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ABSTRACT. In this paper are proved the characteristic metric relationships in
the heptagonal triangle.

We call heptagonal triangle the obtuse scalene triangle whose vertices coincide
with the first, second and fourth vertices of a regular heptagon (from an arbitrary
starting vertex).

Thus its sides coincide with one side and the adjacent shorter and longer diagonals
of the regular heptagon.

Lemma 1.

If in AABC;a < b < ¢;u(B) = 2u(A); p(C) = 2u(B) then: b? = a? + ac;

c? = b + ba.

Proof.
w(B) =2u(A) = sin B =sin2A4
. ) b a b +c?—a?
sin B =2sin Acos A = R 2- B e
b’c = ab® +ac® — a® = v?(c —a) — s(c* —a?) =0
b*(c—a) —alc—a)(c+a) =0
(c—a)(b®* —alc+a))=0;c—a#0
b2 =a?+ ac
Analgous:
w(C) =2u(B) = 2 = b + ba
O
Lemma 2.

If in AABC;a < b < ¢;u(C) = 2u(A) + p(B) then: a® = ¢ — be.
Proof.

w(C) = 2u(A) + u(B) = 2p(C) = 2u(A) + p(B) + p(C)
2u(C) = m + p(A)
sin 2C = sin(m + A)

2sinCcosC = —sin A

g. & CHP - o
2R 2ab "~ 2R
ca® +cb? — 3 = —a?b

a*(b+c¢)—c(c =b*) =0
a’(b+c¢)—c(b+c)(c—b) =0
a> = +bc=0
a’?=c*—be
1
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If 1(A) = Z; w(B) = Z; u(C) = “Z by lemma 1 and lemma 2 we obtain that for
the triangle with sides a, b, ¢;a < b < ¢ the relationships:

(1) ¥ =a?4ac;? =b*+baja® =c* —be

The heptagonal triangle with sides a,b,c;a < b < ¢ and angles A, B, C verify (1).
By adding relationships (1) we obtain:

BP+c?+a®>=a’+ac+b®+ba+c?—be

bc = ba + ac
l_b—&-c
a  be
1 1 1
2 P T
(2) a b+c

By multiplying (2) with 2F:
2F  2F  2F
Z oy

— he = hy + he
a b
O
Lemma 3.
(3) sin © sin el sin 3T ﬂ
7 7 7 8
Proof. We will use the well known identity:
n—1
k
Sim—7T = L;n eN;n>2
n 277.71
k=1
Forn="T:
sinisin2—7Tsin3—7rSin4—7Tsin5—7Tsin6—7r = l
7 7 7 7 7 7 26
,71',271,371',( 47r)s,( 577),( 67r> 7
sin — sin — sin — sin(7 — — | sin(7 — — |)sin({7m — — ) = —
7 7 7 7 7 7 64
(simzsiDQ—ﬁsinél—ﬂ)2 = l :>sinzsin2—ﬂ-sin4—7T = ﬁ
7 7 7/ 64 7 7 7 8
O
Lemma 4.
The equation:
(4) 64y> — 112y% + 56y — 7 =0
has the roots:
x1 = sin® E'l‘ = sin? 213(; = sin? 4—7T
1 — 77 2 — 7 y L3 — 7

Proof. We will prove that z; = sin?

. A .
SN — = SIn\{\ o

7

% is a solution for the equation (4):

L o4m 537
Sln2 7 = S1n2 —_—

7

92 27N 2 2
(2sin77rcos %) :(sin§(3f4sin2 g))
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2 2 2
4sin27ﬂcos277r—sm ?(3 4sin® ?)
2 2
4 - 4sin? 7cos, ?(1—2s1n g) = sin ?<3 4sin® g)
Denote:
sin2§:y
7
2 27N 2
16(1 - sin® ?)(kzsm ?) :(3f4sm27ﬂ)
16(1 - y)(1 — 29)? = (3 — dy)*
16(1 — y)(1 — 4y + 4y°) = (3 — 4y)*
16(1 — 4y + 4y — y + 49> — 4y°) = (3 — 4y)?
16 — 80y + 128y% — 641> = 9 + 16y> — 24y
7 — 56y 4+ 112y% — 6493 =0
64y® — 112y + 56y — 7 =0
Sy =y 4+ e — -112 14 7
LT RT s T T TR T
2 4
(5) sianJrsinQ%rJrsinQ77T :£
Sy = x122 + Tox3 + T3x _s6_M_ 7
2 = T1T2 273 31 = 1 = 167 8
2 2 4 4
(6) singgsin2 ;T+sm277rsm277r+sm27ﬂsm2§:g
2 4mN\2 T
(7) ngxla:gxg:(singsin%sing) =&

R - circumradii, F' - area;

a=2Rsin A = 2Rsin§
b=2RsinB = 2Rsin27ﬂ-

c=2RsinC = 2Rsin477r

F:LZ)C: 8R3sm75111277rsm477r @2R2-ﬁ:ﬁ
4R 4R 8 4
2 4
a2+b2+02:4R2<s1n +s1n2—7r+s 2 7T)(E):)Zle-z:ﬁ%Q
7 7 7 4
(8) a>+ b+ =TR?

1 n 1 n 1 1 ( 1 + 1 + 1 )7
a2 22 4R? sin? z sin? 22 gin?4z/
2

N

1 sin® z sin® 27” + sin? 27” sin? 4;’ + sin? 47” sin” 7 B
C4R? sin® z sin® 27” sin? 47” N
epm 1 % 1o 2
= Up2 7 T ap2 °7T 2
4rR? & 4R R
1 1 1 2
©) PER IR
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1 1 1
B2+ hE+ b2 = 4F (= 4t ) =
C

a2 b2
T 2 T TRRma4b i
16 R2 2 2 9
h1+@+h2:€iﬂiié
a c 2

In conclusion, in a heptagonal triangle with sides a < b < ¢; u(A) = Z;
u(B) = 27”; u(C) = 47” the following relationship holds:

a?=c?—be;b? = a4+ ac;? =b% + ba

111
a b ¢
2 b2 2
hazhb+hc;h§+h§+h§=%
F:ﬁRQ;
4
1 1 1 2
2 2 2 2. _
a +b +c _7R’¥+b72+872_ﬁ
O
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