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101. ���� −parallelogram. 

� ∈ ��, � ∈ �� , � ∈ �� 

�� ⋅ �� + �� ⋅ �� = �� ⋅ �� 

Prove that: 

���� −is cyclic. 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil 

Applying Ptolemy’s theorem to the quadrilateral ����, we have: 

�� ⋅ �� = �� ⋅ �� + �� ⋅ �� ⇒ ���� −is cyclic. 

So, in ∆���, from law of sines: 
��

���(���)
=

��

����
=

��

����
= ��; (�) 

In ∆���, from law of sines: 

⎩
⎨

⎧
��

����
=

��

����
=

��

���(� + �)
= �� 

��

����
=

��

����
=

��

���(� + �)
= ��

; � + � = ���� − (� + �) 

⇒ ���(� + �) = ���(� + �) 

In ∆���, from law of sines: 

⎩
⎨

⎧
��

����
=

��

����
=

��

���[��� − (� + �)]
= ���

��

����
=

��

����
=

��

���(� + �)
= ���

 

Now,  �� ⋅ �� + �� ⋅ �� = �� ⋅ �� 

�� ⋅ ������� + �� ⋅ ������� = �� ⋅ ������(� + �) 

������ + ������ = �����(� + �) 

From (1),(2): ���� =
��

��
, ���� =

��

��
 and ���(� + �) =

��

��
 

�� ⋅
��

��
+ �� ⋅

��

��
= �� ⋅

��

��
 

Therefore,  �� ⋅ �� + �� ⋅ �� = �� ⋅ �� and ���� −is cyclic. 
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Solution 2 by proposer 

Let �� = �, �� = �, �� = �, �� = �, �� ≡ ��, �� ≡ �� 

�(�, �), �(�, �), �(�, �), �(�, �), �(�, �), �(��, ��), �(�, �). 

Let circle � ≡ (�, �, �), � ∩ �� = ��(��
� , ��

� ), 

 ��
� =

�

���
(�� + ��), ��

� =
�

���
(�� + ��); (�) 

(�): �� + �� + ������� − �� − �� = �, ��:
�

�
=

�

�
 

�� ⋅ �� + �� ⋅ �� = �� ⋅ �� ⇒ �� + �� =
��

��
⋅ ��� ⇒ 

�
�� + �� =

��

�
���

�� + �� =
��

�
���

⇒ �
�� =

�

���
(�� + ��)

�� =
�

���
(�� + ��)

; (�) 

From (1),(2) it follows that � ≡ �′, therefore ���� −is cyclic.   

102. 

 � −circumcenter, � −incenter, 

� −circumradii, � −radii, �, �, �, � −sides in a bicentric quadrilateral. Prove 

that: 

���� + � � ���� − �� = �(�� + ���)

���

 

Proposed by Daniel Sitaru-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

�� � = ������� �� ��� ������� �� ��� ���������, ���� ∶
�

���
−

���

�
= �

⇒ �� − ���� − ������ = � 

⇒ � =
��� ± √���� + ������

�
= ��� ± ������ + ��

= �� �� + ���� + ��� (∵ � > �) ∴ � =⏞
(�)

�� �� + ���� + ��� 

���� ���� �� ∆ ��� ⇒
�

�����
=

�

�����
, ���� ���� �� ∆ ��� ⇒

�

�����

=
�

�����
 ��� ���� ���� �� ∆ ��� ⇒

�

�����
=

�

�����
 ��� ∴ 

�

�����
=

�

�����
=

�

�����
=

�

�����
= ��

∵ ������������ �� ���� �� ��������� ���, ��� ��� ��� �� ����� �� �� 

���, �� =
�

�����
=

�

�����
=

� + �

����� + �����
=

� + �

����
�� + ��

� ���
�� − ��

�

=
� + �

����
�
� ���

�� − ��

�

⇒ ���
�� − ��

�
=⏞
(�) � + �

�����
�
�

 

�����, �� =
�

�����
=

�

�����
=

� + �

����� + �����
=

� + �

����
�� + ��

� ���
�� − ��

�

=
� + �

����
�
� ���

�� − ��

�

⇒ ���
�� − ��

�
=⏞
(��) � + �

�����
�
�

 

������ ��� �� ∆ ��� ⇒ �� + �� − ������� = �� ⇒ ���(� − ����) = ��

⇒ �������
�

�
= �� ⇒ ��� �� − ����

�

�
� = �� 

⇒ ��� − �� = �������
�

�
⇒ ���� − �� = �����

�

�

= ������� (∵ ����� �� ��� ������ �� ����� ����� �� ��� �������������) 
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⇒ ���� − �� = ������� ��� �����������, ���� − �� = �������, ���� − ��

= ������� ��� ���� − �� = ������� 

��� ������� ��, � � ���� − �� = ����(����� + �����) + (����� + �����)� 

= ��� ����
�� + ��

�
���

�� − ��

�
+ ���

�� + ��

�
���

�� − ��

�
�

= ��� ����
�

�
���

�� − ��

�
+ ���

�

�
���

�� − ��

�
� 

=⏞
��� (�) ��� (��)

��� ����
�

�
�

� + �

�����
�
�

� + ���
�

�
�

� + �

�����
�
�

��

= � �(� + �)���
�

�
+ (� + �)���

�

�
� = � �(� + �)�

��

��
+ (� + �)�

��

��
� 

=
����(� + �) + ��(� + �)�

√����
= 

=
����(� + �) + ��(� + �)�

��
 �∵ � =

√����

� + �
=

√����

� + �
 ��� � + � = � + � = ��

=
�(�� + ��)

�
 

=⏞
��� �������

� =⏞
��� (�)

�� �� + ���� + ��� ⇒ � � ���� − �� =⏞
(�)

�� �� + ���� + ��� 

��� �������, ��� = �� −
���

�
�

(�� + ��)(�� + ��)

�� + ��
 ��� ������������, ��� <⏞

(���)

��  

��� �������� ���� (����), �� � = ��, ���� ∶
�

��
=  

�

(� + �)�
+

�

(� − �)�
⇒

�

��

=  
��� + ���

(�� − ��)�
⇒ �� − ���(�� + ��) + �� − ����� = � 

⇒ �� =
�(�� + ��) ± ��(�� + ��)� − �(�� − �����)

�
= �� + �� ± ����� + �� ���

∵ �� <⏞
��� (���)

�� ∴ ��� = �� + �� − ����� + �� 
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⇒ ���� + � � ���� − ��

= ��� + ��� − ������ + �� + � � ���� − �� =⏞
��� (�)

��� + ���

− ������ + �� + �� �� + ���� + ��� 

= �(�� + ���) (���) 

103. In ∆��� the following relationship holds: 

(� + �)(� + �)(� + �)

����
∙

������

������
=

�

��
 

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution by Daniel Sitaru-Romania 

(� + �)(� + �)(� + �)

����
∙

������

������
= � �

� + �

��
∙

��

��
�

���

= 

= � �
� + �

��
∙

�

� + �
����(� − �) ∙

�

��
�

���

= 

= �
����(� − �)

��
���

=
�����

���
=

����

���
=

����

���
=

��

��
=

��

���
=

�

��
 

104. Let ABC be a triangle with incentre I. The circle (I) is tangent to BC, CA 

and AB at points D, E and F, respectively. Let M, N be the points on the line EF 

such that �� is parallel to �� and �� is parallel to ��. Let P and Q be the 

points on DM and DN, respectively such that �� is parallel to ��. Denote by 

S the intersection point of PF and QE. Prove that S lies on the circle (I). 

 

Proposed by Luu Cong Dong-Vietnam 
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Solution by proposer: 

We need a lemma. 

Lemma. Let A, B, C, D, E and F be the points such that A, B, C, D, E lie on the circle (O). 

Denote by X, Y, Z the intersection points of the lines AE, CD, BF and BD, FA, EC, 

respectively. If X, Y, Z are collinear then F lies on the circle (O). 

Proof of Lemma. 

 
Figure 1 

 

Let AF intersects the circle (O) again at J, AJ intersects CE at Z’ (Figure 1). 

Applying Pascal’s Theorem to the array 
 
 
 

ABC
,

DEJ
 we find that X, Y, Z’ are collinear. 

Clearly, Z XY CE   and Z' XY CE  . We imply that Z Z'.  

It follows that F J.  Thus F lies on the circle (O). 

 

Come back to the solution of the problem 
 

Let K be the intersection point of  BP and CI; L be the intersection point of  CQ and BI. Let 

DP intersects the circle (I) at U and DQ intersects the circle (I) at V (figure 2). 
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     Figure 2. 

 

It is easy to see that  BM BF BD  and    MBD A B. 

It follows that
2


   

C
MDB ICB.  We deduce thatPD is parallel to IC. 

Similarly, QD  is parallel to IB . 

We imply that   
PB DB QL

.
PK DC QC

 Thus I, P, Q are collinear (because BK / / LC ). 

Because PUD IC  and IC DE , UD DE . It means that I UE.     

 Similarly, I VF . 

Applying Lemma above to the array 
EFD

,
VUS

 
 
 

 and note that I, P, Q are collinear, we 

find that S belongs to the circle (I). 

105. In ∆��� the following relationship holds: 

�
���(� − �) − �����

��
���

= � 

Proposed by Adil Abdullayev-Baku-Azerbaijan 
Solution 1 by Alex Szoros-Romania 

Is well-known ����� + ����� = �, ∀∆���. 

Lemma 1. In any ∆��� the following relationship holds: 

� �����

���

=
���

�
 

Proof. �∑ ���� ��∑ ������� � = ∑ �������� + ∑ (����� + �����)��� ⇔ 

�� �� +
�

�
� = � �����

���

+ �(����� + �����)

���

 

�� +
���

�
= � �����

���

+ �� ⇒ � �����

���

=
���

�
 

Lemma 2. In any ∆��� the following relationship holds: 

� � ���������

���

= � �����

���
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Proof. � ∑ ������������ = ��������� + ��������� + ��������� + ��������� +

��������� + ��������� = ∑ ��������  

�
���(� − �)

��
���

= �
�(�������� + ��������)

��
���

= 

=
�

��
� ���������

���

+
�

��
� ���������

���

=
�

��

∑ �����

�
+

�

��

∑ ���

���
= 

=
�

��

���

�
+

�

��

����

���
=

�

��
+

����

����
=

�

�
; (�) 

�
����

��
���

= �
�����

��
���

=
�

��
� �����

���

=
�

��

��

�
⇒ �

����

��
���

=
�

�
; (�) 

From (1),(2) it follows that:  ∑
���(���)

��
��� = � ∑

����

��
���  

Therefore,  ∑
���(���)������

��
��� = � 

 Solution 2 by Izumi Ainsworth-Lima-Peru 

� ��������

���

= �; � �����

���

= ������������� 

�
���(� − �) − �����

��
���

= �
�������� + �������� − �����

����������
���

= 

=
�

��
� ��������

���

+
�

��
−

�

��������������
� �����

���

=
�

��
+

�

��
−

�

�
= �  

106. In ∆���, �(∢���) = ���, � ∈ (��), �� ⊥ ��, �, ��, �� −inradii in 

∆���, ∆���, ∆���. Prove that: 

�� =
�(�� + �� + �)

�� + �� − �
 

Proposed by Mehmet Şahin-Ankara-Turkiye 
Solution 1 by Juan Jose Isach Macho-Spain 

���� =
�

�
�� =

�

�
���, � =

� + � + �

�
, �� =

��

�
, �� =

��

�
, �� =

��

�
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���� =
�

�

��

�

��

�
=

�

�

���

��
, ���� =

�

�

���

��
  

���� =
�

��
(� + � + �), ���� =

�

��
(� + � + �) 

�� =
����

����
=

���

�(� + � + �)
, �� =

����

����
=

���

�(� + � + �)
 

(�� + �� + �) =
��

� + � + �
�

���

�(� + � + �)
+

���

�(� + � + �)
+

���

�(� + � + �)
� = 

=
����(� + � + �)

�(� + � + �)�
=

����

�(� + � + �)
  

�� + �� − � =
���

�(� + � + �)
+

���

�(� + � + �)
−

���

�(� + � + �)
=

��

�(� + � + �)
(� + � − �) 

�� =
��(� + � + �)

(−� + � + �)(� + � + �)
=

��

−� + � + �
 

�(�� + �� + �)

�� + �� − �
=

��

−� + � + �
 

Therefore �� =
�(�������)

�������
. 

Solution 2 by Mansur Mansurov-Azerbaijan 

∆���~∆���~∆��� 

�

�
=

��

�
=

��

�
⇒ �

�� = ���
�� = ���

 

�� =
�����

� + � − �
=

�(� + � + �)

� + � − �
=

�� + �� + ��
���

� +
���

� − �
= 

=
�� + ��� + ���
�
�

(�� + �� − �)
=

�(�� + �� + �)
�
� (�� + �� − �)

=
�(�� + �� + �)

�� + �� − �
 

 

107. In ∆���, � −centroid, �, � ∈ ��, �, � ∈ ��, �, � ∈ ��, 

����������, ����������, ��������� −antiparallels, ��, ��, �� −circumradii in 

∆���, ∆���, ���. Prove that: 

������ =
��

��
 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Geanina Tudose-Romania 
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Well known � − � − � ⇒
��

��
+

��

��
= � 

∆���~∆��� ⇒
��

�
=

��

�
⇒ �� =

� ∙ ��

�
⇒

� −
� ∙ ��

�

�
��
�

+
� − ��

��
= � ⇒ 

�� − ��� + �� − ���

���
= � ⇒ ���� = �� + �� ⇒ �� =

�� + ��

��
⇒ �� =

�� + ��

��
 

��

�
=

��

�
=

� + �

�
⇒ � + � =

�(�� + ��)

���
 

We have: 

⎩
⎪⎪
⎨

⎪⎪
⎧� + � =

�(�� + ��)

���

� + � =
�(�� + ��)

���

� + � =
�(�� + ��)

���

⇒ � + � + � =
���� + ���� + ����

����
⇒ � =

����

����
=

��

��
 

In ∆���, we have: 
�

����
= ��� ⇒ ��� =

�∙��

�
⇒ �� =

��

��
�

�
=

��∙�

���
(��� �������) 

�� =
�� ∙ �

���
, �� =

�� ∙ �

���
⇒ ������ =

��

��
 

108. In ∆���, � −centroid, �, � ∈ ��, �, � ∈ ��, 

�, � ∈ ��, ����������, ���������, ���������� −antiparallels, ��, ��, �� −perimeters of 

∆���, ∆���, ∆���. Prove that: 

�

��
+

�

��
+

�

��
=

�(�� − �)

��
 

Proposed by Mehmet Şahin-Ankara-Turkiye 
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Solution by Marian Ursărescu-Romania 

 

Because ����������, ���������, ���������� −antiparallels⇒ �
∢��� = ∢��� = �
∢��� = ∢��� = �

∢��� = ∢��� = �
⇒ �

�� = ��
�� = ��
�� = ��

; (�) 

From Transversal theorem in ∆���, means: 
��

��
+

��

��
= � and because ∆���~∆���~∆���~∆���, we have: 

�� = �� =
��

��
, �� = �� =

��

��
, �� = �� =

��

��
; (�) 

Now, in ∆��� we have: ��� = ��� + ��� − ��� ∙ �����(���) = 

= � �
��

��
�

�

�� − ���(���)� = � �
��

��
�

�

∙ ���� �
���

�
� = � �

��

��
�

�

���� �
� − ��

�
� = 

= � �
��

��
�

�

���� �
�

�
− �� = � �

��

��
� ����� ⇒ �� =

���

��
����; (��� �������). 

⇒ �� = �� + �� + �� =
���

��
+

���

��
���� =

���

��
(� + ����)

=
���

��
����

�

�
(��� �������) 

�

��
+

�

��
+

�

��
=

�

�
�

�

������ �
����

=
�

�
�

�

��
�(� − �)

�����

= 

 

=
�

��
�

�

� − �
���

=
∑

�
���

�
�(����)

� �

��

�(�� − �)

�
=

�(�� − �)

��
 

 

109. Let ∆��� be the orthic triangle of acute ∆���. Prove that: 

�
��

��
���

∙ �
��

�� ∙ ��
���

=
�

�
+

�

�
 

Proposed by Ertan Yldirim-Izmir-Turkiye 
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Solution by Daniel Sitaru-Romania 

�� = �����, �� = �����, �� = ����� 

�� = ������, �� = ������, �� = ������ 

�
��

��
���

∙ �
��

�� ∙ ��
���

= �
�����

������
���

∙ �
�����

�� ∙ ��
���

= 

=
�

��
� �

���

∙ �
�����

��
�

∙
��
����

=
��

��
∙

�

���
∙ � ������� =

���

�

��� ∙ �
∙ ��� � ����

���

= 

=
�

��� ∙ �
∙ ��� �� +

�

�
� =

�

��
�� +

�

�
� =

�

�
+

�

�
 

110. In ∆���, �(���) = ���, �(���) = ���. Prove that: 

�
�

�
�

�

+ � �
�

�
�

�

= � 

Proposed by Mehmet Şahin-Ankara-Turkiye 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

������ =
��

�
, ������ =

��

�
⇒

�

�
=

������

������
=

�������� − �������

������
⇒ 

�

�
= �������� − � 

�
�

�
�

�

+ � �
�

�
�

�

= (�������� − �)�(�������� − � + �) = 

= ��������(�������� − �)� = �������� = �(� + ������) = � 

Therefore, 
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�
�

�
�

�

+ � �
�

�
�

�

= � 

111. In ∆��� the following relationship holds: 

�� ����
�

�
+ ���

�

�
� + �� ����

�

�
+ ���

�

�
� + �� ����

�

�
+ ���

�

�
� =

���

�
 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 

� �� ����
�

�
+ ���

�

�
�

���

= � �� ��
(� − �)(� − �)

�(� − �)
+ �

(� − �)(� − �)

�(� − �)
�

���

= 

= �
��

√�
���

∙
(� − �)√� − � + (� − �)√� − �

�(� − �)(� − �)
= � �� ∙

(� − �)(� − �) + (� − �)(� − �)

��(� − �)(� − �)(� − �)
���

= 

= �
��(� − �)(� − � + � − �)

�
���

= �
��(� − �)(�� − � − �)

��
���

= 

= �
��(� − �)(� + � + � − � − �)

��
���

=
���

��
�(� − �)

���

= 

=
���

��
(� − � + � − � + � − �) =

���

��
(�� − ��) =

���

�
 

112.  

 

In ∆��� the following relationship holds: 

�
�

�
�

�

− � �
�

�
�

�

+ � �
�

�
�

�

− � = � 

Proposed by Mehmet Şahin-Ankara-Turkiye 

Solution by proposer 
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�

������
=

�

������
= �; (�) 

������ = ������������ + ������������ 
 

�� = ��� − ���������� ⇒ �� = ��� + ��������� ⇒ 
 

������ =
�� − ���

���
; (�) 

�

�
=

�

�
∙

�

��
+

�

�
������ ⇒

�

�
=

��

���
+

�� − ���

���
∙

�

�
⇒ � =

�(�� − ��)

�
; (∗) 

������ = ���(� ∙ ���) = ������� − �������� ⇒
�

�
= � �

�

�
� − � �

�

�
�

�

⇒ 

�� = ���� − ���; (∗∗) 
 

From (∗), (∗∗) we get: ��� = ��(�� − �) ⇔ 
 

��� = �
�(�� − ��)

�
�

�

��� −
�(�� − ��)

�
� ⇔ ��� = �(�� + �� − �����)(��� − ���) ⇔ 

�� − ��� − ����� + ����� = � ⇔ �
�

�
�

�

− � �
�

�
�

�

+ � �
�

�
�

�

− � = � 

 

113. In ∆��� the following relationship holds: 

�(� + � − �)

�� + ��
+

�(� + � − �)

�� + ��
+

�(� + � − �)

�� + ��
= �� 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 

�
�(� + � − �)

�� + ��
���

= �
�(� + � + � − ��)

�
� − �

+
�

� − ����

= 

=
�

�
�

�(�� − ��)

� − � + � − �
(� − �)(� − �)���

=
�

�
�

�(� − �)(� − �)(� − �)

�� − � − �
���

= 

=
�

�
�

��(� − �)(� − �)(� − �)

�(� + � + � − � − �)
���

=
�

�
�

���

��
���

= 

=
�

�
∙

�

�
∙ ��� =

��

�
=

���

�
= �� 
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114. In any ∆��� the following relationship holds: 

�
��

�

����
+

��
� + ��

� + ��
�

���� + ���� + ����
=

��

��
�

+
��

��
�

+
��

��
�

 

Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

�
��

��
�

= �
��(� + �)�

����(� − �)
=⏞
(�)

�
(� + �)�

��(� − �)
 ��� �

��
�

����
= �

(� − �)� + ��(� − �)

��(� − �)

= � + �
(� + �)� − ���

��(� − �)
 

= � + �
(� + �)�

��(� − �)
− � ����

�

�
=⏞

��� (�)

� + �
��

��
�

−
(�� + �)� + ��

��

= �
��

��
�

−
(�� + �)� − ���

��
= �

��

��
�

−
��

� + ��
� + ��

�

���� + ���� + ����
 

⇒ �
��

�

����
+

��
� + ��

� + ��
�

���� + ���� + ����
=

��

��
�

+
��

��
�

+
��

��
�

 (������) 

 

115. In any ∆��� the following relationship holds: 

�(���� + ����)

� + �
+

�(���� + ����)

� + �
+

�(���� + ����)

� + �
=

�� − �

�
 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 

�(���� + ����)

� + �
+

�(���� + ����)

� + �
+

�(���� + ����)

� + �
= 

= �
�(���� + ����)

� + �
���

= �
� ∙ ����

� + �
� ���

� − �
�

��(���� + ����)
���

= 

=
�

�
�

����
� + �

� ���
� − �

�

����
� + �

� ���
� − �

����

=
�

��
� ����

� − �

�
���

=
�

��
� ����

�

�
���

= 
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=
�

��
� ��

(� − �)(� − �)

�(� − �)
���

=
�

��
�

���(� − �)(� − �)(� − �)

�(� − �)
=

���

 

=
�

��
�

��

�(� − �)
���

=
�

��
�

���

�(� − �)
���

=
�

��
�

�

� − �
���

=
�

��
∙

�(�� − �)

�
=

�� − �

�
 

 

116. In any ∆��� the following relationship holds: 

��

��(�� − �)
+

��

��(�� − �)
+

��

��(�� − �)
=

�

�
+

�

�
 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 

�
��

��(�� − �)
���

= �
��

�� �
�

� − � −
�
�����

=
�

�
�

��

�� �
� − � + �
�(� − �)

�
=

���

 

=
�

�
�

���(� − �)

���
���

=
�

����
�(��� − ��)

���

=
�

�����
�� � ��

���

− � ��

���

� = 

=
�

����
��� ��� − �� − ���) − ��(�� − ��� − ���)�� = 

=
��

����
(��� + ���) =

�

��
(� + �) =

�

���
(� + �) =

�

�
+

�

�
 

117. In ∆��� the following relationship holds: 

���
�
�

+ ���
�
�

���
�
�

+
���

�
�

+ ���
�
�

���
�
�

+
���

�
�

+ ���
�
�

���
�
�

=
�

�
(�� − �) 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 

�
���

�
� + ���

�
�

���
�
�

= � ����
�

�
���

�

�
+ ���

�

�
���

�

�
�

������

= 
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= � ��
(� − �)(� − �)

�(� − �)
∙

�(� − �)

(� − �)(� − �)
+ �

(� − �)(� − �)

�(� − �)
∙

�(� − �)

(� − �)(� − �)
� =

���

 

= � �
� − �

� − �
+

� − �

� − �
�

���

= �(� − �) �
�

� − �
+

�

� − �
�

���

= 

= �(� − �)
� − � + � − �

(� − �)(� − �)
���

= �(� − �)
�� − � − �

(� − �)(� − �)
���

= 

= �(� − �)
� + � + � − � − �

(� − �)(� − �)
���

= �
�(� − �)

(� − �)(� − �)
���

= 

=
�

(� − �)(� − �)(� − �)
� �(� − �)�

���

= 

=
�

(� − �)(� − �)(� − �)
��� � �

���

− �� � ��

���

+ � ��

���

� = 

=
�� ∙ �� − �� ∙ �(�� − �� − ���) + ��(�� − ��� − ���)

(� − �)(� − �)(� − �)
= 

=
���� − ����

(� − �)(� − �)(� − �)
=

����(�� − �)

�(� − �)(� − �)(� − �)
= 

=
����(�� − �)

��
=

����(�� − �)

����
=

�

�
(�� − �) 

118. In any ∆���, �(∢�) = ��°, ∆��� −pedal triangle of Lemoine’s point 

the following relationship holds: 

��� + ��� + ��� =
�

�
��

� 

 
 

Proposed by Mehmet Șahin-Ankara-Turkiye 
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Solution by Daniel Sitaru-Romania 

�� =
��

�� + �� + ��
���� + ��� − �� 

�� =
��

�� + �� + ��
���� + ��� − �� 

�� =
��

�� + �� + ��
���� + ��� − �� 

 

��� + ��� + ��� =
���

(�� + �� + ��)�
∙ �(�� + �� + ��) = 

=
����

�� + �� + ��
=

�� ∙
����

�
�� + ��

=
�

�
�

��

�
�

�

=
�

�
��

� 

119. In ∆��� the following relationship holds: 

�(���� + ����)

�� + ��
+

�(���� + ����)

�� + ��
+

�(���� + ����)

�� + ��
=

�(� + ��)

� + � + �
 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 

�(���� + ����)

�� + ��
+

�(���� + ����)

�� + ��
+

�(���� + ����)

�� + ��
= 

= �
�(���� + ����)

�� + ��
���

= �
�(���� + ����)

��
� +

��
����

= 

=
�

��
�

���(���� + ����)

� + �
���

=
���

���
�

���� + ����

���� + ����
���

= 

=
���

���
�

����
� + �

� ���
� − �

�

����
� + �

� ���
� − �

����

= � ���
� + �

�
���

= � ���
� − �

�
���

= 
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= � ���
�

�
���

= � �
(� − �)(� − �)

�(� − �)
���

= 

=
�

��(� − �)(� − �)(� − �)
�(� − �)(� − �)

���

= 

=
�

�
�(�� − �� − �� + ��)

���

= 

=
�

�
���� − ��� − ��� + � ��

���

� =
�

��
(−�� + �� + �� + ���) = 

=
�

��
∙ �(� + ��) =

� + ��

� + � + �
�

=
�(� + ��)

� + � + �
 

120. In ∆��� the following relationship holds: 

�� + ��

��
+

�� + ��

��
+

�� + ��

��
=

�

�
+

�

�
 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 

�� + ��

��
+

�� + ��

��
+

�� + ��

��
= 

= �
�� + ��

��
���

= �

�
� − � +

�
� − �

��
���

= � �

�
� − � +

�
� − �

��
���

= 

= � �
� − � + � − �

��(� − �)(� − �)
���

= � �
�

��(� − �)(� − �)
���

= 

=
�

���(� − �)(� − �)(� − �)
� ��

���

(� − �) = 

=
��

����(� − �)(� − �)(� − �)
�� � ��

���

− � ��

���

� = 

=
��

�����
�� ∙ �(�� − �� − ���) − ��(�� − ��� − ���)� = 
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=
� ∙ ��

����
(�� − �� − ��� − �� + ��� + ���) = 

=
� ∙ ��

���� ∙ ��
(��� + ���) =

�

��
(� + �) =

�

�
+

�

�
 

121. In any ∆��� the following relationship holds: 

����� �
�

+ ����� �
�

��������
+

����� �
�

+ ����� �
�

��������
+

����� �
�

+ ����� �
�

��������
=

���

��
 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 

����� �
� + ����� �

�
��������

+
����� �

� + ����� �
�

��������
+

����� �
� + ����� �

�
��������

= 

= �
����� �

� + ����� �
�

��������
���

= �

��(� − �)
�� +

��(� − �)
��

�
�� ∙

�
�����

= 

= ���� �

� − � + � − �
�

��
���

=
����

���
�(�� − � − �)

���

= 

=
����

���
�(� + � + � − � − �) =

��

�
���

� �

���

=
�� ∙ ��

��
=

���

�
=

����

��
=

���

��
 

122.Let �∗ −be area of pedal triangle of Bevan’s point (�(��)) and � −area 

of ∆���. Prove that: 

�∗

�
=

�

��
 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Daniel Sitaru-Romania 
 

��(��) = ��� −
���

� + � + �
− (�. ����������� − ����) 
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�∗ =
�� − ��(��)�

���
∙ � − (�������, �������� − ����) 

 

 
�∗

�
=

�� − ��(��)�

���
=

�

�
−

�

���
��� −

���

� + � + �
� = 

 

=
�

���
∙

���

� + � + �
=

���

��� ∙ ��
=

�

� ∙ ��
=

��

���
=

�

��
 

123. 

  

∆��� −random, �� −bisector, �� −median, �� −altitude, 

��, ��, �� −concurrent. 

�� = �, �� = �, �� = �; �, �, � ∈ �. Prove that: � = � = �. 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution 1 by proposer: 

�

����
=

�

�
+ � →

�

����
=

� + �

�
→ ���(� + �)���� = ��� ⋅ � → 

(� + �)(�� + �� − ��) = ���� → �� + �� = ��(� + �) + ��(� − �); (�) 

�, �, � ∈ �
(�)
��(wolframalpha)� = � = �. 

Solution 2 by proposer 

PLAGIOGONAL SYSTEM: �� ≡ ��; �� ≡ �� 

��: � − � = �, ��: �� + ��� = �, ��: � + ����� = ����� 

��, ��, �� −concurrent → �
� −� �
� �� ��
� ���� �����

� = � → ���� =
�

���
; (�) 

�
� < � < ����

�, �, � ∈ �
→ ���� =

�

�

(�)
�� �

� + � = ��
∠� = ��� → � = � = �. 

124. 

  
Let ∆��� be the pedal triangle of symmedian point in ∆���.  

If �(∢�) = ��° then: 

[���] =
���

�

��
 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Daniel Sitaru-Romania 
 

��� = �� −
�������

(�� + �� + ��)�
= �� −

�������

(�� + ��)�
= �� −

�������

���
= 
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=
��

�
−

�����

���
 

[���] =
�

���
(�� − ���) =

�

� ∙
��

�

��� − �� +
�����

���
� = 

=
� ∙ ��

���
∙

�

�
∙ �

��

�
�

�

=
���

��
∙ ��

� =
���

�

��
 

125. Let ∆�, ∆� −be areas of the pedal triangles of Bevan’s point and incenter 

in ∆���. Prove that:  ∆�= ∆� 

Proposed by Mehmet Șahin-Ankara-Turkiye 

Solution by Daniel Sitaru-Romania 

∆�=
�� − ���

���
∙ � =

�� − �� +
���

� + � + �
���

∙ � =
���

� + � + �
∙

�

���
=

����

��
∙

�

���
=

��

��
 

 

∆�=
�� − ���

���
∙ � =

�� − �� + ���

���
∙ � =

��

��
 

 
� − �����′� �����, � − �������� 

 

126. ∆���, � −area of ∆���, �� −Nagel’s 

point 

��� ⊥ ��, ��� = � 

�, �� −inradius, exradius of ∆��� 

Prove that: 

��

�
⋅

��

�
= � 

 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil 

 

�� = � + � + �; � =
�

�
�� ⋅ �� =

�

�
���; �� =

��

�
 

�� = �� = �; �� = �� = �� = � − � 

�� = �� = �� = � − �; �� = �� = � − �; �� = �� 

Applying Menelaus theorem in ∆���, it follows that: 

��

��
⋅

��

��
⋅

���

���
= � ↔

� − �

� − �
⋅

�

� − �
⋅

���

���
= � →

���

���
=

� − �

�
→

���

���
=

�

� − �
 

��� + ��� = ��; ���� = ���� − ���� →
��

���
=

�

�
→ ��� =

�

� − �
⋅ ��� 

��,
��

�
� − � ⋅ ���

=
�

�
→

��

���
=

�

� − �
 

Now,  ∆���~∆���� →
��

���
=

��

���
→

��

���
=

��

���
→

��

�
=

�

���
→

��

��
=

�

��� 
→

��

�
=

�(���)

�
 

� + (� − �)�� = �� →
��

�
=

�

� − �
 

Therefore, 
��

�
⋅

��

�
=

�(���)

�
⋅

�

���
= � →

��

�
⋅

��

�
= � 

 Solution 2 by Juan Jose Isach Mayo-Spain 

Let � −be tha octogonal projection of � on ��. 
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�� = �� ⋅ ���� = � ⋅
�� + �� − ��

���
=

�� + �� − ��

��
; �� =

��∆���

�
 

Let � − be the incenter of ∆���, � −the incircle of ���, � = � ∩ ��; �� = �� =
��∆���

�
 

�� = �� − �� =
� − � + �

�
−

�� + �� − ��

��
=

(� − �)(� − � + �)

��
==

� − �

�
⋅ (� − �) = �� 

�� = � − �; �� = �� + �� = (� − �) �
� − �

�
+ �� =

(� − �)�

�
 

��

��
=

��

��
=

� − �
�

(� − �)

(� − �)�
�

=
� − �

�
; �� =

� − �

�
⋅

��∆���

�
 

Let � − be the radius of the incircle of ∆���;
�

��
=

��

��
↔

�

��
=

���

�
. 

Let �� −be the radius of the � −excircle of ���. 

� ⋅ ��

����
⋅

��

�
=

�(� − �)

� ⋅ ����
⋅

�����

�
⋅

�

� − �
= � 
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127. In scalene ∆��� the following relationship holds: 

����� − �����

�� − ��
+

����� − �����

�� − ��
+

����� − �����

�� − ��
=

� + �

��
 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 

����� − �����

�� − ��
+

����� − �����

�� − ��
+

����� − �����

�� − ��
= 

= �
����� − �����

�� − ��
���

= �

��

��� −
��

���

�
� − � −

�
� − ����

=
�

����
�

�� − ��

�
� − � −

�
� − ����

= 

=
�

����
�

(� − �)(� + �)(� − �)(� − �)

� − � + � − �
���

= 

=
�

����
�(� + �)(� − �)(� − �)

���

=
�

����
�(� + �)(�� − �(� + �) + ��)

���

= 

=
�

����
�(� + �)(�� − �(�� − �) + ��)

���

=
�

����
�(� + �)(�� − ��� + �� + ��)

���

= 

=
�

����
�� � �(� + �)

���

− �� �(� + �)

���

+ � ��(�� − �)

���

� = 

=
�

����
��� � ��

���

− ��� + �� � ��

���

− ����� = 

=
�

����
(��(�� + �� + ���) − ��� − �����) = 

=
�

����
(��� − ��� + ���� + ����� − �����) = 

=
�

�����
(���� + ����) =

�

��
(� + �) =

� + �

��
 

 

 

 



 
www.ssmrmh.ro 

 �� RMM-GEOMETRY MARATHON 101-200 

 

128. In ∆��� the following relationship holds: 

�� + ��

���� + ����
+

�� + ��

���� + ����
+

�� + ��

���� + ����
= �(�� + �) 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution by Daniel Sitaru-Romania 

�� + ��

���� + ����
+

�� + ��

���� + ����
+

�� + ��

���� + ����
= 

= �
�� + ��

���� + ����
=

���

�

��
� +

��
�

�� + �� − ��

���
+

�� + �� − ��

������

= 

= �� �
�

�
� +

�
�

� ∙ ����

�(�� + �� − ��) + �(�� + �� − ��)
���

= 

= ����� �

� + �
��

��(� + �) + ��(� + �) − (�� + ��)
���

= 

= ����� �

�
��

�� + �� − �� − �� + ��
���

= 

= ����� �
�

��(�� − (� − �)�)
���

=  ����� �
�

��(� − � + �)(� + � − �)
���

= 

= �� �
�

�(� − �)(� − �)
���

= � �
�

(� − �)(� − �)
���

= � ∙
�(�� + �)

�
= �(�� + �) 

129.  

 

�� −Nagel’s point. 

Prove that: 

[����]

[���]
=

�

��
 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil 

�� = �� = �� = � − � 

�� = �� = �� = � − � 

�� = �� = � − � 

Applying the Menelaus theorem to the ∆���, we have: 

��

��
⋅

��

��
⋅

���

���
= � ⇒

� − �

� − �
⋅

�

� − �
⋅

���

���
= � ⇒

���

���
=

� − �

�
⇒

���

���
=

�

� − �
 

��� + ��� = ��, ���� = ���� − ���� ⇒
��

���
=

�

�
⇒ ��� =

�

� − �
��� 

So, 
��

�

���
���

=
�

�
⇒

��

���
=

�

���
. Now, 

∆���~∆���� ⇒
���

��
=

���

��
⇒

���

��
=

� − �

�
 

[����]

[���]
=

�
� ��� ⋅ �

�
� �� ⋅ �

=
���

��
=

� − �

�
, [���] = �� = (� − �)�� ⇒

� − �

�
=

�

��
 

Therefore:  
[����]

[���]
=

�

��
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Let �, �, � −be the complexe coordinates of points �, � and � respectively. 

���
=

� − �

�
� +

� − �

�
� +

� − �

�
� 

[����] =
�

�
�������

������� + ������ + ����
�������� = 

=
�

�
��� �

� − �

�
������ + �� −

� − �

�
−

� − �

�
� ������ +

� − �

�
������� = 

=
� − �

�
⋅

�

�
|��(������ + ������ + �����)| =

�

��
[���] 

Therefore, 

[����]

[���]
=

�

��
 

Solution 3 by proposer 

Plagiogonal system: �� = ��, �� = ��, �(�, �) 

��(��, ��), �� =
� − �

�
⋅ �. � = ������ ⇒ � =

� − �

�
⋅ �����; (�) 

�� = �����
(�)
�� �� =

��

� − �
⇒

�

��
=

� − �

�
⇒

[����]

[���]
=

�

��
 

Note: 
[����]

[���]
+

[����]

[���]
+

[����]

[���]
=

�

��
+

�

��
+

�

��
= � →

�

��
+

�

��
+

�

��
=

�

�
 

130. In any ∆��� the following relationship holds: 

� ���
�

�
���

+ ���� ⋅ �
� − �

�
����

�

�
���

+ ���� ⋅ � ����(� − �)

���

=
∑���� �

�

� ∏ ���
�
�

 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution 1 by Samar Das-India 

� ���
�

�
���

+ ��� ⋅ �
� − �

�
����

�

�
���

+ ���� ⋅ � ����(� − �)

���

= 

= � ���
�

�
���

+ ���� ⋅ �
� − �

�
⋅

�(� − �)

��
���

+ � ����(� − �)

���

= 
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= � ���
�

�
���

+ ����
�

���
�(� − �)(� − �)

���

+ ���� ⋅ �� � �������(� − �)

���

= 

=  � ���
�

�
���

+ ����
�

���
�(� − �)(� − �)

���

+ ���� ⋅ �� �(����� − �����)

���

= 

= � ���
�

�
���

=
∑ ���

�
� ���

�
� ���

�
�

∏ ���
�
�

=
����

�
� ���

� + �
� + ����

�
� ���

�
� ���

�
�

∏ ���
�
�

= 

=
����� �

� + ���
�
� ����

�
� + ���

� − �
� �

� ∏ ���
�
�

=
����� �

� + � − ���� �
� + ���

� + �
� ���

� − �
�

� ∏ ���
�
�

=
� + ���� �

� + ���� �
� − ���� �

�

� ∏ ���
�
�

=
∑���� �

�

� ∏
����

�

  

Solution 2 by Daniel Sitaru-Romania 

� ����(� − �)

���

= �� � �������(� − �)

���

= 

= � �(���(� + � − �) − ���(� − � + �))

���

= � �(���(� − ��) − ���(� − ��))

���

= 

= −� � �����

���

+ � � �����

���

= � 

�
� − �

�
����

�

�
���

= �
� − �

�
∙

�(� − �)

��
���

=
�

���
�(� − �)(� − �)

���

= 

=
�

���
�� �(� − �)

���

− � �(� − �)

���

� = � 

��� = � ���
�

�
���

=
�� + �

�
 

��� = � ����
�

�
���

∙ �� � ���
�

�
���

�

��

= �� +
�

��
� �� ∙

�

��
�

��

= 
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=
�� + �

��
∙

��

�
=

�� + �

�
 

131. ∆���: �� ⊥ ��, �� ⊥ �� 

� −midpoint of �� 

� −is center of nine points circle 

Prove that: �(∠�) = ��� 

 

 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution 1 by Jose Ferreiera Queiroz-Olinda-Brazil 

 

∠� = � → ∠��� = ��� − �, �, �, �, �, �, � − cyclic 

�� −is the diameter of the nine point circle, �� = ��(property of the nine point circle) 

In ∆���:   ��� = �� ⋅ �� → �� = �� = �� → � = ��� 

 Solution 2 by proposer 

�� = ��, �� = �� 
�� = � ⋅ ����, �� = � ⋅ ����, �(�, �), �(� ⋅ ����, �), �(�, � ⋅ ����), 
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� �
�

�
����,

�

�
�����  

Let �� −the center of ���, �� �
������������

������
,

������������

������
� 

Must: �

�����

�
=

������������

������
�����

�
=

������������

������

→ �
�����(� − �����) = �
�����(� − ����) = �

 

����� = �; (�)�� (� − ����� = � , � − ����� = �); (�) 
(�) → ����� = � → �� = ��� → �(∠�) = ��� 

(�) → ���� =
�

�
, ���� =

�

�
→ ���� = �; (� < � < ����) 

132.  

 

� −centroid of ∆��� 

�, �, � −symmetrical points of � 

to ��, ��, �� respectively. 

If 
[���]

[���]
= �, then 

∆��� −equilateral 

If 
[���]

[���]
=

�

�
, then ∆��� −right 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution 1 by Jose Ferreira Queiroz-Olinda-Brazil 

 


