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c(sinA + cosA) c
M(my,mp),my = —— ™ = ~oam
b%c bc?

L= (llyllz)' L, = aZ + b2 + Cz'llz T+ b2+ c?

llz C
Aar, = L b A; (1)

1= l, —-m;  bsinA + bcosA+c
IM =1, —my —csinA—ccosA—b

= 22;(2)

1,2)
ALe 1 LM - ().1 + Az)COSA + 2,12,2 +1=0 -

(b? — ¢®)[(sinA + cosA)cosA —1] = 0; (b # a) -
(sinA + cosA)cosA =1 - LA = 45’
a? = b% + ¢ — 2bc - cosA - a? = b% + ¢* — 2bcV2

2A=45"

bc -
[ABC] = - sinA S  4[ABC] = b? + ¢* — a?
1 4[ABC] b*+c*-a?
R  abc abc
Therefore,

1 4 a b N c
R bc ca ab
160. a,b,c,d, e, f —sides, R —circumradii in a bicentric hexagon. Prove that:
abcdef < R®

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Leta = AB,b = BC,c = CD,d = DE,e = EF, f = FA and O —be the circumcenter of

ABCDEF.
04,0,,03,04,05, 04 —be the feet pf the perpendiculars from O to
AB,BC,CD,DE, EF, FA respectively.
Let a; = u(0,04) = u(0,0B),a; = u(0,0B) = u(0,00)
We define a3, a,, as, ag as a; and a,.

We have:
6

2 a,=n,a; € (0,m), a=2Rsin a,(and analogs)
i=1

6
6 AM—-GM 6

6
abcdef = l_[(ZRsin a;) = (2R)® 1_[ sina; < (2R)® (%z sin ai>
i=1

i=1 i=1

x — sin x —is concave on (0, T), using Jensen, it follows that
19 ’
T
abcdef < (2R)®| sin (—Z a,-) = (2R)%sin (—)

6 6
i=1

Therefore,
abcdef < R®

161. a,b,c,d, e, f —sides, r —inradii in a bicentric hexagon. Prove that:

a® + b + c* + d* + e* + f* > 8r?

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
A
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Let I —be the incenter of ABCDEF.

14,15,13,14,1I5, I be the feet of the perpendiculars from I to AB, BC,CD,DE,EF,FA
respectively.
Let x; = Al = Alg,x; = BI{ = Bl;,x3 = ClI, = ClI3,x4 = DI; = DI,
x5 = El, = El5,x¢q = FI5 = Fl,.
Let s —be the semiperimeter of ABCDEF, we have

zZ“‘Z"l

cyc

r 1
We have: x; = i (and analogs) —» s = rzcyc—é

ny an;

J'(x) = 205X - 0. Using Jensen, it follows

let f(x) = ——,x € (0,m), f'(x) = —

stn2 sin3x
that:
A\ g
Zt A Zf<) ZE =6f(g)=2\/§—>522\/§r
cyc cyc cyc
2
CBS 4
—>Z:a2 z < Za =—s2 > — (2\/—r)
cyc cyc

162. N, —Nagel’s point of AABC
I —incenter of AABC
BC=a=16,BA=c=10
BD =d =12,
BF=f=6
N, € DF,r —inradius of AABC.
Prove that:

I € DF, N,eC(Il,r)

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by proposer

N. € DF a s—c+c s—a 1 a+b+c
%—- —_— = - e ———

@ d s f s '8 2

16 16+b—-10 10 —-16+ b+ 10

— . =1-b=14.

12 16 +b+10 6 16+b+10

1 1 1 1 b 1 1 1 1 14 7 7
(d a) (f C) ac (12 16) (6 10) 16-10 80 80

Hence, I € DF.
cosB =M=1—>c058= 60°; rstinB—n‘=Z\/§
2ac 2 ' a+b+c
Plagiogonal system: BC = Bx, BA = By, B(0,0),I(i,i), N,(n{,n;)
. ac s—c s—a
lzmztl,nl: p ra->ng=8n, = CoOMNy =2

IN%2 = (i —ny)%+ (i —ny)* + 2(i — ny)(i — ny)cosB -
IN:2=12 >IN, =2V3 > IN,=r > N, € C(I,T)
163.
In AABC :

p:" bey/4 cos? B +4 cos? C+1=3v3R?, 3a=n " and q: "a=p(A), b=pu(B), c=pu(C) "
Provethat: p < q

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Firstly, we assume that p is true.

bcy/4 cos? B +4 cos? C+1=3V3R? < (2R sin B). (2R sin C)v/ 4 cos? B +4 cos? C +1=3v3R?
< m = (4sin? B)(4sin% C)(4 cos®? B+4 cos?C+1) = 27
But we have, from AM — GM : m

<

<(4 sin? B) + (4 sin? C) + (4 cos? B+4cos?C +1)>3 _ 27
3 =

Equality holds when : 4sin? B = 4sin? C = 4 cos?B+4cos?C+1
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sin? B = sin? C & sin B =sin C (- sin B, sin C > 0)

o u(B)=u(C) (if not, u(B)+u(C)=m, contradiction)

1
— 4(1 — cos?B) = 8cos?B+1 < cos?B =1

T 21

o uB=p©O=7 or (1(B) = u(C) =5~ - u(B) + n(C)>n)
[ T
- u(B)=u(C)=§ - u(A)=§ — AABC is equilateral
[ [
Since a=§ —-a=b=c= u(A)=u(B)=u(C)=§ — q is true.

a b c

Now ,we assume that q is true - — = — = — = 2R
sina sinb sinc

x
Let f(x) = m,x € (0,m) and g(x) = sinx —xcosx,x € (0,m)

We have : f'(x) = s?r(lf)x

- gkx)>g(0) =0,vx € (0,m) so f is strictly increasing on (0, )

and g'(x) = xsinx > 0,vx € (0,m) - g T on (0, )

b b (A)=p(B)=p(C)=— and R = —

->a= =Cc-oa= =C = = = =—an = —
HATERETERY TS 3V3

T\ 2 T T /3 T \2

—>bc\/4coszB+4coszc+1=(§) J4cosZ§+4c052§+1= =3\/§< )

9
= 3V/3R?
then q - p. Therefore, p < q.

164. O —circumcenter, I —incenter, R —circumradii in a bicentric

quadrilateral ABCD. If 3sinA - sinB = 1 then find: ) = %

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Let e = AC, f = BD. We have: sinA = % and sinB = % -

3sinA - sinB = 1 © 3ef = 4R?
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We know that: ef = 2r(r + V12 + 4R?) - 3r(r + V12 + 4R?) = 2R?
© 3(1+ V1 +4x) = 2x, where x = (§)2 ©3V1+4x=2x-3

@9(1+4x)=4x2—12x+9andx>;<:>4x(x—12)=0<:)x=12—>§=2\/§

From Fuss theorem, we have: OI = \/R2 + 12 — rV4R? + r2

2

R N r r\2 1 1\* 1 1
_)Q=E=<1+(E) —E 4+(E)> = = 1+(ﬁ) _ﬁ. 4+<ﬁ)
Therefore,
R
Q= a = \/E
165. If a, b, ¢, d —sides, e, f —diagonals, R —circumradii in a cyclic

qguadrilateral then:
- 2V abcd

e+f
Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Leta = AB,b = BC,c = CD,d = DA and O be the circumcenter of ABCD.
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04,0,,03,0, be the feet of the perpendiculars from O to AB, BC,CD, DA respectively.
Let a; = u(0,04) = u(0,0B),a, = u(0,0B) = u(0,00C)
(we define a3, a, as a; and a;). We have:

4
21
a; = -5 = ,a; € (0,m),a = 2R - sina;(and analogs)
i=1
4 4 AM-GM 1 4 4
— abcd = H(ZR - sina;) = (2R)41_[sina,- < (@2R)* (ZE al-)
i=1 i=1 i=1

x — sinx is concave on (0, 7r), using Jensen’s inequality:
4 4 4
— abcd < (2R)*| sin lz a; = (2R)*( sin (E)
- 4. . ! 4
i=
1,\* V2
- abcd < (2R)* <ﬁ) =4R* >R > - Vabcd; (1)

ABCD is a cyclic quadrilateral, from Ptolemy’s theorem it follows that:
AM-GM

ef =ac+ bd > 2vVabcd
AM-GM

e+f > 2./ef =22 - Vabcd; (2)
From (1), (2) it follows that:

2vVabcd
R(e+ f) = 2Vabcd - R > et f

166. a,b,c,d, e, f —sides, r —inradii in a tangential hexagon. Prove that:

a? b: 2 d® e? 2
—+—+—+—+—+—>4V3r
b ¢ d e f a

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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I11,1;,13,14, 15,14 be the feet of the perpendiculars from I to AB,BC,CD,DE,EF,FA
respectively.
Let.X1 = AI]_ = AIG,xz = BI]_ = Blz,x:; = CIZ = CI:;,X4 = DIg = DI4,
x5 =El, = El5,xq = FI5 = Fl,
Let s —be the semiperimeter of ABCDEF, we have

zZ“‘Z"l

cyc

2 tan;

n ’ _ "
,X € (0,5), we have: f'(x) = sz and f'"(x) =
Using Jensen inequality, we get:

Z A Zf< ) Zg Zg”6f(§)=2\/§—>522\/§r

We have: x; = t_A (and analogs) s=r) LA
an

2cosx

1
Let f(x) = —

sin3x

cyc tan= cyc cyc
a’ b2 CZ fZ CBS (Za)z
—+—+—+—+—+—_ = =25s=2-2V3r=4vVv3
b ¢4 f'a = b Z“ s Var=4V3r
cyc
Therefore,

a? b® 2 d? e f?
Trtotgtetrta =t
b ¢ d e f Var

167. F —area, R —circumradii, r —inradii, s —semlperlmeter in a bicentric

octagon.Prove that:
T
2 F R? - cos? 3
P T f—
R-cosg * r

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let O be the circumcenter of A1A;A3A4A5AgA;Ag, and O; = pry,4,,,(0),
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vie{l,2,.

;. 8} (Ag = Ay).Let a; = A;A;q and a; = p(4;00;) = p(0;04;,,)
vie{1,2,..,8} (A9 = A;).We have : a; = 2Rsina;,Vi € {1,2

8
i=1

T
We know that x — sinx is concave on (0 )

"2
8 8 Jensen 8
s=% a; =R ) sina; < 8R.sin % a; | =8Rsin |- 3 - $s<8Rsin(—-) (1
ﬁ r} r} r} 1
i=

,...,8} and

d2 A2

Ag As

Let I be the incenter of A1A;A3A4A5AcA7Ag and I; = pry,,,, ()
Vi € {1, 2, . 8} (Ag = Al).Let di = AiIi = Il 1Alr

r
vie{1,2,..,8} (I, =1g),we have : d; = A,WE{lZ ,8}, ands-Zd
tan 3

X € (O,g),we have : f'(x) = —

1
Let f(x) = tan

2cosx
and f'' (x) = >

sin? x sin3x —
8 8 1
- f — convex —>S=Zdi =rz
A;
i=1 i=1 tan7
8 A Jensen 8 A 8 A=6m 3
— i < ~
—’”Zf(z) = rf(Zz) - Srf(s)
i=1 i=1
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= 8r = 8r = 8rtan (g) — s = 8rtan (g) (2)

tan (%) tan(z7-%)
r? < =§ and choszg

r? F
—_— =y =—
r s

v

yi4
(1) and (2) >r <Rcos—- - -
8 Rcos§

Therefore,
r? F R? coszg
e — 9

Rcos% S r
168.1f A4, A,, ..., A, n = 3 is a convex polygon, and M € Int(A,4, ... A,),
with
PTra a4, M =Ty € [A Aysq], foranyk € {1,2,...,n}, A4 = Ay
Prove that :

k=1
Proposed by D.M.Bdtinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A, T4 Ao

Let a; = p(AMTy), B = W(TkMAy, 1), Yk € {1,2,..,n}, Ay 4 = 4y,

n
T
It's clear that : a;, B € (0, E) and Z(ak +Bi) =2m
i=1

We have :
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ApAyiq _ ATy, N T Ay

MT, ~ MT, MT,

=tanay +tan B, ,Vk € {1,2,..,n}, 4,1 = 41

T
Let f(x) =tanx,x € (O,E),we have :

2sinx

fl(x) =

Using Jensen 1
ApAgia

n n
J 1
T = kzl(tan ay + tan ;) = 2ntan <ﬁkzl(ak + Bk))

]
= 2ntan (z—::) = 2ntan (g)

S (%) =

> 0 - f — convex

cosZ x cos3 x

k=1

Therefore,

n

Z AiAi+1 >2n tanE
- n

& MT,

Solution 2 by Adrian Popa-Romania
ATkMAkZ LTk = 900 - LTkMAk < 900; akl = LTkMAk
ATkMAk+1: LTk =90 - LTkMAk+1 < 900; Ay, = LTkMAk+1

A, T
AMTkAkZ tan(ak1) = Il;Tk
R
k+11 k
AMTkAk+1: tan(akz) = MTk

ATy N ATy _ ApApi1

tan(ay,) + tan(ay,) = MT,  MT,; MT;,

n

Z A}’:;l;f: = Zn: (tan(akl) + tan(akz))

k=1 k=1

Let be the function: f(x) = tan x,x € (0, g) f (x) =1+ tan®x

f'(x) =1+ 2tan x - (1 + tan®x) > 0 > f —convexe.
From Jensen’s inequality, we get:

tan(aqq) + tan(aqy)+.. +tan(a,,) + tan(a,;) -
2n -

> tan (a” Tt O T a"z) — tan <2—”> = tan (E)
- 2n 2n n
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Therefore,

n

2 AiAi+1 >2n tanE
- n

& MT,

169.

Given AABC.
24CBA =2-2BAC

AD is internal bisector of A.Prove that:

1 N 1 1
AC BD DC
Proposed by Juan Jose Isach Mayo-Spain

& +LCBA = 45°

Solution by Apostolis Manoloudis-Greece

1 + 1 1 £CBA = 45°
—_— —_— — =
AC BD DC

DC+DC 1 BD+AC 1< AB =AC+ BD
AC BD AB AB

Let AB = AE < BD = CE.
But AABD = AAED < BD = DE.
S0, .DCE =2b=90"-2a &
£ACB =90 + 2a &
90+ 2a+4a+2a=180"
4a = 45" © LABC = 45’
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170.
BC =16,BA=10,BD = 10,
BF; =5
O —circumcenter
I —incenter
O € DF,,I € DF,
Find: F,F,

Find: exact value of area [DPQ]

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer

Is D, O, F collinear— ( + B—Fl) — (BF1 + ) cosB = 2sin’B

16 10 16 10
(10 5 ) - ( 5 10) cosB = 2sin*B
18 21
- ? —?cosB = 2sin’B
— 18 — 21cosB = 10 — 10cos?B — cosB = % - /B =60".

1
bz=a2+cz—2ac-cosB=162+102—Z-10-16-E—>b2=196—>b=14
Is D, I, F, collinear - (i—i) + (L—i) — _AC

BD BC BF, BA AB-BC
( 1 1 ) N ( 1 1 ) 14 BF 20
—_—— — —_—— — = —_ = —_—
10 16/ \BF, 10/ 16-10 273
20 5
F1F2 :BFZ—BFl :?—5—>F1F2 :§
Plagiogonal System: BC = Bx, BA = By, s = a+;)+c =20
L. ac 16 -10 .
I(i,i),i = = —i=4

a+b+c 16+14+10
r=i-sinB-r=4-sin60" - r =23
BP=s-b=20-14->BP=6; DP=BD—-BP=10—-6 > DP =4
BF,=5BD =10,2B =60’ -» 24BF,D =90 —» «4BDF, =30" =9
1

D(10,0), F1(0,5), App, =4 =~
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y=0
LetIR || DF4,IR:(y —4) = A(x — 4) 53 -4= —%(x—4) —->x=BR =12
DR=BR-BD=12—-10-> DR =2
y

X
DF1E+§+1:O,IIZy:4—)x:Z

T(ty,t,),t; =2,t, = 4
DT? = (10 —2)2+ (0 —4)2 +2(10 — 2)(0 — 4) - cos60° —» DT = 43
Plagiogonal system: DB = Dx; DF{ = Dy, 9 = 30°
D(0,0),P(0,4),1(—2,4V3),Q(0,9)

O(,r):(x+2)2+ (y— 4\/5)2 +2(x+2)(y— 4\/5)2 -€0s30" > r =2V3
Sy= %(6\/5—x\/§—x2 —4x + 44) = f(x)

4 1(*1
[DPQ] = sind - j; f(x)dx = E,IO 5(6\/5 —xV3—x% — 4x + 44)dx

19 3V13 (1

> [DPQl = - |- ———+ 4V3-20+6-tan (ﬁ) ~ 1,46231073729176
171.
O —circumcenter of AABC

A
Prove that: D, O, F —collinear &

<BC+BA) <BC+BA) B—2.sin’B

BD ' BF) \BF " BD) €0°° T~ S .

B D

Proposed by Thanasis Gakopoulos-Farsala-
Greece

Solution 1 by proposer
Plagiogonal System: BC = Bx, BA = By
B(0,0),C(a,0),D(d,0),A(0,¢),F(0,f),0(04,0;)

a—c-cosB c—a-cosB
°1= "2sinzB '°2 " " 25in’B
1 1 1
F,0,D —collinears [0 o4 d[=0
f o, 0

o a(f —d-cosB) +c(d— f - cosB) = 2df - sin’*B
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a c a ¢ . o
(E-{-?)—(?-{—E)-COSB:ZSU%B

BC BA BC BA .
(30 5F)~ (g5 * 5p) €058 = 25in’B

Solution 2 by Jose Ferreira Queiroz-Olinda-Brazil

A

a
BM,=CM, :E'BD =x,AB=c,BC=a,CA=b,BF =y

FI = hy = ysinB,AH = h, = csinB,DC=a—x,0C =R
2x—a
2

BJ = ysinB,HB = ccosB,DM, =
InAOCM,: OC? = OM? + M,C?

2
a b
R? =h2+z,b=2RsinB—> R =

2sinB
b? a’® b? — a’sin’B
sin’B T a wsing D
o _ _F] _ oM, hy _ h
AFJ]D is similar AAM,D: tan@ = b= mp ~Tycoss = ?
hq 2h h{(2x — a)
= el h =
x—ycosB 2x—a 2(x — ycosB)
Now, AAHB issimilar AFJB: "2 =22 ,ta_ &, p —Yp
FJ FB hq y c

_ %ha(zx —a) _ yh,(2x — a) _ cysinB(2x — a)
2(x —ycosB) 2c(x—ycosB) 2c(x—ycosB)
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_ y(2x — a)sinB

- h= ;
2(x — ycosB)

(n

From (I), (II) we have:
B2 - y*(2x — a)’sin’B _ b* — a’sin’B
~ 4(x—ycosB)2. ~ 4sin?B

b? = a® + ¢* — 2accosB
y*(2x — a)’sin*B _ a* + c¢? — 2accosB — a*(1 — cos®B)
(x —ycosB)2 sin’?B

y%(2x — a)?sin*B = (x — ycosB)?(c — acosB)?

y%(2x — a)?sin*B — (x — ycosB)?*(c — acosB)?> = 0

[y(2x — a)sin’B — (x — ycosB)(c — acosB)][y(2x — a)sin’B
+ (x — ycosB)(c — acosB)] =0
So,
(i) y(2x — a)sin*B — (x — ycosB)(c — acosB) = 0
y(2x — a)sin?B — cx + axcosB + cycosB — aycos?’B = 0
2xysin’B = (cx + ay) — (cy + ax)cosB

BC BA BC BA
(55+57)~ (57 * 50
(ii) y(2x — a)sin?*B + (x — ycosB)(c — acosB) = 0

) . cosB = 2sin’B

G + 5) cosB — (g + 5) =2 (1 - g) sin?B, does not satisfy the problem.

Therefore,
(BC N BA) <BC N BA) B = 25in’B
BD ' BF)  \BF ' Bp) €0%° TSt

172.
In acute AABC, 1, —radii of circle tangent simultaneous to BC in the middle

of BC and circumcircle of AABC(internal tangent). If rg, r —are similarly
defined then:

r
RA+RB+RC=R_E

Mehmet Sahin-Ankara-Turkey
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Solution by Adrian Popa-Romania

A

Let P be tangent point of these two circle.

OP = OM + MP - R = OM + 2r,

BC
LA =—

ZBOC = BC
- /B0OC =2+A,0B = 0C = R,AOBC —isoscelles, then LBOM = £A.
2

o oM
ABOM (M =90 ): cosA = R — OM =R - cosA
|
R=R-cosA+2r,—>2r,=R(1—cosA) =R 2sm25

Ta =R-sin25

+ + —R< i + i + i )—R( __)
s rp rc sin 2 sin 2 sin 2 1 2R 2

173.
H —orthocenter of AABC

Prove:

D,H, F —collinear&

B

=)
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(BC+BA) (BC+BA> B = sinB - tanB
5F T BD 50 BF cosB = sin an

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil

b =2R-sinB,BD = x,BF =y, AB=c,BC=a,C=Db
AH,=h,=c-sinB,FM =h, =y-sinB,HH, = h
BM =y -cosB,QA=A]=BC=a,AH=AH,—HH,=h,—h
HQ =2R,BH, = c - cosB
The orthocentre of AABC is the circumcenter of AGJQ, so

(2R)? = a* + (h, — B)* (D)

o AHy _AB _hg _ ¢
AAH B is similar to AFMB, so o —Br n Y

AFMD is similar to AHH D, so
FM MD h; x—BM x—y-cosB

HH, H, D h x—H,B x—-c-cosB
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X —c-cosB . X —c-cosB y-sinB:-(x—c-cosB)
h=h-——— =y -sinB-——— > h =
xX—7y-cosB xX—7y-cosB x—y-cosB
Now,

y-sinB - (x —c - cosB)

h,—h=c-sinB—h=c-sinB —
xX—7y-cosB
x-sinB - (c—
hy—h = €9 any
xX—1y-cosB

From (I), (II) we have:

b? , x*-sin’B-(c—y)?
sin’B a (x—y-cosB)?
b%? —a? -sin*B  x*-sin’B - (c — y)?
sin’B - (x —y - cosB)?

b%? = a® + ¢* — 2ac - cosB
a’ + c¢? —2ac - cosB — a? - sin*?B  x* - sin’B - (c — y)*

sin’B ~ (x—1y-cosB)?2
a’ + ¢? — 2ac - cosB — a*(1 — cos*B) x*-sin’B(c — y)*
sin’B - (x—y-cosB)?
(c—a-cosB)? x%-sin’B-(x —y)?
sin’B - (x —y - cosB)?

(c—a-cosB)? - (x—y-cosB)? —x* -sinB-(c—y)?=0
[(c—a-cosB) - (x—y-cosB) —x-sin’B-(c—y)]
‘[(c—a-cosB)-(x—y-cosB) + x-sin?B-(c—y)] =0
So,
i)(c—a-cosB)-(x—y-cosB)—x-sin*B-(c—y)=0
cx — (cy + ax) - sinB + ay - cos*?B — (cx — xy) - sin?B =0

cx — (cy + ax) - cosB + ay - cos?B — cx - sin’B + xy - sin’B =0
(ax + cy) - cos?*B — (ay — cx) - cosB + xy - sin’B = 0
(ax + cy) — (ay + cx) - cosB = xy - sinB - tanB

Or,
ii)(c—a-cosB)-(x—y-cosB)+x-sin’B-(c—y)=0

cx — (cy + ax) - cosB + ay - cos*B + (cx — ay) - sin’B =0

cx — (cy + ax) - cosB + ax - cos?’B + cx - sin’B — xy - sin’B = 0

2cx — (cy + ax) - cosB + (ay — cx) - cos?B = xy - sin’*B
Ze_ (3 + E) - cosB + (g — 5) - cos?B = sin®B, does not satisfy the problem.
y \x y x y

88 RMM-GEOMETRY MARATHON 101-200




R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
So,
(ax + cy) — (ay + cx) - cosB = xy - sinB - tanB
a ¢ a c
<—+—>—<—+—>-cosB=sinB-tanB
y X y

X
Therefore,
(BC_I_BA) (BC_I_BA) B = sinB - tanB
BF " BD BD BF COSDb = Sin an
174.
D
Ajpc = Apcpe
P =P
ABC BCDE C
Prove: I € BC
Aypc —area of AABC.
P 45c —perimeter of AABC.
A B E

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil

a

BC=1lAB=x,AC=y,DE=b,AE=a,AD=c,BE=a—x,CD=c—Yy

If I € BC,soi) 2 =$- (x+y)%(ac+xy) —2(a+c)(x+y)

n2- -2+ -2

Now, Apc = Apcpe; Aapc = Aape — Aapc = 2Aasc = Aupe
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1
Z-E-xy-sinA =E-ac-sinA

2 %0 xy 1
= . - — = —
ac xy; -2

Popc = Pgepe > x+ty+l=1l+(c—y)+(a—x)+b
2x+y)=a+b+c;(2)>b=2(x+y)—(a+c)

Replacing (1)in (i), we have: I2 = % (x+y)?Q2xy +xy)—2(a+c)(x+y)
P=3x+y)?-2(a+c)(x+7y);(3)
Being, [ = x* + y* — 2xy - cosBand b? = a® + ¢? — 2ac - cosB, so
a? + c* — b?
2 _ 22 2 ,
I“ =x*+y*—-2xy > ac
2_.2..2_ XY 2. 2_ 2 2_ 2,2 L o5 5
F=x+y —E(a +cc—b*)->l"=x+y —E(a + ¢c“ — b*)
1 2
—>lZ=x2+y2—E[a2+cz—(2(x+y)—(a+c))]

lz=(x+y)2—2xy—%[a2+cz—4(x+y)2+4(x+y)(a+c)—(a+c)2]

2 =2(x+y)?-2ac—-a*-c?*+4(x+y)?—-4(x+y)a+c)+ (a+c)?
2 =2(x+y)? —(a+c)?+4(x+y)>—4(x+y)(a+c)+ (a+c)?
2 =6(x+y) —4(x+y)(a+c)
=3(x+y)?-2(@a+c)(x+y);4)

So,(3) =(4)

Now, using the expression (2) it follows that: b = 2x + 2y —a — ¢

b X y c
——=2. 2 4. L _=_ _
ac ac ac ac ac
b X y 1 1
ac = 2xy 2xy ¢ a

L-(Y G-

We conclude that conditions (i) and (ii) are satisfied.

Therefore, I € BC
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Solution 2 by Gheorghe Oniciuc-Romania

a

1 xy-sinA 1 bc-sinA bc
F apg = Fpcpe = Fape = EFABC ST, TR T A= (1)

Puypg =Ppcpe > x+y=a+b+c—(x+y)-x+y=s;2s=a+b+c)
IeBCo Al =2AC+(1-1)AB, 7,=0

aT_")A + b?E + CT_")D bT_")E + CT_")D

B}
Tr, =
! 2s 2s
I
E b (o] D c B

So, I € (BC) & 34 € R such that:
Ax . A-y c b
T + .

b C —C T'Bzz'rc+z'?3
Ax_c a=2l
b 2s 2sx ¢ ¢
S (1_1)},_3@ 1_A:£®m+m=1@
c 2s 2sy
1 1 2s x+y 2s s 2s
x'y bc” xy bc bc be
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175. A
In AABC,D € BC,F € BA, .
BD=d,BF=f ¢ b

0y —N.P.C. o

1+1_ 6
d f a+c 2 - [\ o
Prove that: ZABC = 60°

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Jose Ferreira Queiroz-Olinda-Brazil

We know that D, O and F are collinear. So,
BC BA BC BA a ¢ a ¢
(—+—>cosB— (—+——2)c0s23 = 2,<7+—)cosB— <—+——2>cos23 =2

BF BD BD BF d d f

(6—E—£)cosB— <E+£—2)(2coszB— 1) =2
d d f B
Replacing g +§ =1v,50 (6 —y)cosB — (y —2)(2cos’B — 1) = 2

(6 — y)cosB — 2(y — 2)cos?B + (y — 2) = 02(y — 2)cos*B — (6 — y)cosB+ (4 —y) =0
4— (&4 E)
4-y_ (d f

= )

Does not satisfy the problem.

1 o
cosB, = 2 - B; =60,cosB, =
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176.

Og9 —N.P.C. of AABC. Prove that:

E+ﬁ)cosB—(%+%—2)COSZB=2

D.F 0 —coIIinear@(
P19 BF ' BD

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Jose Ferreira Queiroz-Olinda-Brazil

A

'/

a
BM,=CM, = BD =d,BF = f,BC=a,AB = AC=b

a
NMb = NMC Zz,FQ = hl,AHa = ha,OQN = k,09T = h3
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R c c
OgM, = OgM}, = E,OgN + 09T = 2 sinB, k = 3 sinB — h;
In AOgNM,: 0gM% = 0gN? + M,N?
_ — L2 _ - — (= ¢j _ _ .
(r) k- + (4) - (2) (2 sinB h3) + (4) ; (D
InAOgTM,: OgM?% = 04T? + TM?

a
TM,=BM,—PT—BP =-—— ——. cosB

2

a c R , (@ C 2
TMazz—E-cosB%(E> =h3+(z—5cosB) ; (ID)

So, (I) = (I

h3 + (% - %cosB)2 = (%)2 + (%sinB — h3)2 -
c-sin’B + a- cosB — c - cos’*B
37 4sinB
Now,
tanf = Z—ﬁ = % — D, F,0q9 —are collinear.
h, c-sin’B + a - cosB — c - cos’B

d — fcosB - (4d —a — 2c - cosB)sinB
f-sin’B-(4d —a—2c-cosB) — (d — f - cosB)(c - sin?B+ a - cos’B — ¢ - cos’B) = 0
sin’B - (4df — af) — 2fc - cosBsin’B — dc - sin’B — ad - cosB + dc - cos*B +
+fc- sin’BcosB + af - cos*B — fc - cosBcos?’B = 0
sin’B - (4df — af — dc) — fc - cosB - (sin’B + cos’B) — ad - cosB + (af + dc)cos’B =0
sin’B - (4df — af — dc) — (fc + ad)cosB + (af + dc)cos?B =0
(ad + fc)cosB — (af + dc — 2fd)cos2B = 2df

Therefore,
(BC N BA) B (BC 4 BA 2) 2B = 2
Br "BD) %" “\Bp "BF “)9%" T
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177.In AABC,V — Bevan's point, I, I, I. — excenters,R,, Ry, R, —
circumradiiin AVI I, AVI I, AVI_I,.
Prove that : rR,R,R, = 4R*

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let P be the feet of the perpendicular fromV to 1,1,

T—C T Cc
We have : u(I,CB) = — - u(CIV) = 7~ u(I,CB) = =

2
. . IaIb
AVI, I, is isosceles — u(I,VI,) = —2u(CI,V) =t —Cand I,P = >
vig, =tP _Tado 4 4pes I,V = 2R)
- = —_—= - = —_ =
cosVlalp =7y =22 7 'a'® 08z Ua
1,1, 1,1, 4R cos% B 2R cos%

InAVI I, we have : sinl VI, = R, = = =
ab W 1 2aV 2Ra_> @ 2sinI VI, 2sin(m—C) 2sinC

= Rcsc
2
C 3 C _,4R A4AR*
- R, = Rcsci (and analogs) - R,R,R. = R | | csco = R =

Therefore, TR, R,R. = 4R*
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178. In AABC,n, —Nagel’s cevian, the following relationship holds:

R n?
2(——1)zha=4R+r+z—
r T,

cyc cyc

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
nfl = s? — 2r h,; (and analogs)

5 —=s Z——ZZh =——22h

cyc cyc cyc cyc
nﬁ (4R + r)r + s? s + 1%+ 4Rr
S AR+ T+ - —thaz —thaz
T, r r
cyc cyc cyc
ab 2Rh,
Z zz p) —th —Z<——1)Zh
cyc cyc cyc
Therefore,
R n2
2(__1>Zh“ =4R+r+2—
r T,
cyc cyc

179. If V —Bevan's point in AABC then:

EZAV2=12R2—sz—r2—4Rr

C o
o A

TRaES /

b g X
\Q*\..O/A
@—yV —opg

A |
|
I
L
I
oo

Proposed by Mehmet Sahin-Ankara-Turkey
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Solution 1 by Tran Hong-DongThap-Vietnam

C

n’ .
._t
‘)
.
ot . o
In AAIV we have:
,  2AI* + 24V —IV? 2417 + 24V? — (201)*> _ AI* + AV? )
407 = 4 - 4 -—— Y

= AV? = 2A0% + 20I?> — AI> = 2R* + 2(R* — 2Rr) — (r* + (p — a)?)
Similarly: BV?2 = 4R?> — 4Rr — (r* + (p — b)?)
CV? = 4R?> — 4Rr — (r* + (p — ©)?)
= AV? + BV? + CV? = 12R?> — 12Rr — 31> — (3p?> — 2(a+ b + o)p + a® + b? + ¢?)
= 12R%* — 12Rr — 3r% — (3p? — 4p® + 2p? — 8Rr — 21?)
= 12R? — 4Rr — p? — 12

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let P be the feet of the perpendicular from I, to AC.
We know that : P € VI,,AP =s—c,Pl,=r,and VI, =VI, =VI. = 2R
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— AV? = AP? + PV? = (s — ¢)?> + (2R — 1},)? (and analogs)

—>Z:AV2 =Z:(s—c)2 +Z:(2R—rb)2
=352—2s20+2c2+12R2—4R2rb+2rb2

= 35?2 —4s?> +2(s* —r> —4Rr) + 12R* —4R(4R + 1) + (4R + 1r)? — 25>
Therefore, Z AV? = 12R? — s — r?2 — 4Rr
180. A
GecC(lr)
a, b, c —are natural numbers

a+b+c+a
Fpapc —area of AABC.

Find: min{FAABc}

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by proposer

leta<b<ec
GeC(r)—>8@a*+b*>+c*)=3(a+b+c)?
From wolframalfa we have:
Ifa =1,2, 3,4 then, the result is not acceptable.
ifa=5-(ab,c)=(510,13)

a+b+c
2

Faspc =Vs(s—a)(s—b)(s —c);s = - Fpspc = 6V14
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181.
L, —Lemoine’s point of AABC
BD =d,BF =f
R —circumradius of AABC

Prove that:

V3

+—==

| Q
&l
x| S

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by proposer

1.
a?+b2+c? a?+b?+c? _ 4V3F _ 4V/3;acsinB
and = =

ac ac ac ac

+

= d

Is:

=18

<
d
24
f

a c b
>2V3-sinB->—-—4+—->2V3 - —
> 23 - sin —>f+d_ \/§2R

Ul a

Q

c b a c
—_ [ —_ —_
—>f+d_R\/3orf+d

182. V —Bevan’s point in AABC,1,,1,, 1. —excenters, VK L (I,I,),
Ke (1), VL L (I1,),L€ (I1,),VM L (I,1,),M € (I,Ip). Prove that :

F
>— 43
ac

a N b N c _Tatrptr,
bc.VK?2 ' ca.VL?2  ab.VM?2 2R2F

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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