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�� = ��, [���] = �, �� =
��

�
, �� =

��

�
, �� =

��

�
, ���� =

��

��
, ���� =

��

��
, 

���� =
��

��
, � =

���

��
 

∆���~∆���� ⇒ �� =
��

�
.  In the same way: ���� =

��

�
 and �� =

��

�
. 

[���] = [���] + [���] + [���] 

[���] =
�

�
⋅

�

�
�� ⋅

�

�
������ +

�

�
⋅

�

�
�� ⋅

�

�
������ +

�

�
⋅

�

�
�� ⋅

�

�
������ 

[���] =
�

�
(�������� + �������� + ��������) = 

=
�

�
�

��

�
⋅

��

�
���� +

��

�
⋅

��

�
���� +

��

�
⋅

��

�
����� = 

=
���

�
�

�

��
���� +

�

��
���� +

�

��
����� =

���

�
�

�

��

̇
⋅

��

��
+  

�

��
⋅

��

��
+

�

��
⋅

��

��
� = 

����

�
⋅

�� + �� + ��

������
=

����

�
⋅

�� + �� + ��

������
=

�

���
⋅ (�� + �� + ��) 

�)
[���]

[���]
= � ⇒

�

���
⋅ (�� + �� + ��) = � ⇒ �� + �� + �� = ��  

Euler line: Distance between the circumcenter and the orthocentre triangle: 

��� = �� −
�

�
(�� + �� + ��) 

�
��� = ��� − ��� = �

��� = �� −
�

�
⋅ ��� = �

⇒ � = � = � ⇒ ∆��� −equilateral. 

��)
[���]

[���]
=

�

�
⇒

�

���
⋅ (�� + �� + ��) =

�

�
� ⇒ �� + �� + �� = ��� 

So, �
��� = ��� − ��� = ��

��� = �� −
�

�
⋅ ��� =

��

�

⇒ ∆��� −right. 

Solution 2 by proposer 

Plagiogonal system: �� ≡ ��, �� ≡ ��, �(�, �), � �
�

�
,

�

�
� , �(��, ��), 

�� =
� + ������

�
, �� = −

�

�
, �(��, ��), �� = −

�

�
, �� =

� + ������

�
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[���] =
����

� �

�
��

� � �
�

�
�� ��

�

�
�� ��

���

�
=

����

�
⋅ �� ⋅

�

�
����� 

[���]

[���]
=

�

�
�����; (�), similarly 

[���]

[���]
=

�

�
�����; (�),

[���]

[���]
=

�

�
�����; (�) 

From (1),(2),(3), it follows that: 
[���]

[���]
=

�

�
(����� + ����� + �����); (�) 

�) 
[���]

[���]
= � ⇒ ����� + ����� + ����� =

�

�
⇒ � + ������������� =

�

�
⇒ 

������������ =
�

�
⇒ ∆��� −equilateral 

��) 
[���]

[���]
=

�

�
⇒ ����� + ����� + ����� =

�

�
⋅

�

�
⇒ � + ������������� = � ⇒ 

������������ = � ⇒ ∆��� −right. 

133.  

 

In ∆���: 

��

��
= √� − �.  

Prove: �(�) = ��° 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution 1 by Adrian Popa-Romania 

 

��

��
=

�� − ��

��
=

��

��
− � 
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∆���: ���
�

�
=

�

��
⇒ � = �����

�

�
⇒ �� =

�

���
�
�

, �� = � ⇒ 

��

��
=

�

����
�
�

− � =
�

���
�
�

− � = √� − � ⇒ ���
�

�
=

�

√�
=

√�

�
⇒

�

�
= ��° ⇒ �(�) = ��° 

Solution 2 by Juan Jose Isach Mayo-Spain 

�(�) = �� =
��(� − �)(� − �)(� − �)

�
=

�

�
�[(� + �)� − ��][�� − (�� + ��)] 

�� =
����(� − �)

�
=

���[(� + �)� − ��]

� + � + �
 

�� = �� − �� =
�(� + �)� − ��

� + � + �
�√�� −

�

�
��� − (� − �)�� 

��

��
=

�(√�� −
�
�

��� − (� − �)�

��� − (� − �)�
 

If ���� is rectangle  in � ⇔ �� = �� + �� ⇔
��

��
=

�

√�
− � = √� − �. 

Solution 3 by proposer 

Plagiogonal system: �� ≡ ��; �� ≡ �� 

(�): �� + �� +
�� − �� + ��

��
�� − (� − � + �)(� + �) +

(� − � + �)�

�
= � 

��: � = �; �(�, �), � =
��

� + � + �
 

��

��
=

� − �

� − �
= ��

��

�� − (� − �)�
− � = √� − � ⇒ 

��� = �� − (� − �)� ⇒ �� = �� + �� ⇒ �(�) = ��°   

134.  

���� = ��� 

� ∈ ��, � ∈ ��, �� = �, �� = � 

� ∈ ��, �� −bisector of  ���� 

�(�) = (�, ��) 

(�) ∩ �� = � 

�� = ���� ; �� ∥ ��, �� = � 

Find: �� = �(�, �) 
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�

�
= � =

√� + �

�
, �� =? 

Prove that: 
�

�
+

�

�
=

�

�
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution 1 by Ogwuche Moses-Nigeria 

 

Let �� = �, �� = �. Considering ����. Since �� −is the bisector of ∠���, then 

�

�
=

�

�
⇒ � =

��

�
. By law of cosines: (� + �)� = �� + �� − ��������� = �� + �� − ��√�. 

Put � =
��

�
⇒ �� +

��

�
�

�

= �� + �� − ��√� ⇒ � =
����������√�

���
; � =

����������√�

���
. 

Considering ����: ∠��� =
����

�
−

�

�
, by law of  sines: 

����
����

�
�

�

�
�

�
=

����
���

�
�

�
⇒ 

� =
����

�
− ������ �

(� + �)��� �
���

� �

��� + �� − ��√�
� 

If 
�

�
=

√���

�
, then � =

����

�
− ������ �

���
�

�
�����

���

�
�

����
�

�
�

�
��

�

�
�√�

� 
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� =
����

�
− ������

⎝

⎛

� + √�
� ⋅

�� − √�
�

� + √�
� −

� + √�
� ⋅ √�

⎠

⎞ = ��. ������������ 

Since, �� ∥ ��, then ���� is similar to ����. Hence, 

� − �

�
=

�

� + �
⇒ � =

��

� + �
=

� �
���� + �� − ��√�

� + �
�

��� + �� − ��√�
 

� =
��

� + �
⇒

�

�
=

� + �

��
=

�

�
+

�

�
 

 Solution 2 by Juan Jose Isach Mayo-Spain 

In ���� we have that �� = �, �� = � and ∠��� = ���. Then 

�� = ���� + ��� − ��� ⋅ �� ⋅ ������ = ��� + �� − ��√� 

Let � be a point of �� such that �� is angle bisector of ∠���. Bisector theorem aplicated 

in vertex � of ����:
��

��
=

�����

��
⇔ �� =

�⋅��

���
. How �� = �� − �� ⇒ �� =

�⋅��

���
. 

Applying Stewart theorem in ���� for the cevian ��: 

��� ⋅ �� = ��� ⋅ �� + ��� ⋅ �� − �� ⋅ �� ⋅ �� 

��� ⋅ �� = ��� ⋅
� ⋅ ��

� + �
+ ��� ⋅

� ⋅ ��

� + �
−

� ⋅ ��

� + �
⋅

� ⋅ ��

� + �
⋅ �� 

��� =
���

� + �
+

���

� + �
−

����� + �� − ��√��

(� + �)�
= �� + √��

����

(� + �)�
=

���√� + �

� + �
 

 How the triangles ���� and ���� are similarity and 
��

��
=

�

���
 then 

�� = �� ⋅
��

��
=

��

� + �
 

If denominate � = �� =
��

���
. It’s verify: 

�

�
+

�

�
=

���

��
=

�

�
. 

If now we consider the ���� and � = ∠��� then: 
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���� =
��� + ��� − ���

� ⋅ �� ⋅ ��
=

���√� + �� + ��� + �� − ��√�� − (� + �)�

(� + �)�

���√� + ���

� + �
⋅

��� + �� − ��√�
� + �

 

���� =
(� − �)(√� + �)

��(√� + �)��� + �� − ��√�

=
(� − �)�√� + �

���� + �� − ��√�
 

Let � be the angle ∠���. The triangle ���� is isosceles, then � = ���, �� − ��. 

In particular if 
�

�
= � =

��√�

�
, then: 

���� =

�
�� + √���

� − �� �� + √��

���√� + ����� +
�� + √��

�
��

� − √��
�� + √���

�

= 

=

�
� √��√� + �(√� − �)

�√� − √� − √�� + �
 

� =
����

�
����� �

�
� √��√� + ��√� − ��

�√� − √� − √�� + �
� ≅ ��, ����������� …� 

� = ���, �� − �� = ��, ���������� …� 

 Solution 3 by proposer 

Plagiogonal system: (��, ��, �), � = ���� 

⎩
⎪
⎨

⎪
⎧ ��� =

�����

(� + �)�
(� + ����)

(�): �� + �� + ������� = ���

��:
�

�
+

�

�
= �

⇒ �(��, ��),  

�� =
��(−������� − �� + ��� + ��

(� + �)(�� − ������� + ��)
; �� =

��(−������� + �� + ��� − ��)

(� + �)(�� − ������� + ��)
 

��� = � =
��

��
=

�� − �� + ��� − �������

−�� + �� + ��� − �������
, ��� = � 
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���� =
(� − �)����

(� + �)���� + �

�����

����� 

� = ����� �
��� + �� − �� + √����

−��� + √���� + �� + √���� + ��
� 

�

�
= � =

� + √�

�
⇒ � = ����� �

−� + �√� − √� + √��

−� + √� + �√��
� ⇒ � = ��, ��� 

{��: � = �, ��:
�

�
+

�

�
= � ⇒ �(�, �), � =

��

� + �
⇒

�

�
+

�

�
=

�

�
 

Solution 4 by Jose Ferreira Queiroz-Olinda-Brazil 

 

�� = �, �� = �, ���
�

�
=

�� + √�

�
, �� = � + �, �� = �. 

∠��� = ∠��� = ��, �� =
�

�
⇒ ���� −isosceles, then �� = ��, �� = �� = �. 

��� = ��� + ��� − ��� ⋅ �� ⋅ ������� 

�� = �� + �� − ��� �−
√�

�
� = ��� + ��√� ⇒ � = ��� + √� 

���� and ���� are similarity, so 
���

�
=

�

�
=

�

���
, consider 

�

�
= �, then: 

� = ��, � = ���, � = �� ⇒
� − �

�
=

�

�
⇒  �� − �� = �� ⇒ �� = �(� + �) 

⇒
�

�
=

�

�
+

�

�
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In ����: �� = �� + �� − ��� ⋅ ���
�

�
= ���� + ��� + ��√� − ��� ⋅ ��� + √� ⋅

���√�

�
 

�� = ���� + √� − (� + √�)�� 

Applying Stewart’s theorem in ����: ��� + ��� − ��(� + �) = (� + �)�� 

�(� + �) − ��(� + �) = ��(� + �) ⇔ �� − �� = ��. 

� =
�� − ��

�
=

��� + ��√� − ����

�
=

���� + √� − ��

�
 

�� = �� ⋅
� + �√� − �� + �√���

� + √� − �� + √���
; (�) 

In ����: �� = �� + �� − ��� ⋅ ���� 

�� = ��� + ��√� + ���� − ��� ⋅ �� + √�; (��) 

From (�), (��) it follows that: 

���� =
� + �√� − �(� + �√�)

� + √� − ��� + √������ + √�
, � =

�

�
;  � =

√� + �

�
 

���� =
�√�� + �√� − ���� − �√�

��
⇒ � ≅ ��, ��� 

135. 

  

�� = �; �� = �; �� = �; �� = �.Find: ��� 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by Jose Ferreira Queiroz-Brazil 

 

�� = ��; �� = �; �� = ��; �� = ��; �� = �; �� = �; �� = � − � 

�� = � + � + �; � =
�

�
��� = ��; � =

���

��
 

Applying angle bisector theorem, we have: 

��

��
=

��

��
⇒

�

�
=

� − �

�
⇒ � =

��

� + �
⇒

�

�
=

� + �

�
; (�) 

���� is similar ����, so 
��

��
=

��

��
⇒

��

��
=

�

���
⇒ �� =

��

�
(� − �) 

���� is similar ����, so 
��

��
=

��

��
⇒

��

��
=

�

���
⇒ �� =

��

�
(� − �) 

�� = �� − �� =
��

��
(�� − ��) 

�� = �� − � =
��

�
(� − �) −

���

��
=

��

���
(��(� − �) − ��) 

���� is similar ����: 
��

��
=

��

��
⇒

��
��

(�����)

��
���

(��(���)���)
=

�

�

(�)
�� 

��(�� − ��)

���(��(� − �) − ���)
=

� + �

�
⇒ � =

��

��
(� + �) − (� + �) 
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Now, in ���� and ����: ���� = ��� + ���

��� = ��� + ��� ⇒ �
�� = �� = (� − �)�

(� − �)� = �� + (� − �)� 

�� − (� − �)� = (� − �)� − (� − � )� ⇔ �� − �� + ��(� − �) = �� − ��� 

�� − �� + ��(� − �) = �� − �� ⋅
��

� + �
⇔ �� − �� + ��(� − �) =

��(� − �)

� + �
 

� + � − �� =
��

� + �
⇒ �� = (� + �)� − ��(� + �) 

�� = (� + �)� − (� + � − �)(� + �) 

�� = (� + �) �(� + �) − (� + �) +
��

��
(� + �) − (� + �)� 

�� = (� + �) �
(� + �)(�� + ��)

��
− �(� + �)� 

Therefore, ��� =
�

��
(� + �)�(�� + ��) − �(� + �)(� + �) 

136. ���� −tangential quadrilateral, � −incenter, 

��, ��, ��, �� −intersection points of incircle with ��, ��, ��, ��. Prove 

that: 

��� + ��� + ��� + ��� ≥ ��√� − ��� 

 

Proposed by Ionuţ Florin Voinea-Romania 

Solution by George Florin Şerban-Romania 

�(�, �) ∩ �� = {�} ⇒ �� ⊥ �� 

In ∆���, �(∢���) = ���, ��� (���) = ���
�

�
=

��

��
=

�

��
⇒ �� =

�

���
�

�
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� ���

���

= �(�� − ���)

���

= � �
�

���
�
�

− ��

���

= �
�

���
�
�

 

���

– � �

���

= 

= � �
�

���
�
����

= �� ≥
(�)

��√� − ��� 

(�) ⇔ � �
�

���
�
����

≥ �√�� ⇒ �
�

���
�
����

≥ �√�; (�) 

� �(�)

���

= �� ⇒ �
�(�)

�
���

= � ⇒
�(�)

�
,
�(�)

�
,
�(�)

�
,
�(�)

�
∈ (�, �) 

���
�

�
> �, ∀� ∈ (�, �) ⇒ �

�

���
�
����

≥
��������� ��

∑ ���
�
����

; (�)  

Let �: (�, ��) → ℝ, �(�) = ���
�

�
, ��(�) =

�

�
���

�

�
, ���(�) = −

�

�
���

�

�
< �, ∀� ∈ (�, ��) 

� −concave, applying Jensen inequality, it follows that: 

� ���
�

�
���

≤ ����
�

�
= �√�; (�) 

From (3),(4) it follows that:  ∑
�

���
�

�

��� ≥ �√� ⇒ (�)����. 

Therefore, 

��� + ��� + ��� + ��� ≥ ��√� − ��� 

137.  

 

�, �, �, � −sides, −inradii in a bicentric quadrilateral. Prove that: 

��

�
+

��

�
+

��

�
+

��

�
≥ ���� 

Proposed by Daniel Sitaru-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

��

�
+

��

�
+

��

�
+

��

�
≥

��� (∑�)�

��∑�
=

(∑�)�

��
≥
(�)

���� 

(�) ⇔ ∑� ≥ �� 

We know that in any bicentric quadrilateral � + � = � + � and � =
√����

���
=

√����

���
 

(�) ⇔ �(� + �) ≥
�√����

� + �
⇔ (� + �)(� + �) ≥ �√���� 

Which is clearly true from AM-GM: � + � ≥ �√�� and � + � ≥ �√�� 

138.  

 

 
� −circumradii, � −inradii, � −semiperimeter in a bicentric quadrilateral. 

 

Prove that: � + √� + ��� ≥
�����

��
 

 
Proposed by Daniel Sitaru-Romania 

 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

By Blundon and Eddy, we have: 

�� ≥ �� ����� + �� − �� 

⇒
�����

��
≤

���

√��� + �� − �
=

����√�� + ��� + ��

(��� + ��) − ��
 

Therefore, 

� + �� + ��� ≥
�����

��
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139.�, �, �, � −sides, � −inradii in a bicentric quadrilateral. Prove that: 

��

�
+

��

�
+

��

�
+

��

�
≥ �� 

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Alex Szoros-Romania 

If we denote � −area of this quadrilateral, then: ��� ≤ � = √���� 

��

�
+

��

�
+

��

�
+

��

�
≥

��������� (� + � + � + �)�

� + � + � + �
= � + � + � + � ≥ 

�√����
�

= �√� ≥ ����� = �� 

Observation: 

���� −inscriptible quadrilateral, then � = �(� − �)(� − �)(� − �)(� − �) 

�� = � + � + � + � = �(� + �) = �(� + �) ⇒ 

� = �(� + � − �)(� + � − �)(� + � − �)(� + � − �) = √���� 

∵ � =
�

�
⇔ � =

�√����

� + � + � + �
 

But: (� + � + � + �)� = [(� + �) + (� + �)]� ≥ �(� + �)(� + �) ≥ 

≥ � ⋅ �√�� ⋅ �√�� = ��√���� 

(��)� ≥ ��� ⇒ �� ≥ �� ⇒ �
�

�
�

�

≥ �� ⇒ � ≥ ��� 

Therefore, � ≥ √���� ≥ ��� 
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 Solution 2 by Adrian Popa-Romania 

��

�
+

��

�
+

��

�
+

��

�
≥

��������� (� + � + � + �)�

� + � + � + �
= � + � + � + � ≥ 

� =
√����

� + �
=

√����

� + � + � + �
�

=
�√����

� + � + � + �
 

We must to prove that: 

� + � + � + � ≥
��√����

� + � + � + �
⇔ (� + � + � + �)� ≥ ��√���� 

which is true from AM-GM:   
�������

�
≥

�����

√����
�

 

140.  

 
�, �, �, � −sides, � −inradii, � −circumradii, � −area in a bicentric 

quadrilateral. Prove that: 

�� + �� + �� + �� ≥ ��� �� − �
�

�
�  

Proposed by Daniel Sitaru-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that: � + � = � + �; � =
√����

���
; � = √���� = �� 

� =
∑�

�
= � + � ≥

(�)

�� = �
√����

���
; (�) ⇔ (� + �)( � + �) ≥ �√����, which is true from 

AM-GM: � + � ≥ �√��, � + � ≥ �√�� ⇒ � ≥ ��; (�) 
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� ��

���

≥
������ (∑�)�

��
=

��

�
≥
(�)

��� �� − �
�

�
� ;  (�) ⇔ �� ≥ ���� �� − �

�

�
� ⇔ 

�� + �����
�

�
≥ ���� 

By AM-GM:  �� + �����
�

�
≥ ���� ⋅ �����

�

�
= �����√�� ≥

(�)

���� ⋅ ��√��� = ���� 

Therefore, 

 �� + �� + �� + �� ≥ ��� �� − �
�

�
� 

141. ���� −parallelogram, �� + �� ≥ � > �. Prove that: 

���(���, ���) ≥
��

�
 

Proposed by Radu Diaconu-Romania 

Solution 1 by Adrian Popa-Romania 

���(���, ���) = ��� 

∠� −Optuse, then ���� < � 

�� ≡ �� ⇒ �� + �� > � 

In ����: ��� = ��� + ��� − ��� ⋅ �� ⋅ ���� 

We want to prove that: 

��� ≥
(�� + ��)�

�
⇔ ��� + ��� − ��� ⋅ �� ⋅ ���� ≥

��� + ��� ⋅ �� + ���

�
⇔ 

��� + ��� ≥ ��� ⋅ �� ⋅ (� + �����) 

But: ��� + ��� ≥ ��� ⋅ �� ≥ ��� ⋅ ��(� + �����); (∵ � + ����� < �)  

Therefore,  

��� >
(�� + +��)�

�
≥

��

�
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Solution 2 by Ravi Prakash-New Delhi-India 

 

Let �� =
�

�
+ �, �� =

�

�
− �, � ≤ |�| <

�

�
 

Let � = ���(∠���, ∠���), then � ≥
�

�
 

Assume � = ∠���, then  

 

��� = �
�

�
+ ��

�

+ �
�

�
− ��

�

− � �
�

�
+ �� �

�

�
− �� ���� ≥ 

� �
�

�
�

�

+ ��� ≥
��

�
; (∵ ���� ≤) 

142. 

  

If �, � −diagonals, � −circumradii, � −circumcenter, � −incenter,  

� −semiperimeter in a bicentric quadrilateral then: 

�
� − ��

�
�

�

+ �
� + ��

�
�

�

≥
��

����
 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We know that: �� = ��� + �� − �√��� + ��(������ �������) and 
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 �� = ���� + √�� + ����. Hence, 

�
� − ��

�
�

�

+ �
� + ��

�
�

�

≥⏞
�����

� ⋅
(� − ��)(� + ��)

��
= 

= � ⋅
�� − ���� + �� − �√��� + ���

�

���� + √�� + ����
=

√�� + ��� − �

√�� + ��� + �
= 

=
�√�� + ��� − ��

�

���
≥⏞
(�)

��

����
⇔ � ≤ � ���� + ��� − �� 

By Blundon and Eddy’s inequality: 

� ≤ ��� + ��� + � ≤⏞
(�)

� ���� + ��� − �� ⇔ �� ≤ ��� + ��� ⇔ 

√�� ≤ �, which is true from Fejes Toth’s inequality: √�� ≤ � 

Therefore, 

�
� − ��

�
�

�

+ �
� + ��

�
�

�

≥
��

����
 

 Solution 2 by Soumava Chakraborty-Kolkata-India 

�� � = ������� �� ��� ������� �� ��� ���������, ���� ∶
�

���
−

���

�
= �

⇒ �� − ���� − ������ = � 

⇒ � =
��� ± √���� + ������

�
= ��� ± ������ + ��

= �� �� + ���� + ��� (∵ � > �) ∴ �� =⏞
(�)

�� �� + ���� + ��� 

��� �������, ��� = �� −
���

�
�

(�� + ��)(�� + ��)

�� + ��
��� ������������, ��� <⏞

(�)

�� 

��� �������� ���� (����), �� � = ��, ���� ∶
�

��
=  

�

(� + �)�
+

�

(� − �)�
⇒

�

��

=  
��� + ���

(�� − ��)�
⇒ �� − ���(�� + ��) + �� − ����� = � 
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⇒ �� =
�(�� + ��) ± ��(�� + ��)� − �(�� − �����)

�
= �� + �� ± ����� + �� ���

∵ �� <⏞
��� (�)

�� ∴ ��� =⏞
(��)

�� + �� − ����� + �� 
 

���, ��� (�), � − �� > � ∴ �
� − ��

�
�

�

+ �
� + ��

�
�

�

≥⏞
���

� �
� − ��

�
� �

� + ��

�
� =⏞

��� (�) �(�� − ���)

���� + √��� + ���
=⏞

��� (��) �√��� + �� − ��

��� + √��� + ���
 

 

=
�√��� + �� − ��

�

�√��� + �� − ���√��� + �� + ��
=

��� + ��� − ��√��� + ��

��� + �� − ��

⇒ �
� − ��

�
�

�

+ �
� + ��

�
�

�

≥⏞
(���)

��� + �� − �√��� + ��

���
 

�����, ��� ����� �����,
��

����
≤

�√��� + �� + ��
�

����

=
��� + �� + �√��� + ��

���
≤⏞
? ��� + �� − �√��� + ��

���
 

⇔ ��� + ��� − ������ + �� ≥⏞
?

��� + �� + ����� + �� ⇔ ��� + ��� ≥⏞
?

������ + ��

⇔ (��� + ���)� − ����(��� + ��) ≥⏞
?

� 

⇔ ��� − ���� − ��� ≥⏞
?

� (����� � = �� ��� � = ��) ⇔ (� − ��)(�� + ��) ≥⏞
?

�
→ ���� ∵ � ≥ �� ��� �. ����� ���� 

∴
��

����
≤

��� + �� − �√��� + ��

���
≤⏞

��� (���)

�
� − ��

�
�

�

+ �
� + ��

�
�

�

(���) 

 

143. If ���� … �� −regular octagon then: 

(���� + ����)(���� + ����)

= �� + √�� ⋅ ���� ⋅ ���� 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-
Morocco 

 

Let � and � be the center and the radius of the circle circumscribed to ���� … ��. 

In ������ if �������
� � = � 

���(���) = ���
�

�
=

����

��
⇒ 
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���� = �� ⋅ ���
�

�
 

We also know that: ���������
� � =

��

�
=

�

�
⇒ ���� = �� ⋅ ���

�

�
= ��; 

���� = �� ⋅ ���
�

�
= √�� 

���� = �� ⋅ ���
�

�
= √��; ���� = �� ⇒ 

(���� + ����)(���� + ����) = �� + √��
�

��; (�) and  

���� = �� ⋅ ��� �
��

�
� = �� ⋅ ���

�

�
= �� + √�� 

���� = �� ⋅ ��� �
��

�
� = �� ⋅ ��� �

�

�
� = �� + √�� 

⇒ �� + √�� ⋅ ���� ⋅ ���� = �� + √��
�

��; (�) 

From (1),(2) it follows that: 

(���� + ����)(���� + ����) = �� + √�� ⋅ ���� ⋅ ���� 

144.  

 

��� −random, �� −median; � (�� ��) −random point on plane (���) 

�� (�� ����) ⊥ ��, �� (�� ����) ⊥ ��, �� (�� ����) ⊥ �� 

�� ∩ �� ∩ �� = {�} (�� ���� ∩ ���� ∩ �� = {��}) 
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Prove that: �� = �� (�� ���� = ����) 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

Plagiogonal system: �� ≡ ��, �� ≡ �� 

�(�, �), �(�, �), �(�, �), � �
�

�
,
�

�
� , �(��, ��), �(�, �), � = �� + ����� � 

�(�, �), � = �� ⋅ ��� � + ��,  ��� =
� ⋅ ��� � − �

� ⋅ ��� � − �
 

��:
�

�
+

�

�
= � ⇒ 

(�� ⋅ ��� � + ��)� + (�� + �� ⋅ ��� �)� = (�� ⋅ ��� � + ��)(�� + �� ⋅ ��� �); (�) 
��: (� − ��) = ���(� − ��) 

(� ⋅ ��� � − �)� + (� − � ⋅ ��� �)� = ��(� ⋅ ��� � − �) + ��(� − � ⋅ ��� �); (�) 
 

��:
�
�
�

=
�
�
�

⇒ �� − �� = �; (�) 

��, ��, �� −concurrent 

�
�� ⋅ ��� � + �� �� + �� ⋅ ��� � (�� ⋅ ��� � + ��)(�� + �� ⋅ ��� �)

� ⋅ ��� � − � � − � ⋅ ��� � ��(� ⋅ ��� � − �) + ��(� − � ⋅ ��� �)
� −� �

� = � 

�� ⋅ ����� ⋅ (�� − ��) = � ⇒ � = � or � = −�. 
� ∈internal bisector of ∠���. 

145.  

�, �, �, � −sides, �, � −diagonals in a cyclic quadrilateral. 

If �
(��)� − (��)� = ���

(��)� + (��)� = ��
 then: ���(��, ��) ≥ � 

Proposed by Radu Diaconu-Romania 

 

Solution by Adrian Popa-Romania 
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�
(��)� − (��)� = ���

(��)� + (��)� = ��
⇒ �

�� = �
�� = �

 

Using Ptolemy’s theorem �� + �� = �� ⇒ �� = � 

���(��, ��) ≥
�� + ��

�
≥

�����
�� = � 

 

 

 

146.  

 

 

����, �� = ��, �� = ��, �� = ��, �� =
��

�
 

� −incenter, � ∈ ��,�� −Feuerbach point,� −Mittenpunkt 

Find: ��� 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Let �� = � = ��, �� = � = ��, �� = �, �� = � = ��, �� = � =
��

�
 

Is � =
�⋅�

�⋅�
(� + �) − (� + �) =

��⋅��

��⋅
��

�

��� +
��

�
� − (�� + ��) ⇒ � = ��. 

��� � =
��� + ��� − ���

� ⋅ �� ⋅ ��
=

��

�
⇒ �(�) = ��° 

Plagiogonal system: �� ≡ ��; �� ≡ �� 

Let (�) the incircle, (�): �� + �� + �� − ��� − ��� + �� = � 

Let (�) the N.P.C. circle, (�): �� + �� + �� − ��� − ��� + �� = � 

Hence, �(�, �) 
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Is � �
���

��
;

��

��
� 

��� = �
��

��
− ��

�

+ �
���

��
− ��

�

+ �
��

��
− �� �

���

��
− �� 

Therefore, 

��� =
�

��
√��� 

147. Let � −be area of pedal triangle of Spieker’s point in ����. Find 

the value of � in terms of �, �, �. 

Proposed by Mehmet Şahin-Ankara-Turkey 
Solution by Izumi Ainsworth-Lima-Peru 
 

� = [���] =area of pedal triangle of Spieker’s point in ����, with 

 �, �, � ∈ ��, ��, �� respectively. Also, we know that: 

��� =
��(� + �)

���
, ��� =

��(� + �)

���
 ��� ∠���� = � − � 

Applying the trigonometric area formula for 3 cyclic triangles, we have: 

� = �
����(� + �)(� + �) ��� �

�(���)�

���

=
���

�(���)�
� �(� + �) ⋅

��

��
���

= 

=
�

(���)�
� ��(�� + �� + �� + ��)

���

=
��

(���)�
�� ��

���

+ � ��

���

� ��

���

� = 

=
��

(���)�
[�(�� − �� − ���)� − �(��)� + (�� + �� + ���) ⋅ �(�� − �� − ���)] = 

=
��

(���)�
(��� − ��(��)� − �����) =

��(�� − ��� − ���)

����
 

148. If �, � −diagonals, � −circumradii, � −inradii, � −semiperimeter in a 

bicentric quadrilateral, then: 

�� ⋅ ���
�

�√�
�

+ ��
�

� ≤ � �� + ��� + ���� 

Proposed by Daniel Sitaru-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

 

Let � = ��, � = �� and � −area of ����. We have:  

�� = �� ⋅ ���� + �� ⋅ ���� = �� ⋅ ���� + �� ⋅ ���� 

���� = ���� =
�

��
; ���� = ���� =

�

��
⇒ � =

���

�� + ��
; � =

���

�� + ��
; (�) 

We also know that: 

�� = �� �� + ��� + ���� ; � = � + � = � + �; � = √����; � =
√����

� + �
=

�

�
⇒ 

��� + √�� + ����

��
=

� ⋅ ��

���
=
(�) ��� ⋅ ��

�(�� + ��)(�� + ��)
=

�����

(�� + ��)(�� + ��)
= 

=
���(� + �)(� + �)

(�� + ��)(�� + ��)
=

���

�� + ��
+

���

�� + ��
=
(�)

� + � 

So, we need to prove that: 

���� �√�
�

+ ��� � ≤ � + � ⇔ �√�
�

− ��� �
�

�√�
�

+ ��� � ≥ �, which is true. 

Therefore, 

�� ⋅ ���
�

�√�
�

+ ��
�

� ≤ � �� + ��� + ���� 

149. If �, �, �, � −sides, � −semiperimeter in a convex quadrilateral then: 

(� − �)(� − �)(� − �)(� − �)

(� + �)(� + �)(� + �)(� + �)
≤

�

��
 

Proposed by Daniel Sitaru-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

Let �, �-diagonals.  � + � + � = (� + �) + � ≥
(∆)

� + � ≥
(∆)

�. 
So, let � = � − �, � = � − �, � = � − �, � = � − �; �, �, �, � > 0; � + � + � + � = 2�. 

� + � = �� − (� + �) = � + �(��� �������) 
So, we need to prove that:  ������ ≤ (� + �)(� + �)(� + �)(� + �) 

Which is true from �� − ��:  ∏(� + �) ≥ ∏ ���� = ������ 

Therefore, 
(� − �)(� − �)(� − �)(� − �)

(� + �)(� + �)(� + �)(� + �)
≤

�

��
 

150. �, �, �, � −sides, � −semiperimeter, � −inradii in a bicentric 

quadrilateral.Prove that: 

�
�

�� + �� + �� + ����

���

≤
�

����
 

 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

� = � + � = � + � =
(� + �)(� + �)

�
≥

����� ��√�����√���

�
= � ⋅

√����

�
= �� → 



 
www.ssmrmh.ro 

 �� RMM-GEOMETRY MARATHON 101-200 

 

� ≥ ��; (�) 

�
�

�� + �� + �� + ����

���

≤
�����

�
�

�√�����������

���

=
�

�√��
�

�

���
���

= 

=
�

�√��
⋅

∑ �

����
=

�

�√��
⋅

��

(��)�
=

�

�√�� ⋅ √��
≤
(�) �

�√�� ⋅ √���
=

�

����
 

Solution 2 by Soumava Chakraborty-Kolkata-India 

��� �����(����), � =
√����

� + �
=

√����

� + �
=

√����

�
⇒ ���� =⏞

(�)

���� 

�
�

�� + �� + �� + ����

���

≤⏞
���

�
�

�√�����������

���

=
�

�√��
�

�

���
+

�

���
+

�

���
+

�

���
�

=
�

�√��
�

� + � + � + �

����
� =⏞

��� (�) ��

�����√��
≤⏞
? �

����
 

⇔ (��)��� ≤⏞
?

����. �� ⇔ ���� ≤⏞
?

�� ⇔ �� ≥⏞
?

⏟
(��)

���� 

���, ��� ����� �����, �� ≥ �� ����� + �� − �� ≥⏞
?

���� ⇔ ���� + �� − � ≥⏞
?

��

⇔ ���� + �� ≥⏞
?

�� ⇔ ��� + �� ≥⏞
?

��� ⇔ � ≥⏞
?

√�� 

→ ���� ��� �. �����. ���� (����) ∴ �
�

�� + �� + �� + ����

���

≤
�

����
 (���) 

151. �, �, �, � −sides, �, � −diagonals,� −semiperimeter, � −inradii in a 

bicentric quadrilateral.Prove that: 

�

� − �
+

�

� − �
+

�

� − �
+

�

� − �
≥ � +

����

��
 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
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�
�

� − �
���

≥
����������� �

�
�� �

���

� ��
�

� − �
���

� ≥
��� �

�
�� �

���

� (
��

∑(� − �)
= �;  (�) 

We know that: �� = ���� + √��� + ��� ≥
��√��

��� 

→ � +
����

��
≤ � +

����

���
= � ≤

(�)

�
�

� − �
���

 

Therefore, 

�
�

� − �
���

≥ � +
����

��
 

152. If � ∈ �(�, �), then 
�����������

�(�����)�
= � 

∄����:  � ∈ ��� 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 

 

� −centroid, ��� = ��� =
�

�
, �� =

��������

��
, ��� = �� − ��� =

�����

��
 

�� = �� , ��� = � − �, ���  = � − �, � =
���

��
; �� =

��

�
 

����� is similar �����, so  

��

��
=

���

���
=

���

���
→ �� =

��

�
, ��� =

���

�
 

If � ∈ �(�, �) → �(�, �) = � 

In����:  �� = ��� − ��� = ��� − �� = � −
��

�
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��� =
� − �

�
−

�� − ��

��
=

� − �

��
(�� − ��) 

Now, ��� = ��� + ���� 

�� = �� −
��

�
�

�

+ �
� − �

��
(�� − ��)�

�

→ 

�� = �� −
�

�
��� +

(� − �)�(�� − ��)�

����
+

��
�

�
 

��
�

�
−

�

�
��� +

(� − �)�(�� − ��)�

����
= � 

��
�

�
−

�

�
�� ⋅

���

��
+

(� − �)�(�� − ��)�

����
= � 

��
�

�
−

���
�

��
+

(� − �)�(�� − ��)�

����
= � 

�

�
�

��

�
�

�

−
�

��
�

��

�
�

�

+
(� − �)�(�� − ��)�

����
= � 

����� − ����� + �(� − �)�(�� − ��)� = � 

����(� − ��) + �(� − �)�(�� − ��)� = � 

∵ �� = �(� − �)(� − �)(� − �) 

���(� − �)(� − �)(� − �)(� − ��) + �(� − �)�(�� − ��)� = � 

(� + � − �)(� + � − �)(� + � − �)(� + � − ��) + (� − �)�(�� − � − �)� = � 

Developing the expression, we have: 

��(��� − ��� − ��� + ��� − ��� + ���) = �, � ≠ � 

��� + ��� + ��� − ��� − ��� − ��� = � 

�(�� + �� + ��) − �(�� + �� + �� + ��� + ��� + ���) = � 

�(�� + �� + ��) − �(� + � + �)� = � 

Therefore, 

�(�� + �� + ��)

�(� + � + �)�
= � 

The radius of the nine point circle is half the radius of the circumference 

circumscribed to ����, so if � ∈ ��� → �� =
�

�
, � −nine point center, 

� −circumradius. 
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On the Euler line, �� = ���, �� = ��� and �� = �� =
��

�
 

� −circumcenter, � −centroid, � −orthocenter. 

So, �� =
�

�
→ �� =

��

�
→ �� = �� 

We know that: 

��� = ��� − (�� + �� + ��) 

(��)� = ��� − (�� + �� + ��) → �� + �� + �� = � impossible. 

∄����. 

153. 

 
���� −a square. Let �, � be the intersects of ���� and ����. 

Let � −be the circumcenter of ����, �, �, � be the incenters of ����, ���� 

and ���� respectively. Prove that:  �(�) = �(�) + �(�) 

Proposed by Juan Jose Isach Mayo-Spain 
Solution by proposer 

�� = �, �� = �� = √�, �� =
√�

�
, �(�) = �(�) =

�����

�����
=

�

� + √�
=

� − √�

�
 

By symmetry �� = �� = �� − �� = √� − � = ��. 



 
www.ssmrmh.ro 

 �� RMM-GEOMETRY MARATHON 101-200 

 

In ���� by law of cosines: �� = ���� + ��� − √� ⋅ �� ⋅ �� = �� − √� = �� = ��. 

The radius of the circumcircle of ���� is:  

�� = �� = �� =
�� ⋅ �� ⋅ ��

������
=

�� − √�

√�
=

√�

�
⋅ �� − √�. 

Let � be the incenter of ���� rectangle in �. How �� =
√�

�
⋅ �� − √�, �� = √� 

�� = �� + �� = �
√�

�
+ �� ⋅ �� − √� 

�(�) =
�����

�����
=

�� ⋅ ��

�� + �� + ��
=

√�

��√� + �� ⋅ �� − √� + �√�
= 

=
�√� + ���� − √� − √�

�
 

Let � be the incenter of ����,  

�(�) =
�����

�����
=

��� ⋅ ������°

��� + ��
=

�√� − �
�

�√� − � + �� − √�
= � − �

√� + �

�
⋅ �� − √�� 

����~���� and how 
��

��
=

�

√�⋅���√�
→ 

�(�) = �(�) ⋅
�

√� ⋅ �� − √�
= �√� + ���� − √� −

√�

�
− � 

How �(�) + �(�) =
�√�������√��√�

�
 then �(�) = �(�) + �(�). 

154. 

 
 

 

���� −square 

� −incenter of ����, � −incenter of 

����. 

� −circumcenter of ����, � −incenter 
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of ����.Prove that: �(�) = �(�) + �(�) 

Proposed by Juan Jose Isach Mayo-Spain 

Solution by proposer 

�� = �; �� = �� = √�; �� =
√�

�
 

� −incenter of ����, �(�) =
�����

����� 
=

�

��√�
=

��√�

�
 

� −incenter of ���� by symmetry: �� = �� = �(�) and  

�� = �� = �� − �� = √� − � 

In ����:  �� = ���� + ��� − ��� ⋅ �� ⋅
√�

�
= �� − √� 

����~���� and 
��

��
=

���√�

√�
 then:  

�(�) =
��

��
⋅ �(�) =

�� − √�

√�
⋅

� − √�

�
=

�

�
�√� − ���� − √� 

Let � −be the incenter of ����, �(�) =
�����

����� 
=

��√�

�

√�����√�

�

=
�

�
�� − √���� − √� −

√�

�
+ � 

�(�) + �(�) =
�

�
�√� − ���� − √� +

�

�
�� − √���� − √� −

√�

�
+ � =

� − √�

�
= �(�) 

 

155. 

 
����, � ∈ ��, � ∈ ��, �, �, � −collinear iff 

�
�

��
−

�

��
� + �

�

��
−

�

��
� =

��

�� ⋅ ��
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil 

 

�� = � + � + �; � =
�

�
��� = ��; � =

���

��
; �� = �, �� = �; �� = ��, �� = � 

�� = ��, �� = ��, �� = �, �� = � − � 

Applying angle bisectors theorem, we have: 
��

��
=

��

��
→

�

�
=

� − �

�
→ � =

��

� + �
→

�

�
=

� + �

�
; (�) 

���� is similar ����, so 
��

��
=

��

��
→

��

��
=

�

� − �
→ �� =

��

�
(� − �) 

�� = �� − �� =
��

��
(�� − ��) → �� = �� − � =

��

�
(� − �) −

���

��

=
��

���
[��(� − �) − ��] 

���� is similar ����, so 

��

��
=

��

��
→

��

��
(�� − ��)

��

���
[��(� − �) − ��]

=
�

� − �
 

 

Of expression (�): 
��(�����)

�[��(���)���]
=

�

���
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� −
�

� + �
=

�[��(� − �) − ��]

��(�� − ��)
→ � =

��

��
(� + �) − (� + �) 

 
�

��
=

� + �

��
−

� + �

��
=

�

�
+

�

�
−

�

�
−

�

�
 

��

�� ⋅ ��
=

�

��
−

�

��
+

�

��
−

�

��
 

 
Therefore, 

�
�

��
−

�

��
� + �

�

��
−

�

��
� =

��

�� ⋅ ��
 

Solution 2 by proposer 

Plagiogonal system: �� ≡ ��, �� ≡ ��. 

Let �� = �, �� = �, �(�, �), �(�, �), �(�, �), �(�, �), �(�, �), �(�, �), � =
��

�����
 

�, �, � −collinears↔ �
� � �
� � �
� � �

� = � ↔ � =
��

���
↔

�

�
=

���

��
↔

�����

��
=

���

��
 

�

�
+

�

��
+

�

�
=

�

�
+

�

�
↔ �

�

��
−

�

��
� + �

�

��
−

�

��
� =

��

�� ⋅ ��
 

156. If ���� … �� −convexe polygon (� ∈ ℕ, � ≥ �) then: 

�
(� − �)� − �(��)

(� − �)� − �(��)

�

���

≥
�(� − �)

� + �
 

Proposed by Radu Diaconu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

�
(� − �)� − �(��)

(� − �)� − �(��)

�

���

≥⏞
�����������

�

�
��[(� − �)� − �(��)]

�

���

� ��
�

(� − �)� + +�(��)

�

���

� ≥ 

≥⏞
��� �

�
��(� − �)� − � �(��)

�

���

� �
��

∑ [(� − �)� + �(��)]�
���

 � = 

= � �
�(� − �)� − (� − �)�

�(� − �)� + (� − �)�
� =

�(� − �)

� + �
 

Therefore, 
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�
(� − �)� − �(��)

(� − �)� − �(��)

�

���

≥
�(� − �)

� + �
 

Solution 2 by George Florin Şerban-Romania 

Let �(�) =
���

���
, ��(�) =

���

(���)� = −��(� + �)�� 

���(�) =
��

(���)� > 0, ∀� = (� − �)�, � > 0, ∀� ≥ 3, � > 0 → � −convexe, applying Jensen 

inequality, it follows that: 

� �
∑ �(��)

�
���

�
� ≤

�

�
� ���(��)�

�

���

 

� �
(� − �)�

�
� ≤

�

�
� ���(��)�

�

���

=
�

�
�

(� − �)� − �(��)

(� − �)� − �(��)

�

���

 

�
(� − �)� − �(��)

(� − �)� − �(��)

�

���

≥ �� �
(� − �)�

�
� = � �

(� − �)� − �(��)

(� − �)� +
(� − �)�

�

� =
�(� − �)

� + �
 

Therefore, 

�
(� − �)� − �(��)

(� − �)� − �(��)

�

���

≥
�(� − �)

� + �
 

157.  

In 

����: ��, �� −symmedians,

�, �, � −centers of squares, �� ⊥ ��,  

�� ⊥ ��.Find the angles of ����. 

 

Proposed by Thanasis Gakopoulos-

Farsala-Greece 

Solution by proposer 

Plagiogonal system: �� ≡ ��, �� ≡ �� 
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�(�, �), ������
, ���

�, ���
=

���

�� + �� + ��
, ���

=
���

�� + �� + ��
 

�(��, ��), �� =
�(���� + ����)

�����
, �� = −

�

�����
 

�(��, ��); �� = −
�

�����
, �� =

�(���� + ����)

�����
 

����
= �� =

�

�
; (�);   ��� = �� =

���
− ��

���
− ��

=
� ⋅ ���� + � ⋅ ����

−� ⋅ ���� − � ⋅ ���� − �
; (�) 

��� ⊥ �� → (�� + ��)���� + ���� + � = � → 

(�� − ��)[(���� + ����)���� − �] = � 

� = � or (���� + ����)���� − � = � → � = � or ∠� = ��° 

Similarly: ��� ⊥ �� → � = � or � = ��°. 

Therefore, ���� is right and isosceles or ���� is equilateral. 

Thus, (�, �, �) ∈ {(��°, ��°, ��°)(��°, ��°, ��°)} 

158. 

 

�� −Nagel’s point of ���� 

� =
� + � + �

�
 

Prove that: 

�, �, �� −collinear  

⇔
��

��

̇
⋅

� − �

�
+

��

��
⋅

� − �

�
= �  

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 

Applying the Menelaus theorem, we have: 

��

��
⋅

��

��
−

���

���
= � 
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� − ��

��
⋅

��

�� − (� − �)
⋅

� − �

�
= � 

�� ⋅ (� − ��)(� − �) = � ⋅ �� ⋅ [�� − (� − �)] 

�� ⋅ (�� − �� − � ⋅ �� + � ⋅ ��) = � ⋅ �� ⋅ �� = � ⋅ �� ⋅ (� − �) 

�� ⋅ �� − �� ⋅ �� − � ⋅ �� ⋅ �� + � ⋅ �� ⋅ �� = � ⋅ �� ⋅ �� − � ⋅ �� ⋅ (� − �) 

� ⋅ �� ⋅ (� − �) + � ⋅ �� ⋅ (� − �) = � ⋅ �� ⋅ �� 

�

��
⋅

� − �

�
+

�

��
⋅

� − �

�
= � 

Therefore,  

��

��

̇
⋅

� − �

�
+

��

��
⋅

� − �

�
= � 

159.  

����, � ≠ � 

� −circumradius of 

���� 

�, � −centers of 

squares 

�� −Lemoine’s point 

of ���� 

�� ⊥ ��� 

Prove that:  

�

�
+

�

��
=

�

��
+

�

��
 

Proposed by Thanasis Gakopulos-Farsala-Greece 

Solution by proposer 

Plagiogonal system: �� ≡ ��, �� ≡ �� 

�(�, �), �(��, ��), �� = −
�

�����
, �� =

�(���� + ����)

�����
 


