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2401. In AABC the following relationship holds:

h, — 2r
Y

cyc cyc
Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

s h, —2r
DL
r
s+nam 16r(s —a)
=) Z—
aga

Now, Stewart's theorem = b*(s — ¢) + ¢*(s — b) = an% + a(s — b)(s — ¢)

1.1.1_1
T_ﬁ-l-_c_F 2rs

" s n —q —2r
S Y —+) >y R
ra ra ga

= s(b%? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?)
= s(b? + ¢* — a? — 2bc) = an? — as? = an? = as* + s(2bccosA — 2bc)

, 4sbc(s—b)(s—c)(s—a)
B bc(s — a)

2

= as? — 4sbcsin > =as

,  4A? ) 20\ A ) _—_
= as“ — a=as —2a<7) (S_a)zas —2ah,r, - s*“ —n; = 2r h,

_ a(s +ny,) a(s? —n2)
16rra(s = @) 16r (Z2) (s — a)(s - o)

rs 2rs , )

_ 2argh, 2a (S - a) (_a ) _ s o1 S9a

= = >— >
16sr2(s — na) 16s1%(s — n,) 4s—a)(s—n,) g, 4(s—a)

s—n,

S9a o
at 4(s—a) %S
an?.ag? > a’s*(s — a)?
e {b*(s—c)+c*(s—b) —a(s—b)(s —c)}{b?(s — b) + c*(s — ©)

(€))
—a(s —b)(s— ¢)} = a?s%(s — a)?

en
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Lets—a=x,s—b=yands—c=z.s=x+y+z=>a=y+2zb=2z+xandc

= x + y and via these substitutions,

(D) & {z(z+x)? +y(x +y)? —yz(y + DHy(z + 0* + z(x + y)* — yz(y + 2)}
>x2(y+2)%2(x+y+ z)?

oxy?+xz2+y +z23>2xyz+yz(y+z) ox(y—2)?2+(y+2)(y—-2)?%2=0
- true > (1) istrue > n,g, = s(s — a)

A-G

Sga = sn,g, s2(s—a) . a(s +n,)
Sn,+—m— > 2 > =5s= true > —————%
Ma 4(s—a) 4(s—a) 4(s—a) s = (i) istrue 16717,(s — a)
1 16 —
LN s+n, - r(s—a)

= and analogs
ga ra aga

summing up

s+n 16r(s—a n
5 z 2> z¥ = (a)is true - + —
ra aga ra

=8 h“g‘ 2" (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

ng=m AM—-GM MMM 2T o TpT
Ng ‘- NOmMmg " simomym, ¢ S Y7
— = _— =z 3. |— = 3
rq rq Tal'pTc
cyc cyc

Mitrinovic
r n,

—+ Yy =2 2 3V3+3;(1)
s T,
cyc
—2rfl o h, - 2r _
h,—2r > 0;(s > a); (andanalogs)ﬁz > z h
cyc cyc a

=Z(1—%)=3—?=1

cyc

@
r ~ S n
ssssx/3+ss—+2—“
r Ty

B-Zh

cyc cyc
Therefore,
r h, — 2r
Stlze )
S T,
cyc cyc
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2402. In AABC the following relationship holds:

< —
2

r

Z(h +h,,)(h +h,) ( )3

Proposed by Marin Chirciu-Romania

Solution 1 by Alex Szoros-Romania

28
a-h,=28S < h, =—

2S 285\ /2S 2§
(hg + hy)(hy +h) (7+T) (7"‘7) _(a+b)(a+c)
hyhe - 25 2§ - a? B
b c
a2+(b+c)a+bc b+c bc b+c b?*+c?
=1+ — <1+ +
a? a 2a?

(h, +h,,)(h +hc) b+c 1< b?+c?
) S PN
a 2 a?

2
=3+Z(§+§)+§Z[ 1 h) —2]:>(Béndilé)

Z(h +hb)(h +hc)<z< ) Zz(a b)

R R

. R  3(R\%. _3/R\3
On the other side 3?+E(7) SE(?) &S
1/R\ 1/R\? R\? R
o1 B 2B o (B R 250
2\r 2\r T r

@(5—2)(§+1)20 true (2)

3

hbhc —2\r
Solution 2 by Marian Ursdrescu -Romania
(hg + hy)(hg + h) = h2 + hohy + hohe + hyh, < W2 + wowy, + wyw, + wew,

Swi+wi+wip+w? (1)

Butw, =+/s(s —a) = w2 + w2 +w? <s% (2)
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From (1)4+(2):

(hg+ hp)(hy+h,) <s(s—a) +s?>=s(s—a+s) =s(b+c) = we must show:

sy 2B )

hbhc —2\r
b+c bc(b + ¢) 1 1 3 3
hph, Z 45z asir? Z be(b+0) < 377 Z(b te) =
1 1 2_3r2_6R
= mZas = m . ZS(SZ - 3T2 — 6R1') = ssrr—zr (4)

From (3)+(4) we must show:

2_2..2_ 3
s(s"-3r"~6Rr) (%) & 2r(s> - 3r> - 6Rr) < 3R (5)

sr2
From Gerretsen: s> < 4R% + 4Rr + 312 (6)
From (5)4+(6) we must show:
2r(4R?> —2Rr) <3R3> < 4Rr(2R—-1r)<3R}* ©8Rr-4r*<3R3 &
3R®—8Rr+41* >0 < (3R —1)(R — 2r) = 0 true (Euler)

2403. In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, the following

relationship holds:

cyc
Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India
Now, Stewart’s theorem = b%(s — ¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + c?) — 2sbc
= an? + a(as — s?)
= s(b% + ¢? — a? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s—c)(s — a)
B bc(s — a)

2

= as? — 4sbcsin? 5 =as

G RMM-TRIANGLE MARATHON 2401-2500
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47? 20\ A
= as® — — o= as? — 2a<7> (s — a) = as? — 2ah,r, - s> —n% = 2r,;h,
a(s+n,) a(s? —n2)

= 16rr,(s—a) 16 (S r_sa) (s—a)(s—n,)

rs 2rs ) )
2arsh, Za(s — a) (_a ) _ s o1 S9a &
= 5 = 5 = >— S =S —N,
16sr?(s —ng,) 16sr?(s —n,) 4(s—a)(s—n,) g, 4(s—a)
?
SGa
@ —_—
Mo + 4(s — a)

(1)
an?.ag? > a*s*(s — a)?
o {b%2(s—c)+c%*(s—b)—a(s—b)(s—c)}{b?*(s—b) + c?(s — ¢)

(€))
—a(s—b)(s— )} = a?s%(s — a)?

Lets—a=x,s—b=yands—c=z.s=x+y+z=>a=y+2zb=z+xandc
= x + y and via these substitutions,
(D e zz+x2+yx+y)? —yz@y + DHy(z + )% + z(x + y)? — yz(y + 2)}
> x%(y+2)%(x +y + z)?
exy?+xz?+y3+z3 >2xyz+yz(y+z) © x(y—2)? + (y+2z)(y —2)? = 0 - true

= (1) istrue = n,g, > s(s— a)

A-G 2
Sda D SN,9a S (S - a) .\ s a(s + na)
——Ja S > 2 ’ = t — e
=Mt 4(s—a) ~ " |4(s—a) " |4(s—a) s= (i) is true = 16rr,(s — a)

ga 8(h —21‘)
= n,+s

g summlng up g
’—a > 2\/_ and analogs Z ’—a = Z\/_z

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

>

" (QED)

s 2r(s—a) rh
h, —2r = Zr(E— 1) = (a )= raa’n“ > h,; (and analogs) -

7 RMM-TRIANGLE MARATHON 2401-2500
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h, 1
cyc na+s yc Ng /h,+s

ha hb hc
azb>zc->h,<h,<h,andr,zr,=2r.-> |[—= |[—= |— and
Tq Trp re

1 1
> > .Using Chebyshev's -
Jhat+s hy+s h.+s

a a a Ja
zﬁ@f)(zﬁ) SHZ )

.

andf”(x) = —m< 0

I/\} l/\

; (x > 0),we have: f'(x) =

X
Let f(x) = 2r +x

(x+2r )2
2s

F Yarra= 2 @y (5)=3 T p=g
e d = _ = .
romjensen 2r+a fla) < 3f 3 ZS 3r+s

cyc cyc

. 2\/—2 —2r 2\/_1" Z 9a 3s 2V2r Z 9a 9a
ng+s Ta 3r+s \/3r +s ra Tq
cyc cyc

8r < 3r + s © 5r < s, true from Mitrinovic s > 3V3r > 5r

Therefore,

/9 a ’
— > 22

2 z atS
cyc cyc

2404. In any A ABC holds:

w
a “22\/22
a‘*a

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

h —2 ars _ 2r
S [pnay ke y e ny o
n,r, n,+s n,r, n,+s
z mawa m 16r(s—a)
@ _—
n,r, a(n, +s)

Now, Stewart’s theorem = b?(s — ¢) + c?(s —b) = an? + a(s — b)(s — ¢)

= s(b? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + c¢?) — 2sbc
= an? + a(as — s?)
= s(b% + ¢? — a? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc)

4sbc(s —b)(s—c)(s — a)
bc(s — a)

= as? — 4sbcsin? 5= as? —

47? 20\ 1 A
= as? — = as? — 2a<7> (s — a) = as? — 2ah,r, - s> —n% = 2r,;h,

m,waa(s +n,)  mgwea(s® —nZ)
16rr,n,(s —a) 16rr,(s — a)n,(s —n,)

gy (S cos) (22 cost) o (2)

- 16rr,(s —a)n,(s—n,) 8r(s—a)n,(s—n,)
bc (W) S 2 A’;G g2 )
" 4(s—a)n,(s—n,) 4n,(s—n,) ~ (ng+s-—ny)?
m,w, 16r(s—a) m,w, |16r(s—a) summing up m,w,
= = and analogs
n,r, a(n, +s) n,r, a(n, +s) n,r,

Z 1(16(11'1(:;:)) = (a) is true

Z /12‘::;“ > Z\EZ

a— 2r ED
— s (QED)

9 RMM-TRIANGLE MARATHON 2401-2500
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2405. In AABC the following relationship holds:

r,r 5
TalbTe | 2 _ a2
W WpWw, Sqtm, 2
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

r, T s 5
abc+z a f‘Z‘\_

WWpW, Sqtm, 2
TTpTc 5 b+c s’r  (a+b)(b+c)(c+a)
Wehave:—=sr1_[ 1= 5 - 8ab
WaWpWe 2bc.cosz 4sRr.zp anc
_(a+b)(b+c)(c+a)
B 8abc
d Z Sa 2 1 2 1 _ 2bc
an Se+my, ZLuqyMa 1_I_b2+cz_ (b + c)?
Sa 2bc
H(a + b) 2bc 5 H(b + ¢) — 8abc 1 2bc
D
" 8abc (b + c)2 8abc 2 (b+c)?
Y a(b — ¢)? (b — c)Z 1 1
_— = —_— b —c)? ( — ) >0
“ " 8abc 2(b + c)? < z( ) 4bc (b + ¢)?
(b—o)*

m > 0,which is true.

T.rpT s 5
Therefore, L2 4 2 2 _>-
W,WpW, Sqtm, 2

2406. If m is positive real number and n is integer number, ABC is a triangle

with F area and

(F,)ns0,F9o=0,F; =1,F,,, =F,.4 + F,,vn € N, then:

a2(m+1) bZ(m+1) c2(m+1) 4_m+1

+ + > F
(Faum2 + Fpoym?)"  (Fym2 + Fpoym2)"  (Fami + Frym2)™ = 3mFT

n+2

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
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Solution by Tran Hong-Dong Thap-Vietnam

q2m+1) (aZ)m+1 Holgfler
>

Z (Fum2 + Fppqm?)™ Z 4 (F,mZ + Fpoam?)™

cyc

(ZaZ)mﬂ Fn+Fniq » az)m+1 (Zaz)mﬂ

faun} — —

= : = NG
((Fn + Fpi1) Zma) F™, ( Y az) mo . (1) (3 a2)m

Zaz I;W gm+1
B e T
Fn+Z 4_m n+2

2407. In AABC the following relationship holds:
bp—a > m,
r,—T b+c

Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

wenme: Y2 Y ph Y ot 21<1+1>
enave: Lbvre = Zr(b+c) Rp ab+ac_ 4\ab ' ac
_szl Rp 2p 2
~ 2 Z.ab 2 4Rrp 4r btco ()
p-a 1y p-a Iy @-a)f Cﬁsl[Z(p—a)]
And : _-\_p7ae __Z o 1 L@-a
rg—7r 144 P __ 4 1 a r Ya
p—
_1p* p (;) Zz m,
T r'2p 2r ~

ZZ
b+c

Therefore, Z

Solution 2 by Marian Ursdrescu-Romania
zs—a_z s—a 1 s—a 1 G-a)?
Ty—T 1 1\ ;Z a_ " a
cyc a cyc F (S —a E) cyc S(S — a) cyc

1 s(s?+1r*—12Rr) _s(s> +r? —12Rr) (1)
r 4ARr B 4Rr? ’

11 RMM-TRIANGLE MARATHON 2401-2500
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a? + b% + ¢? 5 (a +b2+c2)z
_ 5
2\/§a b + C

cyc

m =3 6y) e Lat o A @t ad) "7 a
: (2SN &
v ‘x+y 4\x y ab + ac a(b+c) ™ 4 ab ac 2Z.uab

cyc cyc

a +b%2+c*/1 1 1 a? + b? + ¢?
R - T
b+c 23 ab bc ca 4/3Rr

From (1), (2) we must show that:

m, <
a ab + ac

cyc

s(s? + 1% —12Rr) - a? + b? + c?
4Rr? ~ 4V3Rr
V3s(s? +r? —12Rr) > r - 2(s®> — 2 — 4Rr); (3)

But:s > 3+/3r; (Mitrinovic). From (3), (4) we must show that:
9(s®> + 12 —12Rr) = 2(s* —r* — 4Rr) & 7s* = 100Rr — 117%; (5)
But: s* > 16Rr — 51%; (6)(Gerretsen)

From (5), (6) we must show that:
112Rr — 35r% > 100Rr — 11r? © 12Rr > 241r* & R > 2r (Euler)

2408. In AABC the following relationship holds:

a? b? > 2R
12r < + + < 2R (— — 1)
m, m, m, r

Proposed by Kostas Geronikolas-Greece

Solution by Marian Ursdrescu-Romania

. We must show that:

2
For LHS: m—+—+—> 3. ° |t

me mompm,

3| (abc)? abc)?
3. ’L > 12r o P S 64 1)
moympym, moympym,

But abc = 4Rrs and m,mym_ < (2) From (1), (2) we must to prove that:

2 - 16R?*1r?s?

RsZ > 6413 < R > 2r (Euler)

12 RMM-TRIANGLE MARATHON 2401-2500
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b2+c? bc
For RHS: m, > iR > TS So, we must show that:

2 z 2 2R ad+b3+c®2 2R-r
2R|—+ —+— SZR(——l)(:) < =
bc ca ab r abc r

2s(s?—3r2—6Rr) 2R-r ) ) )
< & s“—3r“—6Rr < 4R“ — 2Rr
4Rrs r

& s% < 4R? + 4Rt + 312, which is true from Gerretsen’s inequality.
2409. In AABC the following relationship holds:

. A
Sin 7> r
). 5215

cyc sin3 > ZR

Proposed by Marin Chirciu-Romania
Solution by Marian Ursdrescu-Romania
A
5

sin®5 B sin5% sinsg B B B
2 + 3sin?= = + + sin? = + sin? = + sin? = >
sin3 2 3B . 3B 2 2 2

n 7 sin 7 sin 7
5 Sin10é
>5 - sin® — = 5sin? —; (and analogs)
sin® = 2 2
2
sin5% A B C
Z > sin? = + sin%? = + sin? =; (1)
sin3 3 2 2 2
cyc 2
But: sin? ¢ sin?2 4 sin2S =1 ; (2)
ut: sin sin’ 2 + sin® = = SR’
From (1), (2) it follows that:
Z sinsg r
>1-—
prer sin3g ZR

2410. In AABC the following relationship holds:
6V3
a®- b’ - c¢ - (6V3r) "< (a?+b?+ )%

Proposed by Daniel Sitaru — Romania
RMM-TRIANGLE MARATHON 2401-2500
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Solution by lulian Cristi and Ruxandra Daniela Tonila-Romania

Recall Cauchy’s generalized inequality:

P1, P2, Pn (

+pot+et
X1P1 + X2P2 + -+ Xy Py \PLTP2T PR
X7 x50 xS

P1+P2+ -+ D
Takex; =pi=a;x; =p, =b,x3=p3=c=>
a’ + b% + c2>a+b+c B <a2 + b% + c2>zs

= ah’c* < | ————
( a+b+c 2s

Our inequality becomes a®b?c* (6\/_r)w_r (2+b2+c) (6\/_r)w_r

We shall prove that:

a? + b?% + ¢?
2s

2s
63
) (6V3r) " < (a®+b? + c?)%
. A . 6V3r 2
Using Mitrinovic = 3v3r < § = 6/3r < 25 = (6V3r) < (25)%s
1
( ) (6\/—r) - (a% + b% + ¢*)*s
2 2
( hre ) (6v3r ) " < (@ + b* + 2 true

2411.In AABC,1,, 1), Ic —excenters, then:

+1 +1
z (Ala)n > 2n+1 . /3n+4 . r

b R™

Proposed by Daniel Sitaru-Romania

Solution 1 by Avishek Mitra-West Bengal-India

A
A r, . A s-tani . A

Let: IP 1 AC,LPAIa = E,T = smi 4 T = Slni 4 AIa = —F
a a CcOS =
2
n+1

n+1 3

3 s3 ’ S

(Ala)n+1AM oM (rar)m Hcos% i 1l s(s— a)
; = 3 ([Ma)™ =3 (4RF)» 3\ (4RF)"

14 RMM-TRIANGLE MARATHON 2401-2500
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s3 1
<F 3 (53 : 4RF)"+
abc sF

- _ 3 —_— B 33 (4-RSZ)"+1
(4RF)* (4RF)» (4RF)"

3 (4RSZ)”+1

Need to show: 3 “@ARF" > 2ntl. /3n+4.
2\n+1 3n+3
27 . M > gntl. 3(n+4)'% . L >
(4RF)" — R3"
(4R)n SZn 5 . 3(n+4) r3n+3
27 g ARF 83T o
3(n+4)
27 -s"-4Rs? - R3" > 8"t1.37 2 . pint3.(j)

“ R > 2r (Euler) - R3" > 8" . 13" - 4R > 8r

3n
- s > 3V3r (Mitrinovic) —» s? > 27r* -» s" > 372 - "

3n
27 -s™-4Rs? -R3™ >27-32 -r"-8r-27r%.-8". 3" =

3n 3(n+4)
— 8n+1 .37 . 33 . 33 . r4n+3 — 8n+1 .37 2 . r4n+3 N (l)iS true.
Solution 2 by George Florin Serban-Romania

(rg—mra _ 135

Lemma: Al, = = " Ta
1. 5 nl
z (Ala)n+1 Raéon (ZAIa)n+1 _ (?Z T, — Z ra) Mltrgomc
b = T b 2nsm >
cyc
(4R + r)z 2s? (4R + r)z 252 n+1
r —(4R+1) S —4R-T
(3\/—R> on. 37 2 R
o

2 _ 92yn+1 n+1 2 _ 2\n+1 ? n+1
_ (16R® + 4Rr — 2s")™1 2"1(4R® —2Rr —3r* )™ o, /—3n+4,ar

3n 3n
372 .pntl. Rn 372 .pntl. Rn

3 +4
o (4R2 — 2Rr — 3r2)n+1 > r2n+2 . 3Tn . BnT — (rZ)n+1 . (32)n+1 — (9r2)n+1

15 RMM-TRIANGLE MARATHON 2401-2500
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2 2 2 2 2 R : R
4R* — 2Rr — 31r“ =2 9r°* © 4R* — 2Rr — 12r 20@4(7) —2(;)—12 =0
t—722—>4t2—2t—12 >0- (t—2)(4t+ 6) > 0 true.
Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

A
T, S tani S
We have : Al, =

1 (and analogs)
sini sin7 cosi
Let () 1 E(On) ') sin x 40 1+ sin?x
= —— —_ e d = =
etf(x cosx'x "2 Jix cos? x and f(x cos3 x
- f — convex.

DY ADVIEIEEN W Er

2

7=2V3s - ZAIa > 2v3s (1)
COSE

(A1™t "L (z AL Y

1
L (2\/§S )n+
> ——2=2,3"l g >
b X b)" (2s)"
Mitrinovic Euler 2r n
S 23 1.3v3r S 23 r (F)

n+1
Therefore,

(Ala—)nﬂ > ntl | /3n+4 . r
b™ - R™
2412. In acute AABC the following relationship holds:

Z cot® 4 - 3(R+1)?

cot3B — s2
cyc

Proposed by Marin Chirciu-Romania
Solution by Tran Hong-Dong Thap-Vietnam

AABC — acute — cotA,cotB,cotC >0
3 5
cot’ A Holder
Zm ZCOtB '(1+1+1) = ECOtA
cyc cyc cyc

16
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2
Z cot5A 1 Z ‘A 1 (s —12—4Rr\*®¥ 3(R +1)?
- =—-
cot3B =3 o 3 2sr - s2

cyc cyc

s2 — 12 — 4Rr\" BR+1)? s> —r>—4Rr 3(R+7T)
2sr = < =

(1)=><

s? 2sr - s
& s* —r2 —4Rr = 6r(R+1) © s*> > 10Rr + 7r*
But: s > 16Rr — 512 (Gerretsen). We need to prove that:

16Rr — 51% > 10Rr + 7r* © 6Rr > 121? © R > 2r (Euler) — (1) is true. Proved.

2413. In AABC the following relationship holds:

p-a _,\NP~4
h, — 2r Ty—T

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2 — —
We have : h, —Zr—Zr(g_l) r(p a p-a

h - 2r ZZr:; 1)

a
h —or =27 (and analogs)

a 2 55 2 [3p-a)l?
and : ZZ Z P (p - a) o 2 Ep-a)l
ra—r r Ya
p—a
_2p* _pU N p-a
“Tr2p h, — 2r
p—a p—a
<
Therefore, h,—2r = 2 p——

2414. In AABC,n, —Nagel’s cevian, the following relationship holds:
h h h, 3r
a b by

n, n,, n, R-r

Proposed by Bogdan Fustei-Romania

17 RMM-TRIANGLE MARATHON 2401-2500




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

R h, n, 71,
Let'sprove that: 2 (— — 1) E — = E (_ + _>
r n, Tq MNg
cyc cyc

n, E_nﬁ+rﬁ s? —2r h, + 12

Tq N, MgTy, NaTy
2.2
2 2,2, As’r
s? —2r,h, +73 s? 4sr+ sr as“(s —a) — 4s“r ty—q
T r, a s-—a a(s —a)r,

as’(s — a)? — 4s*r*(s — a) + s*r*a

asr(s — a)

a(s — a)? cosg —41r%(s — a) cos% + ar? cosg
=S A =
ar(s —a) cos>

a(s — a)? cos% —41r%(s — a) cos% +ar(s — a) sin%

=S =
ar(s—a)cos%
a(s—a)cos%—4r2cosg+ar-siné
=S =
A
ar - cos>
A A A A
2. a3 LAY a2 a .sin 2
=s-16R cos ZH(SmZ) 4r cos +ar-sing
. cosA
ar - cos
_)nfl+rﬁ:S.4Rr-cos3g—4r2-cosé+4Rr-cos%sin2é:
Ta ar-cos%

A A

-2 = 2

_S'4R(1—s1n 7)—4r+4R-s1n 7_4S(R—r)_ (R )h
- - - a

2(——-1
a a r

N R ) ¥
T, N, r,n, r n,

cyc cyc cyc

n, 1, R h,
By AM — GM:— + — > 2; (and analogs) — 2 (;— 1) —>6

a MNa ng
cyc

Therefore,
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h, ﬂ hc> 3r

ngG n, n. R-—r

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

h 9
By CBS inequality,we have: —> T
n, y-a
cyc h,
nacgs n2 Zl 3 1232—2raha_
h, ~ h, h,| |r h, B
cyc cyc cyc cyc

sz 2 s2 2(4R +1) %™ (4R2 4 4Rr + 312 —8Rr — 212 2R -7
= |[— — —z rg= |5—— < =
2 r 2 r 2 r

h, 9r E«) 3r

- — > >
ng 2R—-r R-7
cyc
h h 3r
Therefore, = + = + = > —
ng ny ne R-r

2415. In AABC the following relationship holds:

hb + h, Z h,
Wa ra
cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

h, +h 1 1 b+c
= Y (i) = ) @
b c

cyc ha cyc cyc
_ 2bc Tereshin  2bc b2+c2_ bc s, b+c
Sa—bz—_l_cz'ma = b2+ c2 4R ﬁ_)w_“>4R-cosi_’(2)
E _2(s—a) 2-4R- cos%singsini B Zsingsinf B
Ta a - 4R-cos%sin% - sin7 B

RMM-TRIANGLE MARATHON 2401-2500
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ZHsin% r 1

— A ) (3)
sinzé ZR sng
’ , (2)(3) b+c b+c b+c(,£)zh b+ he
cyc Ta cyc 4‘R COS Sln cyc 2R -sin4 cyc cyc
Therefore,

hb+h ’ /
cyc

2416.1,,1,,1. —excenters in AABC. Prove that :
1 1 1 3

[ABI.] ' [BCI,] [CAI,] - F

Proposed by Eldeniz Hesenov-Georgia

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

=t

A C

ar
We have : [BCI,| = Ta (and analogs)

Chebyshev

[Bcl‘l,,]:Z aira £ g(Z%)(ZL)

Th z 1 3
erefore, [BCI,] =

Solution 2 by Avishek Mitra-West Bengal-India

1 3
r

BS o 3
3’ sr F

IV}

1
Pl,=r,BC =a,[BCl,] = Ea ‘Tg

RMM-TRIANGLE MARATHON 2401-2500
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Z 1 _Zl _Zz 1 _2 zs—a_
[Bcl,) L T% Te” F_F a
2

a -
s—a

_2( Zl 3)_2( Yab 3)_2 s? + 1%+ 4Rr 3) =
“F’ L “F\® abc “F\® 4Rrs B
_ 2 s*—8Rr+r?

F 4Rr
Need to show:

But: s > 16Rr — 512 (Gerretsen), so we must to prove thetl

16Rr — 51% > 14Rr — r?> & 2Rr > 41% & R > 2r (Euler).

2417.I1f m = 0,u, v > 0 and a, 8, y are the measures of the angles of triangle

ABC, then prove that:

sina 3 \" ) .
Z > < ) (sina + sinf + siny)" ™

£ (using + v /sinasinf) 4TV

Proposed by D.M.Bdtinetu Giurgiu, Neculai Stanciu-Romania

Solution by Tran Hong-DongThap-Vietnam

AM-GM
Z(usinﬁ + vy/sinasinf) = u Z sina + v z Jsinasin <
cyc cyc cyc
sina + sin
< uz sina + vz (Tﬁ) = (u+v) 2 sina; (1)
cyc cyc cyc

m
sina
Z o Z(usinﬁ +vy/sinasinf) | (1+1+1)1™1>
52 (usinp + v\/sinasinp) =
Holder

= sina

cyc
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Z sina - Ysina S
b = =
&2 (usinp + v /sinasinf)’  3-m (Z (usina + v./sinasinﬁ))m

m

() o

®

m Ysina om Ysina

((u+v)ysina)™ 7wt v)m(Isina)m

2418.In AABC, g, —Gergonne' s cevian, the following relationship holds :
AH - h,
2r

> \/ga2 + (rb + re— 2ra)ha

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
( AH.h,
) 2r

We know that : g, = (s —a)?> + 2rhgyandry, + 1, =

= \/gaz + (rb + re— 2ra)ha
2ryr.  2s(s—a)
he  hg
2s(s—a
> gl +p+r.—2r)h, = (s —a)* +2rh, + (% — 2ra> h,
a
s 2rah
= (s—a)2+25(s—a)—2rha(m—1) =(s—a)®+2s(s—a)— 5 =

rreo=bc-1p1,
=(s—a)?+2s(s—a)—4rr, = [(s — a) + s]> — s* —4bc + 41,1,
=(b+c)?—4bc+4s(s—a)—s> =(b—c)*+ (b+c)? —a*—s?
- \/gaz + (rb + 71— Zra)ha = \/4’ma2 — 52
We know that : AH = 2R|cos A| > AH? = 4R*(1 — sin? A) = 4R? — a?

—a

4R? — a®)h,? Rh,\* Rh
—>(*)<—>( 4r2) - 24ma2—sz<—>4<2ra) —3224ma2—sz<—>2—ra2ma
which is Panaitopol inequality.
AH.h,
Therefore, > g2+ (ry+1.—2r)h,

2419. In AABC the following relationship holds:

(singi-lr—lgian (sinl:i-;jinC)‘?’ (singi;l—l;inA):" +3 _ E
1 1 1 =16

- - + —
sin*4  sin*B  sin‘C

Proposed by George Apostolopoulos-Messolonghi-Greece
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Solution by Sanong Huayrerai-Nakon Pathom-Thailand

For AABC we have: sind + sinB + sinC < 32_«/5 and for x = sinA,y = sinB,z = sinC

(sinA + sinB)3 (sinB + sinC)3 (sinC + sinA)3 43
sinC sinA sinB < ﬂ
1 1 + 1 — 16
sin*4  sin*B  sin*C

x+y\3 y+2z\3 z+x\3 1 1 1
<—>16(—> +16< ) +16< ) +48S81(—4+—4+—4)
z x y xt oyt z

x3 y3 Z3 x3 Z3 y3
< 16 St 3tttz t3+3 +48 <
y3  z x3 23 Y3 «x

x*y y*z z’x xy* yz* zx? 1 1 1
S——Fgt gttt S5 t+tF3+3 +48S81<—4+—4+—4) true, because:
z X y z X y Xty z

1 1 1 x2 y3 2z
9(F+F+Z_4> = 16<?+Z_3+F>
o 9((x)* + (y2)* + (z0)*) = 16(x"yz* + x*y’z + xy*z")
o 9((xn* + (y2)* + (z0)Y) = 16((xy)® + (¥2)® + (zx)°)

© 9((x* + (y2)* + (z0)*) > 16 - %((x)')“ + (2)* + (x2)*)

1 1 1 x2 2y
HQ(F+F+F>216 ;-I_?-I_F

1 1* 1 16 1 1 1
+>< )>48

Atyta

2420.Letm,n € N,n > 1, In AABC the following relationship holds:

9 1 1
< <
@) (m+ n)(8R? + 4r?%) — Z ma? + nb? ~ 4(m + n)r?

b 2 _ 1 _ 1
) (m+n)R_tha+nhb_(m+n)r

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 CBS 9 9
.Weh : Z S =
a.Wenave ma? + nb? — Y(ma? +nb%?) (m+n)) a?
9
= >
2(m+n)(s? —r? — 4Rr)
Gerr:f\tsen 9 9

2(m + 11)((4R2 + 4Rr + 37r2) — r2 — 4Rr) - (m + n)(8R? + 4r?)

cBs 1 1
Now, Z ma2 +nb?2 — Z (m + n)2 ( 2z ﬁ)

1 1 Golditone 1 1 1
“m+nlia? = m+n'4r2:4(m+n)r2
Therefore 2 < 1 < 1
’ (m+n)(8R? + 4r2) — Luma? + nb? ~ 4(m + n)r?
cBs 9

b.We have : Z mh, + nh,, 2 Smh, + nhy)
9 Y hg<) Zr:as4R+r 9
= > >
(m+n)Y h, (m+n)(4R+71)
Euler 9 2

e

- (m+n)(4R+§)=(m+n)R

CBS 1 1
Now, n—|= —_——
ow th +nh, ~ Z(m+n)2( b) m+nish, (Mm+n)r
1
Th -—_
erefore, (m+ n)R mh, + nhb (m +n)r

2421. In AABC,n, —Nagel' s cevian, g, —Gergonne' s cevian, the following

relationship holds :

1—[<ma+\/a(\/"—a \/E) na+s><

S
r

Proposed by Bogdan Fustei-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that : n,%2 + g,2 = 4m,?> — 2s(s — a) and n,g, > s(s — a)
- (na + ga)z = (naz + gaz) + 2naga 2 [4‘ma2 - ZS(S - a)] + 25(5 - a) = (Zma)z

>Ny, + ge =2m, (and analogs)

M +\/9a(VMa = \/9a)

AM-GM

_Zma+2 naga_ZQa ﬂ-\ Zma+(na+ga)_zgaf‘“ (na+ga)+na da
B 21, = 21, 21,
M+ (e~ 52) _n
rq B Tq
M +@(Jn_a V84)
na +S

na 2h,(s — n,) na* ‘Sﬁ 2aha 4 N 2h,(s—n,) n, N s—n, S

_ra s2 —n,? r_a 2rah, 1y Ty T,
-T7 ma+\/E(J"_a V8a) <1—[i_i__
na+s r, Trs?

Therefore,

n(mﬁ@(ﬂ_a V9a) , na+s><

2422. In AABC the following relationship holds:

2, r?>(R - Zr) 3(s — 4Rr —1?)
@) ZS“ R+r = 2 '

alb—cC
b) Ewa+ég—| lZEma
hq

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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. 2 2 _ 02 2bc \*
We have : m,* —s,* =m, 1_<bz—+c2)

o, (b?% — ¢?)2 Terg>fhin b2 + c2\> (b2 — ¢?)?
“Ma @z ez < 4R | (b% + c?)?
2 _ 22
m—s? > (b* — c*)

“1eRZ (and analogs)
1 1
- Z:(ma2 —55%) > Z:(b2 —c2)?2=—

16R? ~ 8R? (Z a* -~ ZW’)Z) =
1 szizxy 1
- orz <Z(ab)2 - (2 Z(ab)z _ Z a4)> S

> W(E ab.ac — 16F2)

__4sRr.2s — 16s21r?

8R2 B
_ 25’r(R—2r) 252257” 27r*(R — 2r) - 27r*(R-2r) 1*(R-2r)
B 2R? - 2R ~ 2(R+71) R+t
r2(R—-2r) 3(s>—4Rr —1r?)
2 <
Therefore,Zsa + RiT >
b.
A
W; ma
B C
D M
ac a ac alb — c|
We k that : DB =—— - DM = |BM — DB| = |- — =
€ iow tha b+c_) | | |2 b+c| 2(b+c)
A

a a a 2(l I )— a

Weknowthat-&>1§ a o S w +ga|b—c| w a|b—c|>m
.ha_ “b+c 2(b+c) a h, = Ta 2(b+c¢) "~ a
26
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galb - Cl
h

a
b-c
Therefore, Z w, + 2% > Z m,
a

2423. In AABC,n, —Nagel's cevian, g, —Gergonne's cevian, the following

S w,+ > m, (and analogs)

relationship holds :

s[Mmawo? 2R 5
] [(g.2rahy) = ° 52

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let us prove : m,w, < n,g,.
(b—c)? (b—c)?

a

We known that : n,*> = s(s —a) + s, 9ol =s(s—a)— (s —a)

4[(naga)2 - (mawa)z] =

2(b — c)zl [ 2(b — c)?
a

=s(s—a)[2(s—a)+ a

B 4(b + )2+ (b—-c)®>—a?® 4bcs(s — a)

4 b+ 0
=s(s—a) [(b +c)?—a®+4(b-c)? - ‘l(b—_zc)‘l — 4bc + 4bc.—a2(;(fc_)zc)2
~ s(s—a) [(b b o —abe— a2 + L2 S@ GO 4bc.—“2(;(+”c‘);)2]
= s(s—a) [(b o —ar + 2B C)z(“zz_ =97, ape —“2(;(1’;);)2
= s(s - @)[a? - (b— ¢)?] (—1 (A (b"fi)Z) = 4F2 (4("“_2 . gj " 32)
(2b + 2¢ + a)(2b + 2¢ — a)

= 4F?*(b — ¢)?

a%(b + c¢)? >0 ->muw, <n,g, (and analogs)
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3 l—[(mawa)z 3 1_[ 2 AM GM Z 2 na —S Zra a z Zra
- |=————<< <
[1(g.°1oha) rq.h 3 3
1 s? 1Ca(s—a) 1 5 y 2
_§< raha—22>_§zT—2_m(2s —2(s®—r —4Rr))—

_r+4R
- 3r

3| [T(mgow,)? (ZR 5)
Therefore, < 2|=——=
! [Moerahg =2\5r "5

2424. In AABC the following relationship holds:

a? 2R
12r < z ———< 3R |—
Jmpym, r

Proposed by Marin Chirciu-Romania

Solution 1 by Marian Ursdrescu-Romania

’ (abc)?
cyc 1/ mompym,

We must show that:

3| (abc)? abc)?
3 /L s 12r P S a3 1)
moympym, moympym,

2
But: abc = 4Rrs and m,m,m, < RTS; (2)

From (1), (2) we must show that:

2-M>64r3=}R>2r(Euler)
Rs?2 — -
oo br+et 2be _be  a’be _ avbe
@="4R = ar 2r  ™Me=Tpz VMM ="5p

We must show that:
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2
2R Z a <3 2R a <9 R 3)
_@ —_ < = _@ — __._;
r vbe 24 r vbc 2 r
cyc cyc

CBS
2\/‘;_ 2 a Z—()

cyc cyc

From (3) (4) we must show that:
2s 9 R
—<—.— 2 2y, <.
Z Zbc r(:)(a +b +C) Zr
cyc cyc

2s 9 R

<. _o 2 2 < 2
ARs-2'7 a’+b%+c 9R”“ true.

Solution 2 by Ertan Yildirim-lzmir-Turkiye

s (a2 +b*+c?)-

m, > hg; a? + b? + ¢? = 9R? (Leibniz)

w—<— (P topol)
ha anaitopo
Z : Z : Z : z V
oiymym, L Jhyh, v ac ab bc

Hli Lelbmz a+b+ c
—>2RZ < 2R/ a? +b% +c2- +— 2R - 3R =
\/_ ca
cyc

cyc Z Vac - ab 2 \/_

o Z AM—- GMZ Z Berg;trom8 (a b+ C)Z
r 2Vbc w/ab ac a(b+ c) - T 2(ab + bc + ca)

(25)? B 4s? !

4r ———" —4r. S12
AT ab + bc + ca T sZ2 +1r2 + 4Rr r
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452

~SZ+ 12+ 4Rr
But: s > 16Rr — 512 > 16Rr — 572 > 3r%? + 12Rr & R = 2r (Euler)

>3 > 4s* > 3s2 +3r2 + 12Rr - s2 > 3r% + 12Rr

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

o Leuenberger

2
Z a - Ca)? 2R 4 - 4s? D",’fet 4.3r(4R + 1)
- 4R+r 4R+ 1r

=12r

mgompme2s’r

Panaitopol
z\/mbmc «/mambmcz aym, = x/st \/7 fZaf<
CBS

Leibniz
2 %\/(z aZ) (Z a) 2 jg (9R2)(2s) = BRE

Therefore, 12r < Z

aZ
<
Jmpym,

2425. In AABC the following relationship holds:

43 c¢cscA cscB c¢scC 3R
< + + <
3R m, my m, 3r2
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

cscA 5 zcscA 2R a 3R M'tr:‘""c 3R _\/§R
= a ‘2sr = 33r.r 312
cscA Panag"p ol cscA _"2R a 6 Mi"gm’ic 6.2 _4\/§
m, - Rs a Rs s - 3vV3R 3R
a
4+/3 cscA 3R
Therefore,

3R = m, = 3r2
Solution 2 by Eldeniz Hesenov-Georgia

Chebyshev Bergstrom

z z ZR 9 9 -
ma _ Szma_

cyc cyc cyc
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2R 9 2 MltTlTlO‘UlC 4\/—

L S .1
=3 s R - ;D
«g ZRZ]- a 3RMlteromc\/—R ( )
- a 2F - 3rz’
cyc cyc

From (1), (2) it follows that:

43 cscA cscB cscC /3R
< + + <

3R m, my m, 3r?
2426. In AABC, the following relationship holds:

h —Zr b+c

Proposed by Bogdan Fustei-Romania
Solution by Mohammed Amine Ben Ajiba-Tanger-Morocco

ho_2 ) (s 1) 2r(s — a) s—a a (and logs)
—_ = —_—— = e = —
a— 2r 4 " h.—2r " 2r and analogs

h, — 2r ZZr:; @

Panaitopol

4y 2L 2y ks =Rs ) i C’SSRZ(1+1)—2R21
b+c ~ alb+c) Slabtac =" ab ac S

ab
— 2R 2s _s(é) s—a
S Rsr v h, - 2r
s—a m,
Therefore, >

h, —2r — 4 b+c
2427. In AABC the following relationship holds:

3 _ z 1 1
4(2R?% +1r?%) — a? + 2b2 127r2

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We h Z 1 7L 9 3 3
e nave : aZ +2b2 =

Y(aZ+2b%) Ya? 2(sZ—12

>
—4Rr) —
31
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gerr:,:tsen 3 1 3
=  2°(4R® +4Rr + 312) — 12 — 4Rr _4(2R%Z +12)
CBS Goldstone

o Bt Tl )28 T e
ne: L@y S L9 t2) =3 = 34r2_12r2

1
4(2R% +1%) — Z a? + 2b2 = 1272

Therefore,

2428. In acute 4ABC holds:

ZS cos Asint A _ 3
9 -2

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AABC is an acute triangle - cos A,cosB,cosC > 0

Z 5|cos Asint A Z 5 A <sin A)4 AMéGM Z 1 ( A+ 4 sin A)
_ = cos < —| cos . =
9 V3 S5 V3

Euler

1 4 s Mltrlnovlc 1 1 4 3\/§
=- cosA+—ZsmA— 1+ < - —)+—__—
52 ) 5\/_ R 5v3 2

5
5|cosAsin* A A sm4 A 3
Therefore, Z E

2429.In AABC,n, —Nagel' s cevian, x,y,z > 0, the following relationship
holds :

n? +IZ >Z +s Z
X+—) xrg= ) x r/ Xy

Proposed by Bogdan Fustei-Romania

N|w

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We known that : n,? = s* — 2r,h, (and analogs)

_ZSZ—Zraha e s2 L ﬁ Z Z
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Oppenheim
4 Z x

> —4F/ xy — Zs_(s_a) =2 z:x}’—1
T rius—a

n, s |
Therefore, Zh—az.x+;2x.ra22x+; ny

2430. In AABC,n, —Nagel' s cevian, x,y,z > 0, the following relationship

holds :
n? 1 s
Zh—g.x+;2x.ra 22x+; ny

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2:

We known that : n,* = s* — 2r,h, (and analogs)

2

n, s—Zra Zra
= —Z w= Y Y gy e Y

Oppenhelm s — (S _ a) s 1 ST
—— - 4F xy == Xy —— X+ X
r rius—a
Th Z"“ EORZEDREA)Y
erefore, haz X - X.Tg = x - xy

2431. In AABC, I —incenter, the following relationship holds :

2(ng + h,)

1
DY)
r r,

cyc

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A
Al [2(ng+ hy) 1 2(ng,+h,) Stany

— = © > o —h,=>n, o
r T, ., A Tq ., A a a
sin“ 5 2sinc =
2 2
( S Zsr)2> 2 2_on
- —— =>n,c =585°“— r
sind a a a a
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SHEEDE s e 1-2(Z) (tang)) - 4r -

aZ

. A A A
> (2RsinA)? — 4R s1nicosi.4r tani

- (R-1)>>R*(1—-cos?A) —2Rr(1 —cosA) & r* > —R?*cos? A+ 2Rrcos A

< (Rcos A —1)% > 0,which is true.

Al 2(n,+h
->—2= M (And analogs)
r / Ta

1 2n,+h
Therefore, —Z Al > Z M
r r,

2432. If ABC is a triangle with usual notations prove that:

We+w, wpt+w, w.+w, 2

>
w.a* w,b* wyct T 3R*
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution 1 by Marian Ursdrescu-Romania

We prove in general: let x,y,z > 0, then
X+ +z x+2z 2
4 + 4 + =
za* xb*  yc* ~ 3R*%

Because x + y > 2,/xy, then we must show that:

\/x_y\/ﬁ\/_1

za* xb4 yc* 3R4'(1)
o LY YT VA @)
" za* xb4 yc4 (ab )4'
From (1), (2) we must show:
s| 1 >1 33 1 27 1 L amRrs4
(abc)* (abc)4 33R12 (4Rrs)4 — 27R12 = ST

Which is true because R > 2r (Euler) and3+/3R > 2s (Mitrinovic).
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Solution 2 by Alex Szoros-Romania

w, +wy zwa+wb+wc—wa z z 1 1
= = W — —
w.a* w.a* @ a‘w, a*
cyc

cyc cyc
12 1
il Z_
(2 (S )y (2) G-
cyc cyc
.op2
- zz b21c2 - a2:202 (Z az) = ?a:rgz ;)

cyc cyc

2 - 9R? - 2
(abc)? ~— 3R*

& 3V3R3 > 4Rrs © 3V3R? > 4sr; (2)

& 27R® > (abc)? © 3V3R3 > abc

But R > 2r (Euler), so we must to show that:

3vV3R? > 3V3R - 2r > 2s - 21; (3) because:

3V3R
3V3R>2s ©

> s (Mitrinovic)

From (1), (2), (3) it follows that:

Wet+tw, wp+w, w.+w, 2
w.a* w,b* wpct T 3R4

2433. In AABC the following relationship :

1 2(n,+ hy,)
;E‘ﬁ_‘lzz\/(rb—r)(rc—r)

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
2

s s bc r
(rp—7r)(r.—1) =r2(m—1)(s_c_1) :rz'(s—b)(s—c‘) :sinzg
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A
[r 2 h stanz
“zj (1 + o) L. 22(na+ha)<—>—z—ha2 n,

2 2
S 251\ 2 ) 2
< (sinA B T) ZMg" = 5" = 2haTy
4R-1)%s* _ 2r A )
o——s——2=5 1—2(—)<tan—> < 4(R-1)
a a 2

o A A A
> (2Rsin A) —4Rsmicosi.4rtani

o (R-=1)2>R?*(1—cos?A) —2Rr(1 —cosA) & 1r* > —R?cos?A+ 2Rrcos A
< (RcosA —1)? > 0,which is true.

Jr_a>j 2(n + ho)

r (rp—r)(rc—1)

(And analogs)

—_

1 2(ng + hy)
Therefore, ;Z \/r_ > 2 \/(Tb . —1)

2434. In AABC the following relationship holds:

2 (T D2

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AM-GM

. s—a
Wehave: (b+c)>=[a+(-a+b+c)]? = 4a(-a+b+c)=8abc.

bc
s(s—a) , A A
= 32Rr. e - 32Rr cos 3 - b+c=>4V2Rr cosi (and analogs) (1)
zma“’g" b+c A(gz 4 ZR’”COSZ% T 2 1
- ) — 2> cos— > = [—
a 2a 2 2.4R sin%cosg ZR tan%

r Z S r s S Zma> S
= — _— = —'—= —_ _—
NZRZLT, N2R'T Vamr a ~ \2Rr
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— Itis suffices to prove : &2\/(%—;—2)(2%)(2%) ()

Now, from Oppenheim's inequality ,we have : Z a’x

> 4F(a,b,c). ny,Vx,y,z >0
Where F(a,b,c) is the area of triangle with sides a, b, c.

Appliying this inequality for a triangle with sides \/a,Vb,/c

- x/sz(g 4F(Va,Vb,Vc). /z xy
We have : 16F(\/E,\/B,\/E)2 = ZZ(\/E\/B)Z — z:\/;l = Zz:ab —Z a?

=4r(4R+ 1)

- F(Va,Vb,Vc) =%\/r(4R+r) - (2) (—)Z(IXZ 2\/r(4R+r)ny,Vx,y,z> 0
c a b b c
E,Z=;—>Za.522 r(4R+r)ZE.E<—>Zb
22\/r(4R+r)Z£

a b
o s> \/r(4R + r)zz ,similarly : s > \/r(4R + T)ZE

2 Blundon—Gerretsen
CHEY s T e
— 2 2
e ) X Th O R RN

- (%) is true.

b
a

Letx=—,y

%)

Therefore,

Yo (F-R)EHCd
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2435 .In AABC,V — Bevan's point, I — incenter. Prove that :

[AIV] + [BIV] + [CIV] < 3R(R — 1)
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
1 1 AM-GM
[AIV] = EAI.AV. sinIAV < EAI.AV < 2 (AI* + AV?) (and analogs)

- [AIV] + [BIV] + [CIV] < 1 z Al + z AV2

Wehave:ZAF:rzz Z(s—b)(s—c) Zbc(s—a)—

= (sZ+r2+4R1~)—3.4Rr=sz+r2—8Rr—>ZAI2 =s*+12—-8Rr (2)

sm2

Now, let us prove : Z:AV2 =12R? — s> —r2 — 4Rr

Let P be the feet of the perpendicular from I, to AC.
We know that : P € VI,,AP =s—c,Pl,=r,and VI, =VI, =VI. = 2R
— AV? = AP? + PV? = (s — ¢)? + (2R — 1},)? (and analogs)

—>Z:AV2 =Z:(s—c)2 +Z:(2R—rb)2
=3sz—2520+2c2+12R2—4RZrb+Zrb2

=3s* —4s®> +2(s* —r* —4Rr) + 12R* —4R(4R + 1) + (4R + 1)? — 25*

- ZAV2 = 12R%? — s> —r?2 — 4Rr (2)

- [AIV] + [BIV] + [CIV] < = ZAI2 + ZAV2 (12R2 —12Rr) =3R(R—1).
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2436. In AABC the following relationship holds :

[Teos3) (X" 5") =5 7

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

o ([Teosg) X527 7
% R
cos 2> R
We .Zwb+wc_z <1+1) 2bc ADb _Zz
e have : p =) Walpts b_l_c.cosz be cos

—’(*)H\/q_[cosg)(Zcos ) %%—2ncos—<—>2cos—>4ncosg

w— 24 w—2A . i
o Z cos 2 =>4 1_[ cos for any triangle with angles m — 24, — 2B, — 2C.

s sr
inA4 > | | i —>4— >
<—>ZsmA_4 sin4 & R_42R2 o R > 2r (Euler)

Therefore, \/(H cos ) < Wy ¥ Wc) >

Solution 2 by Tran Hong-Dong Thap-Vietnam

1—[ A s wb+wc_z <1+1>_Z _
€082 Tar’ a  L"\pTe)T LY The T
cyc cyc

cyc cyc

AM-GM A 3[S

_ 2bc A b+c_2 Z A S 6 31—[ —6
“Lb+tec 2 Tbe T 0sy = 055 =% J2r
cyc

cyc

So, we need to prove that:

S S S S
J%-va-ﬁﬁ_z S A A
E) o tze () o) o %sazs

3V3

s
T > — (M itrinovic)
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2437. In any AABC the following relationship holds:

Y ab) +2() @) = 16735

Proposed by D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Sa)r2Fe) 5 oY) +(Ta) EheY s Y e -

Mitrinovic
16

_ %(Z a)“ 2%4 S 3V

2 2
Therefore, (Z ab) +2 (Z az) > 16V3s3r
2438. In any A ABC the following relationship holds:

1 A 1 A
32$tan— < Egcoti

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
1 A 1 /,s—a
> ooty =5y (w(5)

1 S 3 2 2
i b (Zab) — 3.4Rrs. 2s(s“ + 2Rr + r°)

(s? + 4Rr +r?)? — 16Rrsz>

16R?r2s2
_ (s> + 4Rr +r?)’ — 24Rrs?(s? + 2Rr + r?) — 4Rr((s? + 4Rr + r?)? — 16Rrs?)

64R3r4s?
s® — (16Rr — 3r¥)s* + r2s2(32R% — 8Rr + 3r2) + r*(4R+ 2P 1 A
- Y o
- 64R3r*s?2 = /a3
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A
1. A 1 tan3 1 ,A
25“‘“5—2 oz A__A 4RZ ( + tan 5)

2 A a
4Rcos > tan 2

tan?
“a| 2wt 2 A

16R?2 cos4 tan2 5

1 ((s? +4Rr+r2)2—16Rrs L1 2(1+t ZA)Z
TR 16R?r%s? 16R? 2

1 /(s? + 4Rr + r?)%? — 16Rrs? 1 .\ ,A
:ﬁ + Z(1+tan E+Ztan —)

16R?r?s? 16R? 2

1 (sz+4Rr+r2)2—16Rrsz+ 1 3+ Z 2 ZZ Z )
4R 16R%r%s? 16R? Ta rery

s6 — (8Rr — 3r?)s* — r2s2(16R? — 8Rr — 3r?) + r2(4R + r)* @ (“>z .
— — an—

_ 1 ((s? +4Rr +r?)? — 16Rrs?
" 4R 16R2r2s?2

+1eR? (3 +Sl4(((4R +1)? - 2s%)2 — 2(s4 —2rs’(4R + r)))

+ SZ—Z ((4R +1)?% — 252)>>

_ (s +4Rr +r?)? — 16Rrs®
B 64R3r2s2
Ss +2s2(4R+1)?2 —4s* + (4R +1r)* — 4s2(4R +1)? + 4s* — 2s* + 4rs?(4R + 1)
64R3s*

:SZ—tan Z—cot—

3s% — 3(8Rr — 3r?)s* — 3r?s?(16R? — 8Rr — 3r?) + 3r?(4R + r)*
It 64R3r2st
< s® — (16Rr — 3r?)s* + r?s%(32R? — 8Rr + 3r?) + r*(4R + r)?
64R3r*s?

D

& s8 — 16Rrs® + (32R? + 16Rr — 6r2)r?s* + r*(64R? — 16Rr — 8r%)s? — 3r*(4R+1)* 3 0

Gerretsen

Now,LHSof (1) S —5r%s®+ (32R? + 16Rr — 612)r2s*
+ r*(64R? — 16Rr — 8r?)s? — 3r*(4R + r)*

41
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Gerretsen

S r2gt (32R2 + 16Rr — 612 — 5(4R? + 4Rr + 3r2))

+r*(64R? — 16Rr — 8r?)s? — 3r*(4R + r)*
Gerretsen

S r2s? ((12R2 — 4Rr — 21r2)(16Rr — 5r%) + r2(64R? — 16Rr — 8r2))

—3r*(4R + n)*
=r3s2(192R3 — 60R?*r — 332Rr? + 97r3)

Gerretsen

—3r*@R+1)* 2 r*((192R® - 60R’r — 332Rr? + 97r)(16R

— 5r) — 3(4R + r)4)

,
- e R
>0 < 576t* —672t3 — 1325t%2 + 791t — 122>0 (where t= F)

? Euler

& (t—2)(576t3 + 480t — 365t + 61) S0 > true ~ t S 2
_ 1 A 1 A
= (1) is true - SthanE < Z$cmf (QED)
2439. In any A ABC the following relationship holds:
z:ra+r>z:4-F+(b—c)2
r,—r a.s,

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Proof :
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a
AD = m, and AH = h, -~ BH = ccosB = DH = ccosB — 3 and CH = bcosC = DH

a
= 77 bcosC - 2DH = ccosB — bcosC

Here ¢ > b and proceeding in a similar manner whenb > ¢, 2DH

= bcosC — ccosB . 2DH = |bcosC — ccosB|
a’ + b? — ¢? c? + a? — b? 2|b? — 2| (b% — ¢?)2
=|b|l—55—]—¢ = = 4DH? = ———
2ab 2ca

2a a?
(bZ _ CZ)Z (bz _ CZ)Z
4q? 4q?
mi —hi _ (b*—c®)? _ mi—hiD @ -c*?
= = =
hZ (4F2) h2 16F2

= AD? — AH? = =>m2—h2 =

=

> —2>
F 2F h, 2F

amg _ (b —c)? o 2m, (b—c)? o (ma )(ma )

>(b—<:)2<&

mﬁ—h5>(b—6)2(ma+1)
=7 4F \h,

+ 1) S =
h2 4F

via (@) (h2 _ ¢2)2 - (b — c)? (ma N 1) (b +¢c)? _me am, 2am, + 4F
S — e— 2 >4 =2 -
16FZ = 4F \n, 4F —h, 2F 4F

& (b+c)? —2am, > 4F
& ((b+¢c)? —2am,)?

2 b+c 2
> 16F ( 2am, < 2(b + ¢) <T) = (b+c¢)* > 2am,
= (b + ¢)? — 2am, > 0)
& (b+c)* +4a’m?2 — 4am, (b + ¢)? > 2 2 a’b? — Z a*

e (b+ o)* + a%(2b% + 2c¢? — a?) + Z a* -2 z a’b? > 4am,(b + c)?

& b* + ¢* + 2b%c? + 2b3c + 2bc3 > 2am, (b + ¢)?
& (b? + ¢2)? 4 2bc(b? + ¢2) > 2am,(b + ¢)? & (b?% + c2)(b + ¢)? > 2am, (b + c)?

© b? +c? > 2am, © (b% + ¢?)? > 4a’m?
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& b* + ¢* + 2b%¢? > a?(2b% + 2¢? — a?) @ b* + ¢* + a* + 2b%c? — 2a%b? — 2c¢%a?
>0 (b?2+c?—a*)?>0< cos’A>0
(b — ¢)? 4F + (b — ¢)?
> — )’ ——— <
>2+ >F =>2am, >4F+ (b—-c¢)* = am, <2
4F + (b—¢)? b?+c?
<
( 2bc ) ~  bc

b2—+c2ma
4F+(b—c)2 + d . :>Z4F+(b_C)2 2 "‘Z
as. ban analogs s o
rs rs
b+c s—a’s
et e e s
s—a s

CN(Tatr Orgtr 4F + (b — ¢)?
_Zra—r"Zra—rzz a.s, (QED)
2440. In AABC, g, — Gergonne's cevian, prove that :
Z Z _ (b+c—a)[b—c]
a. ) w, 9a = b+ c :
2r(R? — 4r?
b.z h,* + ( R ) < s?

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
a.

A

ga Wa
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Weknowthat:BD=s—bandBE=L—>DE= i—(s—b)
b+c b+c
|2ac — (b+c)(a—b + c)|
- 2(b+ ) -
_|a(c—b)+b2—c2|_(b+c—a)|b—c|_)DE_(b+c—a)|b—c|
2(b+c) 2(b+c) 2(b+c)
We have: w,— g éDE:(b+c—a)|b—c| (and analogs)
@ Ja= 2(b +¢)
ThereforeZw _Zg - (b+c—a)|b—c|< (b+c—a)|b-c|
’ @ = 2(b +¢) - (b+c)

b. weknowthat: h, < g, and g,* = (s — a)? + 2rh, (and analogs).

%Zhazsz ga2=2(s—a)2+2r2ha

r(s® + 1%+ 4Rr
=352 —4s®> +2(s> —r? —4Rr) + ( )=

R

s’ +1% + 4Rr — 2R(r + 4R) Gerrg“”
R <
(4R? + 4Rr + 31%) + 1% + 2Rr — 8R?
+r. =
R
2r(2R*—3Rr—21%) . , 2r(R*-41?)
— <s“--—
R R
< R?>—-3Rr+2r>>0< (R—2r)(R—71) = 0,which is true from Euler (R > 2r).

, 2r(R*—4r?)
Therefore, Z h,” + — R <s
2441. In AABC the following relationship holds:
e ..
h, b+c m, + m,

Proposed by Bogdan Fustei-Romania

2

=s%+r. s

2 2R? — 3Rr — 21% > R? — 412

=S5

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

F CBS h 1 <1(1+1) <1( + )( d logs)
| — _— - —_— el —_— —_— —_—
rom ,we have : .—— <2 {2+ 7 brc-alp ) (andanalogs

45 RMM-TRIANGLE MARATHON 2401-2500




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

m, <1(ma+m)( d ! )
 tm = 2\m, T m, and analogs

?
a m, 1( a a (ma ma)) Azma
E < - E -+ — E _—t — < —_
~ b+c+ m,+m, 4 (b+c)+ mc+mb ~Lah, ()

We know that :

Similarly,

b

> = —. 4
Ma = 4R T22R bc 2
m,, my, m, can be length sides of triangle with :

3 3 — 2F, 3F

Fpo=-F iy =-ahy=—"=
mo4 477 m, 2m,

Tersfhinbz_l_cz 1 bc b? + ¢ h,/b ¢ b Zma
( ) ctpsh,

InAm,mym, (1) &
m, Zma

(2)

my, mc<2ma mb_l_mc 3 2m, 2m, m,

— — <S . —_ —_
m, my h, m, m, 2 3F h, m, mb

(and analogs)

1,2 (b N c> N (mb N mc) - 4m,
- | — — JE— .
’ c b m, m, a

DA N DR
%(Z(%+§)+Z(—C+—)) 2k

— (%) is true.There ore,Z—a > + —_—
) ! h, b+c my, + mg

2442. In AABC the following relationship holds:
h,+R>w,+2r

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursarescu-Romania

First, we prove that:

2
Wq R
Za) < 2.
(ha) —2r’ (1)
. A . B . C B-C
We have: r = 4Rsin > sin_sinzand h, = w,cos ——; (2)

1

. 1
From (2), relations (1) becomes: = < — ¢
cos? ( ) 8sin=sin=sin=

2 2 2 2

=14
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B-C A B ¢ B-C
) > SSlnismEsmE & cos? (

—Ssin—

cosz< B-C . A)
2 2

A
) = 4sm§ (cos

2
We must show that: w, —h, <R - 2r &

B-C A _
(cos - Zsmi) >0 — (1) is true.

Wq R Wa i .
h, (h— — 1) <2r (Z — 1). But from (1): ™ < \/; we must show that:

(B )

Case . If AABC is equilateral, then R = 2r, true.

Case Il. If AABC is non-equilateral, then we must prove:

h, <2r (\/g + 1). From R > 2r (Euler) we must to prove that:

R
haS2r< ’§+1>;(3)@haS\/ZRr+2r<:>ha—2rS\/2Rr<:>

2F 2F abc F 2F(s—a) abc
_—— < 2. —s < L=
a s 4F s as 2s

2V2-Vs-(s—a) -s(s—a)(s—b)(s —c) < asVabc
2V2(s —a) - /(s — a)(s — b)(s — ¢) < aVabc; (4)
let:s—a=x,s—b=y,s—c=2zthena=y+2z,b=z+x,c=x+yand
s=x+y+z.
Thus, (4)1:)2\/5-x-\/x_yzg (y+z)\/(x+y)(y+z)(z+x);(5)
But: x +y > 2./xy,y + z > 2,/yz,z + x > 2\/zx, hence

\/(x +Y)(y +2)(z+x) =22 - /xyzand y + z > x, then (5) is true, then (3) is true.

2443. In AABC the following relationship holds:

h
|ll;+c Z(m ~Wa)

Proposed by Bogdan Fustei-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A
W; m,
B C
D M
We know that : DB = ——— — DM = |BM — DB| = | ac| alb ¢
: = —- = — —
¢ know tha b+c 2 b 2(b + ¢)
U d -— — J— PARN
Wa ZMa O Wat s =™ C 2t =M Wa
2F 2F I h|
c b — W, b — ¢ myg —Wwq
> T >
b Tc 2 R o bic 2 R (and analogs)
Therefore, lhb Z(m —-—w,)
b+c @ @

2444. In any A ABC the following relatlonshlp holds:

Z ¢ 1 1
“"2 =12Re2 = 2413

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

A
1 A_ 1 tani B 1 1 1 2A
Z?“‘“i—z oz A__A —EZ ?( +tan 5)

2 A a
4Rcos 2 tan >

DS s

16R2 cos4 tan2 >

_ 1 ((s* 4+ 4Rr + r?)? — 16Rrs? N 1 Z(1+t ZA)Z
T 4R 16R?r2s2 16R? an-3
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_ 1 ((s? +4Rr +r?)? — 16Rrs® N 1 z (
" 4R 16R2r2s? 16R2

1 [ (s? + 4Rr + r?)? — 16Rrs? 1 1 N2 - 2 5
=ﬁ< 16R2r?s? T lerz\3 Tt (Zr“) _er“r" +s_2(zr“)

1 ((s2 + 4Rr + r?)? — 16Rrs? 1

1 + tan? A + 2tan? A)
2 2

1 2
= — 2 _9e2)\2 _ 4 _ 2 = 2 _ 92
16R2r2s2 + 16RZ (3 + v (((4R +r) 2s%) 2(s 2rs“(4R + r))) + 2 ((4R+1) 2s )))

_ (s® + 4Rr + r?)? — 16Rrs?

64R3r2s2
3s* + 2s2(4R+1r)?2 —4s* + (4R + 1r)* — 4s2(4R + r)? + 4s* — 2s* + 4rs?2(4R + 1)
_|_
64R3s*
_ s°— (8Rr — 3r?)s* — r?s?(16R? — 8Rr — 3r?) + r’(4R +r)* - 1
B 64R3r2s4 ~ 12Rr2

0)
& 355 — (16R? + 24Rr — 9r2)s* — 3r2s2(16R% — 8Rr — 3r2) + 3r2(4R+1)* <0

Now, Rouche = s? — (m —n) > 0 and s? — (m + n) < 0, where m
— 2R% + 10Rr — r? and n = 2(R — 2r)/R? — 2Rr
(sz—(m+n))(sz—(m—n)) <0=>s*-s22m)+m? -n?<0
= s* —s2(4R* + 20Rr — 2r?) + r4R+r)¥ <0
& 3s® — 3s*(4R? + 20Rr — 2r%) + 3rs*(4R+1)3 < 0
= in order to prove (i), it suffices to prove :
3s® — (16R? + 24Rr — 9r?)s* — 3r?s?(16R? — 8Rr — 3r?) + 3r2(4R + )*
< 3s® — 35s*(4R? + 20Rr — 2r?) + 3rs?(4R +r)3

& (4R?% — 36Rr — 3r?)s* + 3rs?(64R3 + 64R?*r + 4Rr? — 2r3) —3r?(4R+n)* >0
(ii)
& 4(R — 2r)%s* — (20Rr + 19r2)s* + 3rs2(64R3 + 64R%r + 4Rr? — 2r®) — 3r2(4R+1)* 5 0
Gerretsen

Now, LHS of (ii) 3 (4(16Rr — 5r2)(R — 2r)?
— (20Rr + 19r%)(4R? + 4Rr + 3r?%)
+ 3r(64R3 + 64R%r + 4Rr? — 2r3)) 52
—3r2(4R + r)* = r(176R3 — 240R?r + 212Rr? — 143r3)s? — 3r?(4R + r)*

=r ((R — 2r)(176R? + 112Rr + 436r2) + 729r3) 52
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Gerretsen

—3r2(4R+1)* 3 r ((R — 2r)(176R? + 112Rr + 436r2) + 729r3) (16Rr — 5r2)

—3r?(4R + r)*

?
~ R
o 512t* — 13723 + 1076t%2 — 849t + 178>0 <where t= ;)

o (t—2) ((t —2)(512t% + 676t + 1732) + 3375) S0 - true
tEgerz (i) > (D ist Z Liand< 1 Ell<l“er ! ED
= = LYy — —
> ii i) is true pc an2 SToReZ = 2453 (QED)

2445. If ABC is a nonisoscelles triangle,and x,y,z > 0, then prove that:

2 a® - 288313
(xa+yb+zc)(a—b)’(a—c)? " x+y+z

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a8

(xa+ yb + zc)(a — b)?(a — ¢)?

We have :

2

4 2 4
(e=pia—a) = Ca—sa—al
:z la — b|la — c| S la —b|la — c|
xa+yb+zc — Y(xa+yb+ zc)

1
=Zs(x+y+z)(z:

Now,we have:

4

a 2
Z(a—b)(a—c)
a

gt (_ 1 B 1 )
(a—b)(a—c) (b—a)b—c) (c—a)c—b)
a4 b4_a4 C4_a4
_)Z(a—b)(a—c) “_—ab-0 (c—aic=b)
_(b-a)b+a)(b*+a?)  (c—a)(c+a)c?+a?)
ST b-ab-0 | (c-ac-b

_(b+a)(b*+a?) —(c+a)(c* +a®)
= — =

a4-

(a—b)(a—-c)

4 1
S
) 2s(x+y+2)

4
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b® —c3 + a?b — a*c + ab? —ac* (b—c)(a®?+ b%? +c? + ab + bc + ca)

b—c b—c
=Za2+2ab=

=52(a+b)2 S E[Z(a+b)] =2 S 2 a3

3

2 o ,
’ _(8Y35)" _ 96sr> MU 96.33r?
2sYx x+y+z xX+y+z

z a® - 288313
(xa+yb+zc)(a—b)?(a—c)? x+y+z

4

a
Z(a—b)(a—c)

Therefore,

. 1
2s(x+y+2)

2446. In any A ABC the following relationship holds:
a n r, + 1, + I,
—Zx/ﬁz_a+ = Zw/Z(r —r)
z /ha—Zr ha ma+mb+mc 4

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

b+ _ 4R A B-C ARSi A A—4R A( B-C B+C)
c—a= coszcos smzcosz— cos2 cos > cos >
_8R A B  C
= o:oszsmzsmZ
@ A B _ C
=>s—a=4RcosEsmEsmE
a1 A .,
a a a a vu;() a 4Rcosism 7
\/ha—Zl‘_ 2rs S VZrNs—a  V2r |4RcosAsinAsinBsin &
\/T—Zr 2 2 2 2
. A summing up
asiny 4R V2R A -
= — = ——asin— and analogs >
\2r r r 2
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v2R . A svVv2R A | 2A
Zasm—z @Zcos—sm —
r 2 r 2

Zﬁz

2
A B C : : : .
> cos 7 cos 2 cos 2 applying which on a triangle with angles ©t
— 24,
m—2A . m—2A
n—ZB,n—ZC,weget:ZCOS 5 sin? 5
m™—2A n—2B n—2B . 2 . . .
= COS 2 cos > cos 2 S Z sinAcos“A > sinAsinBsinC
_ . 4Rrs a a®  4Rrs
@ZsmA(l—sm A) > TE @Zﬁ— WZ T
s 2s(s?—6Rr—3r?) 4Rrs -
R 8R3 8R3 —
8R? — 2(s? — 6Rr — 3r%) — 4Rr 5 5 5
s > 0 © s“ < 4R“ + 8Rr + 3r“ - true (Gerretsen)

8R3
. Z a (g)S\/ZR
Jhy=2r T

sin B sin ¢ ssin ( ) cos A

_ 2 2| _ 2 _ 2 2

In, +r.=s B+ cl= A = = 4Rcos 2
Cos5 oSy oS - COS

®
o Ty, + . = 4Rcos? >
by ()

Now, (b + ¢)? > 32Rrcos? = = 8r(r +r)=8rzs( ! + ! )
’ - 2 bt rle s—b s—c

=8(s—a)(s—b)(s—o¢) =4a(b+c—a)

a
(s—=b)(s—c)
©b+c)?+4a’—4a(b+c)=0s (b+c—2a)>=>0->true-b+c

A s b+c A
=>4 2chos§ and analogs = Zma = Z cosE
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> \/mz (Zcos2 %) = \/mZ(l + cosA) = \/ﬁ<4RR+ r) \/7 (4R+r)

g+ I, +r
a b c z /—Z(l‘a—l‘)

m, + my + m,

A A
R s 4Rcos 5 sin2 5
< /zZJz(s_ )=VRY [ma=VR). T
4Rcos smismismi
B 4Rzz A
= | sm2

(b)
r, + I, +r A
a b~ c Z\/Z(ra—r)<— sinE

m, + my + m,

Now, Stewart’s theorem = b?(s — ¢) + c2(s — b) = an2 + a(s — b)(s — ¢)

= s(b? + ¢%) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + c?) — 2sbc
= an? + a(as — s?)

= s(b% + ¢ — a%? — 2bc) = an? — as? = an? = as? + s(2bccosA — 2bc) = as? - 4sbcsin2%

4sbc(s —b)(s —c)(s—a)
bce(s — a)

=as? —

2

2 4A 2A A
= as“ — =as —Za( )(
a/\s—a

(i)
) = as? — 2ah,r, = n% = s? — 2h,r, and analogs

via (b)

\/—Zh mr :r::birm Z\/Z(r -r) \/_Zh sm— \/_Z<—+Z\/:sm§>

via CBS and (ii) and analogs

~ Zh I, 4R A
< V2 Z\/ a+Tsm22

— — + —sin? -
h2 2rs r 2

A_. A A
_ ZR\/SZ 8Rcosismistan2 4R A
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s2 4R A 4R A 1
=VZRZ\/———sin2—+—sin2——sVZRZh—
a

hz r 2 r 2
S ZRViCL(a)Z a (QED)
= S e
r Jvhy —2r

2447. In AABC the following relationship holds:

9 1 1
< <
4(n+ 1)(2R%2 +r?) — Z a? +nb?~ 4(n+ 1)r?
Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We h z 1 Y9 B 9 B 9
enave: /@ ynb? = Y@?+nb?) (m+1Ya? 2(n+1)(s2—-1r2—4Rr)

>

Gerretsen
~ 9 9

2(n+ 1)((4R2 + 4Rr + 3r%) —12 — 4Rr) 4(n+ D)(2R% +12)

Now Z 1 CrgsZ 1 <l+n l) _LzlGoldétonei i
"Laa?+ nb? T (1 + n)% \a? 'b2) n+1lua? ~ n+14r2
1
- 4(n + 1)r?
Therefore 2 < z ! < 1
’ 4n+1)(2R%2+1r2) ~ Lua?+nb? ™ 4(n+ 1)r?

2448. In AABC the following relationship holds:

2&21(2b+c+ mb+mc)
h, 4 a m,

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that :

Tersfhin b2 + ¢2 B 1 bc b?% 4+ 2 B h, (b c) b ¢ 2m,
4R 2'2R’ bc 2

m, = —t—-]o—-+-<
c

b/ ¢ b~ h, 1)
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m,, my, m,can be length sides of triangle with

3 _ 3 2F,, 3F

:F,,==—Fm =—ah, = =
moo4 477 m, 2m,

InAm,mym, (1) &

m, m, h, m, m, 2 " 3F h, m, m,

my, mc<2ma my, mc 3 Zma 2m, m, mc<2ma

my m,

D.@ = (G r5) (o) < o
*Z(?+§)+Z(E+—)<4z
Z(g+£>+2(—a+—)<4z

Therefore, Z%ZZ(Zb-Ia—c_I_ #)

2449. In AABC, I —incenter, AK, BL, CM —diameters , the following

relationship holds:
Prove that: Faxim = Faagc

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Marian Ursarescu-Romania

p(ABK) =2C+ A u(LAM) =B +C
2C+A)

In AACK: AK = 2Rsm(

In AAML: LM = 2RsinT - 2Rcos§, then:

KL -KM -sin(LKM) 1 C B A
Fakim = > =3 ZRcosE . 2Rcos§ . cosi
Hence,
F = 2R? 4 d (1)
AKLM — COSz cos 2 COSZ ;

But: Foapc = 2R?*sinAsinBsinC; (2).
From (1), (2) it follows that:
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A B c
Faxiy €057 €0S5C0s5 1

Faapc sinAsinBsinC

oA B_ g;(3)
sinz sin sin
. . A . B . C_1
But in any AABC, we have: sinzsin_sin; < o €))
From (3), (4) it follows that:

FAKLM >1

Faagc

Therefore,

Fagim = Faapc
2450. If ABC is a nonisoscelles triangle, then prove that :

a4
Z(a_b)(a_c) > 8/3S.

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a4-

— 4 1 1
a—ba—0c ¢ (_(b—a)(b—c)_(c—a)(c—b))
a4 b4_a4 C4_a4
_)Z(a—b)(a—c):(b—a)(b—c)+(c—a)(c—b):
_(b-a)(b+a)(b*+a?) (c—a)(c+a)c®+a?)
ST h-o®-o | (c—a)lc-b)
_(b+a)(b*+a?) - (c+a)(? +a?)
_ . _
b® - ¢ +a’b —a’c+ab®>—ac® (b-c)(a®+b*>+c? +ab+ bc+ca)
b— B b—c

c
= Z a’ + Z ab =
_ - 2 & - _ 22 Zovee

_ ZZ(a +b)?2 S — [Z(a +b)] == S . 8V3S.

4

Therefore, Z (a= bc)l(a s > 8V3S

we have:
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2451. In AABC the following relationship holds:

r s 3
5(G7) = Dsm; =2

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Sa
We have : 2 =
Sqa+m,

WIN

a—ma

21+1 2
Sy =y e ([[an)
Se+tm, ZLuiqyMa b2 +c2 (b+¢:)2

W=

b+ -
Sa 1+ =2bc
2 2 2 2
i ( abc )5 M ( 27abc )5 i ( 27.4sRr )§ ~ ( 27Rr )§
~ \[I(a+ b) - C(a+b)3/) 64s3 T\ 4(2s)2

2
3

Mitr:':lovic 27RT 3 r
- 6( 4(3V3R)’ ) -6 (@)
2

T \3 S 3
Therefore, 6(6)3 < z 2

2
3

S —_
S, +m, 2
2452. In AABC,n, —Nagel' s cevian, g, —Gergonne' s cevian, the following

relationship holds :

ﬁ_[(h::i )ZW,,+W 22( ra+na+s> (Jra+rc+Jra+rb>

e +T71T) rg+71,

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let us prove: m,w, < n,g,.

b —c)? b —c)?
We known that : n,*> = s(s —a) + ( ) s, 9ol =s(s—a)— ( )

(s—a)
4’[(naga)z - (mawa)z] =
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2(b —c)? 5 2(b —c)? 4(b+c)2+(b—c)2—a2 4bcs(s — a)
a ] [ ST ] - 4 " (b+c)?
4(b — c)* a? — (b — c)?

az —4bc + 4bCW

s(s—a) [Z(S —a)+

=s(s—a)l(b+c)2—a2+4(b—c)2—

202 — (B — 2 2 _ (h_ 2
:s(s—a)l(b+c)2—4bc—a2+4(b o (a—( C))+4bca b-9)

a? " (b +c)?

CV2(a? — (b — )2 2 _(h_ )2
=s(s—a)[(b—c)2—a2+4(b ‘) (6;2 (b c))+4bc.—a (b(-fc)ZC)

4(b — c)? 4bc 4(b-c)? (b-—c)?
s(s —a)[a? — (b — ¢)?] (—1+ p +(b+c)2> =4F2< e _(b+c)2>

2b+2c+a)(2b+2c—a)
a%(b + c)?

mow

9a

_ ng%=s%2-2rgh, —
-2 (G +s)<2( ziz(in’l“)) - Z(%—”‘;fh"“))
a" a a a a
D)= Y - D)< @
gaTa MNgt+s
We .Zwb+wc_z <1+1) 2bc Ab+c_zz A
e have : p = W, 5t b+c'COSZ' he — cosZ
wp + w, Z A
=2 = (2
—>Z " cosz()

Now, we known that : n,22 = s(s—a) +

(b - c)?
a

= 4F%(b — ¢)?

=0 - myw,<n,g, -

2 < n, (and analogs)

(b —c)?

S,

(s —a)

-2+ g2 =2s(s—a)+(b—c)? = 2s(s—a) (i)

g =s(s—a) -

and
22+ gl2)=(@+b+c)(—a+b+c)+2(b—c)>=(b+c)*—a*+2(b-c) =
=2b*+cAH)+b-c)?—-a*=2(b*+c*)—4(s—b)(s—c) - b*+c?
=n.2+ g2 +2(s—b)(s—0)
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2 2 2 2
n,"+ ga _ N,"+ ga

bZ+c2  ml2+ g.2+2(s—b)(s—c)
(i)

1 1 1
2(s—b)(s—c) 2(s—b)(s—c) , A
1+ 2+ g2 1+ 25(s — @) 1+tan®5
LMt g oA M tga_ (bO)' ng+ gt 4RE A
b2+ ¢z — 2 pl+n? @sr)? b2+ct T a?’ 2

n2 + gq° 4R? A 4R?)3 ,s\2 R? n?+g,? R\2
_’l |<a2 ga2>2| |( 2'c°52_>=( )2'( ) - 2_)| |<a2 ga2>2( ) 3)
h,” + h, a 2 (4sRr)? \4R 4r hy* + h, 2r

A r,+r r,+r
We also know that : rb+rc=4Rcosz——>\/ = C+J al’b

2 re+T1) Tet+7,

cos B co C
— 2 52
Tl B W
CoOs» COS5

From (1),(2),(3),(4) it is suffices to prove

B C

R ZZ Agl S COSi-I_COSi
e COS— =2 —.—

2r 2 2r COS% COS%

cosE cosg A cosE cosg
<—>Zcos—>— %.+ lz?=2<_[cos§). 2+ 12;,
CcoS 3 CcoS 7 - CcoS 3 cos 7

w— 2B w—2C

1r—2A>z w— 24\ [€COS— Cos—
<—>Zcos 2 > (ncos 2 ) n—ZC+ T— 2B
cos > coS >

for any triangle with angles m — 2A,w — 2B, m — 2C.
Z . A>2(1_[ . A) (sinB+sinC) s>2 ST <b+C)
o . — — —
S = st sinC sinB R 2R?’ b
R

b c
© - + ;i < - (Viorel Bandila inequality) — (*) is true.

Therefore,

H( 2+ga>zwb+wc z<maw ) ra+rc+ Tea+ 1)
hb +h 2 gaTa na+s re+1 Te+T7,
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