If , , −are contact points to incircle with  such that = , 

= , =  then prove that: 

+ + ≥ ⋅ , ∈ ℕ 

Florică Anastase 

Solution. 

We have: (∠ ) = − , (∠ ) = − , so  

(∠ ) = −  

= ⋅ −  

Let us denote: = − , = − , = −  and 

we have: + + = ; 	 , , ∈ ,  

Hence,  

= = =  

= ≥ ⋅  

∵ ≤ ⇔ ≤ ( ) ⇒ ≥ ⇒ 

≥ ; ( ) 

Now, we want to prove that:  

≤ ; ( ) ⇔ ≤  

 

.  In acute ∆  the following relationship holds: 
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+
⋅ + ≥  

Florică Anastase 

Solution. 

+
= − + − = ( − ) + ( − ) = ⋅

− + −
( − )( − ) = 

= ⋅ ( − )( − ) = ⋅ ( − )( − ) = ; ( ) 

Now, we must to prove: 

⋅ + ≥ ⇔ 

+ ≥ ; ( ) 

We have: 

+ = +  

≥
( + )

+ = +  

≥
√ +

≥ + ≥
( + + )

( + + ) =  

= − ≥ ∙
∑

= ∙

√

≥  

From ( ), ( ) it follows that: 

+
⋅ + ≥  
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.  In acute , ∈ ℕ, ≥  the following relationship holds: 

− √ ≥
−

+ −  

Florică Anastase 

Solution. 

 

− √ ≥
−

+ −  

− √ ≥
−

+ −  

−
−

+ − ≥ √  

−
−

+ −
≥ √  

+ − ≥ √  

+ − ≥ √ ; 		( ) 

Let be the function : [ , ] → ℝ,	 

( ) = − ( + ) √ + √ + √ + √ , ∈ [ , ] 

( ) = −
+

√
+ √ + √ + √  

( ) =
+

∙ √
+

( + )
√

 

( ) > 0 ⇒ ′[ , ] − ; ( ) = − + √ + −
−

 

∈ [ , ], √ + ≤ ⇒ ( ) ≤ ⇒ [ , ] −decreasing	⇒ ( ) ≥ ( ),∀ ∈ [ , ] 

( ) = − ( + ) √ + + √ + ≥ ,∀ ∈ [ , ] 

Let ( ) = − ( + ) √ + + √ + ≥ ,∀ ∈ [ , ] 
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( ) =
−( + ) + √ ( + )√ +

√
≤ , ,∀ ∈ [ , ] ⇒ −  

( ) = ( ) ≥ ( ) =  

We have: 

( ) = − ( + ) √ + + √ + ≥ ⇔ 

 

≥ ( + − ) √ + ⇔ + − ≥
√ + 	

 

Therefore, 

+ − ≥
√ + √ 	

	( 	 ); 		( ) 

From ( ), ( ) we get 

− √ ≥
−

+ −  

 

.   In , −incenter, , , −circumradii of  , , . Prove 

that: 

⋅
+

⋅
+

⋅
≥  

Florică Anastase 

Solution. 

∵ = ; ( ) 

(∠ ) = −
+

= −  

=
+

=
⋅

= ⋅ ⇒ = ⋅  

= ⋅ =  

∵ ⋅ = ⋅ ; ( ) 
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⋅ = ⋅ ⋅ ⋅ = 

= ⋅  

But, 

= + + = 

=
+

+ =
+

+ = 

=  

Hence, 

⋅ = ⋅ = =
⋅

= ⋅  

⋅
+

⋅
+

⋅
=

⋅
+

⋅
+

⋅
= 

=
⋅

+
( ⋅ )

+
⋅

≥⏞  

≥
⋅ + ⋅ + ⋅

=⏞
( ),( ) ( ⋅ )

⋅ =
⋅ ( )

= 

= ≥⏞  

.   If , , > 0 then prove: 

( + ) ≥ ∙ + + −  

Florică Anastase 

Solution. 
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( + ) = + =
+

≥
( ) + +

+ + +
= 

= ∙
+ +

+ + +
≥
( )

∙
+ + −

= ∙ + + − ≥
( )

 

≥
( )

∙ ∙ + + − ≥
( )
	 

≥
( )

∙ ∙ + + − ≥
( )

+ + −  

	 = + + ; ( ) ⇔ + ≥
−

⇔ ( − ) ( + ) ≥ ,∀ > 0 

( ) ⇔ + + ≥ + + ⇔ + + ≥ + +  

( ) ⇔ + + ≥ + +  

( ) ⇔ + + ≥
( + + )

( + + ) ; ( ) 

( ) ⇔ + + ≥
( + + )

+ + ; ( ) 

 

.  If , , > 0 then prove: 

( + )
( + ) ≥ ∙ + + −  

Florică Anastase 

Solution. 

( + )
( + ) =

+

+ =
+

+
≥

( ) + +

+ + +
≥
( )

 

≥
( )

∙
+ + −

= ∙ + + − ≥
( )
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≥
( )

∙ ∙ + + − ≥
( )
	 

≥
( )

∙ ∙ + + − ≥
( )

+ + −  

 

.  If , , > 0, ≥  then prove: 

( + )
( + ) ≥

( + )
∙ + + −  

Florică Anastase 

Solution. 

( + )
( + ) =

+

+ =
+

+
=

+
+

+
≥

( )
 

≥
( ) + +

+ + +
+

+ +

+ + +
=

+
∙

+ +

+ + +
≥
( )

 

≥
( ) +

∙
+ + −

=
+

∙ + + − ≥
( )

 

≥
( ) +

∙ ∙ + + − ≥
( )
	 

≥
( ) +

∙ ∙ + + − ≥
( ) ( + )

+ + −  

 

.  If , , > 0, > 0 then prove: 

( + )
( + ) ≥ ∙ + + −  

Florică Anastase 

Solution. 
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( + )
( + ) =

+

+
≥

( )
∙

+ +

+ + +
= 

= ∙
+ +

+ + +
= ∙

+ +

+ + +
≥
( )

 

≥
( )

∙
+ + −

= ∙ + + − ≥
( )

 

≥
( )

∙ ∙ + + − ≥
( )

∙ ∙ + + − ≥
( )

 

≥
( )

∙ ∙ + + − = ∙ + + −  

 

.  If , , > 0, , > 0 then prove: 

( + )
( + ) ≥

( + )
∙ + + −  

Florică Anastase 

Solution. 

( + )
( + ) =

+

+
=

+
+

+
≥

( )
 

≥
( )

∙
+ +

+ + +
+ ∙

+ +

+ + +
=

+
∙

+ +

+ + +
= 

=
+

∙
+ +

+ + +
≥
( ) ( + )

∙
+ + −

= 

=
( + )

∙ + + − =
+

∙ + + − ≥
( )
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≥
( ) +

∙ ∙ + + − ≥
( ) +

∙ ∙ + + − = 

=
( + )

∙ + + −  

 

.  Prove that: 

( − ) + ( − ) + ⋯+ ( − ) ≤
+ −
( − )

 

Florică Anastase 

Solution. 

= = + + ⋯+ = − ⇒ 

− = + − = + ,∀ = ,  

− = + = + + = + ; − = + = + +

 

− = + = + + ⋯+ +  

( − ) + ( − ) + ⋯+ ( − ) = 

= ( + ) + ( + + ) + ⋯+ ( + + ⋯+ + )  

( + ) + ( + )( + + ) =
+

( + + ) 

Suppose: 

( + ) + ( + )( + + ) + ⋯

+ ( + + ⋯+ )( + + ⋯+ ) =
+ + ⋯+

( + + ⋯+ ) ⇒ 

( + ) + ( + )( + + ) + ⋯

+ ( + + ⋯+ )( + + ⋯+ ) + 
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+ ( + + ⋯+ )( + + ⋯+ ) = 

=
+ + ⋯+

( + + ⋯+ ) + ( + + ⋯+ )( + + ⋯+ ) = 

=
( + + ⋯+ ) + ( + + ⋯+ ) + ( + + ⋯+ ) +

( + + ⋯+ ) ( + + ⋯+ )  

=
+ + ⋯+

( + + ⋯+ ) 

From ( + ) ≥ ⇒ ≥
( )

 we have: 

( + ) ≥ ( + )  

( + )( + + ) ≥ ( + + )  

( + + ⋯+ )( + + ⋯+ ) ≥ ( + + ⋯+ + )  

Adding up relationships, we have: 

( + ) + ( + + ) + ⋯+ ( + + ⋯+ + ) ≤ 

≤ ( + ) + ( + )( + + ) + ⋯

+ ( + + ⋯+ )( + + ⋯+ ) =
+ + ⋯+

( + + ⋯+ ) ⇒ 

( + ) + ( + + ) + ⋯+ ( + + ⋯+ + )

≤
+ + ⋯+

( + + ⋯+ ) 

( + ) + ( + + ) + ⋯+ ( + + ⋯+ + )

≤
−

( − )
 

( − ) + ( − ) + ⋯+ ( − ) ≤
−

( − )
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From: = + ⇒ − = ⇒
( )

=
( )

 

( − ) + ( − ) + ⋯+ ( − ) ≤
+ −
( − )

 

 

.  If ( )  is in arithmetic progression with > , >  then prove: 

+ + ⋯+ ≥ + − ( − − ) −  

Florică Anastase 

Solution. 

From A-G-M we have: √ ≤ ⇒
√
≥ ,∀ ∈ ℝ∗ = ( , ∞) then: 

+ + ⋯+ ≥ + + + + ⋯+ + ≥
̈

 

≥ + + + ⋯+  

 From = + ; 	 = =  we have = + ,∀ = , ⇒ 

− = ,∀ = , ⇒ ∙ = ( + ( − ) ) = ( − ) +  

But: ∙ = ( − ) = ( + ) − ( + ) − ( − ) − = 

= ( + ) − ( + ) − ( − )− ( − ) ⇒ 

∙ = [( + ) − ( + ) ] − ( − ) − ( − ) 

= ( + ) − − ( − ) − ( − ) = − +  

∙ = ( − ) + ∙ = 

= ( − )( − ) + ( − + ) = 

= − ( − − ) − . 

So, + + ⋯+ ≥
( )

 

 

.  Prove that: 
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+ + ⋯+
( + )

≥ ( + ) + 	 ,∀ ≥  

Florică Anastase 

Solution. 

From A-G-M we have: √ ≤ ⇒
√
≥ ,∀ ∈ ℝ∗ = ( ,∞) then: 

+ + ⋯+
( + )

≥ + + + + ⋯+ + ( + ) ≥
̈

 

≥
+ + + ⋯+ ( + )

 

For = , =  we get: + + ⋯+ ( + ) = ( + ) + , then  

+ + ⋯+
( + )

≥ ( + ) + ,∀ ≥  

 

.  Prove that: 

+ + ⋯+ ≥ ( + ) − + ,∀ ≥  

Florică Anastase 

Solution. 

 From A-G-M we have: √ ≤ ⇒
√
≥ ,∀ ∈ ℝ∗ = ( ,∞) then: 

+ + ⋯+ ≥ + + + + ⋯+ ≥
̈

 

≥ + + + ⋯+  

For = , =  we get: + + ⋯+ = ∑ ( + ) ∙ = 

= ( + ) − ( − − ) − = − +  

Then  

+ + ⋯+ ≥ ( + ) − + ,∀ ≥  
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.  Prove that: 

+
+

+ +
+ ⋯+

+ + ⋯+
≥ ( + ) −  

Florică Anastase 

Solution. 

We have: = + ,∀ ≥ ⇒ − = 	∀ ≥ ⇒ 

∙ − ∙ = ⇒ + + ⋯+ = ∙ − ⇒ 

+ + + ⋯+ = ∙ ⇒
+ + + ⋯+

= ∙  

⇒
+ + + ⋯+

=
−
∙ = − ⇒ 

+ + + ⋯+
= −  

From A-G-M we have: √ ≤ ⇒
√
≥ ,∀ ∈ ℝ∗ = ( ,∞) then: 

+
+

+ +
+ ⋯+

+ + ⋯+
≥ 

≥
+ +

+
+ + +

+ ⋯+
+ + + ⋯+

≥
̈

 

≥
+ + + + + + ⋯+ + + ⋯+

= 

=
+ −

= ( + ) −  

 

.  Prove that: 

( + ) + ( + ) + ⋯+ ( + ) ≥
( − ) − +

 

Florică Anastase 
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Solution. 

( + ) + ( + ) + ⋯+ ( + ) = 

=
[( + ) ]

+
+

[( + ) ]

+
+ ⋯+

[( + ) ]

+
≥

̈
 

≥
[( + ) + ( + ) + ⋯+ ( + ) ]

+ + + + ⋯+ +
 

But: + + ⋯+ < 2,∀ ∈ ℕ from mathematical induction by ∈ ℕ	and 

( + ) + ( + ) + ⋯+ ( + ) = 

= ( + + ⋯+ ) + ∙ + ∙ + ⋯+ ( + ) ∙ = 

= ( − ) + − + = ( − ) − +  

( + ) + ( + ) + ⋯+ ( + ) ≥
( − ) − +

 

 

.  If	 , , > 0, = , ∈ ( , ] then prove: 

( + )( + )
( + )( + ( + )( + )) ≤  

Florică Anastase 

Solution. 

( + )( + )
( + )( + ( + )( + )) =

( + )( + )
( + )( + ( + )( + ))	 = 

=
( + )( + )

( + )( + ( + )( + )) = +

+ ∙ + +
					( ) 

: = + , = + , = + 	 	 , , ∈ , 	 

	 	 :	 + + + + + ≤ 					( ) 

	 	 	 ≤ ≤ ≤ ≤ →⏞
( ),( )
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+ + + + + ≤ + + + + + ≤⏞
+ +

+ ≤⏞
?

↔ 

( + + ) ≤ + ↔ ( − ) + ( − )( − ) ≥ 	true for	 

, , ∈ , , ∈ ( , ] 

 

.  If	 , > 0, + ∈ , , then: 

∙ ∙ + ∙ + ≤ + + +  

Florică Anastase 

Solution. 

: : , → , ( ) = + , ( ) = + + , ( )

=
− −
( + )  

	 : , → , ( ) = − − , ( ) = + > 0 → ( ) >

= + > 0 → ( ) > 0,∀ ∈ , → 	 	 . 

	 	 → + = + ∙ + + ∙ ≤
+
+

↔ 

( + ) ∙ ( + +
≤

∙
( +

+ ∙
( +

+ ↔ 

∙ ∙ + ∙ + ≤ ( + ) ∙ ( + + ≤⏞  

≤ + + +  
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.   

	 , , , , > 0	 : 

+ ≤ ( + ) +  

Florică Anastase 

Solution. 

:	( + ) ≥ → + ≤
+

→ 

+ ≤
+

≤
( + )

=
+

			( ) 

+
=

+
∙ ≤⏞

+
∙

+

=
+

∙
+

≤⏞
+

∙
+

				( ) 

From (i),(ii) we have: 

+ ≤ ( + ) +  

.  If	 , , … , > 0, ∈ ℕ, > 1.Then: 

+ + ≥  

Florică Anastase 

Solution. 

+ = + ( + − ) ≥⏞ + ⇒ 

+ + ≥ + + ≥ ( + ) ⇒ 

+ + ≥ ( + ) ≥⏞  
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≥ ( + ) ≥  

 

.  If	 , , > 0,	then	 

+ + + ≥  

Florică Anastase 

Solution.  

+ = + ( + − ) ≥⏞ + 	 	  

	 + ≥ + , + ≥ +  

+ ≥ + ≥⏞ + ≥⏞ = 	 	  

+ ≥ , + ≥  

+ + + ≥ … … ( ) 

≥⏞
?

↔ ( − ) ( ) + ( − ) ( ) + ( − ) ( ) ≥  

∴ 	 < ≤ ≤ → − < − 	 

( ) ≤ ( ) →⏞  

( − ) ( ) − ( − ) ( ) ≥ ( − ) ( ) = √  

( − ) ( ) + ( − ) ( ) + ( − ) ( ) ≥ ( − ) √
≥ … ( ) 

From (1) and (2) we have: + + + ≥  

 

.  If < ≤ ≤. . .≤ , > 0, then prove: 

∙
≤

+
−  

Florică Anastase 
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Solution. 

≥ ∙ ( − )( − ) = ∙ ( ∙ − ∙ − ∙ + ) = 

=
∙

− − + =
∙

− ( + ) + ⇒ 

∙ ∙ ≤ ( + ) − 	 ≤⏞ ( + ) −  

∙
∙ ≤ + − ≤⏞ + −

∑
 

∙
∙ ≤ ( + ) −  

∙
∙ ≤

+
−  

 

.  In acute ∆  the following relationship holds: 

+ ≥  

Florică Anastase 

Solution. 

 

+ = +  

≥⏞
( + )

+ = +  

=⏞
√ +

≥ + ≥⏞
( + + )

( + + ) =  
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= − ≥⏞ ∙
∑

= ∙

√

≥  

 

.  If , , ∈ ( , ) or , , ∈ ( ,∞), + + =  then: 

∙ ≤

⎝

⎛
∑ ∑ ( − )

−
⎠

⎞ 

Florică Anastase 

Solution. 

 

∙ ∙ ( + + ) 

≤ ∙
( + + )

 

=
+ + −
− − − =

+ + − − −
−  

=
( − ) + ( − ) + ( − )

−  

Let be the function: ( ) = , ( ) = > 0∀ ∈ ℝ ⇒ −increasing 

( − ) + ( − ) + ( − ) ≤
. .

( + + )(( − ) + ( − ) + ( − ) ) 

If , , ∈ ( , ) ⇒
− > 0
− > 0
− > 0

 and − > 0 ⇒ ∑ ( ) > 0 

If , , ∈ ( ,∞) ) ⇒
− < 0
− < 0
− < 0

 and − < 0 ⇒ ∑ ( ) > 0 

 

.   

	 , , ∈ , , ∈ ℕ, + + = , : 
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( + ) ( + ) ( + )
( + + )( + + )( + + ) ≤

+ + +
+ + −  

Florică Anastase 

Solution  

	 , , ∈ , , ∈ ℕ,→ < < < 	 	 	 → + +

∈ ,  

	 ( + + ) < ( + + ) < 	  

	 + + ≥ + − + + 	 	  

( + + )( + + )( + + )

≥ + − + + + − + + + − + +

≥ − + + − + + − + +

=
( + + )−

+ + ↔ 

( ( + + )− )
( + + )( + + )( + + ) ≤ ( + + ) ↔ 

+ + +
+ + ∙ ( + + )( + + )( + + )

≤
+ + +

( + + ) − ↔ 

+ + + + +
+ +

∙ ( + + )( + + )( + + )

≤
+ + +

( + + ) − ↔ 



 
www.ssmrmh.ro 

35 100-RMM MATH PROBLEMS 
 

( + ) ( + ) ( + )
( + + )( + + )( + + ) ≤

+ + +
+ + −  

 

.  	If	 > 1	, = , + 	, ∈ ℕ	prove: 

( ∙ … ∙ ) ≥  

Florică Anastase 

Solution: 

( ∙… ∙ ) = + + ⋯+ ≥⏞  

≥ ∙ ∙ … ∙  

( ∙ … ∙ ) ≥ ∙ … ∙ ≥⏞  

≥ ∙ ∙ ∙ … ∙ =  

 

.   

	 , , ∈ ( , )	 	 + + = , : 

( + ) ∙ ( + ) ∙ ( + ) ∙ (√ + √ + √ ) ≤  

Florică Anastase 

Solution. 

 

: : ( , ) → , ( ) = ∙ ( − ) , ( ) = ( − )− − , ( )

= −
∙ ( − )

( − ) < 0,∀ ∈ ( , ) → . 

From Jensen inequality: 

√ + √ + √
=

+ +
√ + √ + √

≥
√ ∙ √ + √ ∙ √ + √ ∙ ( )

√ + √ + √
↔ 
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√ + √ + √
∙ −

(√ + √ + √ )

≥
∙ ( − ) + ∙ ( − ) + ∙ 	( − )

√ + √ + √
↔ 

(√ + √ + √ ) − ( + + )
(√ + √ + √ )

≥ ( − ) ∙ ( − ) ∙ ( − ) ↔ 

( + ) ∙ ( + ) ∙ ( + ) ∙ (√ + √ + √ ) ≤ (√ + √ + √ ) ↔ 

( + ) ∙ ( + ) ∙ ( + ) ∙ (√ + √ + √ ) ≤ ( + + ) ↔ 

( + ) ∙ ( + ) ∙ ( + ) ∙ (√ + √ + √ ) ≤  

 

.   

	 , , … , > 0, ℎ : 

+ ≥
∑

 

Florică Anastase 

Solution. 

 

+ = + ( + − ) ≥⏞ + → 

+ ≥ + ≥⏞ → + ≥ … … ( °) 

	 	 :	 ≥
∑

↔ ( )

≥ ( ) 	 , 

Cebyshev inequalities for sequences ( ) , ( 	( )) ......( °) 

From ( °), ( °) we have: 
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+ ≥
∑

 

 

.  	If	 , , > 1, then: 

+ ( + ) ≥ ( + ) ( + ) ( + )  

Florică Anastase 

Solution: 

From Bernoulli’s inequality, we have: 

 

= ( + − ) ≥
= ( + − ) ≥
= ( + − ) ≥

 

→
( + ) + ≥ ( + )( + ) ≥ ( + )

+ ( + ) ≥ ( + )( + ) ≥ ( + )
( + )( + ) ≥ ( + )( + ) ≥ ( + )

→ 

+ ( + ) ≥ ( + ) = 

= ( + ) ≥⏞ ∙ ( + ) = 					( ) 

∴ ≥ ,∀ , , > 1 ↔ ( − ) + ( − ) + ( − ) ≤  

	 ≤ ≤ ≤ → ( ≤ ≤ , − ≥ − ) ⇒  

( − ) + ( − ) ≤ ( − ) ( ) = ( − )  

→ ( − ) + ( − ) + ( − ) ≤ ( − ) + ( − )

= ( − ) ≤ ∴ 

: = + , = + , = + → ( + ) ( + ) ( + ) ≤ 			( ) 
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	( ), ( ) → + ( + ) ≥ ( + ) ( + ) ( + )  

 

.  If , , ∈ ( , ), ∈ ℕ, ≥  then prove: 

− √ ≥
−

+ −  

Florică Anastase 

Solution. 

 

− √ ≥
−

+ −  

− √ ≥
−

+ −  

−
−

+ − ≥ √  

−
−

+ − ≥ √  

+ − ≥ √  

+ − ≥ √ ; 		( ) 

Let be the function : [ , ] → ℝ,	 

( ) = − ( + ) √ + √ + √ + √ , ∈ [ , ] 

( ) = −
+

√
+ √ + √ + √  

( ) =
+

∙ √
+

( + )
√

 

( ) > 0 ⇒ ′[ , ] − ; ( ) = − + √ + −
−
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∈ [ , ], √ + ≤ ⇒ ( ) ≤ ⇒ [ , ] −decreasing	⇒ ( ) ≥ ( ),∀ ∈ [ , ] 

( ) = − ( + ) √ + + √ + ≥ ,∀ ∈ [ , ] 

Let ( ) = − ( + ) √ + + √ + ≥ ,∀ ∈ [ , ] 

( ) =
−( + ) + √ ( + )√ +

√
≤ , ,∀ ∈ [ , ] ⇒ −  

( ) = ( ) ≥ ( ) =  

We have: 

( ) = − ( + ) √ + + √ + ≥ ⇔ 

 

≥ ( + − ) √ + ⇔ + − ≥
√ + 	

 

Therefore, 

+ − ≥
√ + √ 	

	( 	 ); 		( ) 

From ( ), ( ) we get 

− √ ≥
−

+ −  

.  If , , > 0 then: 

+ √
+

+ √
+

+ √
≤

+ √
+

+ √
+

+ √
 

Florică Anastase 

Solution.  

⎩
⎪⎪
⎨

⎪⎪
⎧

( √ + ) ≥ √
( √ + ) ≥ √
( √ + ) ≥ √

	→

⎩
⎪⎪
⎨

⎪⎪
⎧ √
√ +

≤
√ +

√
√ +

≤
√ +

√
√ +

≤
√ +

→

⎩
⎪⎪
⎨

⎪⎪
⎧

+ √
≤

√ +

+ √
≤

√ +

+ √
≤

√ +

 

+ √
+

+ √
+

+ √
≤

+ √ + + √ + ( + √ )
↔ 
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+ √
+

+ √
+

+ √
≤

+ √
+

+ √
+

+ √
						( ) 

	 < ≤ ≤ → < ≤ ≤ → 

+ √ 								 + √ 								 + √
																 												

	 ≥
+ √ 								 + √ 								 + √

																 												
→ 

+ √
+

+ √
+

+ √
≤

+ √
+

+ √
+

+ √
 

:	
+ √

+
+ √

+
+ √

≤
+ √

+
+ √

+
+ √

 

 

.  If < , , < 1 then: 

( + )( + )
+ √

≥ +  

Florică Anastase 

Solution. For , , > 0 we have: 

( + )( + ) ≥ + ⇔ + + + ≥ + + ⇔ 

+ − ≥ ⇔ √ − ≥  true. 

( + )( + )( + ) ≥ + + + ≥ 	 

≥ ∙ ∙ + = + ; (∗) 

Now, 

( + )( + )
+ √

≥
+ √ ∙

+ √
= + √  

( + )( + )
+ √

≥ + √ ≥
(∗)

+  

 

.  If , ∈ ( , ); , ∈ ℕ∗ then prove: 
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∙
+

+
∙

+
≥ +  

Florică Anastase 

Solution. 

∙
+

≥ ∙ = ∙ = +  

∙
+

≥ ∙ = ∙ = +  

Adding, we get: 

∙
+

+
∙

+
≥ + + ≥ +  

∙
+

+
∙

+
≥ + ⇔ 

∙
+

+
∙

+
≥ + ≥ +  

 

.  Solve in ℚ the system: 

− + + + =
− − + + =

		 

Florică Anastase 

Solution. 

− + + + =
− − + + =

		 

+ = − ( − ) −

+ = − ( − ) +
				 

Let be ∈ ℂ, = +  with	 = 	and	 = − +  

From system we get: 
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−
+ = − − − + − − = (− + ) − +  

⇔ = (− + ) ⇔ = ( − ) ⇔ =
+

 

Therefore, 

= 	ș 	 =  

 

.  If < < < 	and	 , , > 0  

Ω = + +
−

+ + +
−

+ + +
−

 

Ω = + √  

Prove that: Ω > 3Ω  

Florică Anastase 

Solution. From BCS inequality we have: 

( + )( + ) ≥ ( + )  

+ + − ≥ + √ ∙ ∙ − ≥
( )

+ √  

( ) ∙ − ≥ √ ⇔ ( − ) ≥ ⇔ ( − ) ≥  

Similarly: 

+ + − ≥ + √  

+ + − ≥ + √  

Therefore, 
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Ω = + +
−

+ + +
−

+ + +
−

 

≥ + √ + + √ + + √ ≥  

≥
+ √ + √ + √

≥  

≥
+ √

= + √ = Ω  

 

.  If	 , , ∈ ( , ), : ( , ) → ( , ∞)continuous with	 ( ) < 0 and	 

( ) < 0,∀ ∈ ( , )then: 

( + )( + )
+ √

≥ ∙ 	( + ) ∙ 	( + ) 

Florică Anastase 

Solution: 

, , ∈ ( , ) → ( + ), ( + ), ( + ) ∈ ( , ) 

( + )( + )
+ √

≤
+ +

↔ √ −√ √ − ≥ ,∀ ,

∈ ( , )	 	 … … ( ) 

( + )( + )
+ √

≥
( + √ )

+ √
= + √ > 2 

( + )( + )
+ √

< 3 ↔ √ − √ − < 0	 . 

+ + √ ≥ ( + + )	,∀ , , > 0 … … ( ) 

	 = { , , }	 	 = , = 	 , , ∈ [ , ] ⇒⏞
( )

( + + )

≥ + +  

	( + + ) = + ( + ) + ( + )

≥ ( + + ), 	 	 : 
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( + + ) ≥ ( + + ), 	 	( + + ) = ( + ) + + ( + )

≥ ( + + ) ≥ ( + + ),∀ , ∈ [ , ] 

From (1),(2) we have: 

( + )( + )
+ √

≥
( + ) + ( + )

≥
( + ) + 	( + )

≥ ( + ) ∙ ( + ) 

( + )( + )
+ √

≥ ( + ) ∙ ( + ) ≥ 

≥ ∙ ( + ) ∙ ( + )  

 

.   If , , ∈ ( , )	 	 + + = , then: 

( + ) ∙ ( + ) ∙ ( + ) ∙ (√ + √ + √ ) ≤  

Florică Anastase 

Solution: 

: : ( , ) → , ( ) = ∙ ( − ) , ( ) = ( − )− − , ( )

= −
∙ ( − )

( − ) < ,∀ ∈ ( , ) → . 

From Jensen inequality: 

√ + √ + √
=

+ +
√ + √ + √

≥
√ ∙ √ + √ ∙ √ + √ ∙ ( )

√ + √ + √
↔ 

√ + √ + √
∙ −

(√ + √ + √ )

≥
∙ ( − ) + ∙ ( − ) + ∙ 	( − )

√ + √ + √
↔ 

(√ + √ + √ ) − ( + + )
(√ + √ + √ )

≥ ( − ) ∙ ( − ) ∙ ( − ) ↔ 

( + ) ∙ ( + ) ∙ ( + ) ∙ (√ + √ + √ ) ≤ (√ + √ + √ ) ↔ 
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( + ) ∙ ( + ) ∙ ( + ) ∙ (√ + √ + √ ) ≤ ( + + ) ↔ 

( + ) ∙ ( + ) ∙ ( + ) ∙ (√ + √ + √ ) ≤  

 

.  If	 , , … , > 0	 	 	 + + ⋯+ = ,	then: 

+
≤

∑
+ ∑

∑

 

Florică Anastase 

Soluție: 

+
≤⏞

+

( )

≤⏞
? ∑

+ ∑

∑

 

: ( , ∞) → , ( ) = + = −( + ) ( + ) , ( ) = −( + ( + )),	 

"( ) = − + < 0,∀ > 0 → 	 →⏞  

∑ =
∑
∑ ≥

∑ ( )
∑ ↔ 

+ ∑

∑

≥
∑

+
∑ ↔ 

+ ∑

∑

≥
∑

+

( )

∑ ↔ 

 

∑
+ ∑

∑
∑

≥

∏
+

( )

∑ ↔ 
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∑
+ ∑

∑

≥
+

( )

↔ 

∑
+ ∑

∑

≥
+

( )

≥
+

 

 

.  If 	 , , ∈ , , > 0, : = + + .If = ,	then 

( − ) ( + ) ( + ) ( + ) ≤ 

≤ ( + ) ( + + )( + + )( + + ) 

Florică Anastase 

Solution. 

( + + )( + + )( + + ) = 

= ( + − )( + − )( + − ) ≥⏞ ( − ) ( − ) (

− ) , . , , ∈ ,  

We must to prove: 

( − ) ( + ) ( + ) ( + ) ≤ ( + ) ( − ) ( − ) ( − )  

−
+ ≤

( − ) ( − ) ( − )
( + ) ( + ) ( + )  

−
+ ≤

( − ) ( − ) ( − )
( + ) ( + ) ( + )  

−

+
≤

−
+

−
+

−
+ 			(∗) 

		 : ( , ) → , ( ) =
−
− = ( − ) − ( + ) 

( ) = − ( − )( + ) , "( ) =
( − )

( − ) ( + ) ≥ , ∈ , → 	 	 

= ≤⏞
( ) + ( ) + ( )

	↔ (∗) 
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.  For	 , , ∈ ( , ) ∪ ( ,∞), + + = .Prove that 

∙ ∙ ∙ ( + + ) ≥ ( + + )  

Florică Anastase 

Solution. 

∙ ∙ ∙ ( + + ) ≥ ( + + )  

∙ ∙ ∙ ( ) ≥ ( + + )  

+ + ≥
∙ ∙

 

+ + ≥
∙ ∙

 

( + + ) + + ≥ + +  

+ +
+ + ≥ + + 	(∗) 

		 : ( , ) ∪ ( , ∞) → , ( ) = = − 	  

( ) = −( + ), "( ) = − < → 	 	 	( , ) ∪ ( ,∞)	 

	 + + = →	 

+ + ≥ ( ) + ( ) + ( ) ↔ 

+ +
≥

( ) + ( ) + ( )
↔ 

+ +
+ + ≥

( ) + ( ) + ( )
↔ 

( + + )
+ + ≥ + + ↔ (∗) 

 

.   If	 ∈ , ,	then: 
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+ 	( ) ∙ + 	( )

( + ( )) + ( + ( )) ≤  

Florică Anastase 

Solution: 

	 : , → , ( ) = + , ( ) = − + , "( )

=
− −
( + )  

	 ( ) = − − , ′( ) = − , "(x)=2+sinx>0, ∀x∈ π,
3π
2

 

→h'(x)>h'(π)=2π+1>0→h(x)>h(π)=π2-1→f''( ) > 0 → 	 	 	 	 ∈ ,  

	 	 , 	 :
+
+

≤
( ) + ( )

+ ↔ 

( + )( + +

≤
+ 	( ) + 	( )

+  

+ 	( ) + 	( )
≤

≤ ( + ) + + ≤⏞

	 	 ∈ ,

 

≤ ( + ) +
∙ ( ) + ∙ 	( )

+ ↔ 
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+ 	( ) + 	( )

≤ ( + ( )) + ( + ( ))  

 

.  Pentru , , ∈ ( ,∞), ă	 	 	 ă: 

+ + ≥  

Florică Anastase 

Soluție: 

QM≥AM: ≥  we get: 

+ + ≥ 	(1) 

We must show: 

	 + + ≥   (2), but for ∈ ( , )∪ ( ,∞) we have 

 

+ + = 

= + ( + ) + + ( + )

+ + ( + ) 

Let:  = 	, = 	, = 	; 	 , , ∈ ( ,∞) , 

+ ( + ) + + ( + ) + + ( + )

= + ( + ) + + ( + ) + + ( + )

≥
( + + )

+ + + ( + + ) 

Inequality (2) becomes: 

( + + )
+ + + ( + + ) ≥ 	⇔ 
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( − ) + ( − ) + ( − ) ≥  

 

.  If	 > 1	, = , + 	, ∈ ℕ prove: 

( ∙ … ∙ ) ∙ ∙…∙ ∗
≥  

Florică Anastase 

Solution. 

( ∙ … ∙ ) ∙ ∙…∙ ∗
≥⏞	

âş

 

≥ ( ∙ … ∙ ) ∙…∙ ∗
				( ) 

( ∙… ∙ ) = + + ⋯+ ≥⏞  

≥ ∙ ∙ … ∙  

( ∙ … ∙ ) ≥ ∙ … ∙ ≥⏞  

≥ ∙ ∙ ∙ … ∙ = 					( ) 

∙…∙ ∗
= + ( + + ⋯+ = 

= + ( + ⋯+ ) ≥ 

≥
( + + ⋯+ )

+ + ⋯+ + ( + + ⋯+ ) ≥

⇔ 

+ + ⋯+ ≥ + + ⋯+ 						( ) 

From (1),(2),(3) we get the proposed problem. 
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.  If	 > 	, = , + 	, ∈ ℕ	prove: 

( ∙ … ∙ ) ≥  

Florică Anastase 

Solution: 

( ∙… ∙ ) = + + ⋯+ ≥⏞  

≥ ∙ ∙ … ∙  

( ∙ … ∙ ) ≥ ∙ … ∙ ≥⏞  

≥ ∙ ∙ ∙ … ∙ =  

 

.  If , , ∈ ℝ − ( + ) ∣ ∈ ℤ  then prove: 

∙ ( − ) + ( − ) ( + − ) =  

Florică Anastase 

Solution. 

( − ) =
( − )

− ( − ) 

But 

( − ) =  

Hence, 

( − )
= ∏ ∙ ( − ) = 

= ∏ ∙ ( + ) ( − ) + ( − ) ; 		( ) 

Now, 
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( − ) = − ( − ) ( − ) ( − ) 

Then, 

( − ) +
( − ) ( − )( ( − )

∏ = ; 		( ) 

On the other hand, we have: 

( − ) ( + − ) = ( − ) ∙
( + − )

= 

= ( − ) ∙
( + − ) − ( + )

= 

= ( − ) ( + − ) − ( − ) ( + ) = 

= [ ( − ) + ( − )] − ( − ) 

Hence, 

( − ) ( + − ) = − ( − ) = 

= −
( − ) + ( − ) + ( − )

= 

= − ( − ) ( + − ) − ( − ) ( − ) = 

= ( − )[ ( + − )− ( − )] = 

= ( − ) ( − ) ( − ); 		( ) 

From ( ), ( ), ( ) we get: 

∙ ( − ) + ( − ) ( + − ) =  

 

.  If	 , , > 0,	then: 

∙ ∙ + ≤
+

+ ≤ ∙  

Florică Anastase 
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Solution: 

=
+

, = → = +
=

→ + + = +
( + ) = ( + )

 

≤ ( − ) → ( + ) ≤ ( + ) → ( + ) ≤ ( + )  

+ ≤ + →

⎩
⎪
⎨

⎪
⎧ +

+ ≤ +

≤
+

→
+

+ ≤ ( + ) → 

+
+ ≤ ( + + ) … … ( ) 

+ + √ ≥ ∙ ( + + )	,∀ , , > 0 

	 = { , , }	 	 = , = 	 , , ∈ [ , ] ⇒⏞
( )

( + + )

≥ + +  

	( + + ) = + ( + ) + ( + )

≥ ( + + ), 	 	 : 

( + + ) ≥ ( + + ), 	 	( + + ) = ( + ) + + ( + )

≥ ( + + ) ≥ ( + + ),∀ , ∈ [ , ] 

+
+ ≥

+
+

≥ + + + ∙ ( + + ) … … ( ) 

 

.   If < < < 1,	then: 

+
+ ∙ + ≥ −

√
+ √

 

Florică Anastase 

Solution. 
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: , : , → , ( ) =
+
+ , ( ) = + 	 	  

( ) =
( − )
( + ) > 0, ( ) = − ( + ) < 0

→ 	 	 	 	 	  

→⏞
+
+ ∙ + ≥

+
( + ) 			( ) 

=
+

( + ) =
− + ( + )

( + )

=
−

( + ) + + 				( ) 

	 = + → = − + +
−

( + ) →							 

= − + −
−

( + ) 			( ) 

	( ), ( ) 	 : =
−
+ = −

√
+ √

 

:	
+
+ ∙ + ≥ −

√
+ √

 

 

.  For	 , ∈ ℕ, ≥ , ≥ 	find: 

= 	
→

− + + +  

Florică Anastase 

Solution. 



 
www.ssmrmh.ro 

55 100-RMM MATH PROBLEMS 
 

:	
→

( + 	( + )) −
= 	⇔ 	∀ ∈ ℕ,∃ > 0	 ℎ	 ℎ : 

− ≤
+ + −

≤ +  

− ≤ + + − ≤ +  

→
=

→
= =  

,
→

− + + + =  

 

.  Let be ( ) , ( ) ; ∈ ℕ, ≥ , > 1  

= , ( ) =
√

 

Then find: 

Ω =
→

( ) 	 	Ω =
→ →

( )  

Florică Anastase 

Solution. 

Let : ( ,∞) → ℝ, ( ) =  and : ( ,∞) → ℝ, ( ) = ( ) 

 

How ( ) = ( )− ( ) then − differentiable 

( ) = ∙ ( )− ( ) = − =
−

> 0 ⇒ ( ) ↑ ∈ ( ,∞) 

How > ,∀ ∈ ( , ), > 1 we have 
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( ) =
√

= ≥ =
( − )

,∀ > 1 

 

⇒ Ω =
→

( ) =
→

( − )
=

→

−

∙
=

→

−
= +∞ 

≤ ≤ − + − ,∀ ∈ ( , )						(∗) 

≤ ,∀ ∈ ( , ) ⇔ − ≥ ,∀ ∈ ( , ) ⇔ 

−
≥ ,∀ ∈ ( , )( )						 

Now,  

≤ − + − ,∀ ∈ ( , ) ⇔ ≤ − + − ,∀ ∈ ( , ) ⇔ 

+
− +

≥ ,∀ ∈ ( , ) 

Let ( ) = 	 + , ∈ ( , ); ( ) = ( ) ≥ ,∀ ∈ ( , ) ⇒ ( ) ↑ ∈ ( , ) 

From (∗) we have: 

≤ ≤ − + −  

≤ ( ) ≤
−

+
−

 

= ( )| = ,∀ ∈ ,√ ⇒
→

=  

− + − =
−
− =

( + )( − )
− ,∀ ∈ ,√ 	 
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→ − + − =  

So, we have: 

→
( ) =  

Let be:  

= = =
!

! ( − )! =
( !)

[ ! ∙ ! ∙ … ∙ ( − )!]  

 

< ≅
+

( + )!
< 3; ≥ 6		(∗) 

 

=
( + )

! =
( + )

( + )! >
(∗)

⇒ > ∙  

=
( + )

! =
( + )

( + )! <
(∗)

⇒ < ∙  

Suppose: >
> ∙

⇒ > ∙ = >
( )

  

Suppose: <
< ∙

⇒ < ∙ = < ( )  

Therefore, 

< < ,∀ ≥  

< <  

≤ = ∙ ∙ … ∙ < = ( + ) = 

=
+ + + ⋯+

=
+ + ( − ) + ⋯

< ( − ) =  
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Ω =
→ →

( ) =
→

=  

 

.  Let ( ) , = , =  and ( )  such that: 

+ = +  

Find:  Ω =
→

	 

 Florică Anastase 

Solution. 

= ⇔ = + = ( + ) 

Let: = ; 	 = ⇒ = ( + ), =  

+ = ( + ) + ⇒
+

!
−

+
( − )!

=
!
⇒ 

+
! = + ! + ! + ⋯+ ! =  

+ = + = + ∙ = ( + )! =
+

!  

→
+ =

→

+
! =  

→
=

→

+ ! + ! + ⋯+ !
+

−  

=
→

+ ! + ! + ⋯+ ! −

+
+

+
− ; 		( ) 

→

+ ! + ! + ⋯+ ! −

+
=⏞

.

→

+ ( + )!
+ ! + ! + ⋯+ !

− ( + )
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=
→

+ ( + )!
+ ! + ! + ⋯+ !

− ( + )

= ; 		( ) 

→ +
− =

→ ( + ) − = ; ( ) 

From (1)+(2)+(3) we have: 

Ω =
→

=  

 

.  Let ( )  be a sequence of real numbers such that = > 0 

= ( + )( ∙ + ∙ ), ≥  then find: 

Ω =
→

∑

 

  Florică Anastase 

Solution. 

= > 0 

= :				 = ( ∙ + ) = =  

= :			 = ( ∙ + ) = =  

Let be: = ⇒ = ( + )( ∙ + ) = ( + ) ∣: ⇒ 

= ( + )  

= ∙ ∙ … ∙ ∙ ∙ ∙ ∙ …	 ∙ = ( !) ∙
( )

 

	 + = + + + + ⋯+ = 
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= + + + ⋯+ = + ∙
−

−
= + − ∙ − = 

= ∙
−
− − −  

Ω =
→

∑

=
→

∙

= 

=
→

( !) ∙
( )

∙

= 

=
→

∙ −
− − − ∙ ( !) +

( + )
 

Case 1. > 1 ⇒ ∙ →  

Ω = − →

⎝

⎜
⎛ !

+
( + )

⎠

⎟
⎞

= ( − ) + − →

!
= 

= ( − ) + − →

( + )! − !
( + ) − = 

= ( − ) + − →

( + )
+ = 

= ( − ) ⇒ Ω = ( )  

Case 2. < < 1 ⇒ →  

Ω =
→

!
( )

∙

=
→

⎣
⎢
⎢
⎢
⎡

!
( )

∙ !
( ) ( )

⎦
⎥
⎥
⎥
⎤

= 
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=
→

⎣
⎢
⎢
⎢
⎡

!
( )

∙ !
( ) ( )

⎦
⎥
⎥
⎥
⎤

=  

=
→

!
( )

= ! −
( + )

⇒ 

→
=

→

! −
= −∞ ⇒ =

→
!

( )
= ⇒ Ω =  

 

.   

	 	( ) , =
+ √

; ∈ ℝ, ≥ ; 

Ω( ) =
→

( + ) ∙ ∑
∙( )

	. Then prove: 

−
≤ Ω( ) ≤

−
+  

Florică Anastase 

Solution.  

=
+ √

=
√

( + ) = ( + ) = ( − ) = 

= − − − −⋯− = − − ∙
−

−
= 

= − + ∙ − = − + − = ⇒ →  

−
∙ ( ) = ∙ − ∙ = −  

Let be the sum:  
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+ + + ⋯+ =
−
− = − ; ( ∈ ( , ), → ) ⇔ 

+ + + ⋯+ = − ( − ) ⇒ = − ( − ) 

Therefore, 

−
∙ ( ) = − = − + − =

( − )
 

So, Ω( ) = ( ) 

We must show: ≤ Ω( ) ≤  

Case 1) Let be the function ( ) = ( ) − ; ∈ [ ,∞) 

( ) =
+

( − ) > 0,∀ > 2 ⇒ ( ) ↗ [ ,∞) ⇒ ( ) ≥ ( ) = ,∀ ∈ [ ,∞)	 

⇒
( − )

≥
−

,∀ ∈ [ ,∞);		( ) 

Case 2) Let be the function ( ) = ( ) − , ∈ [ ,∞) 

( ) =
− + +
( − )( + ) ; ( ) = ⇔ = + √ ; ( > 2); 	 ( ) < 0 

 																							 																																											∞ 

( ) 	+ + + + + − −− − − −− −−− 

( ) − 	↗	↗	↗ 	 ( ) 	 ↘	↘	↘ 					( − )	 

 

We get, ( ) < 0, ,∀ ∈ [ ,∞); ( )	 

From (1),(2) we get: 

−
≤ Ω( ) ≤

−
+  

 

.  If = ∑ ∙  and = ∫
√

 then find: 
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Ω =
→

([ ] ∙ ) ; 	[∗] −  

Florică Anastase 

Solution. 

=

√

 

Let be the function :
√

, → ℝ, ( ) = ; ( ) > 0; ( ) > 0,∀ ∈
√

, ⇒ 

−
√ √

< ( )

√

< −
√ √

+ ( ) 	( 	 ) 

⇔ √ − <

√

<
+ √

 

⇒ [ ] =

⎣
⎢
⎢
⎢
⎡

√ ⎦
⎥
⎥
⎥
⎤

=  

(∴ = − ) 

For = , … ,  we get: 

⎩
⎪⎪
⎨

⎪⎪
⎧ = − ∙

= − ∙
⋮

= − ∙

 

Therefore, 

= ∙ = + ∙ + ⋯+ ∙ = 

= ∙ + ∙ ∙ + ⋯+ ∙ ∙ = 
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= − = −
√

 

Ω =
→

([ ] ∙ ) =
→

−
√

=
→

∙ −
√

=
→

− √
=  

 

.  Let ( ) , ( )  be sequences of positive real numbers such that: 

> 1, =
+ ( − )

; 	 > 0, =
( + )

+ ( − ) 

Then find:  
→

√

 

Florică Anastase 

Solution. 

=
+ ( − )

≥
( )

= ⇒ ≥ ,∀ ∈ ℕ; 		( ) 

− =
+ ( − )

− =
+ ( − ) −

=
−

≤
( )

,∀ ∈ ℕ ⇒ 

( ) −decreasing; (2) and ∈ ( , ). 

From (1),(2) we get ( ) −convergent;  (3) 

=
( + )

+ ( − ) ⇔ + = + ( − ) ⇔ 

+
=

+ ( − )
= +

−
= +

−
∙ =  

= +
( − )

=
+ ( − )

=  

So,  
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= ,∀ ∈ ℕ ⇒ = ( )
→

= +∞ 

→

+
√

=
→

+
√

=
→

+

√

= →
∙
√ = 

= → √ =
( )

 

 

.  Let  ( ) , ∈ ( ,∞) be sequence of real numbers such that = √ , >

0, = ∙ +  then find: 

Ω =
→

+
+ , ∈ ℕ, ≥  

Florică Anastase 

Solution 1. 

= √ , > 0;	 + = ∙ +  

Let: + = > 0 ⇒ = > 0, = ;  

= ∙ +  

How 	 = ∙ + > 1 ⇒ > 1,∀ ≥ 2, ∈ ℕ then 

∙ < < ( + ) ,∀ ≥ ⇔ 

	 + < < ( + ) + ⇔ 

	 + < < ( + ) +  

	 < − < ( + ) 

Let: = 	 ⇒ 	 < − < ( + ) and summing, we get: 

( − ) < − < 	  

+ ( − ) − 	 < < + 	 − 	  
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→
( − ) − 	 =

→
	 − 	 =.

 

=
→

	 − ( + ) + 	
− =

→
	

+
= ; ( ) 

Analogously, 

→
	 − 	 = ; ( ) 

From (1),(2) we get: 
→

= ⇒
→

=
→

= ⇒
→

=  

Now, 

+
+ > √ − ⇔ − √ − + −√ > 0; = > 0 ⇒ 

− √ − + −√ > 0,∆ = − + √ < 0 ⇒ 

√ − <
+
+ 	;		( ) 

+
+ = ( + ) ∙ ∙ … .

( )
∙ + ≤

+ + − + + ⇔ 

+
+ ≤ + − + +  

+
+ ≤ +

−
+ + ≤

( + )
+ ; ( ) 

From (3),(4) we have: 

√ − <
+
+ <

( + )
+ ⇔ 

(√ − ) ∙ <
+

+ < ∙
( + )

+  
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,Ω =
→

+
+ =  

Solution 2. 

= √ , > 0;	 + = ∙ +  

Let: + = > 0 ⇒ = > 0, = ;  

= ∙ +  

How 	 = ∙ + > 1 ⇒ > 1,∀ ≥ 2, ∈ ℕ then 

∙ < < ( + ) ,∀ ≥ ⇔ 

	 + < < ( + ) + ⇔ 

	 + < < ( + ) +  

	 < − < ( + ) 

Let: = 	 ⇒ 	 < − < ( + ) and summing, we get: 

( − ) < − < 	  

+ ( − ) − 	 < < + 	 − 	  

→
( − ) − 	 =

→
	 − 	 =.

 

=
→

	 − ( + ) + 	
− =

→
	

+
= ; ( ) 

Analogously, 

→
	 − 	 = ; ( ) 

From (1),(2) we get: 
→

= ⇒
→

=
→

= ⇒
→

=  

Now, let be the function: 

: [ , ] → ℝ, ( ) =
+
+ ; ′( ) =

− ( + − )
( + )
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																									 √ − 																									  

( ) −− −− − − −− + + + + + + + 

( ) 			 ↘ 																 √ − 												 ↗ 					  

 

We have: √ − ≤ ( ) ≤ ;∀ ∈ [ , ] ⇒ 

√ − <
+
+ < 1;∀ ∈ [ , ] ⇒ 

∙ − < ∙
+
+ < ∙ ;∀ ∈ [ , ] ⇒ 

∙
√ +

<
+

+ < ∙ ;∀ ∈ [ , ] 

,Ω =
→

+
+ =  

 

.  	( ) , = ( )
( )!

−
√ !

	  Bătinețu sequence. Find: 

Ω =
→

+
∙∑

 

Florică Anastase 
Solution: 

=
( + )

( + )!
−
√ !

=
√ !

∙ ( − ),	 

=
( + )

( + )!
−
√ !

,∀ ≥  

→
=

→

+
∙

+
( + )!

∙
√ !

= ∙ ∙  

→
=

→ √ !
∙

−
∙ = 
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= ∙ ∙
→

+
∙

! ∙ ( + )!
( + )!  

= ∙
→

∙
+

( + )!
= ∙ ∙ =  

:	 = ∙ +  

( + ) = = 

= = + … ( ) 

( + )
=
=

=
=

( + ) −
( + ) … ( ) 

From (1)+(2) we have: 

= ∙ + = + − ( + )  

⇒
→

=  

Ω =
→

+
∙∑

 

=
→

+ =
→

+

∙

= →
( ∙ ) =  

 

.  If ∈ ℕ, ≥ 	and	 > , find: 

Ω =
→∞

+ ∙… ∙ √
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Florică Anastase 

Solution. 

∙ … ∙ √ = ! ! ! ⋯ ! = , 	 ≔ ! + ! + ! + ⋯+ ! 

= ( + )

= − + = −
( + )

=
+

+ −  

Ω =
→∞

+
+ −

=
→∞

	 + =  

 

.  Prove that: 

	
	( + )

√ +
≥ 	( + √ ) √  

Florică Anastase 

Solution. 

	 :	
	( + )

√ +
= + + ( + )  

Applying Chebychev’s weighted inequality 

, : [ , ] → 	 	 , : [ , ] → 	 , : 

( ) ( ) ( ) ( ) ≥ ( ) ( ) ( ) ( )  
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	 ( ) = + , ( ) = + , ( ) = ( + ) 	[ , ] 

:	 +
	( +

√ +
≥

√ +
+

	( + )
+ ⇔ 

	( + )
√ +

≥ 	( + √ )
	( + )

+ 							( ) 

	( + )
+ =⏞

, ( + )
( + ) = + + 	

	( + )
+ = 

= +
	( + )

+ =⏞
,

+ ( + ) = 

= +
+

= +
√ −

= 

= + + 	( − − ( ) = 

= + = √ 				( ) 

From (1),(2) we obtain the proposed problem. 

 

.  Prove that: 

+ ≥  

Florică Anastase 
Solution: 

= + = ∙ + ≥⏞
âș

(∗) 
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	 , : , → , ( ) = , ( ) = +  

(∗) ≥ ∙ +  

+ =⏞
;

( + )( + ) =
√

√

 

= + + + −
√

√

√

√

+ = +
√

√

 

=
+

= 	( ) =
+ √
− √

> 0 

+ ≥ ∙ + ∙
+ √
− √

≥⏞  

.  If∶ 	 = − + −⋯+ ( )
. Find:				 

Ω =
→

+ !

!

 

Florică Anastase 
Solution. 

( − ) = − + −⋯+ (− )  

= ( − ) ∙ = ( − ) ∙ + ( − ) ∙ = 

= − ( − − )( − ) = − ( − ) + ( − ) = 

= − + ⇒	 =
∙ ( !)

( + )!  



 
www.ssmrmh.ro 

73 100-RMM MATH PROBLEMS 
 

→
=

→∞

∙ ( !)
( + )! =⏞

	

→∞

( )(( + )!)
( + )! ∙

( + )!
( !) =

⇒ 

Ω =
→

+ !

!

= →∞ ! ∙ !
= =  

 

.   Find: 

Ω =
→∞

+
∑ ( )

 

Florică Anastase 

Solution. 

 

	 ( ):	 = (− ) , :	 = , = − = +  

	 	 	 :	 − = +  

− =
(− )

− + (− )
+ = 

=
(− )

+ (− )
+ = 

=
(− ) !

! ( − − )! +
(− )

+ = + (− ) +
(− )

+ = 

= − + − + + ⋯+ (− ) +
(− )

+ = 

= − + ( − ) − − (− ) +
(− )

+ = 

= + +
(− )

+ +
(− )

+ = + ⇒ 
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= + + + ⋯+ , ≥  

Ω =
→∞

+
∑ ( )

=
→∞

+
⋯

= 

= →∞

⋯

=⏞
.

 

 

.   

	 , ∈ ℕ, ≥ , = ( + ) ( − ) 	, : 

Ω =
→∞

( − ) 

Florică Anastase 

Solution. 

= ( + − ) = (( − ) + ) =
(( − ) + )

( + )( − )

= +
( + + ⋯+ + )							( ) 

= ( + − ) = (( − ) + ) = ( − ) 								( ) 

From (i),(ii) we have: 

( − ) = +
( + + ⋯+

+ )	 	 	 	 	 

( − ) = + →	 =  

	 ≥ → ≥ , ≤ ≤ − → 
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⎩
⎪
⎨

⎪
⎧ > + + + > +

< + + + + + +
−

→ 

+ < < + + ( − ) +
( − )

( − )( − ) → 	Ω =
→∞

( − ) =  

 

.   

	 , > , 	∃ ∈ , 	 	 : 

( + )( + ) = ( + ) +  

Florică Anastase 

Solution: 

Theorem(Bonnet-Weierstrass): 

If : [ , ] →  decreasing function of class and : [ , ] →  continuous function, then 

∃ ∈ [ , ]	 	 : 

( ) ( ) = ( ) ( ) + ( ) ( )  

Proof. 

Let : [ , ] → , ( ) = ( )− ( ) 	 	 ( ) ≥ ,∀ ∈ [ , ]. 

From theorem 2 of means ∃ ∈ [ , ] such that: 

( ) ( ) = ( ) ( )  

( ) ( )− ( ) = ( ( ) − ( )) ( )  

( ) ( ) = ( ) ( ) + ( )− ( ) ( ) = 
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= ( ) ( ) + ( ) ( )  

q.e.d. 

Let , : , → , ( ) = , ( ) = , ( ) = −
( )

< 	 

	 	  

( ) = + = 

+ ∙ =
+

= +  

	∃ ∈ , 	 	 : 

	 ( + )( + ) = ( ) ( )− ( ) + ( )− ( )

= +
+

∙ −

= ( + ) +  

 

.   

	 , , ∈ ℕ, , , ≥ 	ș 	 > 0, ≠ ,

= , .		 ă	 	 :																													 

						
→

√ + √ + ⋯+ √

√ + √ + ⋯+ √

√ √
	 

 Florică Anastase 

Solution. 

We have: 
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→

√ + √ + ⋯+ √

√ + √ + ⋯+ √

√ √
=																																																																																							 

=
→

+
√ + √ + ⋯+ √ − √ − √ −⋯− √

√ + √ + ⋯+ √

√ √
=																													 

=
→

√ ∙		
√ √

√ √
√ ∙	

√ √

√ √
⋯ √ ∙	

√ √

√ √
∙	 √ √
√ √ =																																				 

=
( ∙∙∙∙ )

→
	 √ √
√ √ = 																																																																																																											 

)			 	 < ,		 

→
	
√ − √
√ + √

=
→

	
−

+
= 	

→

√ −
√ +

= − 																		 

)	 	 > ,
→

	
√ − √
√ + √

= 	
→

− √
+ √

= 																																																				 

So, L=
∙∙∙∙

,								 <

,										 = 														
∙∙∙∙ 					, >

 

 

.  For ∈ ℕ, >  find: 

→∞ →∞
+

( + )
 

Florică Anastase 

Solution. 

We know: ≤ ( + ) ≤ ,∀ ∈ (− , ∞)  

( + )
( + ) + ≤ +

( + )
≤

( + )
 

( + )
( + ) + ≤

( + )
( + ) + ≤ +

( + )
≤

( + )
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From L.C-S 

→∞

( + )
( + ) + =

=
→∞

( + )
( + ) − ( + ) + ( + ) −

=
→∞

( + )
( + ) − ( + ) + + + + ⋯+ −

= +  

→∞

( + )
=

→∞

( + )
( + ) −

 

=
→∞

( + )
+ + + ⋯+ −

= +  

:
→

+
( + )

= + ⇒
→∞

+
( + )

=  

Therefore, 

→∞ →→∞
+

( + )
=

→∞
=  

 

.  Find: 

Ω =
→

⎝

⎛
→

⎠

⎞ 

Florică Anastase 

Solution. 

→
=

→
+

−
= →

∙
= (∗) 
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→

−
∙ =

→

⎝

⎜
⎜
⎜
⎛

− −

∙ ∙

∙ −

⎠

⎟
⎟
⎟
⎞

= 

= −
→

⎝

⎜
⎜
⎜
⎛

	 −

∙
∙

−

−

⎠

⎟
⎟
⎟
⎞

= −
→

⎝

⎜
⎜
⎜
⎛

−

∙
∙

	 −

−

⎠

⎟
⎟
⎟
⎞

= 

= − ∙
→

⎝

⎜
⎜
⎜
⎛

	 −

−
∙ ∙

−

−

⎠

⎟
⎟
⎟
⎞

= − 	⇒ 

(∗) =  

Ω =
→

⎝

⎛
→

⎠

⎞ =
→∞

∙ =
→∞

⎝

⎜
⎛

∙
∙

⎠

⎟
⎞

=  

 

.  For > 1 , find: 

Ω =
→ →

− + +  

Florică Anastase 

Solution. 

	
→

( + ) −
= 	⇒ 	∀ ∈ ℕ, ∃ > 0	 	 : 
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− ≤ + − ≤ +  

− ≤ − + + ≤ +  

	
→∞

= = 	 ,⇒ 

→∞
− + + = 	 , 

Ω =
→∞

= →∞
( )

= →∞ =  

 

.  If : [ , ] → [ ,∞) such that ∫ ( ) = , 

=
+ +

+ ∙ , = − ( ) ( )  

Then prove: ≥  

  Florică Anastase 

Solution. 

=
+ +

+ ∙ = + + ∙ = 

= + + ∙ = 

= ∙ − + ∙ + + ∙ = 

= ∙ = ; 		( ) 
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− ( ) = − ( ) + ( ) − ( ) = 

= − ( ) ( ) + − ( ) ( ) − ( ) + 

+ ( ) − ( ) = 

= − ( ) ( ) + ( ) − − ( ) ( ) + 

+ ( ) − ( ) ≥ − ( ) ( )  

Hence, 

= − ( ) ( ) ≤ − ( ) ≤ ( ) = ; 		( ) 

From ( ), ( ) we get: ≥  

 

.  If > 1, : [ , ] → [ , ] continuous and convex function such that ( ) =  

then prove: 

( ) ≤ ( ) ≤ ( + ) + ( ) 

Florică Anastase 

Solution . 

: [ , ] → [ , ] continuous and convex function, then ( ) −increasing function on ( , ] 

Hence,  
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( )
≤ ,∀ ∈ , ⇒ ( ) ≤ ⇒ 

( ) ≤ = ; 		( ) 

( )
≥ ,∀ ∈ , ⇒ ( ) ≥ ⇒ 

( ) ≥ = − = ( − ) ≥
( )

 

≥
( )

( − ) ( ) ; ( ) 

From (1),(2) we have: 

( ) = ( ) + ( ) ≥ ( ) + ( − ) ( ) = ( )  

Hence, 

( ) ≤ ( ) ; 		( ) 

 On the other hand, we have:  

( ) ∈ [ , ] ⇒
( ) ≥
( ) ≤ ⇒ + ( )− ≥

( ) − ≤ ⇒ 

( + ( )− )( ( )− ) ≤  

⇔ ( ) ≤
( + ) ( ) −

+ ( ) ≤
( + )
+ ( ) 

Hence, 
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( ) ≤ ( + )
+ ( ) ; 		( ) 

From ( ), ( ) it follows that: 

( ) ≤ ( ) ≤ ( + ) + ( ) 

 

.  If , , ∈ , , + + =  and  

( ) = ( + + )( + + ) 

Then find maximum values of expression: 

Ω = ( ) 

Florică Anastase 

Solution. 

+ + + + = 

+ + + + ≥  

≥ + + ≥ 

≥ ( + )( + ) + ( + )( + ) + ( + )( + )  

≥ ( + + ) = ( + + )
+ +

+ + ≥ 

≥ ( + + )
+ +
+ + ≥ 

≥ ( + + )
+ +

=  

Hence, 
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( + + )( + + ) ≤ ∙  

Therefore, 

( + + )( + + ) ≤ 

≤ ∙ = ∙ − = ∙ − + = ( + )  

Hence, 

( + + )( + + ) ≤ ( + )  

Therefore, 

Ω = ( ) ≤ ( + ) = ∙ ( + ) = 

= ∙ ∙ ∙ … ∙ = ∙  

{Ω} = ∙  

 

.  If < < <  then prove: 

( − ) ( + )
( + )− ( + )

< 3
√ −

< − +  

Florică Anastase 

Solution.  

: , → ℝ, ( ) = − −continuous 

: ( ,∞) → ( ,∞), ( ) =
√

= , ( ) = − < 0, ( ) = > 0 ⇒

−convex function. 

Applying Jensen integral inequality, we get: 
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−
( ) ≤ −

( ) ⇔ 

− ∫ ( )
≤ − ( )

⇔ 

− ∫ ( − )
≤ − √ −

⇔ 

−

− − − −
≤

√ −
⇔ 

−

− ∙ −
−

≤
√ −

⇔		 

−

− ∙ ( − ) ( + )
−

≤
√ −

 

( ) = , ∈ , ⇒ ( ) =
−

 

( ) = − ⇒ ( ) = − < 0,∀ ∈ , ⇒ ( ) < ( ) =  

⇒ ( ) < 0 ⇒ ( ) = −decreasing  ⇒ ( )
( )

< ( )
( )

⇒ 

− ∙
( − ) ( + )

− < 1 − ∙
( + ) ( + )

+ ; (∗) 

−

− ∙ ( − ) ( + )
−

= 

=
−

− ( − )
( − ) ∙ ( + )

≥
(∗) −

− ( + )
( + ) ∙ ( + )

= 
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=
−

− ( + )
( + )

=
( − ) ( + )
( + )− ( + )

 

Hence, 

( − ) ( + )
( + ) − ( + )

≤
√ −

; 		( ) 

+ + ≥ =
( )

= 

=
√

=
√ −

 

Hence, 

√ −
< + + ⇔ 

√ −
< [( − ) + ( − ) + ( − )] < 

< ( − ) + 	 + = 

= − ∙
+ 	

	 + = 

= ∙
( − )
	 ∙

	 + 	
	 + = 

= ∙
( − ) ( − )
	 	 	 + = ∙

( − )
	 + =	 

= ∙
	 	 − 	

	 + = − + = 

= ( − ) +  

Hence, 

√ −
< − + ; 		( ) 
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From (1), (2) it follows that: 

( − ) ( + )
( + ) − ( + )

< − +  

 

.  	( ) 	 	 	 	 	 	 ∈ ( , )	  

	 = + . Find: 

Ω =
→ + + + + ⋯+ +

√

 

Florică Anastase 

Solution. 

	 ∈ ( , ), 	 	 	 	 :	 ∈ ( − , ),∀ ∈ ℕ	 

	
→∞

=  

: : [ , ] → , ( ) = + , 	 ∆ = ( . , , … , , ) 

|∆ | = , − ⇒ |∆ | →  

→∞ +

=
→∞ +

∙

=
→∞ +

= ( ) = + = −  

: Ω =  

 

.  Prove: 

( + ) ≥ ( + √ ) 	( √ ), ∈ ℕ, ≥  
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Florică Anastase 

Solution. 

Inequality of means about integral forms: 

∴ 	
−

∫ ( )
≤ ∫ ( ) ≤ −

( ) 	 

	 : [ , ] → ( , ∞), ( ) = ( + ) → ( + )

≥
∫

	( )

			( ) 

	( + )
√ +

= + ∙ + ∙ 	( + )  

Applying Chebyshev inequality for function: ( ) = 	 	 	 

				 ( ) = + , ( ) = ( + ) 	 	, 	 : 

+ ∙
	( + )

√ +
≥

√ +
+ ∙

	( + )
+ 		↔	 

+ ∙
	( + )

√ +
≥

√ +
∙

	( + )
+ 				( ) 

+ = 	 	
√ +

= 	( + √ ) 

	( + )
+ =⏞

,			 ( ( + ))
( + ) =

( ( + ))
( + ) = 

= + +
	( + )
+ = +

	( + )
+ 	 , : 
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	( + )
+ =⏞

,
	( + )

∙

= ( + ) = 				→ 

	( + )
+ = + =

( )
			( ) 

From (ii)+(iii) we get: 

( + )
√ +

≥ √ ∙ + √ = + √
√

		( ) 

From (i)+(iv), we have: 

( + ) ≥ ( + √ ) 	( √ ), ∈ ℕ, ≥  

 

.  Find:  

Ω =
→∞

∫ −
√ + − −

 

Florică Anastase 

Solution. 

( ) = − = + −

= + − + − = (∗) 

− = − ∙ + → 
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−

= −
( + ) =

+
− − −  

(∗) = +
+

− +  

√ + −
− =⏞

+ −
−

=
−

− = −

= − = − = −  

Ω =
→∞

∫ −
√ + − −

=
→∞

+
− − +

−
−

=
→∞

( − )( + ) − ( + )( − )
( − )( − )

=
→∞

( − ) + − ( + )( − )

( − )(( ) − +
=  

 

.  
 = ∏ ( ∙ ) ; 	 = ∑ ( ) 

Find: 

Ω =
→ →

 

Florică Anastase 

Solution. 

( )− ( ) = ( )
,
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+ + ⋯+ ( ) = − ( )			( ) 

If ∈ ℝ then: 

( ) = | ( )| +  

( ) = +  

For , ∈ ℝ, <
( )

 

+ + ⋯+ ( ) = − ( ) 				( ) 

But: 

( ) = =
( )
( ) , = , −  

=  

( ) =
( )
( )  

( ) ⇔
( )
( ) = −

( )
( ) ⇔ 

( )
( ) = −

( )
( ) ⇔ 

( )
( ) = ∙

( )
( ) 				( ) 

For = , = ⇒ ( ) becomes: 

= ( ∙ ) = ∙
( )

, ,  
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( ) = −
,

=
+
+ →  

Ω =
→ →

 

=
→ →

∙
( + )

−  

=
→ →

−
+
+  

=
→

∙
→  

=
→

∙ ∙

=  

 

.   

= ( + ) + +  

:	Ω =
→∞ → +

 

Florică Anastase 

Solution: 

:	 + =
+

→ + =
+

 

Now by differentiable both side with respect to x we get: 
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+ =
+

→ 

+ = − + → 

=
+

∑ + +
=

+

−( + ) ( + )( +
= ( + )  

:	 =
→ +

=
→

( + )
+

= 

=

⎝

⎜
⎜
⎜
⎛

→

+
( + )

⎠

⎟
⎟
⎟
⎞

=⏞  

=
→

− ∙
( + ) (( + ) ) = − +

+  

:	Ω =
→∞ → +

 

=
→∞

− +
+ = −

→∞ + + =
√

 

.  For ∈ ℕ∗ , = ∏ , find: 

Ω =
→

∙ ∙  
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Florică Anastase 

Solution: 

The roots of the binomial equation − =  are = + , 

= , , … , , = , , … , − . So, we have: 

− = ( − )( − ) ∙ … ∙ − ∙ … ∙ ( − ) 

= ( − ) − − − − ∙ …

∙ −
( − )

−
( − )

,			( ) 

From = + + ⋯+  and = , the relation ( ) becomes: 

− − − − ∙ … ∙ −
( − )

−
( − )

= , ( ) 

Using the relations − = , = ⇒ ( ) becomes: 

− − ∙ …

∙
( − )

−
( − ) ( − )

= , ( ) 

Multiplying each factor with  and substracting  factor  we get = . 

=
−

=
−

 

=
( − )

+ = −  

= − ∙ − − ∙ =
− + −

( − )( − ) , ≥  

Ω =
→

∙ ∙ =
→

∙
− + −

( − )( − ) = − . 
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.  If = ∑  then find: 

Ω =
→

∙
∑

 

Florică Anastase 

Solution  

Let  ( ) = ∑ , with	 > 0 and from =  we get: 

( ) = ( )− ( ) −  

For = , , … ,  we get: ( ) = ( ) − − =  

Then: = = √ =
√ ∙ →

⎯⎯ √  

Ω =
→

∙
∑

= →
∑ ∙  

= →
∑ ∙ ( ∙ )

= →

∑

√
∙

( ∙ )
√ ,			( ) 

→

∑

√
=

→
+

√ + − √
=

→
+

+
∙

( + )(√ + − √ )

= , ( ) 

→

( ∙ )

√
=

→

+
√

=
→ √

=
→

( + )−
√ + − √

= 

=
→

+

√ + − √
= , ( ) 

From ( ), ( ), ( ) we get: Ω = = . 

 

.  Find:  

Ω =
→

∙ ∫
( )

 

Florică Anastase 
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Solution. 

	
−

∫ ( )
≤ − ∫ ( ) ≤ −

( ) ,

< 	(∗)	 	 	  

For ∈ [ , ] ⇒ ≤ + ≤ + ⇒ ≤ ( ) ≤ ( ) 

Let : [ , ] → ℝ, ( ) = ( ) we have: 

∫ ( )
=
∫ +

( + )

≥
∫ + = ∙ + , ( ) 

( ) =
( + )
+ ≤

( + )
= ∙

( + )
,				( ) 

From ( ), ( ) we get: 

∙ + ≤ ∫
( + )
+ ≤ ∙

( + )
 

∙ + ≤ ∙ ∫
( + )
+ ≤ ∙

( + )
 

∙ + ≤ ∙ ∫
( + )
+ ≤ ∙

( + )
 

→ + =
→

( + )
=  

So, 

Ω =
→

∙ ∫
( )

=  

 

.  .Let  ( ) , = , = ( )  

Find: 

Ω =
→

( + ) 

Florică Anastase 
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Solution. 

=
( − ) + −

+ ⇔ ( + ) = − + ( − ) −  

( + ) + ( − )( + ) = − −  

+ = ( + )( + ) 

+ =
( + )

+ ⇔ + = + +  

Let: = , = ⇒ = ( + ); ( ) 

+ = + =
+

= + ∙  

( + ) = + ∙ = ( + )! =
( + )
( + )! =⏞

( ) +
! ; 		( ) 

+ = ( + ) + ⇔
+

! −
+

( − )! = !
,

 

+
! = + ! + ! + ⋯+ ! = ; 		( ) 

From (2)+(3) we have: 

Ω =
→

( + ) =
→

=  

 

.  Let ( ) , = , =  and ( )  such that: 

+ = +  

Find: 

Ω =
→

 

Florică Anastase 

Solution. 

= ⇔ = + = ( + ) 

Let: = ; 	 = ⇒ = ( + ), =  
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+ = ( + ) + ⇒
+

! −
+

( − )! = ! ⇒ 

+
! = + ! + ! + ⋯+ ! =  

+ = + = + ∙ = ( + )! =
+

!  

→
+ =

→

+
! =  

→
=

→

+ ! + ! + ⋯+ !
+

−  

=
→

+ ! + ! + ⋯+ ! −

+
+

+
− ; 		( ) 

→

+ ! + ! + ⋯+ ! −

+
=⏞

.

→

+ ( + )!
+ ! + ! + ⋯+ !

− ( + )
 

=
→

+ ( + )!
+ ! + ! + ⋯+ !

− ( + )

= ; 		( ) 

→ +
− =

→ ( + ) − = ; ( ) 

From (1)+(2)+(3) we have: 

Ω =
→

=  

 

.  If ∈ ℕ, ≥  prove that: 
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+ + ( ) ≥ ( )  

Florică Anastase	 

Solution. 

≥ ,∀ ∈ [ , ] ⇒ ≤ ,∀ ∈ [ , ] 

√ − ( ) ≥  

− √ ( ) + ( ) ≥  

+ ( ) ≥ √ ( ) ≥ 	 ( ) 

+ ( ) ≥ 	 ( )  

+ + ( ) ≥ ( ) ; ∈ ℕ, ≥  

 

.  Find: 

Ω =
→

( + + )( + + )
( + )( + ) + +

∙
( )

 

Florică Anastase 

Solution. 

( + + )( + + )
( + )( + ) ∙

( )

= 

= + + + + = 

= +
+

∙ +
+

= 
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= , 	 :ℝ → ℝ, ( ) = + +  

√ +
≤

+ +
≤

√ +
 

→ √ +
=

→
+

= ( )  

→ √ +
=

→
+

= ( )  

Hence, 

→ + +
= ( )  

( ) =
+ +

+ ∙ = + + ∙ = 

= + + ∙ = 

= ∙ − + ∙ + + ∙ = 

= ∙ =  

Therefore, 

→ + +
=  

 

.  If < < ≤ 2 , : [ , ] → [ , ), −continuous, ( ) = ,		 

( ) ≥ , −increasing, then: 
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( − ) ( − ) + ( )

( ) + ( − ) − ∫ ( )
≥ − ( )

− ( )
 

Florică Anastase 

Solution. 

−increasing⇒
( ) ≥ ( ) ≥ ,∀ ∈ [ , ] ⇒ ↗
− ⇒ ( ) ≥ ,∀ ∈ [ , ] 

− ( ) +
( )

− ( )
= − ( ) + − ( ) = 

= 	 − ( ) + − ( ) − − ( ) = − ( ) − =
( − ) + ( )

( − ( )  

Hence, 

( )− ( ) +

− ( )
=

( − ) + ( )
( − ( )  

Let , : [ , ] → ℝ, ( ) = ( )− ( ) +  and ( ) =
( )

 

( ) = ( ) ≥ ,∀ ∈ [ , ] ⇒ ↗ [ , ] 

( ) =
− ( )

> 0 ⇒ ℎ ( ) =
− ( )

> 0 ⇒ ℎ ( ) ↗ [ , ] 

( ) − ( ) +

− ( )
≥ −

( ( )− ( ) + )
− ( )

 

( − ) + ( )
( − ( ) ≥ −

( ) + ( − ) − ( )
− ( )

 

Therefore, 

( − ) ( − ) + ( )

( ) + ( − ) − ∫ ( )
≥ − ( )

− ( )
 

,where  ( ) + ( − )− ∫ ( ) ≥
↗

( )− ( − )− ( − ) ( ) = 
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= ( − ) + ( − ) ( ) > 0 

 

.  Find: 

=
→ √

⋅ ⋅ ∑  

Florică Anastase 

Solution. 

→ = → ∀ > 0, ∃ > 0 such that − < → 

( − ) + < < ( + ) + ↔ 

( − ) + ≤ ≤ / ( + ) +  

→
( − ) + =

→
( + ) + = → 

→
= →

→
∑ = √ ; ( ) 

Now, 

√
⋅ = ⋅

√
⋅

( )
= ⋅ = ⋅ ; →  

= → = = ∆( , ); 

∆= , , , … , , ∈ , , … , , : [ , ] → ℝ, ( ) = , > 0
, =  

( ) = − , > 0
, =

→
→

=
→

= ( ) = −  
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→
→

=
√

; ( ) 

From (1),(2) it follows that: 

=
→ √

⋅ ⋅ ∑ = √  

 

.  Find: 

=
→

( − )
+  

Florică Anastase 

Solution. 

( − )
+ =

−

+
=→  

=
−

+
= − = 

= − 	 

Let :ℝ → ℝ, ( ) = , ( ) < 0,∀ ∈ ℝ ⇒ ′ ↘ and let ∈ , ⎯  

∃ ∈ ,  such that 
( )

= ( ) ⇒ 

−
>

( )−

−
> | ⋅ − < 0 → 

−
−

< ( )− < −  

− ⋅
−

≤ − ≤ − , ≥ , ∈ { , , … , }	 
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Thus, 

− ⋅
−

≤ − ≤ − ⋅  

→
⋅

−
=

→
⋅ = ( ) =  

Therefore,  

=
→

( − )
+ =

→
−

= −  
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