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2F 2F 2F 2F 2F
AH=ha,[ABC]=F,ha=7,hb=7,hc=7,SlnA=E,SlnB=E,
. 2F abc
smC=opf =R

AAHT~AGTM, = GT = % In the same way: cosQ = % and GZ = %

[PQR] = [PGR] + [PGQ] + [RGQ]

12 2 12 2 12 2
[PQR]:E'gha'§hCSlnB+E'§ha'§hbSlnC+E'§hb'§thlnA

2
[PQR] = 5 (hph.sinA + h,h sinB + h hysinC) =

2 (2F 2F 2F 2F 2F 2F
= —(—-—smA +— —s=sinB +—-—smC> =
9\b ¢ c a a b
_8F2<1 gt L cing oL _C)_BFZ | 2F 1 2F 1 2F\_
“ 79 b T ™ T ap®™) T 79 \bc bc " ca ca” ab ab)
16F° a’+b*>+c* 16F® a’>+b*+c> F ., .
: = : = -(a® + b* + ¢%)
9 a’b?c? 9 16R?F? 9R?
[PQR]

-(a®* +b*+c?) =F = a* + b*> + ¢* = 9F

Diasc) = 17 o2

Euler line: Distance between the circumcenter and the orthocentre triangle:

1
OH? = R? —a(al2 + b?% + ¢?)

OH? =9R?> —9R?* =0
= G = 0 = H > AABC —equilateral.

602=R2—§-9R2=0

[PQR]
[ABC]

8 8
ii) =3 -(a2+b2+c2):§F:>a2+b2+c2:3R2

:>_
9R?
{0H2=9R2—8R2=R2 X

So, 2 _p2 1 2 _ R2 > AABC —right.
GO? =R?>—_-8R* =~

Solution 2 by proposer
Plagiogonal system: BC = Bx, BA = By, B(0,0),G (g,g),P(pl,pz),
a+ 2ccosB c a c+ 2acosB
P1= T:Pz = —§,R(r1,r2),r1 = —§,T2 =3
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1 1 1
a
sinB ||— sinB 4
[GPR] = 3 "t Pl 4c. Zsin?B
2 2 9
3 r2 D2
[GPR] 2 _dgin2 IGOR] _ 4 2y
B~ 9% B; (1), 5|m|IarIy [ABC] C(2),— TABC] A;(3)
From (1),(2),(3), it follows that: [Zglca] (stA + sin’B + sm2 0); (4)
i) [POR] _ 1 = sin?A + sin?B + sin*C = 2 = 2 + 2cosAcosBcosC = 2 =
[ABC] 4 4
cosAcosBcosC = % = AABC —equilateral
LPQR] _ = sin%A + sin’B + sin?C = 82 = 2 + 2cosAcosBcosC =2 =
[ABC] ~ 9 92
cosAcosBcosC = 0 = AABC —right.
133. i
l..\\\\
In AABC: N\
- | s
BP _ _ /: i "“x.\\
PI vZ-1. <7

B

Prove: u(B) = 90°
Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution 1 by Adrian Popa-Romania

A

1

B

BP BI—-PI BI

PI~ Pl PI
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B r B r
ABIM:sin—=—>=>r=Blsin—=>Bl=—— ,Pl=1r>

2 BI 2 sing
LA Y S S R S S LI Y T
—_—= —1= —1= —1=>sn—=—=—>>—= >u =
PI rsing sing 2 V2 2 2

Solution 2 by Juan Jose Isach Mayo-Spain

Js(s — a)(z— b)(s—¢) _ %\/[(b ¥ ¢)? — a?][aZ — (b2 + c2)]

_Jbes(s—a) _ /be[(b + ¢)? — a?]
B s B a+b+c
J(b +c)? — a? 1
at+b+c (Jb_—EJaZ—(b—c)Z)
ap_ 2(Vbc—3./a? = (b— o
IP \/az — (b — ¢)?
2

If AABC is rectangle in A © a? = b? + c? @%=—2—1=\/E—1.

r(I) =IP =

Al

AP = Al - IP =

Solution 3 by proposer

Plagiogonal system: BC = Bx; BA = By

a® — b* + ¢? a—b+c)?
(c):x2+yz+—ac xy—(a—b+c)(x+y)+—( 2 Y _

Bl:x =y I(i,i),i = ——
A=Y AU T b e

BP p-0 ac
— = =2 [—————-1=V2-1>
BI i-p b% — (a — c¢)? V2

2ac=b*—(a—c)*=>b*=a%+c*= u(B) =90°

134.
x0y = 45°
A€eOx,Be 0y, 0A=a0B=b»b

P € AB, OP —bisector of xOy

0(c) = (0,0P)
(c)NAB = Q

@ = AOQ; PR Ox,0R=1p

Find: @ = f(a,b)
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b V5+1

— = = =7
a (/] 2 , W !

1 1 1
Prove that: - + - = -
a b P

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution 1 by Ogwuche Moses-Nigeria

Let AP = x, PB = y. Considering AAOB. Since OP —is the bisector of 2x0Yy, then

2= % =>y= bj‘x. By law of cosines: (x + y)? = a? + b%? — 2abcos45° = a® + b% — abV/2.
2 24p2— 2 p2_
Puty =2 = (x +2) — a4 b — abyE o x = WEPE b bian
@ a a+b a+b
315° o sin(“fo—%) sin($>
Considering AOPA: LOPA = S " by law of sines: - =— =
o
315° (a+ b)sin (425 )
w=———2sin"!
2 vaZ + b2 — abv2
V5+1 50 1 (1+§)sin(%)

If2=T,thenw=%—Zsm =
: 1+(3) -Gz
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3+V5 V242
2 2

5+v5 1++5
2 2 V2

Since, PR || OA, then ABRP is similar to ABOA. Hence,
b ava? + b2 — abV2
bx

_ 315°

w = 1

= 96.85923223487°

— 2sin~

b'—p__ y B ~ a-+b
= >p= =
b x+y x+y Jaz + b? — abV2
ab 1_a+b_1 1
p “a b

= = — =
a+b p ab
Solution 2 by Juan Jose Isach Mayo-Spain
In AOAB we have that 0A = a, OB = b and ZAOB = 45°. Then

AB = \/OB2? + 0A%? — 20A - OB - cos45° = \/az + b2 — abV2

Let P be a point of AB such that OP is angle bisector of 2A0B. Bisector theorem aplicated

in vertex B of AOAB: 22 = 28 %8 , pp — 48 How AP = AB — PB = AP = 22&
OB 0A a+b a+b
Applying Stewart theorem in AAOB for the cevian OP:
OP? . AB = 0A%? - PB + OB?> - AP — PB - PB - AB
) ) b-AB , a-AB b-AB a-AB
OP“-AB = 0A~- - + OB~- - — . -AB
a+b a+b a+b a+b
a’b  b%a ab(a? + b%* - abV2 a?b? abyV\2 + 2
opr - b | ba _ab( ) _ (242) _
a+b a+b (a+ b)? (a + b)? a+b

How the triangles AOAB and ARPB are similarity and % = ﬁ then

RP = 0A PB_ ab
N AB a+b

atbh 1

: _RP = 9 e verifes L4 1 _ atb
Ifdenomlnatep—RP—a+b.Itsver|fy.a+b— P

If now we consider the AOAP and a = 2Z0PA then:
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b*(V2 + 2) + (a? + b — abVv2) — (a + b)?

OP? + AP? — 0A* (a + b)?
cosa = =
2-0P-AP
2|(V2+2)b Va2 + b? — ab\2
a+b ' a+b
(b—a)(V2 +2) (b—a)VyV2 +2
cosa = =

2 |(VZ+2)Wa? 1 b2 —abyz 2Va+b:-abVZ

Let w be the angle LQOA. The triangle AQOA is isosceles, then w = 157,5° — 2a.

Q= 1+2\/§, then

(L5538 a)@+vp)

: _
2 /(ﬁ+z)ja2+(”4ﬂ—ﬁa@

PVENZ+2(5- 1)
VV5—vZ-v10+5

_180° <%x/§mw§ ~1)
VV5—vZ-v10+5
® = 157,5° — 2a = 36,8592322348 ..°

. b
In particular |f;

cosa =

- ) = 60,32038383882 ...°

Solution 3 by proposer
Plagiogonal system: (Ox, 0y,9),9 = x0y
_ 2a*b?
~ (a+ b)?
(©): x2 + y% + 2xycosd = OP% = Q(41,42),
y

ABx+ =1
‘a b

ab(—2a*cos9 — a?® + 2ab + b? o ab(—2b?*cos?d + a* + 2ab — b?)
(a + b)(a? — 2abcos?d + b2) ’ 1@ = (a + b)(a% — 2abcos¥ + b?)

q; a? —b? + 2ab — 2b*cos?
Aog=A=—=— 2 2 ’ Aoa=0
q:1 —a*+ b=+ 2ab— 2a“cosd

OP? (1 + cos?)

q1 =
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(0 — A)sind ©=45°
—

tanw = (0+ A)cosY + 1
_1{ 2ab + a? — (1 +V2)b? }
w = tan
—2(1++v2)ab + (1 +V2)a? + b?

b 1++5 . (-1+3V2-+5++10
—=¢@= > w=tan! = w = 36,86°
a 2 -3 ++/5+2V10

OP:y = AB-x+y—1:>P( ),p= :»1+1—1

{OP:y = x, ‘a b PPP=0Tp 7 a b p

Solution 4 by Jose Ferreira Queiroz-Olinda-Brazil
y
T 2++2
AP=z,PB=t,cos§=T,(p2=1+(p,AQ=k.

ZROP = /RPO = 22,5° = g = AROP —isosceles, then OR = RP,0Q = OP = .

OP? = OR? + RP?2 — 20R - RP - cos135°

V2
r2=p2+p2—2p2<—7>=2r2+r2\/§=>r=p 2 ++2

ABOA and ABRP are similarity, so be_p_ L, consider2 = @, then:
b a t+z a
_ 2 e b-p_p _ _
a—tpp,b—(pp,t—(pz:T_E: ab —pa =pb = ab =p(a+ b)
1_1+1
p a b
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InAPOA: z* = a® + r* — 2ar - cosg = @*p? + 2p* + p*V2 - 2¢p - pm. Vz;ﬁ

22 =p*(3+V2-(1+V2)9)
Applying Stewart’s theorem in AOPQ: 1%z + r’k — a?>(z + k) = (z + k)zk
r(z+k)—a*(z+k) =zk(z+k) ©r?—a? = zk.
r2—a? 2p®+p*V2 - p*e? p*(1+V2-9)
z B 2 B z
2 =p2.4+2\/7—(1+2\/§)<p_
3+v2-(1++2)e

In AAOQ: k? = 1% + a*? — 2ar - cosw

k? = 2p% + p*V2 + @*p? — 2¢p - /2 +V2; (I

From (I), (II) it follows that:

k =

)

6 +3V2 — (2 +2V2) b V5 +1
cCosw = , p=—; Q=
3+VZ—@(1+V2)20V2+V2 a 2

(V10 +3vV5-1)V4—2v2

COSw = > w = 36,86°

12
135.
A
F
FE
B e

CA = b; AB = c; AE = e; AF = f.Find: EF?

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by Jose Ferreira Queiroz-Brazil

M H

N

AH =h IM =1;FN =h{;ED =hy; EF=LIF=zIE=1l—-2z
1 ah,
Zs=a+b+c;F=Eaha=sr;r= r

Applying angle bisector theorem, we have:

It l e+t (1)
—_—=— D - = = —_ = .
AF AE 't e etz t '’
AAHB is similar AFNB, so 2 =28 e _ € p —Pa(e_y
FN FB hq c—t c

IF_IE z l—z _

AH AC h b h
= :>—a:E:>h2:Ta(b—e)

AAHC is similar AEDC, so D FC " b

h
FQ=h;—h, =b—z_(ec—bt)

FP=h tc—ty- e Pe o5c— ) - ac)
=h—-r=—I(—-10)— = s(c—t)—ac
1 c 2s 2sc
haec-b 1
AFQE is similar AFPI: £2 = EE o w00 _1Q)
Fp IF re(2s(c-t)~ac) 2
2s(ec — bt) e+t bc
= =>a=a(e+t)—(b+c)

2sb(2s(c —t) —abc) t
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IF? = IK? + KF? { 2 =1’ = (t - w)?
IE* = IL? + LE? (I1-2)?*=1*+ (e — w)>
Z2—-(t-wi?=10-2-(e—-w)oe?—t?+2w(t—e)=1*>-2lz
?’(e—1t)
e+t

Now, in AIKF and AILE: {

It
eZ—t2+2w(t—e)=12—21-e—+t<:>e2—t2+2w(t—e)=

2
e+t—2w =

e+t:>12=(e+t)2—2w(e+t)
P=(+t)’-—(b+c—a)(e+t)

bc
lZ=(e+t)[(e+t)—(b+c)+a(e+t)—(b+c)]

1? =

e+ [(e + t)il;c + et) 2+ C)l

Therefore, EF? = i(e + t)?(bc + et) —2(e +t)(b+¢)
136. ABCD —tangential quadrilateral, O —incenter,
A4, B4, C4, D{ —intersection points of incircle with A0, BO, CO, DO. Prove
that:

AA; + BB, +CCy+ DDy > 4(vV2-1)R

D

Proposed by lonut Florin Voinea-Romania

Solution by George Florin Serban-Romania

C(0,R)N AB = {M} = OM 1 AB
In AAOM, u(<AMO) = 90°, sin (MAO) = sin;; = fl—’;’ = % = A0 =

R

sin-

N
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ZAA1=Z(AO—OA1)=Z z ZR—
cyc cyc cyc \S ln cyc S ln cyc
- Rz

Cycsm
(1)=>RZ >4\/—R:>Z

cye sm cye sm

2 u(a) = 2w = 2 ”(A) M(A) n(B) u(C) u(D)

272 2
cyc cyc

7= 4R S 4(ﬁ— 1)R

72 W22

€ (0,m)
1 Bergstrom 16
= —03)
, , A
cyc Sinz Xeye sinz
Let f:(0,2m) - R, f(x) = sing,f’(x) = %cos%,f”(x) = —%sing <0,vx € (0,2m)
f —concave, applying Jensen inequality, it follows that:
A . T
Z sin= < 4sin— = 2V/2; (4)
2 4
cyc
From (3),(4) it follows that: .., !

sin-

x
sini >0,vxe (0,m)=>

> 4+/2 = (Dtrue.

N

Therefore,

AA; + BBy + CC; + DD > 4(vV2 - 1)R
137.

Bicentric Quadrilateral

Clrcumelrcle

a, b, c,d —sides, —inradii in a bicentric quadrilateral. Prove that:
a* p* * d*

—t—+—+—>32
o — r3

Proposed by Daniel Sitaru-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a* b* ¢* d*Bcs (Ta)t a)’ M
—t—+—+— = Qo _ (2a) > 3213
b ¢ d a 42y a 16

(1) Ya=8r

|

We know that in any bicentric quadrilaterala+ c=b +dandr = Zf:c =

8Vabcd
+d
Which is clearly true from AM-GM: a + ¢ = 2+/acand b + d = 2V bd

MHe2@@+c) = < (a+c)(b+d)=4Vabcd

138.

R —circumradii, r —inradii, s —semiperimeter in a bicentric quadrilateral.

32R%r
SZ

Prove that: 7 + Vr + 4R? >

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Blundon and Eddy, we have:

s? > 8r (\/ 4R? + 12 — r)

32R%*r - 4R? 4R*(VT2 + 4RZ + 1)
= =
s T VaRZ+rZ-r (4R +71%) —7?
Therefore,
32R%*r

r++r+4R%2 > >
s
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139.a, b, c,d —sides, r —inradii in a bicentric quadrilateral. Prove that:

a? b* c¢* d>?

Proposed by Daniel Sitaru-Romania
Solution 1 by Alex Szoros-Romania

If we denote F —area of this quadrilateral, then: 41> < F = Vabcd

a’? b?> ¢* d? Bergstrom (q 4 b+ ¢+ d)?
— Y — > =a+b+c+d=
b ¢ d a at+b+c+d

4% abcd = 4VF > 4412 = 8r

Observation:

ABCD —inscriptible quadrilateral, then F = \/(s —a)(s—b)(s—c)(s—d)
2s=a+b+c+d=2(a+c)=2(b+d) >

F=\(a+c—a)b+d—-b)(a+c—c)(b+d—d)=Vabcd

F 2vVabcd
Cr=—Sr=—mmo—
s a+b+c+d

But: (a+b+c+d)?=[(a+b)+(c+d)]?*>4(a+b)(c+d) >
> 4-2Vab - 2Vcd = 16Vabcd

FZ
(25)2216F=>5224F:><;) > 4F = F > 412

Therefore, F > vabcd > 4r?
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Solution 2 by Adrian Popa-Romania

a’> b?> ¢? d?Bergstrom (q+ b+ c+d)>

—_— > = >
b+c+d+a > Tt btcrd a+b+c+d=
_\/abcd_ vabcd _ 2vVabcd
a+c a+b+c+d a+b+c+d
2
We must to prove that:

16vVabcd
a+b+c+d>——— (a+b+c+d)?>16Vabcd
a+b+c+d

AM-GM
which is true from AM-GM: a+bic+d > Yabcd

140.

a,b,c,d —sides, r —inradii, R —circumradii, F —area in a bicentric

quadrilateral. Prove that:

Tr
a4+b4+c4+d428F2<1—\/%>

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Weknowthat:a+c=b+d;r = Zi:_d;szmbcd:sr

@) vabcd

s = % =b+d=4r=14 ; (1) e (a+c)(b+d) = 4Vabcd, which is true from

a+c

AM-GM: a + ¢ = 2vac,b +d = 2V/bd = s = 4r; (I)
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Holder (Ya)* s%* 2 r r
Za‘* > (2313) =72 8F2<1—\/£>; (2) & s? 2321’2(1—\/;)(:)

cyc

Tr
s2 + 32r2\E > 3212

’ )
By AM-GM: s? + 32r2\/§ >2 |s2- 32r2\/§ = 8ry/2sVsr = 8rvV2 - 4rV4r? = 32r2

Therefore,

r
a4+b4+c4+d428Fz<1—\/%>

141. ABCD —parallelogram, AB + AD = n > 0. Prove that:

2
n
max(AC? BD?) > >

Proposed by Radu Diaconu-Romania

2

Solution 1 by Adrian Popa-Romania
max(AC? AD?) = AC?
2B —Optuse, then cosB < 0 A o

AD =BC=AD+BC>n
In AABC: AC?* = AB? + BC? — 2AB - BC - cosB
We want to prove that:

, _ (AB + BC)? ) ) AB? + 2AB - BC + BC?
D* 2 ———— & AB* + BC* —2AB - BC - cosB > 5 &

AB? + BC?> > 2AB - BC - (1 + 2cosB)
But: AB%> + BC? > 2AB - BC > 2AB - BC(1 + 2cosB); (1 + 2cosB < 1)

Therefore,

AC2 > (AB + +AD)?
2

nZ
> —
2
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Solution 2 by Ravi Prakash-New Delhi-India

LetAB=§+t,BC=§—t,0s |t| <§

Let & = max(4«DAB, 2.CBA), then 6 >

N

Assume 0 = 2CBA, then

2

AC? = (g+t)2 +(§— )
—2(g+t) (g—t)cose =
2 (g)z + 2t% > n;; (~ cosO <)
142.

If e, f —diagonals, R —circumradii, O —circumcenter, I —incenter,

s —semiperimeter in a bicentric quadrilateral then:

2

R-0I* (R+OI* s
(=) ) =
e f 16R?

Proposed by Daniel Sitaru-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that: OI = VR? + 12 — rV4R? + 12 (Fuss's theorem) and
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ef = 2r(r + Vr2 + 4R?). Hence,
R—-0N*> /(R+0N*"™ M (R—0ODR+ 0D
(] (s aoneeon

e f - ef
2
RZ—(\/R2+r2—r 4R2+r2) "2+ 4RZ — 1
= 2' = =
2r(r +Vr? + 4R?) Vr2 +4R? + 1

ViZTaRz—r) g2
_( )

)
>

iR? 2 TeR? os<2 (\/rz + 4R? — r)

By Blundon and Eddy’s inequality:

@
s < r2+4R2+r'§2(\/r2+4R2—r)=}3rS 12 + 4R? &

V2r < R, which is true from Fejes Toth’s inequality: V2r <R

Therefore,
(R — 01)2 (R + 01)2 s2
+ =
e f 16R?

Solution 2 by Soumava Chakraborty-Kolkata-India

m 4R?
If m = product of the lengths of the diagonals, then : 2 m 1

= m? —4mr? — 16R%r2 =0

4r? + V16r* + 64R2r2
=>m = > = 2r? £ 2r\/4R? + r?

=2r (r +4R? + rz) (*m>0) . ef (g 2r (r +4R? + rz)

) ) 2 , 2Rr [(ab + cd)(ad + bc) ) (,'3 )
Via Carlitz, OI* = R* — and consequently, Ol <R
S ac + bd
R . 1 1 1 1
Via Nicolaus Fuss (1792),if t = OI, then : ke R+ 12 + R-1)2 = 2
2R? + 2t?
_ 4 2(R2 4 2 4 2.2 _
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2(R%Z +1?) +/4(R? 4+ r2)2 — 4(R* — 2R2r2
=t = ( ) &4 5 ) ( )=R2+rzir\/4R2+r2and
via (i) (i)

tZ 2 RZ OIZ fain} RZ +I'2 —r /4R2 + r2
R+ 01)2 “;“2 (R - 01) (R + 01) via@  2(R?2-01%) Y40 rVaARZ + 717 —r?
f e f B 2r(r + V4R? + r?) B r(r + V4RZ +r?)
2
B (V4R% + 12 —r) _ 4R% +2r? — 2rV4R? + r?
(V4RZ +r2 —r)(V4RZ + 12 +71) 4R? +r% —r?
R-0nZ% (R+O0K2"W2R2 + 1% — r/aR? + 12
- () () 2
f ) 2R?2
Adain via Mirko Radi s2 <(\/4R2+r2+r)
gain,via Mirko Radic, TeRZ = }6R2
_ 2R* 4% + rV4R? + r2 = 2R? + r? — rV4R? + r?
B 8R2 = 2R2

& 8R? + 4r?2 — 4rJ4R2 + r2 S 2R? 4+ r2 4+ r/4R? + r2  6R? + 3r2 S 5r/4R2 + r2

& (6R? + 3r2)2 — 25r2(4R% +r2) S0
?

o R — OI)2
Now,vna(l),R—OI>0:.( . )+(

e

? ?
& 9x2 — 16xy — 4y2 >0 (where x = R2andy = r?) & (x — 2y)(9x + 2y) S 0
— true - x > 2y via L.Fejes Toth
s _2R*4+r?-raRT Y (R - 01)2 N <R + 01)2 -
" 16R2 ~ 2R2 - f (QED)

e

143. If A{ A, ... Ag —regular octagon then:
(A145 + A345)(A147 + A347)
= (2+V2) - 4,45 - 4,4,

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-

Morocco A

Let O and R be the center and the radius of the circle circumscribed to 4,4, ... Ag.

In AOA;A; if u(4,04,) = 6

in(MOA) = si 0 _4d
= —_ = =
sin sin 2 2R
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0
— 2w T . T
We also know that: u(4,04,,1) = & =3 > A14s = 2R - sin_ = 2R;
V3
A3As = 2R - sin = V2R
T
AA; = 2R - sin = V2R; A3A, = 2R >

2
(4145 + A345)(A1A; + A347) = (2 ++2) R% (1) and

3r T
A2A5=2R-sin<?>=2R-cos§= /2+\/§R
. (3 T
A2A7=2R-sm(?>—2R-cos(§)— f2+\/ER

= (2+V2Z) - AzA5 - A4, = (2 +V2) R%; (2)
From (1),(2) it follows that:
(A14s + A345)(A147 + A3A7) = (2 +V2) - AzA5 - AyA,
144.

ABC —random, BM —median; P (or P') —random point on plane (ABC)
PD (or P'D') L BC, PE (or P'E") L AC,PF (or P'F") L AB
PENDFNBM ={Q} (or PE'nD'F nBM = {Q'})
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Prove that: PD = DF (or P'D' = P'F')

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by proposer

Plagiogonal system: BC = Bx, BA = By
ac
B(0,0),(a,0),4(0,0), M (5,5), P(p1,P2), D(d, 0),d = p1 + p;cos B
c-cosB—a

F = . T e—
(0,f).f =p1-cos B +p;, Apg 2 cosB —c
DF£+X=1:
3t 7

(p1-cos B +py)x+ (p1 +p2 - cos B)y = (py - cos B+ p;)(py + p2 - cos B); (1)
PE:(y — p2) = 2pg(x — P1)
(c-cosB—a)x+ (c—a-cosB)y =p,(c-cos B—a) +p,(c—a-cos B);(2)

y x
BM:z=7z=>cx—ay=0;(3)
2 2

DF,PE, BM —concurrent

p1-cosB+p; pi+pz-cosB (py-cosB+p;)(p1+p2-cosB)
c-cosB—a c—a-cosB py(c-cosB—a)+py(c—a-cosB)|=0
c 0

ac-sin’B- (x*—y*)=0=>x=yorx = —y.
P €internal bisector of ZABC.
145.

a, b, c,d —sides, e, f —diagonals in a cyclic quadrilateral.

{(ac)s — (bd)® = 242

then: 2 >4
(@c)® + (bd)? = 2g themmax(es )

Proposed by Radu Diaconu-Romania

Solution by Adrian Popa-Romania
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{(ac)s — (bd)® = 242 . {ac =3
(ac)? + (bd)3 = 28 bd =1

Using Ptolemy’s theorem ac + bd = ef > ef = 4

et + fZ AM-GM
>

max(e?, f?) > 5 > ef=4
A
- _
146. A
b
¢ P R_'"“"H-,_x I Oy )
o=
_—pr
AN a8
B- D ‘(“

20
AABC,BC = 16,AB = 10,BD = 10, BE = —

I —incenter, I € DE,F, —Feuerbach point,M —Mittenpunkt
Find: MF,

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by proposer
LetBC =a=16,BA=c=10,AC=b,BD =d =10,BE = e =?

a-c 16-10 20
sh="2(d+e)—(a+c)= 10.23_0(10+?)—(16+10):>b = 14.
B 162 +10%2 — 142 11 (B) = 60°
= = — =
cos 2-16 - 10 2 M

Plagiogonal system: BC = BX; BA = BD
Let (¢) theincircle, (C):x* + y* + xy — 12x — 12y + 36 =0
Let (w) the N.P.C. circle, (w):x* + y* + xy —13x — 13y + 40 =0
Hence, F(2,2)
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200 80
Is M(— —)
31 " 31

P (80 2>2 . (200 2)2 (80 2) (200 2)
~\31 31 31 31
Therefore,

6
MF 607
¢~ 31

147. Let Y —be area of pedal triangle of Spieker’s point in AABC. Find
the value of y in terms of s, 7, R.

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Izumi Ainsworth-Lima-Peru

= [DEF] =area of pedal triangle of Spieker’s point in AABC, with
D,E F € BC,CA, AB respectively. Also, we know that:

SF_ab(a+b)SE_ac(a+c)
P° 8Rs 'P7  8Rs

Applying the trigonometric area formula for 3 cyclic triangles, we have:

and AFS,,E =mr—A

a’bc(a+ b)(a+c)sinA 4RF 2F
y:z = Za(a+b)-—=

2(8Rs)? 2(8Rs)? bc

cyc cyc
@*(a® +ab+b 2+ ) ab)

(8Rs)zz (a® + ab + bc + ca) = R )2< + ) a
cyc cyc cyc cyc
rs
(8R E [2(s? — 1% —4Rr)? — 8(rs)? + (s’ +r* + 4Rr) - 2(s®> —r?> — 4Rr)] =

rs rs(s* — 4Rr — 3r?)
—_ 2 2 =
(8R B (4s* — 12(rs)? — 16s%r) 16R?

148. If e, f —diagonals, R —circumradii, 7 —inradii, s —semiperimeter in a

bicentric quadrilateral, then:

2R -[ef (Ve +f) < s (r +/r* + 4R?)

Proposed by Daniel Sitaru-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

C
Lete = AC, f = BD and F —area of ABCD. We have:

2F = ad - sinA + bc - sinC = ab - sinB + cd - sinD

e 4RF 4RF

o _ _
smA—smC—ﬁ,smB—st—ﬁ::»e—ab_l_cd,f—ad_l_bc,(l)
We also know that:

vabcd F

ef=2r(2+ r2+4R2);s=a+c=b+d;F= abcd;r = =—=

at+c s

s(r+Vr2+4R?) s-ef @ 4Rs - F? B 4RFs? B

2R " 4Rr r(ab+ cd)(ad + bc) (ab+ cd)(ad + bc)
_ARF(a+o)(b+d)  4RF  4RF @
“lab+tcd)ad+bc) abtecd ad+be ¢t/

So, we need to prove that:

Sef(Ve+3F) <e+f e (Ve—3YF) (e +3F) = 0,whichis true.
Therefore,
2R -fef (Ve + YF) <s(r+/12 + 4R?)
149. If a, b, c, d —sides, s —semiperimeter in a convex quadrilateral then:

(s—a)(s—b)(s—c)(s—d) _ 1
(a+b)(b+c)(c+d)(d+a)~ 16

Proposed by Daniel Sitaru-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

4) (1)
Let e, f-diagonals. a+ b+ c=(a+b)+c=>e+c = d.

So,lets=x—a,y=s—b,z=s—ct=s—-d;x,y,z,t>0;x+y+z+t=2s.
a+b=2s—(x+y)=2z+ t(and analogs)
So, we need to prove that: 16xyzt < (x+y)(y + z)(z+ t)(t + x)
Which is true from AM — GM: [[(x +y) > [12,/xy = 16xyzt
Therefore,
(s—a)(s—b)(s—c)(s—d) - 1
(a+b)(b+0)(c+d)(d+a) " 16
150. a, b, ¢, d —sides, s —semiperimeter, r —inradii in a bicentric

guadrilateral.Prove that:

1 1
<
Zaz + b2 +c%2 +1r2s?2 1614

cyc

Proposed by Daniel Sitaru-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

(a+c)(b+d) am_cm (2Vac)(2vbd) _ 4 Vabcd
- > —4.

S S

=4r -

s=a+c=b+d=
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s=>4r; (1)

1 AM—-GM 1 1 1

2, <) e

a? + b? + c% + rs? 4 a*brcts2r2  4srLuabc

cyc cyc cyc
1 Ya 1 2s 1 ) 1 1

= . = . = < =
ast abcd  4yst (512 2yis 53 . 2vis Var3  16r?
Solution 2 by Soumava Chakraborty-Kolkata-India

vabcd B vabcd B vabcd ®

: _ _ _ ~ 2.2
Via Beyer(1987),r Ta b d 5 = abcd = r*s

z 1 Aéaz 1 _1<1+1+1+1)
at+ b* + ct + 1252 © L4 atbiciris2  4rs\abc  bcd  cda ' dab

cyc cyc o
1 (a+b+c+d)mf_f‘) 2s é 1
 Mrs abcd  4r2s2\rs 161t

~ ~ ~
& (85)%r8<rtstrs o 6413 <s? o s? > 1612
(iD)

? ?

Now, via Mirko Radic, s* > 8r (\/ 4RZ 4+ 12 — r) 1612 © JaRZ + 12 —rS2r

? ? ?
& JAR2 +1r2S3r © 4R2 + 125912 o RSV2r

1 1
— true via L. Fejes.Toth (1948) - z T T2 73 <
Cyca +b*+c*+r4s 16r

151. a, b, ¢, d —sides, e, f —diagonals,s —semiperimeter, r —inradii in a

7 (QED)

bicentric quadrilateral.Prove that:

a+b+c+d>2+16r2
s—a s—b s—c s—d ef

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
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2 : (_1 _ Cheb};hev’s %(Z a) (Z y f a) < %(Z a> (ﬁ =4; (1)

cyc cyc cyc cyc

R=V2r
We know that: ef = 2r(r + V4RZ +r2) > 8R?

gy 167, Lo7 4(22 -
N =
ef - 8r2 - s—a
cyc
Therefore,
a 16712
Z >2 4
s—a ef
cyc
8(a?+b%+c?)
152.1f G € C(I, 1), then —/———~ =

AAABC: G € NPC
Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil

b%+a%—c? b%—c?

,HM, = CH — CH, =

G —centroid, NH, = CH, = g CH =

2a 2a

ah, 2F
AH =h,,BI,=s—b,CI, =s—c,r=§;ha =
AAHM,, is similar AGKM ,, so
AH AM, HM, h, HM,
GK _ GM, KM, g e T T3
fGecCll,r) »d(,G)=r

INAIMG: IM =11, —MI, =1I,— GK = r — ”?
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IK_b—c bz—cz_b—c4 5
ot =5 6a _ 6a (ra=2s)

Now, IG? = IM? + I K*

h,\> [b—c z
2 _ _a _ _
r—(r 3> +[6a (4a - 2s)| -
(b —c)*(4a — 2s)®> h>
2 _ .2 = Mg
re=r 3rha + 3642 + )
h: 2 b —c)?(4a — 2s)?
ha _2.n. +( )2 ( ) _o
9 3 36a?
h? 2 ah, N (b —c)*(4a—2s)* _ 0
9 3% 25 36a2 B
h_ﬁ B ah (b-c)?*(4a—2s)? _
9 3s 36a? B
1 (2F>2 a <2F>2 (b - ¢)*(4a —2s5)* _ 0
9\ a 3s\a 36a? B

16F*s — 48F*a + s(b — ¢)*(4a — 25)* = 0
16T?*(s —3a) + s(b — c)?(4a —25)> =0
“F*=s(s—a)(s—b)(s—o¢)
16s(s —a)(s — b)(s —c)(s —3a) + s(b— c)*(4a — 25)> =0
(b+c—a)a+c—b)a+b—-c)(b+c—5a)+(b—c)*(Ba—-b—-c)>*=0
Developing the expression, we have:
a?(5a% — 6ab — 6ac + 5b* — 6bc + 5¢*) = 0,a # 0
5a% + 5b% + 5¢% — 6ab — 6bc — 6¢ca = 0
8(a? + b% + c¢?) — 3(a? + b? + ¢* + 2ab + 2bc + 2ca) = 0
8(a®+hb*+c®)—-3(a+b+c)?*=0
Therefore,
8(a®+b*+c?) _

3(a+ b+ c)?

The radius of the nine point circle is half the radius of the circumference
circumscribed to AABC,so if G € NPC - NG = g, N —nine point center,

R —circumradius.
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On the Euler line, GH = 260, HN = 3NG and HN = ON = "2—"

O —circumcenter, G —centroid, H —orthocenter.

SO,NG=§—>HN=§—>0H=3R

We know that:
OH? = 9R? — (a® + b? + ¢?)
(3R)? = 9R? — (a?® + b? + ) - a® + b? + c? = 0 impossible.
AAABC.

153.

ABCD —a square. Let E, F be the intersects of AABC and AABD.
Let G —be the circumcenter of AAFB, I, ], K be the incenters of AAEF,AACE
and AACG respectively. Prove that: r) = 1) + 1

Proposed by Juan Jose Isach Mayo-Spain
Solution by proposer

V2 Fpppc 1 2 -2
AB=1,AC=BD =V2,BH = — 1 =T = = =
® ) SaaBc 2 ++2 2

2
By symmetry AF = BE = BH — EH =2 — 1 = EF.
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In AAEB by law of cosines: AE = AB% + BE2 —\/2 - AB - BE = /2 —\/2Z = BF = CE.

The radius of the circumcircle of AAFB is:

AF-FB-AB _V2-V2 V2 | /3
4F papr V2 2 '

Let K be the incenter of AAGC rectangle in G. How AG = g V2 —=+2,AC =2

V2
GC=GE+EC=<7+1>- /2—\/5

Faacc AG - GC V2
r(K) = = = =
Saage AGHACHGC (374 2) .2 V2 +2V2

_(ﬁ+1)\/ﬁi—\/§
B 2

GE = GA =GB =

Let I be the incenter of AAFE,

. . 3V2 -4
FAAFE :AF - sin135 _ - 92

VZ+1
rw = = 2 =1—< : 2—\/E>
SAAFE 2AF + AE 2\/2—2"‘ /2_\/2 2

AC 2
AAFE~AAEC and howE = A -

2
= —_ = (V2+1 fz_ 2 —
N N (2+1)

(VZ+1)V2V2—2
2

V2
—-1
2

Howry) +1rg) = thenr ) = gy T

154. L

ABCD —square N

E —incenter of AABC, F —incenter of o vl =

AABD.

b2 <

G —circumcenter of AAED, H —incenter
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of AABE Prove that: gy = ryy + ()

Proposed by Juan Jose Isach Mayo-Spain

Solution by proposer

V2
E —incenter of AABC,r ) = :AABC _ 2+1ﬁ _ 2—2\/2
AABC

F —incenter of AABD by symmetry: FW = EW = r g, and
BE =AF =BW —EW =2 -1

In AABE: AE=\/ABZ+BE2—2AB-BE-g= 22

AABC~AAEC and 2L = Y222
AC V2

AE \/2—\/22—\/2:1

then:

r(F):E'r(E): \/E 2 E(\/E—l) Z—\/E
22
Let H —be the incenter of AABE, 1 = :MBE === %(1 —V2)V2 -2 - g +1
AABE V2+y2—2
2
1 1 V2 2-v2
T+ =5 (V2-1)2-V2+5(1-V2)2-V2 -+ 1=—— =71

155.

B D B
AABC,D € BC,E € BA, E, I, D —collinear iff

1 1 .\ 1 1\ AC
<BD BC) (BE BA>_AB-BC

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil

B

bh,
25—a+b+cF=—bhb srr—z—BD—xBE y;BH = hy,IM =1

DF=hy,EN=hy,ID=zIE=1-z

Applying angle bisectors theorem, we have:
ID IC z l-z xl l x+y

- Z = - — =

BD BC x y xX+y z
ABHC is similar ADFC, so
BH AB hb c

EN AE hz c—y
bh,

EQ = hz—h1=—(cx ay) » EP = hz—r——(c— )—g

; (D

h
> hy=—(c~y)

[2s(c —y) — bc]
AEQD is similar AEPI, so

=z_sc

h
EQ ED ae(cx—ay) l
ﬁ
EP

ZSC[Zs(c—y)—bc] l-z

2s(cx—ay) 1

of expression (I) ZS(c—y)bc] =15
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x  a[2s(c—y)— bc] _ac
T x+y  2s(cx—ay) —>b—E(x+y)—(a+c)

b x+y a+c_1+1 1 1
ac  xy ac x y a c
AC 1 1 1 1

AB - BC' BD BC+BE AB
Therefore,
( 1 1 ) ( 1 1 ) _ AC
BD BC BE BA) AB:-BC
Solution 2 by proposer
Plagiogonal system: BC = Bx, BA = By.

ac

Let BD = d,BE = ¢,B(0,0),C(a,0),D(d,0),A(0,c),E(0,e),I(i,i),i = e

1 1 1
E, I,D —collinears |0 i d =O<—>i:£<—>1_:ﬂ<—>a+b+c:ﬂ
i d+e i de ac de
e i O
1 »p 1 1 1 (1 1)+(1 1) AC
— — —_= — —_ | — — — _— ) =
c ac a d e BD BC BE BA AB - BC

156. If A;A, ... A,, —convexe polygon (n € N,n > 3) then:

(= 2)m - p(4) _ n(n—1)
- n-2)r—u(4;)  n+1

Proposed by Radu Diaconu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

(n 2)11' H(Al) Chebychev s

n n 1
) - Dm-u@) (;K" A ”(A")]) (Z -+ +u<Ai>> .

E 1 n nZ
> - (n(n —-2)m— Z Il(Ai)> < rin=2)m+ u(4)] ) -

i=1
_ (n(n=-2)m—(n—-2)r\ n(n-1)
_n<n(n—2)n+(n—2)n>_ n+1

Therefore,
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n
(n—2)m — u(Ay) - nn-1)
. 1(11—2)11—11(A,-) T n+1
i=

Solution 2 by George Florin Serban-Romania

—-2a

e LCR

Let f(x) = 22 f'(x) =

4a
(a+x)3

') =

>0,Va=(Mm-2)m,a>0,vn=>3,x >0 - f —convexe, applying Jensen

inequality, it follows that:

Sh,u(4)\ 1N
f (17) < ;Z f(n(a))

m—-2)m\ 1w 1O (n-2)m - p(4y)
f( n )SH;f(u(Ai))_Eizl (n—2)m — p(Ay)

C@-2m—pA) (- 2m\ [ m-Dr-p@) | _n@n-1)
Lin—om—pay- U\ )" T

n-2)m
n

n-2)m+
Therefore,

v (= 2)m—p(4) _ n(n-1)
L n-2)r—u(4;)) - n+1

157.
In
AABC: BE, CF —symmedians,
K, L, M —centers of squares, KL 1 CF,
KM 1| BE.Find the angles of AABC.

Proposed by Thanasis Gakopoulos-

Farsala-Greece

Solution by proposer

Plagiogonal system: BC = Bx, BA = By
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2 2

ac a’c
BO.O Lol le) bn = iy ae =@y e
a(sinB + cosB) a
K(ky, k2), ky = 2sinA Kz =~ osina
c c(sinB + cosB)
M(my,m;);my = “2sing’ ™2 = 25inB
Ag, =41 = %; (1); Ak =4 = Zi _ Zi = _ac: Si::;B_"'ac' S‘;"ZSBB— c’ (2)

BL, L KM — (A1 + A;)cosB+ 414, +1 =0 -
(a® — c*)[(sinB + cosB)cosB — 1] = 0
a=0or (sinB+ cosB)cosB—1=0-a=corsB =45’
Similarly: CL, L KL > a=borC = 45",
Therefore, AABC is right and isosceles or AABC is equilateral.
Thus, (4,B,C) € {(60°,60°,60°)(90°,45",45")}

158.

N, —Nagel’s point of AABC
a+b+c

s = —
Prove that:

D,F,N, —collinear

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil
Applying the Menelaus theorem, we have:
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c — BF BD s—a

BF BD—-(s—c¢) a
BD - (c—BF)(s—a)=a-BF-[BD — (s —c)]
BD - (cs—ac—s-BF+a-BF)=a-BF -BD=a-BC-(s—c)
BD-cs—ac-BD—s-BD -BF +a-BF -BD =a-BF -BF —a-BF - (s —¢)
a-BF - (s—c)+c-BD-(s—a)=s-BD:-BF

=1

a s—c+c s—a
BD S BF S

Therefore,

BC s—c+BA s—a
BD S BF S

159.
AABC,b # ¢
R —circumradius of
AABC
L, M —centers of
squares
L, —Lemoine’s point
of AABC
LM 1 AL,

Prove that:

1+a_b+c
R bc ca ab

Proposed by Thanasis Gakopulos-Farsala-Greece

Solution by proposer
Plagiogonal system: AB = Ax, AC = Ay

_ b(sinA + cosA)
2sind’ %~ 2sinA

A(O, 0): L(llﬁ 12)' ll = -
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