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Abstract. In this paper we present some limits of Bătineţu and Lalescu se-
quences.

Problem 1.
If (an)n≥1 is a positive real sequence such that

lim
n→∞

an
n

= a ∈ R∗+ and lim
n→∞

(an+1

an

)n
= b ∈ R∗+, then lim

n→∞
(an+1 − an) = a ln b

Proof. We have

lim
n→∞

an+1

an
= lim

n→∞

an+1

n+ 1
· n
an
· n+ 1

n
= a · 1

a
· 1 = 1

We denote un =
an+1

an
and an+1−an = an

(an+1

an
−1
)
= an(un−1) = an·

un − 1

lnun
·lnun =

(1) =
an
n
· un − 1

lnun
· lnun

n,∀n ∈ N∗

(2) We have lim
n→∞

un = 1, so lim
n→∞

un − 1

lnun
= 1; lim

n→N
un
n = lim

n→∞

(an+1

an

)n
= b

From (1) and (2) we obtain lim
n→∞

(an+1 − an) = a · 1 · ln b = a ln b

Example.

If an =
n
√
n!, then lim

n→∞

an
n

=
1

e
, lim
n→∞

(an+1

an

)n
= e and

lim
n→∞

( n+1
√
(n+ 1)!− n

√
n!) =

1

e
ln e =

1

e
, i.e. Traian Lalescu limit

�

Problem 2.
If (an)n≥1 and (bn)n≥1 are positive real sequence such that

lim
n→∞

an+1 − an
n

= a ∈ R∗+ and lim
n→∞

bn+1

nbn
= b ∈ R∗+, then lim

n→∞

( an+1

n+1
√
bn+1

− an
n
√
bn

)
=

ae

2b

Proof. We have

lim
n→∞

n
n
√
bn

= lim
n→∞

n

√
nn

bn
= lim

n→∞

(n+ 1)n+1

bn+1
· bn
nn

= lim
n→∞

(n+ 1

n

)n+1 bnn

bn+1
=

e

b

lim
n→∞

an
n2

= lim
n→∞

an+1 − an
(n+ 1)2 − n2

= lim
n→∞

an+1 − an
n

· n

2n+ 1
=

a

2
1
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an+1

n+1
√
bn+1

− an
n
√
bn

=
an
n
√
bn

(un− 1) =
an
n
√
bn
· un − 1

lnun
· lnun =

an

n n
√
bn
· un − 1

lnun
· lnun

n =

=
an
n2
· n

n
√
bn
· un − 1

lnun
· lnun

n; where we denote un =
an+1

n+1
√
bn+1

·
n
√
bn

an
=

=
an+1

(n+ 1)2
· n

2

an
· n+ 1

n+1
√
bn+1

·
n
√
bn
n
· n+ 1

n

Therefore, lim
n→∞

un =
a

2
· 2
a
· e
b
· b
e
· 1 = 1, so lim

n→∞

un − 1

lnun
= 1,

lim
n→N

un
n = lim

n→∞

(an+1

an

)n bn
bn+1

n+1
√
bn+1 =

= lim
n→∞

( bnn

bn+1
·

n+1
√
bn+1

n+ 1
· n+ 1

n
·
(an+1

an

)n)
=

=
1

b
· b
e
· 1 · lim

n→∞

(((
1 +

an+1 − an
an

) an
an+1−an

) an+1−an
n · n2

an
)
=

=
1

e
· ea· 2a = e. Hence, lim

n→∞

( an+1

n+1
√
bn+1

− an
n
√
bn

)
=

a

2
· e
b
· 1 · ln e = ae

2b

�

Problem 3.

lim
n→∞

n
√
n!
( n+1

√
(n+ 1)!

n+ 1
−

n
√
n!

n

)
= 0

Proof.

It is well-known that lim
n→∞

n
√
n!

n
=

1

e

If we denote un =
n+1
√
(n+ 1)!
n
√
n!

( n

n+ 1

)
, then lim

n→∞
un = 1, lim

n→∞

un − 1

lnun
= 1 and

lim
n→∞

un
n = lim

n→∞

(n+ 1)!

n!

( n

n+ 1

)n n+ 1
n+1
√
(n+ 1)!

=
1

e
lim
n→∞

n+ 1
n+1
√
(n+ 1)!

=
1

e
· e = 1

Hence,

lim
n→∞

n
√
n!
( n+1

√
(n+ 1)!

n+ 1
−

n
√
n!

n

)
= lim

n→∞

( n
√
n!

n

)2

· un − 1

lnun
· lnun

n =
1

e2
· 1 · ln 1 = 0

�

Probelm 4.

lim
n→∞

n
√
(2n− 1)!!

( n+1
√

(n+ 1)!

(n+ 1)2
−

n
√
n!

n2

)
= − 4

e3

Proof.

If it’s well-known that lim
n→∞

n
√
n!

n
=

1

e
and respectively lim

n→∞

n
√
(2n− 1)!

n
=

2

e

If we denote un =
n+1
√

(n+ 1)!
n
√
n!

( n

n+ 1

)2

, we denote lim
n→∞

un = 1, lim
n→∞

un − 1

lnun
= 1 and

lim
n→∞

un
n = lim

n→∞

(n+ 1)!

n!

( n

n+ 1

)2n 1
n+1
√

(n+ 1)!
=

1

e2
lim

n→∞

n+ 1
n+1
√
(n+ 1)!

=
1

e
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Hence, lim
n→∞

n
√
(2n− 1)!!

( n+1
√

(n+ 1)!

(n+ 1)2
−

n
√
n!

n2

)
=

= lim
n→∞

( n
√
(2n− 1)!!

n

)2 n
√
n!

n
· un − 1

lnun
· lnun

n =
4

e2
· 1
e
· 1 · ln

(1
e

)
= − 4

e3

�

Problem 5.
If (an)n≥1 is a positive real sequence such that

lim
n→∞

an+1

an
n
√
n!

= a ∈ R∗+, then lim
n→∞

( n+1
√
an+1 − n

√
an

)
=

a

e2

Proof.

lim
n→∞

n
√
an
n

= lim
n→∞

n

√
an
nn

C-D’A
= lim

n→∞

an+1

(n+ 1)n
·n

n

an
= lim

n→∞

an+1

an
n
√
n!
·
( n

n+ 1

)n+1

·
n
√
n!

n
=

= lim
n→∞

a

e
n

√
n!

nn

C-D’A
=

a

e
lim

n→∞

(n+ 1)!

(n+ 1)n+1
· n

n

n!
=

a

e
lim

n→∞

( n

n+ 1

)n
=

a

e2

n+1
√
an+1 − n

√
an = n

√
an · (un − 1) =

n
√
an
n
· un − 1

lnun
· lnun

n, where

un =
n+1
√
an+1

n
√
an

=
n+1
√
an+1

n+ 1
· n+ 1

n
· n

n
√
an

,∀n ≥ 2

lim
n→∞

un = 1, lim
n→∞

un − 1

lnun
= 1, lim

n→∞
un
n = lim

n→∞

an+1

an
· 1

n+1
√
an+1

=

= lim
n→∞

an+1

an
n
√
n!
· n+ 1

n+1
√
an+1

· n

n+ 1
·

n
√
n!

n
= a · e

2

a
· 1 · 1

e
= e

Hence, lim
n→∞

( n+1
√
an+1 − n

√
an) =

a

e2
· 1 · ln e = a

e2

�

Problem 6.
If (an)n≥1 is a positive real sequence such that

lim
n→∞

an+1

nan
n
√
n!

= a ∈ R∗+, then lim
n→∞

1

n
( n+1
√
an+1 − n

√
an) =

2a

e3

Proof.

lim
n→∞

an+1

ann2
= lim

n→∞

an+1

nan
n
√
n!
·

n
√
n!

n
= a lim

n→∞

n
√
n!

n
=

a

e

lim
n→∞

n
√
an
n2

= lim
n→∞

n

√
an
n2n

C-D’A
= lim

n→∞

an+1

(n+ 1)2(n+1)
·n

2n

an
= lim

n→∞

an+1

ann2
·
( n

n+ 1

)2n+2

=

=
a

e
· 1
e2

=
a

e3

1

n
( n+1
√
an+1 − n

√
an) =

n
√
an
n
· (un − 1) =

n
√
an
n2
· un − 1

lnun
· lnun

n, where

un =
n+1
√
an+1

n
√
an

=
n+1
√
an+1

(n+ 1)2
· (n+ 1)2

n2
· n2

n
√
an

,∀n ≥ 2

lim
n→∞

un = 1, lim
n→∞

un − 1

lnun
= 1, lim

n→∞
un
n = lim

n→∞

an+1

an
· 1

n+1
√
an+1

=
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= lim
n→∞

an+1

n2an
· (n+ 1)2

n+1
√
an+1

·
( n

n+ 1

)2

=
a

e
· e

3

a
· 1 = e2

Hence, lim
n→∞

1

n
( n+1
√
an+1 − n

√
an) =

a

e3
· 1 · ln e2 =

2a

e3

�

Problem 7.
If (an)n≥1 is a positive real sequence such that:

lim
n→∞

an+1

an
n
√
n!

= a ∈ R∗+ and xn = a1 ·
√
a2 · 3
√
a3 · . . . n

√
an, then lim

n→∞

n
√
xn

n
=

a

e3

Proof.

lim
n→∞

n
√
xn

n
= lim

n→∞
n

√
xn

nn

C-D’A
= lim

n→∞

xn+1

(n+ 1)n
· n

n

xn
= lim

n→∞

n+1
√
an+1

n+ 1

( n

n+ 1

)n
=

=
1

e
lim
n→∞

n
√
an
n

=
1

e
lim
n→∞

n

√
an
nn

C-D’A
=

1

e
lim

n→∞

an+1

(n+ 1)n
· n

n

an
=

=
1

e
lim
n→∞

an+1

an
n
√
n!

( n

n+ 1

)n+1 n
√
n!

n
=

=
1

e
· a
e

lim
n→∞

n

√
n!

nn

C-D’A
=

a

e2
lim

n→∞

(n+ 1)!

(n+ 1)n+1
· n

n

n!
=

a

e2
· 1
e
=

a

e3

�

Problem 8.
If (an)n≥1 is a positive real sequence such that

lim
n→∞

an+1

an
n
√
(2n− 1)!!

= a ∈ R∗+ then lim
n→∞

( n+1
√
an+1 − n

√
an) =

2a

e2

Proof.

lim
n→∞

n
√
an
n

= lim
n→∞

n

√
an
nn

C-D’A
= lim

n→∞

an+1

(n+ 1)n
· n

n

an
=

= lim
n→∞

an+1

an
n
√
(2n− 1)!!

·
( n

n+ 1

)n+1

·
n
√
(2n− 1)!!

n
=

= lim
n→∞

a

e

n

√
(2n− 1)!!

nn

C-D’A
=

a

e
lim
n→∞

(2n+ 1)!!

(n+ 1)n+1
· nn

(2n− 1)!!
=

a

e
lim
n→∞

2n+ 1

n+ 1

( n

n+ 1

)n
=

2a

e2

n+1
√
an+1 − n

√
an = n

√
an · (un − 1) =

n
√
an
n
· un − 1

lnun
· lnun

n, where

un =
n+1
√
an+1

n
√
an

=
n+1
√
an+1

n+ 1
· n+ 1

n
· n

n
√
an

,∀n ≥ 2

lim
n→∞

un = 1, lim
n→∞

un − 1

lnun
= 1,

lim
n→∞

un
n = lim

n→∞

an+1

an
· 1

n+1
√
an+1

= lim
n→∞

an+1

an
n
√

(2n− 1)!!
· n+ 1

n+1
√
an+1

· n

n+ 1
·

n
√
(2n− 1)!!

n
=

= a · e
2

2a
· 1 · lim

n→∞

n
√
(2n− 1)!!

n
=

e2

2
lim
n→∞

n

√
(2n− 1)!!

nn

C-D’A
=
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=
e2

2
lim
n→∞

(2n+ 1)!!

(n+ 1)n+1
· nn

(2n− 1)!!
=

=
e2

2
lim

n→∞

2n+ 1

n+ 1
·
( n

n+ 1

)n
=

e2

2
· 1
e
= e.

Hence, lim
n→∞

( n+1
√
an+1 − n

√
an) =

2a

e2
· 1 · ln e = 2a

e2

�

Problem 9.
If (an)n≥1 is a positive real sequence such that

lim
n→∞

an+1

nan
n
√
(2n− 1)!!

= a ∈ R∗+ then lim
n→∞

1

n
( n+1
√
an+1 − n

√
an) =

4a

e3

Proof.

lim
n→∞

an+1

ann2
= lim

n→∞

an+1

nan
n
√
(2n− 1)!!

·
n
√

(2n− 1)!!

n
= a lim

n→∞

n
√
(2n− 1)!!

n
=

= a lim
n→∞

n

√
(2n− 1)!!

nn

C-D’A
= a lim

n→∞

(2n+ 1)!!

(2n− 1)!!
· nn

(n+ 1)n+1
= a lim

n→∞

2n+ 1

n+ 1

( n

n+ 1

)n
=

2a

e

lim
n→∞

n
√
an
n2

= lim
n→∞

n

√
an
n2n

C-D’A
= lim

n→∞

an+1

(n+ 1)2(n+1)
· n

2n

an
=

= lim
n→∞

an+1

ann2
·
( n

n+ 1

)2n+2

=
2a

e
· 1
e2

=
2a

e3

1

n
( n+1
√
an+1 − n

√
an) =

n
√
an
n
· (un − 1) =

n
√
an
n2
· un − 1

lnun
· lnun

n, where

un =
n+1
√
an+1

n
√
an

=
n+1
√
an+1

(n+ 1)2
· (n+ 1)2

n2
· n2

n
√
an

,∀n ≥ 2

lim
n→∞

un = 1, lim
n→∞

un − 1

lnun
= 1, lim

n→∞
un
n = lim

n→∞

an+1

an
· 1

n+1
√
an+1

=

= lim
n→∞

an+1

n2an
· (n+ 1)2

n+1
√
an+1

·
( n

n+ 1

)2

=
2a

e
· e

3

2a
· 1 = e2

Hence, lim
n→∞

1

n
( n+1
√
an+1 − n

√
an) =

2a

e3
· 1 · ln e2 =

4a

e3

�

Problem 10.
If (an)n≥1 is a positive real sequence such that

lim
n→∞

an+1

an
n
√
(2n− 1)!!

= a ∈ R∗+ then lim
n→∞

( (n+ 1)2

n+1
√
an+1

− n2

n
√
an

)
=

e2

2a

Proof.

lim
n→∞

n
√
an
n

= lim
n→∞

n

√
an
nn

C-D’A
= lim

n→∞

an+1

(n+ 1)n
· n

n

an
=

= lim
n→∞

an+1

an
n
√
(2n− 1)!!

·
( n

n+ 1

)n+1

·
n
√
(2n− 1)!!

n
=

= lim
n→∞

a

e

n

√
(2n− 1)!!

nn

C-D’A
=

a

e
lim
n→∞

(2n+ 1)!!

(n+ 1)n+1
· nn

(2n− 1)!!
=
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=
a

e
lim
n→∞

2n+ 1

n+ 1

( n

n+ 1

)n
=

2a

e2( (n+ 1)2

n+1
√
an+1

− n2

n
√
an

)
=

n2

n
√
an

(un − 1) =
n2

n
√
an
· un − 1

lnun
=

n
n
√
an
· un − 1

lnun
· lnun

n

where un =
(n+ 1

n

)2

·
n
√
an

n+1
√
an+1

,∀n ≥ 2; lim
n→∞

un − 1, lim
n→∞

un − 1

lnun
= 1

lim
n→∞

un
n = lim

n→∞

(n+ 1

n

)2n

· an
an+1

· n+1
√
an+1 = e2 lim

n→∞

nan
an+1

·
n+1
√
an+1

n
· n+ 1

n
=

= e2 · e

2a
· 2a
e2
· 1 = e

Hence, lim
n→∞

( (n+ 1)2

n+1
√
an+1

− n2

n
√
an

)
=

e2

2a
· 1 · ln e = e2

2a

�
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