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201.1fA,B € M3(]R), det((AB — BA)2 + AB — BA + 13) = 0 then find:

O = det(AB — BA)
Proposed by Marian Ursdrescu-Romania
Solution by Ravi Prakash-New Delhi-India
Let C = AB — BA, tr(C) = 0.
We are given det(C? + C + I3) = 0 hence,
det[(C — wlg)m] =0
|det(C — wI3)|?> = 0 = det(C — wl;) = 0; (1)
Letdet(C — tI3) = —t3 + tr(C)t? — at + det(C) = —t3 — at + det(C)

=~ (1) gives: —w? — aw + det(C) = 0 = det(C) — 1 + % =0 and

V3
7a=0:>a=0:>det(6)=1

202. Let x2920 + a,0,0x2%1% + @,0,5x%018 + ... + a, € Z[x] and all roots of
this polynomials are positive real numbers.
Find the smallest possible value of coefficient ao1g-
Proposed by Gantumur Choijilsuren-Mongolia

Solution by Abdul Hannan-Tezpur-India

Let x* + a4, 1 x* 1 + .-+ a,x + a, € Z[x] and all roots of this polynomial are positive
0
real numbers. Find the smallest possible value of coefficient a,,,.

Here is a small observation that we will need later:

(;gj _ (4n-1)! @mi@n) 2m 1
(N “@wi@n-D Gl a2

Let B1,B2. B3, .- Ban—1. Pan b€ the (positive real) roots. Thenag = B1B2 * ...* Ban > 0.

Being an integer, we must have, ay > 1. Also, we have

AGM
az, = z Bi,Bi, - Bi,, =

1<iq<ip<--<ipp<4n
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@ T nes)-

1<iy<ip<--<ipp<4n

4n—-1

( )(ﬁllﬁ'lz - Bi,,) & - (:n) Bi.Bi, - Biy, = (42)\/?0 > (::) rag =1

Ifwe put By = B, = - = B4, = 1, then we see that

4n
@2n = z 1= (Zn)
P

Since (37) is achieved, it is indeed the minimum value of .

203.I1f A € M5(R),det(A* — 34 + 313) = 0 then:

2det(A? + 313) = 3(3V3 + detA)’
Proposed by Marian Ursdrescu-Romania
Solution 1 by George Florin Serban-Romania
P(A) = 23 — (trA)A? + (trA*)A — detA = —det(A — Al3)

3+iV3 3+ 3iV3
5 X3 = > X3 = 3iV3

det(AZ —3A+ 313) = det(A — x113)det(A — x213) = P(xl)P(xz) =0
:>P(x1) = 00I’P(x2) =0

x2—3x+2=0,x1, =

P(x;) = x3 — (trA)x% + (trA")x, — detA

:31_\/5_3 3“/_(1«) 3+ 21\/_

{—StrA + 3trdA* — 2detA =0 N {—BtrA + 3trd* — 2detd =0
6V3 — 3V3trA +\3trA* =0 trA* =3trA—6

detA =3trA—9

(trA*) —detA =0 >

=

2det(A? + 313) = 2det(A + iV313)det(A — iV3I3) =
= 2P(iV3)P(~iv3) = 2[(3trA — detA)? — (3v3i — tra'iW3) | =
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2
=2-3(det?A+ 27) > 9(detA + 3V3)

= 2det(A? + 313) > 3(3V3 + detA)
Solution 2 by Ravi Prakash-New Delhi-India

1
det(A? — 34 + 313) = 0 = det((al; — A)@l; - 4)) = 0,a = (3 +3i)
= det(al; — A)det(al; — A) = 0 = |det(al; — A)|?> = 0 = det(al; — A) =0
Similarly, det(al; — A) = 0, a, @ —eigen values of A.

Let A be the third eigen value of A. Characteristic equation of A is:
det(tl; —A)=P(t) =3 —(a+a+A)t? + AM(a+a) +aa)t—aai=0
P(t)=t3— 3+)t?+ (321+3)t—31=0. Now,
det(A? + 315) = |det(V3il; — A)|" = |P(v3i)|". We have:

P(v3i) = 9+ 3v32i = |P(V3i)|" = 3(27 + (detA)?); (detA = 31)
2det(A% + 31;) = 6(27 + (detA)?) = 3 ((3V3 + detd)” + (3V3 - deta)’)

> 3(3v3 + detA)’

204.1fx,y,z€ R — {(Zk + 1)% | k € Z} then prove:

2 1_[ Ccosx - z sinxsin(y — z)tanx + z sinxsin(y — z)sin(y +z—x) =0
cyc cyc cyc

Proposed by Floricd Anastase-Romania

Solution by Adrian Popa-Romania

z mxsin( Y zsin(y—Z) ,
sinxsin — zZ)ltanx = _— cosxsin —Z

y Cosx (y—2)
cyc cyc cyc

But
z cosxsin(y —z)=0
cyc

Hence,
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z smc(gls; 2) = ]_[ct)sx . z cosycoszsin(y — z) =
cyc

cyc

~2 Htosx. Z cos(y + z)sin(y — z) + %Z sin2(y — z)|; (1)

cyc cyc

Now,

1
Ez sin2(y — z) = —2sin(x — y)sin(y — z)sin(z — x)
cyc
Then,

L sin(x — y)sin(y — z)(sin(z — x)
z sinxsin(y — z)tanx +
[1cosx
cyc

=0; (2)

On the other hand, we have:

2sinxsin(y +z —x) _

5 =
cos(y+z—2x)—cos(y+z) _
5 =

sinxsin(y — z)sin(y + z — x) = sin(y — z) -

= sin(y — z) -

1
=3 sin(y — z)cos(y +z — 2x) — Esin(y —z)cos(y+1z) =

1 1
=2 [sin2(y — x) + sin2(x — z)] — 2 (sin2y — sin2z)

Hence,

1
z sinxsin(y — z)sin(y+z—x) = ——= ) sin2(y—z) =

2
cyc cyc

sin2(y — z) + sin2(z — x) + sin2(x —y) _
5 =
= —sin(y — x)cos(x + y — 2z) — sin(x — y)cos(x — y) =
= sin(x — y)[cos(x +y — 2z) — cos(x — y)] =
= 2sin(x — y)sin(y — z)sin(z — x); (3)
From (1), (2), (3) we get:

2 1_[ cosx- z sinxsin(y — z)tanx + z sinxsin(y — z)sin(y+z—x) =0
cyc cyc cyc
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205. Prove that the number:

V3dz+3-33z-1
V3¥z+3-2V32-1

is a solution of the equation: x3 — 6x% + 6x —2 = 0.

Proposed by Vasile Mircea Popa-Romania
Solution by Abdul Hannan-Tezpur-India

4/33\/E+3—4/3ﬁ—1 (34332
andu = 71

Let: x =
4/33\/i+3—24 3z-1
_ 3 4 _ 3(a+1) _  3(a+1)* _ 3(a+1)* _
leta = \/Z Thenu® = a-1 (a+1)3(a-1) - (a3+3a2+3a+1)(a—1) -
a3=2 3(a+1)* (a+1)* _(a+1)*

(3a2+3a+3)(a—1):(a2+a+1)(a—1)_ a3 —1
3_
= (a+1)*
Sinceu > 0,we musthave:u=a+1=32+1

u__1:>2x_1:u:3\/2+1:>xf—1:3\/2

Now, x = — 1

>2(x—1)3=x=2x-6x2+6x—-2=0

206. A(a),B(b),C(c),a,b,c € C* —different pairs, |a] = |b| = |c] = 1. Prove
that:

Z|2a+b+c|2:3=>AB:BC:CA

cyc

Proposed by Marian Ursdrescu-Romania

Solution by Ravi Prakash-New Delhi-India
letz=a+b+c

[2a+ b + c|? = |a + z|? = |a|* + az + az + |z|?
la+2b+c|?2=|b+z|*> = |b|?2+bz+ bz + |z|?
la+b+2c|?>?=|c+z|> =|c|®* +¢z+cZ+ |z|?

Adding, we get:
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3 :ZIZa+b+c|Z =3+ (a+b+7c)z+(a+b+c)z+3|z|?

cyc
0=zz+2zz+3|z|?=5|z]?=>z=0.
Now,
|[b—al>?+|b=al? =2|al?+2|b|?=0=>|b—al|?>+]|-c|* =4
= |b— al?* = 3 or AB = /3. Similarly: CA = BC = /3. Therefore, AB = BC = CA.

207. A(a),B(b),C(c),a, b, c € C* —differentin pairs, |a] = |b| = |c| = 1.

Prove that:

Z(|a2+ab+bc+ca|+|a—b|2):12=>AB:BC:CA

cyc

Proposed by Marian Ursdrescu-Romania

Solution by lulian Cristi-Romania
Applying the real product of complex numberR =1 =

1 1 1
a’=a-a=lal*=1ab=1 —Ela—blz;bcz 1—E|b—c|2;ca= 1—E|c—a|Z
leta=|a—bl.B=I|b—c|l,y =|c—al.

Having the circumcenter O of the triangle as the origin of the complex plane, hence
2
We know that a? + g% + y* = 9(1 — 0G?)

9
6 |4_E(1_ 0G?)|+9(1 - 0G?) =12,

6‘4— +a’+pr+yr =12

6(;(1 - 0G?) —4-) +9(1 - 0G?) =12

36 =9(1— 0G?) +27(1 — 0G?) = 12
(1-06%)36=36=G=0 < AB = BC = CA.
208. a,b,c € C* —different pairs, |a] = |b| = |c| = 1, A(a), B(b), C(c).

Prove that:

ZIa+b—Zc|:Z|a2—ab—ac+bc|=>AB:BC:CA

cyc cyc

Proposed by Marian Ursdrescu-Romania
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Solution by Florentin Visescu-Romania

ZIa+b—2c|22|a+b+c—3c|22|a(a—b)—c(a—c)|

cyc cyc cyc
a+b+c
o 32 |T_C| = Z|a_b| la-cle BZAG ZZAB-AC
cyc cyc cyc cyc

2
<:)SZEmaZZbc@Z(ma+mb+mc)=ab+bc+ca
cyc cyc

a?+b%+c?
2R

a = +m, =

a® + b% + c?
R

ButR =1 = 2(m, + my, + m,) > a® + b? + c?

e 2(m,+my +m,) >

= ab + bc + ca > a* + b? + ¢?
o 2a% +2b%2+2c¢2—2ab—2bc—2ca<0
©@-b))+(Mb-c)+(c—-a)’)<0ea=b=c= AB = BC = CA.

209. Let be z4, z,, z3 € C* different in pairs, such that |z;| = |z,| = |z3]. If

-z
z 3| \/§
|Zz "'23 2z4|

then z,, z,, z; are the affixes of an equilateral triangle.

Proposed by Marian Ursdrescu-Romania

Solution by proposer

| Z3| Z3|
ZZ| Zz+Z3 \/_@2| Zz+Z3 =23 e

Z—: 2v3; (1)
ma
Butzmiz 2V3; (2)

From (1)&(2) = AABC —equilgteral.
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a’ + b? + c?

2/3a

(2) &m, <

210. Let be z4, z,, z3 € C* different in pairs, such that |z,| = |z,| = |z3]. If

2.

2
(z1 — 2x)|z1 — 23| + (21 — 23) |21 — 25" _ (lz1 — Z,| + |2p — 23| + |25 - z41)?
Zy+ 73— 224 3

then z,, z,, z; are the affixes of an equilateral triangle.
Proposed by Marian Ursdrescu-Romania

Solution by proposer
Let be A(z4), B(z;), C(z3) = AABC < C(O,R),|z4| = |z2] = |z5]| = R
|z, —z,|=AB =c,|z, —z3l =BC=a,|z3 —z;| =AC=Db

2 2
b(zy — z3) + c(z4 — z3) (b+c)zy — bz, — cz4
at+tb+c — 3o at+b+c —3
Zz+23—221 Zl+Zz+Zg—3zl
3
2
(a+b+c)z;—az, — bz, — cz; 2 az, + bz, + cz;|*
@z a+b+c 3@2 1" a+b+c —3
Zy 23,4, Z1+Zz+z3_z
—3 1

& Z cz-3
. .y AP .
Butin any AABC: Zﬁ <3;(2)
Equality holds if and only if triangle is equilateral.

From (1)&(2) = AABC —equilateral.

(2) e z4m2_ z 2_3 butma_./s(s— a) =

Al? 4 s’+r’2+4Rr 4
z <-o————<-©s?>12Rr + 3r?
s(s—a) " 3 s2 3

which is true from s? > 16 Rr — 5r?(Gerretsen)
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211. Let z4, 25, z3 € C* different in pairs, such that |z,| = |z,| = |z3], If

Z|(ZZ1 — 2y — 23)(22y — 2y — 23) (21 — 22)| = (21 — 2,) (2, — 23)(25 — 2y)|
Then z4, z,, z3 are the affixes of an equilateral triangle.

Proposed by Marian Ursdrescu-Romania
Solution 1 by proposer

X

Let be A(z,),B(z;),C(z3),AABC c C(O,R),|z,| = |z,| = |z3] =R
zy; +z3

Zl+23
2

Zy —

Zy

|zy — 25| = 9(21 — 22) (2, — 23) (23 — z,)|

9 mym, 9
@Zmamb-czlabc@z ;b :Z;(l)

H .Mmgmp mpme
Butinany AABC: P

+ I > 2 (2)
ac 4

From (1)&(2) equality holds if and only if triangle is equilateral.

mgmp + mpme

memg 9
+ > m
o e = (2) follows fro

a-PB-PC+b-PC-PA+c-PA-PB = abc
Equality holds if and only if triangle is equilateral.
Solution 2 by Florentin Visescu-Romania

cyc

°),

cyc

Z|3Z1 — (21 + 2z, +23)| 132, — (21 + 2, + 23)| " |21, — 25| = 91_[|Z1 — z,|

cyc

|zy — 2| = 91_[|Z1—Zz|
cyc
9ZAG-BG-AB=91_[AB<:)

cyc

(z, + 2, + 23)
z,————

(2, + 2z, + 23)
3

3

Zy

cyc

4
9-62mamb-c=9nc@2mamb-c=nc@
cyc

cyc cyc

z mym, 9
ab 4
cyc

cyc

Butinany AABC: Y, —2 >

ab

» o
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Equality holds ifand onlyifa = b = ¢ = AB = BC = CA.

Solution 3 by George Florin Serban-Romania

Lemma. Let z,, z,, z3 € C* different in pairs, then:

Zl+23)( 3_ZI+ZZ)

z(zz_ 2 z 2 )_9
(z1 — 2)(z1 — 23) 4

cyc

Proof.

z (225 — (21 + 23))(223 — (21 + 2,)) _9 -
4(z, — 2,)(z1 — z3) 4
cyc
2(42223 — 2212y — 225 — 22,25 + 25 + 212, — 2123 + 2,25) (25 — 2,)

cyc

= 9(zy — 2,)(z; — 23) (23 — z1) — true.

Z1+Z3 Z1+Zz Z1+Z3 zy, *+z,
9 Z3 Z3 — 1437 2
4 —Zz)(Z1—Z3) —Zzl |z, — zs5]
cyc cyc
mbrmcr N mbrmcr - 2
b'c’ b'c’ — 4
cyc cyc

where A(z,) = A(a), B(z,) = B(b),C(z3) = C(c)
Equality holds ifand onlyifa’ = b" = ¢’
AABC equilateral, AB = c¢',BC =b',AB =’

M € (BC),N € (CA), —midpoints = M(b+c) N (a“) then

b+c |2a—b-—c|
AM=|a— |= =m,>|2a—b—-c|=2m,
2 2
at+c| |2b—a-—c|
BN=|b— |= =my=>|2b—a—c|=2m,
2 2
Z|(2a—b—c)(2b—c—a)(a—b)| =4Zma,mb,-c’=
cyc cyc

=9a’'b'c

!

m, mb
= 4a’b’c’z =9
a

| [e-p)

cyc

cyc

12 | RMM-ABSTRACT ALGEBRA MARATHON 201-300
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my my 9
z . =—>sa =b'=c 2>2AB=BC=CA
a b 4

cyc

Note by editor: Bager’s inequality-1971.:

z m,m, > 2
ab 4

cyc

http://www.ssmrmh.ro/2016/08/29/bagers-inequality-1/

212.a,b,c € C* —differentin pairs, |a] = |b| = |c|] =1,
a+ b+ c e {+1,+i} Find: Q = 2021 4 p=2021 4 —2021

Proposed by Marian Ursdrescu-Romania
Solution by Ravi Prakash-New Delhi-India

a + b + c represents orthocentre of AABC
a+ b+ c € {x1,xi} > a+ b+ clies on the circumcircle of AABC = AABC is right
triangle.
Ifa + b + ¢ = =1, then one of the verticesis 1 or —1 and other two i, —i
0= a—ZOZl + b—ZOZl + c—ZOZl — i—ZOZl + (_i)—2021 + (ii)2021 = +i
If a + b + ¢ = i, then one of the verticesisi or—i and other twoare 1, —1.
0= a—ZOZl + b—ZOZl + c—ZOZl — 1—2021 + (_1)2021 + (ii)_2021 =+
Therefore,

0= a—ZOZl + b—ZOZl + C—ZOZI c {il, ii}

213.a,b,c € C* —differentin pairs, |a| = |b| = |c|, A(a), B(b), C(c). Prove
that:

-2
|(a—b)(a—C)| _9<z|a_b|> < AB =BC =CA

|(a — b)|la — c| + (a — c)|a — b]|? N
cyc

Proposed by Marian Ursdrescu-Romania
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Solution by proposer
A(a),B(b),C(c) = AABC c C(O,R),|lal| =R

la—b|=AB=c'la—c|=AC=Db'|lb—c|=BC=a' =
AB - AC 3 9 o
|(a— b)AC + (a — ¢)AB|?  (AB + BC + CA)?
cyc

bc bc
z 229@2 ;=96
s (a—b)a + (a—c)c’ s (b+c)a’— bb' — cc’
a+b+c a+b+c
z bc _9@2 bc _9
o (a+ b+ c)a’ —aa — bb' —cc'|? s ,_aa’+bb’+cc’Z
a+b+c a a+b+c
bc
m:‘);(l)
cyc
Buthyc%=4Rr+r29<:)4-R+r29r<:)R22r;(2)

From (1)&(2) we have equality, then AABC equilateral.
214.a,b,c € C* —differentin pairs, |a| = |b| = |c|, A(a), B(b), C(c). Prove

2,

cyc

that:

(a +b)(a+c)

(a—Db)(a—c) =1 AB=BC=CA

Proposed by Marian Ursdrescu-Romania

Solution by proposer

2,

cyc

(a+b)(a+c)
(a—b)(a—rc)

BH - CH BH -CH
=1 =1 =
AB-AC BC

cyc

cyc

1e

z aBH - CH = abc; (1)

cyc
ButY.,.aBH - CH > abc; (2) true from

aPB - PC+ bPC-PA+ cPA-PB > abc,VPE P

From (1)&(2) it following that AABC is equilateral.
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215.

a b, cdec C —differentinpairs,a+b+c+d+e =0,
A(a),B(b), C(c),D(d),E(e),
a?+b%>+c*+d?*+e?=0,|al = |b| |d| = |e| = 4. Find:
o - [ABCDE]
AB+ BC+ CD + DE +EA
Proposed by Daniel Sitaru-Romania

|c]

Solution by Ravi Prakash-New Delhi-India

16
a+b+c+d+e:0:>2a:():>za:0ﬁzzzo

cyc cyc cyc

:ZabchO

cyc

Next,a® + b2 +c2+d*+e2=0anda+b+c+d+e=0,thus

zzab:<za>z_zaz:zabzozzﬂ:h

cyc cyc cyc cyc cyc
1
256 E —=0= E abc=0
ab
cyc cyc

Let us denote abcde = a, consider the equation whose roots are a, b, c,d and e,

respectively.
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z° — Za zt+ Zab z3 — Zabc z—abcde =0
cyc cyc cyc
Oorz°—a=0;(1)
Let one of the roots of (1) be B.

Then, roots of (1) are B, Bw, Bw?, Bw3, Bw*, where w = cosz?" + isinz?".

leta=B,b=Pw,c=Ppw*d=Lwe=pLw*
2

[ABCDE] = 5[AOB] =5 4*- sin?.
Also, AB=BC=CD =DE =EA

AB =|b-a| = |w - | = |Blle — 1| = |Bllwl|le - 1| = |f||w? - w| = BC ..
Now, by the low of cosines:

2 2
AB? = 0A%? + OB%? — 204 - OBcos? =16+16—-2:-16" 16cos? =

= 32 [1 ~ cos (2?”)] = 64sin? () = 4B = 8sin (%)

~ [ABCDE]

" AB+ BC+CD +DE +EA

_ 5-16-sin(12?n) :4'Singrz?n) —/E+1
5-8-sin (E) sin (§)

Q

216.If a, b, c € C* —different in pairs, |a| = |b| = |c|, A(a), B(b), C(c). Prove
that:

2 2
(Z((a— b)la—c|+(a—c)la— b|)> = (Z |a—b|> -Z|a— b|2 = AB = BC = CA

cyc cyc cyc

Proposed by Marian Ursdrescu-Romania

Solution 1 by proposer

la—b|=AB =c,|lb—cl|=BC=a,,|c—al=CA=b,
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(Z((a—b)la—cl+(a—c)|a—b|)> =<Z((a—b)b1+(a—c)cl)> =

cyc cyc

=(a;+b; +c)?*(@+bi+c)) o

z bia—bib+cia—csc
aq +b1+C1

2
) =al+bi+ctoe

cyc

z (b1 + Cl)a — blb — C1C
aq + b1 + Cq

2
) =al+bi+ctoe

cyc
a,a+bib+cic
a —_—
a, +b, +c,

cyc
2
(Z A1> = a? + b2 + 2 (1)

2
— 2 2 2
) =aj+bi+tcio

cyc

2
But (Z AI) <a?+bi+c%(2)

cyc

From (1),(2) equality holds if and only if triangle ABC is equilateral.

2
r bic{(s—a bic{(s—a
Al=——7= ’ 161 1):>(2)<:>< v T/ 1( 1)> <a?+b?+c%(3)
, s s
smi cyc

From BCS inequality, we have:

(Z M)Z < (Z b1c1> (z = a1> S b=y

cyc cyc cyc cyc cyc

= (3) istrue.

Solution 2 by George Florin Serban-Romania
BC =a',AC = b',AB = c¢’,I —incenter.

Al =
la’ + b+ c'|

aa’' + bb' + cc’ |aa’ + bb’ + cc' — aa’ — ab’ — ac’|
a +b +c B
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[b'’(b—a)+c'(c—a) |b'(a—b)+c'(a—c)
= = =

2s 2s
2s-AI = |b'(a—b) +c'(a—c)| = |(a—b)la—c|+(a—c)la—bl|
Y|@-b)la-cl+@-ca-bl|=2sy aI

cyc cyc

2 2
<Z|(a— b)la— ¢l + (a - c)a— bl|> = 452 (Z‘”) _

cyc

1 2abc A
= 452 ZAIZ+ZZAI-BI = 4s? rzz + zgn— =
A s 2

cyc cyc cyc Sinz 7 cyc

sin=| =
2

5 s+ 1% —8Rr 8Rrsz A
+

— A2
=4s [r )

cyc

15 ( P erzsmg> _ (Zm ] b|>z (zm ] ,,|z> _

cyc cyc cyc
= 452 z a'? = 4s?(2s* — 2r? — 8Rr) = 2s® — 2r? — 8Rr

cyc

8R z A 372 z A s*-3r
— = — = — =
r) sing=s r sin SRy

2

cyc cyc
Let f: (0,) -» R, f(x) = sing,f”(x) = —ising < 0= f —convex.
Applying Jensen inequality, we get:

z ' A<3@SZ_3r2<3@ 2 < 12Rr + 312
Sy =327 "gpr —2 75 =24nrTor
cyc
But 16 Rr — 572 < s?*(Gerretsen). Remains to prove that:
16Rr — 51> < 12Rr + 3r? © 4Rr < 8r* © R < 2r but R > 2r(Euler) then,

R = 2r & AABC equilateral.

217.

10x8 — 480x° + 4032x* — 7680x% + 2560

1234 — 11520 + 13440x% — 3360x* + 180x6 — x8

N[ =R

Proposed by Orlando Irahola Ortega-Bolivia
Solution by Lety Sauceda-Mexico City-Mexico
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x10 + 20x? — 180x8 — 960x7 + 3360x° + 8064x> — 13440x* + 15360x3

+11520x% + 5120x — 1024 =0

20x° — 960x7 + 8064x> — 15360x3 + 5120x _
1024 — 11529x2 + 13440x* — 3369x6 + 180x8 — x10

Dividing with 1024 and let x = 2w it follows that:

10w? — 120w7 + 252w° — 120w3 + 10w B
1—45w2 + 210w* — 210w + 45w8 — w10

Letw = tan(a), x = 2tan(a) then the up rapport is equivalent to tan(10a) = 1.

tan(10a) =1=>10a="=a=—; x =2w = 2tan(1(2k+ 1))
4 40 40

So, x = 2tan (% 2k + 1)) k=1{0,1,234,..}

218. If we have the relation

i ¢3n+1 +(-1)"(Bn+1) 1+ ki (—1)"(n¢ + \/g) + ¢2n+1
Ck
n=0

¢4n+ 1 ¢3n+2

n=0

then find the value of k. (¢p — Golden Ratio)
Proposed by Srinivasa Raghava-AIRMC-India

Solution by Izumi Ainsworth-Lima-Peru

(0]

0 ¢3n+1 + (—1)"(311 + 1) B 1+ kz (_1)n(n¢ + \/g) + ¢Zn+1

i ¢4-n+1 k P ¢3n+2
T U L,
 IE RO RN E
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_1+k|1 1 +\/§ 1), 1 1
B B Rl SR bt A s
- ¢3 ¢

1
e +£<¢f+1>+%(¢?1)|
(1-5) |

¢* P*
(@' + 12 ¢t + 1]

_1+k[ 1 @ V5( ¢* 2

Tk "<(¢3+1>2> 1))
1 ¢* ¢*| 1+k[ 1( ¢3 \/_ @3
5["’3_3(34%)2 3¢Z] k [ ((z¢2)2>+ <2¢2> "’]

11 1+k 1 V5 1
) [(2¢+1)__+¢; Tk <_4¢2+ﬁ_l>

_1+k V51
5(7¢2+3¢)_T<¢3+7¢_Z>

1 1+k ¢ 1

§(7(¢+1)+3¢)—T<(2¢+1)+—+1—Z>

10p+7 1+k/10p+7\ 4 1+k
=k (g )73 ke

219. Solve for real numbers:
2x[x] + 2[x[x]] = 5;[*] — GIF

Proposed by Jalil Hajimir-Toronto-Canada
Solution by Bedri Hajrizi-Mitrovica-Kosovo
x[x] + [x[x]] =25 [x[x]] =2,5— x[x]
2,5 — x[x] < x[x] < 3,5 — x[x]
1,25 <x[x] <175= [x[x]] =1
1,5

x[x]+1:2,5:>x[x]:1,5:>[x]:T
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—<x<—+1

3
(I)—\/:Sx<

[—\/El >:>[x]e{2 -1} >

x € {—0,75;—1,5} — no solution.

(II)\/§Sx< 1+2ﬁ:>[x] =15={1)
220.
n k+2
a- z (x+1)dx
Y f x* +4x3 + (4i + 2)x2 + (8i — 4)x + 4i%2 — 4i
=1 k+1

Q= Il(im Ak3

Solve for natural numbers:

Q n
(6) B (2014)
Proposed by Costel Florea-Romania

Solution 1 by Adrian Popa-Romania

k+2

(x + 1dx

I = =
kfl (x2+2x+ Zn)(xZ +2x+2(n— 1))
+

k+2
1 f (x +1)dx

k+1

2+2x+2n-1) 2
k+1

2+2x+2(n-1)=t 1

k+2
1 f (x +1)dx

I, = =
172
k+1

1
lg(

IZ:E xZ2+2x+2n

k+1

x2+2x+2(n—-1)

k+2
1 (x +1)dx
f S S-—-h— I
xZ2+2x+2n

(k+3)%2+2(n-1)-1

2
(k+2)2+2(n-1)-1

(k+3)%+2n-1

k+2
1 f (x +1)dx  x2+2x+2n=t 1

(k+3)?2+2(n-1)-1
(k+2)2+2(n—-1) — 1)

(k+3)2+2n-1

dt 11
f T g((k+2)2+2n 1)

(k+2)2+2n-1

21|
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Hence,

1v (k+3)2+2(i-1)-1 (k+3)2+2i—1
AZ—Z log - —log - =
4_1 (k+2)?2+2(i—-1)-1 (k+2)2+2i—1
i=
1 (1+ 4nk + 10n )
k* + 10k3 + (2n + 35)k2 + (8n+50)k + 6n + 24

On the other hand,

ZZlog

4nk + 10n

1
_qs 3" 1;
Q—Ilcl_{loloAk —4Ilcglc>1010g 1+

k*+10k3 + (2n + 35)k%2 + (8n+ 50)k + 6n + 24

E

k- oo

lim (4nk+10n)k3
limE = ek~°k*+10k3+(2n+35)k?+(8n+50)k+6n+24 — g4n

Therefore,
n n n n
(6) - (2014) = (6) = (n _ 2014) >6=n-2014>n=2020

Solution 2 by Ravi Prakash-New Delhi-India
x4+ (An+2)x2 +(Bn—4)x +4n? —4n =

=[x+1)?+2(n-1)]*-1

k+2
: (x + 1dx
I, = f

xt+4x3+(An+2)x2+(Bn—4)x +4n? — 4n -

k+1

k+2
_ (x+1)dx (x+1)2+2(n-1)=t

B [(x+1)2+2n-1D]2 -1
k+1

(k+3)%2+2(n-1)

= —— +—
71 4log 4log

(k+2)2+2(n-1)

(k+3)2+2n-3

A_Z":I _12"11 (k+3)+2r—1\ - ((k+2)?+2r —1\] _
T LAl °I\tk+3)2+2r—3) P9\ k+22+2r-3)| "
r= r=

1 (k+3)?2+2n-1\ 1 (k+2)*+2n-1\ _
Z°g< (k+372 -1 >+Z°g< k+272-1 >_

1 dt 1 (k+3)2+2n—-1\ 1 (k+2)?+2n-1
(k+2)2+2n-3

)
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—11 (1+ 2n ) 11 (1+ 2n )_
—3°9 (k+2)2—-1) a°9 (k+3)2—-1)

_1 2n 2n 1 n 2 1 mn 2 )
_Z[(k+2)2_1_(k+3)z_1+i(m) _E(W) +] =

n (k+3+k+2) 1
- E[((k Y2 - D((k+3)2 -1 ° (F)]
Hence,

0= lim Ak = i 2k* + 5k3
= lim =—Ilim =n
k=00 20 \((k+2)—1)((k+3)2-1)

Therefore,

(Z) - (20"14) = n = 2020

221. Find all real numbers a > 0 such that:
sin?(Vax**??) + cos? ((a2 — 1)x2020) =1,VvxeR

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Tran Hong-Dong Thap-Vietnam
sin?(Vax?02%) + cos? ((a:Z — 1)xZ°Z°) =1,; (x) true for all x € R if and only if:
Vax?020 = (g2 — 1)x?920 yx e R &
(a? —Va—1)x*"2 =0,vxeER &
aZ—-Ja-1=0e a?=1++Ja
So, for @ > 0 such thata? = 1 + Va (a = 1,2207) = (x) is true for x € R.
222. Solve for real numbers:
(x — kD™ + (x + [x])**] = 4; [«] - GIF
Proposed by Jalil Hajimir-Toronto-Canada
Solution by Michael Sterghiou-Greece

(x — [0 + (x + [x])** ] = 4; (T)
In the below we treat on R only integer powers of negative numbers.
Ingenerala? e Cwhena<0andb ¢ Z*
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Also 0%can be undefined or be assigned the value of 1.

Now:1)if0 <x <1then[x] =0and (T) = {x}* +x* =4

0 <{x} =x—[x] <1lso{x}*¥ <1andx* <1, nosolutions.

2)if 1 < x then x + [x] > 2 as both [x] = 1, x > 1 therefore,
(x + [x]) @D > 22 = 4 and (x — [x])*~[*D > 0 No solutions.

3) if x = 0 then (T) is undefined or reducesto 1 + 1 = 4.
4)if x = 1 then (T) is undefined (x — [x] = 0) or reduces to 1 + 4 = 4 (false).
5)if x € Z_ then x — [x] = 0 and x + [x] = —2]|x]| so (T) either undefined or reduces to

1 7 1)\2lx 1 /1\2 ¢ .
4=1+ —(—) <2as|x| >1and — (—) < -, contradiction.
4lxl \|x| 4lxl \|x| 4

Therefore, with the above assumptions set of solutions = @
223. Solve for real numbers:

[x%] + x% = 2x[x], [*] — GIF
Proposed by Jalil Hajimir-Toronto-Canada

Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo
letx=k+a keZac[0,1)
[k? + 2ka + a?] + k* + 2ka + a? = 2(k + a)k
2k? + [2ka + a?] + 2ka + a? = 2ka + ak?
For a = 0, we get solution x = k.
Fora # 0: [2ka+ a?]+a?>=0
Being that a € (0,1) = a? € (0,1), so [2ka + a?] = —a? € (—1,0) which is impossible.
Solution 2 by Rachid Iksi-Morocco
[x2] + x% = 2x][x]
x = [x] is a solution for the equation.
Dx]l>0=x2<xt= ]2 <[x?]=
[x]? + x% < [x2] + x%2 = 2x[x] =2 22+ [x]* = 2x[x] <0 =
(x—[xD?<0=x=[x]
2)[x] < -1=[x]? =x% = [x%] =
[x]? + x% > 2x% > [x?] + x? = 2x[x]
= x? > x[x] = x <[x]as[x] < —1,x <0 = x = [x] is the solution.

So, x = [x] is the only solution. Set is Z.
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224. Solve for real numbers:

[x%] + x% = 2x[x], [*] — GIF
Proposed by Jalil Hajimir-Toronto-Canada

Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo
letx=k+a keZa€c[0,1)
[k? + 2ka + a?] + k*> + 2ka + a? = 2(k + a)k
2k? + [2ka + a?] + 2ka + a® = 2ka + ak?
For a = 0, we get solution x = k.
Fora # 0: [2ka+a?]+a?>=0
Being that a € (0,1) = a? € (0,1), so [2ka + a?] = —a? € (—1,0) which is impossible.
Solution 2 by Rachid Iksi-Morocco
[x2] + x? = 2x[x]
x = [x] is a solution for the equation.
Dx]=0=>[x]? <x?>[x]? <[x*]=>
[x]? + x% < [x2] + x% = 2x[x] = x2 + [x]* = 2x[x] < 0 =
(x—[xD?<0=x=[x]
2) [x] < -1 = [x]? = x% > [x?] = [x]? + x% > 2x?% > [x%] + x% = 2x[x]
= x? > x[x] = x <[x]as[x] < —1,x <0 = x = [x] is the solution.
So, x = [x] is the only solution. Set is Z.

225. Solve for real numbers:
2+x2+y’+ 22 +tP =xy+yz+zt+tx+2x—y+z—t

Proposed by Mihaly Bencze-Romania

Solution by Chris Kyriazis-Greece
4+2x2+2y2+222 +2t* =2(x +z2)(y+t) +4|(x+z) - (y+ )| ©

(x+2)?+(+0)*-2x+2)(y+ ) —4l(x+2) - (y+ )| + 4+ x* +y? + 7°
+t2—2xz—-2yt=0&
x+2) -+ )P -4l(x+2) - (y+D)|+4+(x-2)’+(y-t)*=0e
(lx+2)-(y+D|-2)2+(x-2)*+(y-1)>=0
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This means:

x=z x=1z x=z
y=t @{ y=t or{ y=t
[x+z—(y+t)|=2 x—y=1 x—y=-1
Casel) Ifx = 2,y = t,x —y = 1, we deduce that the solution is:
{(x,x—1,x,x—1) | x € R}
Casell)Ifx = z,y =t,x — y = —1, we deduce that the solution is:
{(x,x+1,x,x+1) | x€ R}

226. Solve for real numbers:

xy+yz+zx =3
Proposed by Daniel Sitaru-Romania

Solution by George Florin Serban-Romania

Z Xy CBSZ Xy Z xy 3
:> = =
\/(1+x2)(1+y2) xy+1 xy+1— 2

cyc cyc cyc
xy—1+1 3 1 3
Yt rr e Nt 5ee)2 o Mg ets
xy+1 xy+1 2 xy+1~ 2
cyc cyc cyc
1 Bergstrom 9 3
> = — = = =

ny+1 - (xy+yz+zx+3 2:>xy yz=zx=1

cyc

(xyz)?=1,xyz>0=>xyz=1=>x=y=z=1

227. Solve for real numbers:

x[yl + ylz] + z[x] = 11
x[z] + y[x] + z[y] = 11
x[x] + ylyl = z[z] = 14

[«] —is the greatest integer part of x
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Proposed by Jalil Hajimir-Toronto-Canada

Solution by Santos Martins Junior-Brusels-Belgium
Adding up equations of the system yields:

(x +y+2z)([x] + [y] + [2]) = 36
([x] + [y] + [2] + {x} + {y} + {zD)([x] + [y] + [2]) = 36
([x] + [yl + [zD? + ({x} + {y} + {zD([x] + [y] + [2]) - 36 = 0
Quadratic in ([x] + [y] + [2])
whose discriminant D must be a perfect square > 0
D = ({x}+{y}+{z})>+ 144
We know that by definition 0 < {r} < 1 for any real number r
Hence 0 < {x} + {y} + {z} < 3
implying that D is a perfect square only for {x} + {y} + {z} = 0
=>{x}={y}={z} = 0= x,y,zare all integers.
Hencesystem becomes: xy + yz + zx = 11; (1) and x2 + y2 + z2 = 14 ;(2) where
x,y, z are all integers
From (2) we easily get that the triplet (x,y,z) = (1,2, 3) and its permutations and the

triplet (x,y, z) = (—1,—-2,—3) and its permutations are solutions of the system

228. Solve for real numbers:

(Y (x+3)2+63(z-3)2=53(x-3)(y +3)

|
4 x,y,z>0

2x? N 2y? N 2229
LyZ(y+Z) zx(z+x) xy(x+y) x+y+z

Proposed by Daniel Sitaru-Romania
Solution by Rahim Shahbazov-Baku-Azerbaijan

¥y P (xry+a)

a b ¢ 3(a+b+c) (Holder)
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z 2x* 2 z x3 - 2 (x+y+z2)3
yz(y +z) xyzliy+z~ xyz 6(x+y+z)
cyc cyc

+y+z)?
_Gty+a? 9

AGM
S>(x+y+2z)3 > 27xyzox=y=z>

3xyz Tx+y+z
V(x+3)2+63(x—3)2=5(x—3)(x +3)
Lett = i* >t2-5t+6=0=t; =2;t, =3

Hence,

3[x+ 3 27 3[x+3
=2>>x= :>x—
x—3 x—3

Therefore (x,y,z) = {(? 277 277 (% % %)}

229. Solve for real numbers:

x,y,z>0
4|32(x’5+y5+1):(x+y)5+(x+1)5+(y'"1)5
x2 + z2
l\ x+2z=+/xz+ 5

Proposed by Daniel Sitaru-Romania

Solution 1 by Alex Szoros-Romania

f:(0,0) > R, f(x) = x° = f'(x) = 5x* f'(x) = 20x* > f(x);f(y) > f(xery)
XHyYS xS a1+ 1\ Y1y + 1y
ﬁzz(z)’zz(z),zz(z)ﬁ

5 4 5 5 5 5 5 5
X y+x +1+y +12(x+y) +(x+1) +(y+1)
2 2 2 2 2 2
32(x5+y5+1) > (x+y)° + (x + 1) + (y + 1)% vx,y > 0
32(x°+y°+1)= (x+y)°+(x+1)°+(y+1)Sox=y=1

1+ 272

x=1=21+z=+z+ 5
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z(1+2z2) 1+ 2z
1+2z+2z2=2z+2 +
2 2
:>zz+1+ _, z(1 + z2)
2 77 2

(z+1)?2=22z(z2+1) e (z+1)*=8z(z*+1) &

zt — 473 +6z2 —4z+1 =0 © x =y = z = 1solution.

Solution 2 by Ravi Prakash-New Delhi-India
For x,y > 0 we have:
16(x% +y5) > (x + )5 © 15(x5 + ¥°) > 5x*y + 10x3y + 10x%y> + 5xy*
& (x5 —xty) +2(x% —x3y?) +2(x5 —x2y3) + (¥ —xy*) = 0
extx-y)+2x°(* - y?) -2y (x* - y) -y (x—y) 2 0
o (- yNx-y)+2(x3 - y)(x® - y*) =20
Thus, 16(x° + %) > (x + y)°
Equality holds when x = y.
Now,32(x5+y°+1)= (x+ )5+ (x +1)5 + (y + 1)°
[16(x5 +y5) — (x + y)5] + [16(x° + 1) — (x + 1)°] +[16(y° + 1) — (y + 1)5] = 0
& 16(x° +y°) = (x +¥)%,16(x° +1) = (x + 1)%,16(y° + 1) = (y + 1)°

© x =y = 1. Next,
1
x+z=+xz+—=+x2+ 2% (2)
V2
Put: x = r cos0,z = r sin@ , hence (2) becomes

1 b4 1 1
cos0 + sinf = \/sin0 cos6 + — = V2sin (0 + —) = —./sin(20) + —
“ N (0+3) =G+

Put@ — 7 = @ sothat —7 < ¢ <7, hence

2cos@ = /cos(2p) +1
& 4cos’@p —4cosep+1 =2cos’p —1

& 2cos’@ —4cosp+2 =0

29 | RMM-ABSTRACT ALGEBRA MARATHON 201-300



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
& (cosp — 1)? =0<:)(p=0<:>0=%,thusz=x=1.

Therefore,x =y=2z=1.

Solution 3 by Abdul Hannan-Tezpur-India

5

%) =@+ b

a® + b°\ power—-mean a+
Va,b>0,l6(a5+b5)=32< > 32(

2 = 2
Equality holdes if and only ifa = b.
= 32(x% +y5 + 1) = 16(x5 + y%) + 16(x° + 15) + (y° + 15) (z)
>(x+y)S+(x+1)5+(y+1)°
Since equality holds, x = y,x = 1,y = 1 which implies thatx =y = 1.

2,,2 AGM 24,2 24,2
On the other hand, % +xz > 2 |xz (x ;z ) with equality iff% =xz &

x-2)?2’=0ox=z

, X2+ 77 x? + 7% x2 + 7% x2 + 72
> (x+2)? = > +xz + > +xz > > +xz+2 (xz =

2

x2 + z2 - x2 + 72
= +yxz | =2x+z>
2 2

Since equality holds, z = x. Therefore,x =y =z = 1.

+Vxz

230. Solve for real numbers:

(5 5

1=+ a2y + L= BB+ 38 + 2ty
y x
i 3xy +y* «x

1+3y2 w

Proposed by Orlando Irahola Ortega-Tarija-Bolivia
Solution by Rahim Shahbazov-Baku-Azerbaijan

x5 Y5  x6+x3y3 +yb
—+x¥y?+—= (x0+ x3y3 +y0 > >
y x°y p xy T xX°+xtyt +y O0=>xy>0

If x, y < 0 then second question is not true, so we have x,y > 0.
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(x6 + x3y3 + y6)2 — 3x2y2(x8 + x4y4 + ys); (1)

)
A=x*>+1vy% B=xy= (A3 — 3AB? + B3)? = 3B%(A* — 4A%B? + 3B*%)

(3 -3t+1)? =3(t4—4t2+3),wheret=%22
St -9t + 283 +21t2 - 6t—8=0
= (t —2)(t5 + 2t* — 53 — 8t2 + 5t + 4) = 0, true because
t5+2t* -5t —-8t2+5t—4=(t—-2)t*+4t3+3t* -2t+1)+6 >0
t=2=x%+y?=2xy= x=1ythen, we get:
3x2+x* x 3x+x® 1

= T = =—:x#0
1+3x2 mw 1+ 3x2 n"xi

Let x = tanhx = tanh(3x) = % = % = i
e -1 1 oy TTH1 1 m+1
Tl m —m“—a"’g(m)
Therefore,
xX=y= tanu;uzllog(n—ﬂ)
6 m—1
231. Solve for real numbers:
x,y,z>0

tan(1024x) + tan(1024y) + tan(1024z) = 0
X+y+z=m

Proposed by Daniel Sitaru-Romania

Solution by Mohammad Rostami-Kabul-Afganistan
tan(1024x) + tan(1024y) = —tan(1024z); (I)
x+y+z=m=>x+y=m—z>=>1024x+ 1024y = 1024w — 1024z

= tan(1024x + 1024y) = tan(10241w — 1024z)

tan1024x + tan1024y tan1024
—1 = —
1— tanl024x -tan1024y 0 04%

tan1024x + tan1024y =
= tan1024x + tan1024y — tan1024x - tan1024y(tan1024x + tan1024y)
& tan1024x - tan1024y(tan1024x + tan1024y) = 0
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{tan1024x -tan1024y = 0; (II)
tan1024x + tan1024y; (III)

km
(tan1024x=0 _)*~ 1024, , .,
(")'{tan1024y=0:> kmokkEL
Y~ 1024
(D&WID):tan1024z=0=>z = 1024 k"' eZ
fk=k=0=>x=y=0k"=1024={*~Y=0
Z=T
Ifk’=k”=0:>y=z=0,x=n',k=1024:>{ y=z=0
X=T
|fk:k":0:>x:z:0,y:n,k':1024:{x:f:0
y=m
kn  kKm  k'm
x+ty+tz=m= :>—(k+k’+k”)—

1024 1024 1024 - 1024
k+k'+Kk'""=1024
km k'm k'’

— . + + — 1 14
1024'Y "1024'% " 1022 Xty ek k€L

X =

232.I1f A € M5(R) such that det(4%? — 34 + 313) = 0. Prove that:
2det(A% + 313) > 3(detA + 3)?
Proposed by Marian Ursdrescu-Romania

Solution by proposer
det(A? —3A+ 31;) = det(A + al3)det(A — al3) = 0; (1), where a € Cis root of

—3+i (1)
31;\/5,a+c7——3a =3=

equationx* +3x+3 =0,a =

det(A+ al;) = 0ordet(A— al;) = 0;det(A+ al3) = 0;(2)

Let f(x) = det(A + xI3) = detA + a,x + ayx* + x3 (=Z:2 fa)=0
= detA + a,a + a,a? + a2 =0;(3)
Buta=—-1+¢ wheree2 +e+1=0o0re& =1,;(4).
From (3),(4) we have: detd + a,(e — 1) +a,(e —1)>+ (e —-1)3=0>

detA—a, +a;e—3ca, +3(2c+1)=detA—a, +3 +&(a; —3a, +6) =0
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1
a, =detA+3,a, = E(detA +9) >
1
f(x) =detA+ (3 +detA)x + 3 (9 + detd)x? + x3
f(iV3) = det(A + iV3) = detA + (3 + detA)iV3 — detA — 9 — i3V3 =
= —9 + iV3detA = —(9 — iV3detA)
f(-iv3) = det(A - ivV3) = —(9 + iV3detA)
f(iV3)f(=iv3) = det(A + 31;) = 81 + 3(detA)?
BCS 3

= 3(9 + (detd)?) > E(detA + 3)?

233. If x1,x3, ..., X921 @re positive real numbers such that:

1 1 1 1
+ + .o+ =
1+x; 1+x, 1+ x3021 2020
Prove that: X1 X " Xp < 202;2021

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
2021 2021

1 xi
:2020@2 =1
' i—11+xi

1 X; X; AM-GM X
=1-——= > 2020°°]| |[—L->
1+x; 1+x; Lil+x; 11 +x;
JE J#u

2021
1

X 2021 | |
= 2020 . .
1_[1_[1+xj (1 - %2 x")_11+xi
i=

i=1 j=i

ey
+
=

Therefore,

1
xl-xz-...-xHSW

Solution 2 by Marian Ursdrescu-Romania

1 1 1 1
+ + .+ =——= 3a,,ay, ..., Az921 € Rsuch that:
1+x1 1+x, 1+x2021 2020

Because
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. a, . a;
T s+t X ot
Qy T A3+ T Uz021 a1 T A3 T T U021

2021
a; +a; + -+ ayoz

X2021 =

We must show that:

a1 Az A3 ...  Az021 < 1
(a; +az + -+ azpp)(@y + dg + -+ dypp1) - (@g + @y + o + dy050) — 20202021
(a; + az + -+ aypp1)(@y + @z + -+ @z021) - (@ + @y + 0+ @g020) =
> 2020221 . q -, - ag ... dygpq; (1)
@y + a3 + -+ Apgpq 2 2020°%apas - .- Apepy
(a, + oz + -+ dygpq = 2020 /azasz - .- dz01
J“l +ag e+ @z 2 2020° @ as - @z (1) is true. Proved.
l“1 + 0y + o+ @0 = 2020%% gty - .- da0z0

234.A,B,C e M,,(R),ne Nyn>2,AB = BA,AC = CA,BC = CB.
IfA+ B+ C=1,thendet(AB + C) - det(BC+ A) - det(CA+B) >0
Proposed by Marian Ursdrescu-Romania

Solution 1 by proposer
det(AB+C) =det(AB+1,—A—B) =det(A(B—-1,)+1, — B) =
=det((B-1,)(A-1,)) = det(A — I,)det(B — I,,); (1)
det(BC+ A) =det(BC+1,—B—C)=det(B(C—1,)+1,—C) =
=det((C - I,)(B-1,)) = det(B — I,,)det(C — I,,);(2)
det(CA+B) =det(CA+1,— A—-C)=det(C(A-1,)+1I,—A) =
=det((A-1,)(C—-1,)) = det(A - I,,)det(C - I,,); (3)
From (1),(2),(3) it follows that:
det(AB + C) - det(BC + A) - det(CA+ B) > (det(A — I,,)det(B — I,,))det(C — I"))2 >0
Solution 2 by Alex Szoros-Romania

A+B+C=1,>C=1,-A—B
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AB+C=AB+1,-A-B=A-1,)(B-1,) =

det(AB + C) = det(A — I,))det(B — I,,); (1)
BC+A=BC+I1,-B-C=B-1,)(C-1,)>
det(BC + A) = det(B — I,,)det(C — I,,); (2)
CA+B=CA+1,-C-A=(C-1,)4-1,) >
det(CA+ B) = det(A — I,,)det(C — 1,,); (3)
From (1),(2),(3) it follows that:
det(AB + C) - det(BC + A) - det(CA+ B) > (det(A — I,,)det(B — I,,)det(C — I"))2 >0
Solution 3 by Ravi Prakash-New Delhi-India
AB+C=AB+I1,-A-B=A-1,)(B-1,)>
det(AB + C) = det(A— I,))det(B — I,,); (1)
BC+A=BC+I1,-B-C=B-1,)(C-1,)>
det(BC + A) = det(B — I,,)det(C — I,,); (2)
CA+B=CA+1,-C-A=(C-1,)4-1,) >
det(CA+ B) = det(A — I,,)det(C — 1,,); (3)
From (1),(2),(3) it follows that:
det(AB + C) - det(BC + A) - det(CA + B) > det?*(A — I,,)det?(B — I,))det*(C—1,) > 0

235.4 € M,(R), TrA + detA = 2. Prove that:
det(A*? +detA-A+TrA-I,) > 4

Proposed by Marian Ursdrescu-Romania
Solution 1 by proposer
p(x) = x* —TrAx +detA, A+ A, =TrA 1A, =detA

det(A’ +detA-A+trA-I,) =
= (A3 + detAA, + TrA) (A} + detAd, + TrA) =
= (A142)% + 222, detA + 23TrA + detAA, 2% + (detA)?* A, A, + detATrAA, + TrAA3
+ TrAdetAA, + (TrA)? =
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= (detA)? + (detA)?’TrA + TrA((TrA)? — 2detA) + (detA)? + detA(TrA)?

+ (TrA)? =
= (TrA)3 + (detA)? + (TrA)? + (detA)? + detATrA(detA + TrA) — 2detATrA =
= (TrA)3 + (detd)? + (TrA)? + (detd)?; (1)
(detA + TrA) =2 = (TrA)? + (detA)? = 4 — 2TrAdetA; (2)
(detA + TrA) =2 = (TrA)? + (detA)?® = 8 — 6TrAdetA; (3)
From (1),(2),(3) it follows that:
det(A*? +detA-A+TrA-I,) = 12 — 8TrAdetA; (4)
4TrAdetA < (detA + TrA)? = 4 = TrAdetA < 1;(5)
From (4),(5) it follows that:
det(A’ +detA-A+TrA-1,) > 4
Solution 2 by Alex Szoros-Romania

4= (Ccl Z) € M,(R),TrA = a+dn£t t;detA = ac — bd net )

A2 —tA+ 81, = 0, = A? = tA - 481,
A2+ 8A+tl, =tA— 08I, + A+ tl, =2A+ (t — 8)I, =
:2A+(z—25)12:2[A+(1—5)12]:4|“+:_5 d+l;—6|
det(A2 +8A+tl)) >4 (a+1-6)(d+1-6)—bc=>1s
2—8—-t6+t>028°-46+2>0o(6-1)?2=>0
Solution 3 by Ravi Prakash-New Delhi-India

Let: A = (‘cl Z

We are given: TrA + detA = 2. Also, by the Cayley Hamilton theorem:

) € M,(R), TrA=a+d;detA = ac — bd.

A2 —TrA-A+detA-1,=0,=> A>=TrA-A—detA I,
Now, A% +detA-A+TrA-1, =TrA-A—detA-I, +detA-A+TrA-I, =

2a +d b
=2(A+(T7'A—1)Iz):2| ac 2d+a—1|:>

det(A’ +detA-A+TrA-I,) =4(1—4(a+d) + 4ad + 2(a®? + d?) + 2) =
=4(1+2(a+d—-1)3)>0
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236. z4, z,, z3 € C* —different in pairs such that

|z1] = |z2]| = |z3] = 1,A(z41), B(z3), C(23). If
1
3|221 — Zy —23| + |222 —

1
=—-—=>AB=BC=C(CA

zy—z3| 4
cyc

Proposed by Marian Ursdrescu-Romania
Solution by proposer

21| = |z;| = |2z3| = 1, A(24), B(22), C(23); AABC < €(0,1)

1 1
SRPEN
3122y — 2z, — z3| + 122, — 21 — 23] 4

cyc

1 1

—. 1 1)
z, +2 z +z Z ’(
CyCZ 3|Z1— 22 3|+|Zz Zyt273 3 3ma+mb

cyc

1 Cis 9

= 1 (2)
3ma +m, 4'(ma +m, + mc)

cyc

1

=
I3
N[O

9R
Butm, + my,+m, < —

;(3)
From (2),(3) we get: 1> 2

2 7 4(mg+mp+m;)

\Y
Nhel
I

9RRZ19
ma+mb+mc__ - _(4')

From (3),(4) it follows that AABC —equilateral.

237. 24,25, 25 € C* —differentin pairs, |z{| =

= |z,| = |23, A(z4), B(2;), C(z3)

cyc

(z1 — 22)|z4 — 23| + (21 — 23) |21 — 25|

22y — 7, — Z3

:Z|zl—zz| = AB =BC = CA
cyc
Proposed by Marian Ursdrescu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let O —circumcenter of AABC is origin of the complex plane.

|z4] = |z,]| = |z3] = R; |z, — z,] = AB = ¢ (and analogs)

(24 — 23)|2q — 23| + (21 — 23) |24 — 25| = |b(24 — 2;) + (24 — z3)| =
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=|la+b+cz; — (az, + bz, + cz3)| =

az, + bz, + cz;
=2s|z4 — =2s-Al
a+b+c
Zy +Zg
1221 —z; — 23| = 2 =2m,
(z1 — z2)|zy — z3| + (21 — 23) |21 — 2z, || _ Al
=) lz1—zle ) —=
27y — 2y — 73 m,
cyc cyc cyc

We know that:

Al 1 1 b+c B
m——rz .A—"Z .A—rz A_. 4

cyc a cyc maslni cyc WaSlnE cyc ZbC * COSESlnE

b+c
—arr Y,
abc

cyc

Therefore:

Z,—2y)|zy — 23| + (21 — 23)|2, — 2
z ( 1 z)l 1 3| ( 1~ 3)| 1 Zl Z|ZI_ZZ| =>AB=BC=CA
221_22_23

cyc cyc

Equality holds if and only if triangle is equilateral.
Solution 2 by proposer
|z1| = |z,| = |z3] = R, A(z4), B(2;),C(23), AABC < €(0,1)
(z1 — z2)|zy — 23| + (21 — 23) |21 — 2,

= Z,—Zm| &
z 271 — 7y — 23 zl 1 2l

cyc cyc

=AB+BC+(CA &

Z (z1 — 22)AC + (24 — z3)AB

zZ, + 2
cyc 2(21 22 3)
Z{ —Z,)b+(z; —z;3)c
2 |(1 Z) (1 3)| 2( ; )

ZZ + Z3
cyc

(b + C)Z1 — bz, — cz3]
ma

=2(a+b+c)o
cyc

a+b+c)z, —(azy + bz, +cz Al
I )z, — (az, 2 3)|:2@zm_:2;(1)

m,
cyc cyc
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But: m, > +/s(s—a)and Al = =

sins
2

r

Al
ey
mg,

r
cyc es(s—a sing ;m (s—bggs—c)

cyc cyc cyc

From (1),(2) it follows that AABC —equilateral.
238. \/(x+y)d—2) +/(y +2)2 - ) +/(z+ )4 —x) + J(t +©)(2 - y) =

> Ss=x+y+z+t

B \/552 — 245 + 144
Find: Q = xyzt
Proposed by George Florin Serban-Romania

Solution 1 by proposer

AM-GM x+y+4—2z AM-GM y +Z+2—t

Jax+y)d-2z) < — S JO+2-0 < 5

AM-GM z+t+4—x AM—GMt+x+2—y

Jz+t)d-x) < f,w/(t+x)(2—y) < >

Thus,

\/5s2—24-5+14-4-<s+12
2 -2

\/(ZS)Z +(12-5) _25+(125) _ \/(ZS)Z +(12 — 5)?
2 - 2 - 2
Applying AM-GM inequality, equality holdswhen 2s = 12 —s,s =4 —
x+y=4—-zy+z=2—-tz+t=4—xt+x=2-y
X+y+z+t=4x+y+z=4->t=0x+z+t=4->y=0,x=2,xyzt =2020.
Solution 2 by Michael Sterghiou-Greece
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Va+y)@E-2)+/y+2)2-t)+Jz+ )4 -x) +/(t+ (2 - y)

_ \/5s2 —24S+144
= - :

s+12
2

We see that (x,y,z,t) = (2,0, 2,0) is the only solution giving LHS ;) = 8 = RHS 4, with

s+12

x,y,z,t € N.By AM-GM, LHS () < >

and RHS 1) <

—>%(s—4)zs 0->s=4
s = 4. Therefor, Q@ = xyzt = 2020.

239. Find x € (0, ir) such that:

x%sinx — 2xcosx — 2sinx>
=x

tan '(x + 1) + tan”12 + tan™! | :
x“cosx — 2xsinx — 2cosx

Proposed by Daniel Sitaru-Romania

Solution by Mohammad Rostami-Kabul-Afghanistan

( tanl(x+1) =a tana = x+1
J tan 12 =p tanp = 2
x%sinx — 2xcosx — 2sinx

x2cosx — 2xsinx — 2cosx

— x*sinx — 2xcosx — 2sinx
an p
l x2cosx — 2xsinx — 2cosx

> =y tany =
a+pB+y=x>=tan(a+ p +y) =tanx >
tana + tanf + tany — tana - tanf - tany

= tanx
1—tana - tanf — tanp - tany — tany - tana

x2sinx — 2xcosx — 2sinx x2sinx — 2xcosx — 2sinx
> - -2(x+1)= -

X“cosx — 2xsinx — 2cosx X“cosx — 2xsinx — 2cosx

x2sinx — 2xcosx — 2sinx x2sinx — 2xcosx — 2sinx

x2cosx — 2xsinx — 2cosx x2cosx — 2xsinx — 2cosx

(x3 +7x% — 6)cosx + (—2x3 — 3x% — 2x + 2)sinx

(x+1)+2+

= tanx

1-2(x+1)—-(x+1)

=t =
(—2x3 +x2+10x + 2)cosx + (—x3 + x2 + 4x + 6)sinx anx
—2x3 —3x2-2x+2=-2x3+x2+10x + 2
X+7x-6=0
—x3+x?+4x+6=0
N—2x3-3x*—2x+2=-2x3+x>+10x+2>4x*+12x=0

{ x=0¢ (0,m
x=-3x¢(0,m)
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INxX3+7x*-6=0=>((x3+x?)+(6x*-6)=0>(x+1)(x?+6x—6)=0
x+1=0=>x=-1¢ (0,7
{ —Gizm:{xZ—B—\/E€(0,n)
2 x =-3++15€ (0,m)
IHD—x3+x*+4x+6=0>—(x3-27)+(x*—-9)+4(x-3)=0
x—3=0=>x=3€(0,m)
(x—3)(—x2—2x—2)=0:>{ A<O
xX2+2x+2=0=0
240. Let 4 = 2 be positive real numbers. Solve for real numbers:

A+1+x)@A+x)(A—-1+x) 3(924*-1)
A+1-x)QA-x)A1—-1-x) 1-242

X2+6x—6=0=>x=

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
A+1+x)@A+x)(A—-1+x) 3(94*2-1)
G i-n@-0G-1-n 1-2 '™
A+2)((A+x)?%-1)  3(92*—1)
CO-0G-0t-1) 1-22

(A+x)((A+x)?2-1) _ 3(92%-1)
(x-»(1-(A-02) 1-22

x3+3Ax2+@BA22-1)x+13 -2 2722-3
= =
—x3+3Ax2—-3A2—-1)x+A3 -2 1-— A2

& (2622 — 2)x3 — (8422 — 122)x% + (784* — 3242 + 2)x —28A°> + 3243 —41=0
e (x=220[(1322 — 1)x? — (1623 —4)x+ (714 —822+1)] =0
e x=220r(132%2 —1)x? — (1623 —42)x+ (7A* -822+1) =0
A=(1623—-42)? —4(1322 —1)(72* - 82 + 1) =
= —2921% —792*(A2 —4) - 6722 - (12 —4) < 0;(1 = 2)
Hence, (134% — 1)x? — (1623 — 42)x + (72* — 81% + 1) = 0 does not admit a real

= x = 2 isasolution of ()

solution, then § = {24} is unique solution.

241.x € [O,Tﬂ,n €{2,3, . .}xat+(e*+a3)" < 21 -
22”
Find x and n.

Proposed by Pavlos Trifon-Greece
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Solution by Chris Kyriazis-Greece
Let f(x) = x" + (e* +x3)", x € [OE] n=2-

f'(x) =nx"1+n(e*+x3)"1(e* + 3x%), VxR

So, f —continuous at [0%] , f —is strictly increasing. Then attains maximum at x = 0, so

()2 £(0)=1,vx €07

it holds then —

21
- >1-522 <1->
2271 22”

1=

If there is one x € [Og] such that f(x) <
2—1s0—>ns2andhown22—>n:2,thusf(x)s1.

But for every x € [0%] we have f(x) > 1.Soifthereisax € [0%] such that f(x) < 1t

must be f(x) = 1. This holds if and only if x = 0 because f —strictly increasing.

So, x = 0,n = 2 easy to check that verify the conditions.

242. Solve for real numbers:

2020 2021 T 3 g
z Z(x+i2)(x+ 2) = fslo 2tan’x + 4cot’x

J 3 9\ 2cot3x + 4tansx
i=1 j=1 6

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

™

3 2tan3x + 4cot°x 3 2cot3x + 4tanSx
IZLlog dx=f log dx =
6

2cot3x + 4tansx L3 2tan3x + 4cot°x

. 3 ; .
3 —- t4tan’x 3 tan’x(2 + 4tandx
:f log tan3x dx:f log( 4i2 = )>dx;(1)
2tan3x + ; 5 tan®x

ansx

3

2 8
+ 4tanSx u tan’x(2 + 4tan®x)

4
3 2tan’x + tanSx 3 2tandx + 4
So,I = f log 5 dx = f log dx; (2)

tan3x

T
(1) + (2): 21 = ﬁ logldx =0
6
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2020 2021

Z ,-:Z(x+iz)(x+jz) =

2020 - 2021 - 4041 2021 - 2022 - 4043
= (2020x + )(2021x + ) =0
6 6
2021 - 1347 674 - 4043
hETTTy T T

Solution 2 by Serlea Kabay-Liberia

™

(a.b) = f?l 2tan®x + 4cotPx x%i%—"
o\a b= n %9\ 2cotex + 4tanbx N
T T
(3 2cot®u + 4tan’u 4 20(ab) = ?l Ldr=0
_ﬁﬁt g 2tan®u + 4cotbu U eela _f% T
2020 2021 2020 2021
DD D)= Y Y (@ a xi + fPR) =
i-1 j=1 i-1 j=1
- . 2021 -2022-4043 2021-2022- 4043 .
= z (2021xZ +2021xi% + 6 x2+ 6 lz) =

i=1

n

2022 -4043 2022 -4043
=2021Z(x2+xi2+ 6 x+ 6 iz)

i=1
2022 - 4043 + 2021 - 4041
6
N 2020 -2021% - 2022 - 4043 - 4041 _ 0
36 N

40822420x? + 40822420x

2722287
2

Solution 3 by Mohammad Rostami-Kabul-Afghanistan

x; = —1362491,x, = —

fabf(x)dx = fabf(a+ b — x)dx

2020 ozt 3 2tan® (% - x) + 4cot® (% - x)

QZZ(x+iZ)Z(x+jZ):fglog = 2 dx =
i=1 j=1 & 2cot3 (7 - x) + 4tan® (7 - x)
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T
B f?l 2cot3x + 4tanSx 4
L °9 2tan3x + 4cot°x .

2020 > 2021 2021

2020
a2y xey @)Y ey -
i=1 j=1 j=1

i=1
T 5 5
f3 2tan3x + 4cot’x 2cot*x + 4tan’x
L3 9 |2cot3x + 4tanSx 2tandx + 4cotSx

2020 - 2021 - 4041 20212022 - 4043
(2020x + )(2021x + ) =0
6 6
2021 - 1347 674 - 4043
hETTTy T T

Solution 4 by Ravi Prakash-New Delhi-India

3 2tan3x + 4cot5x b b
Let] = L log dx ;- f f(x)dx = f fa+b—x)dx -
E a a

2cot3x + 4tansx

T 5
[ = fi 2tan3x + 4cot’x
N g 2cot3x + 4tanSx

>dx=—1—>21=0—>1=0

2020 2021 2020 2021
D @D+ =00 ) @) Y (x4 =0
i=1 j=1 i=1 j=1
2020 2021
Z(x+i2)=00r Z(x+j2)=0
i=1 j=1
2020 -2021 -4041 2021 -2022 4043
2020x + =0o0r2021x+
6 6
2021 -1347 674 - 4043
METTT T T T

243. Solve for real numbers:

1+ x?
-1_x2=\/1+x+\/1—x

Proposed by Marin Chirciu-Romania
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Solution by Michael Sterghiou-Greece
1+ x?
11— x2

Domain of (1)is—1 < x < 1. By Jensen LHS 4y < 2 /1”;1_" =2,50

1+x2

=V1i+x+V1—x;(1)

<1-

2 =

2
2x > < 0 which is only valid for x = 0, only solution.
1-x 1-x
244. Solve for real numbers:

(x+3)%2-20
2(x+1)

=J(x+1)(x - 3)

Proposed by George Florin Serban-Romania

Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo

(x+3)2-20=2(x+1)/(x+1)(x—3)

x € (o0, —1) U3, ); (1)
(x+3)2-20>0,x € (—,—3 —2V5] U [-3 + 2V/3,0);(2)
From (1), (2): x € (—o, =3 — 2v/5] U [3,); (3)
letx—1=t-> ((t+4)2-20)2=4(t+2)*({t+2)(t-2)
t2+8t—4)2=4(t>+4t+4)(t* - 4)

t* + 1613 + 56t% — 64t + 16 = 4t* + 1613 — 64t — 64

56 + 64

3t* —56t2—-80=0 - t% = .

t2 = —g, no solution.
t2=20->t==2/5-x=1%2/5-x; =1 —2+/5 no solution.
x = 1+ 2+/5 solution.
Solution 2 by proposer

(x+1)(x—3) = 0,x € (—o,—1] U[3,0),x% + 6x — 11 = 2(x + 1),/ (x + 1)(x — 3)

(x+1)?+4(x-3)=2(x+1)/(x+1)(x—3)
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x+1)?-2(x+1)/(x+1)(x—3)+4(x—-3)=0

Letusdenote:x +1=¢t -

t2 — 2t/(x + 1)(x —3) + 4(x — 3) = 0,A= 4(x — 3)?

— 2/ (x+1)(x-3)+2(x—3)
2

Ift x+1=/(x+1)(x-3),x2-2x-19=0

(x—1)2=20-5x—-1=+20->x; €[3,0),x—1=—/20 € (—o0, —1]

Ift = 2 ("“)(";3)‘2("‘3) S>x+1=/(x+1Dx-3)—x+3 -

2x—2=J(x+1)(x—3)>4x> —-8x+4=x*-2x—-3->3x - 6x+7 =0,
A= -48<0.50, S = {vV20 + 1}.

m

245. Let f,(x) =  Im(x) = ﬁ Find all real numbers m such that:

sinx+2
T
minf,,(x) + maxg,,(x) = 1,ve [OE]

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Tran Hong-Dong Thap-Vietnam

' (x) = mcosx ' (x) = msinx
fm(2) = (sinx + 2)? GmX) = (cosx + 2)2

itm > 0,vm € 0,5 then f1,(x) < 0= £, 1[0.2] g (1) 2 0= g, 1 [0.7] =

minf,,(x) = fm (g) = ?,maxgm(x) =0gm (g) = % >

5m

+ * = 15 m = Z(true for with m > 0)

m m
—+-=1=
32

Ifm < 0,vx € [0,%] then f1,(x) 2 0= £, 1[0.7] gin(x) < 0= g, (1) L [0.%] =

2+
3

e

:1:>5Tm: 1:>m:§(falseforwithm<0)

6
Therefore, m = =
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246. Solve for real numbers:

1 1 1
(e ef) = (s 2o
X
Proposed by lonut Florin Voinea-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1

1 1 1 e*—ex 1 1
(o)~ (-2 e) = 251
X ot + ex X

1
@ex'i—l_l( 1)(:”: h(y) = y: - _1( 1)
2—1 A" ammy) =y Yy = \* 7%
e x+1

Let f(y) = tanh(y) —y,y € R, f'(y) = —tanh?y < 0 = f —decreasingon R =
1
f(y)ZO@yZO@x—EZO@xZil
Therefore, § = {*1}.

Solution 2 by Ruxandra Daniela Tonild-Romania
2(er=el) = (=) o) -
Ze% (ex_% - 1) = (x - %) e% (ex_% + 1) o2 (ex_% - 1) = (x - %) (ex_% + 1)

letx—>=t=2(e" — 1) = t(e' +1)
tet+t+2—-2et=0el(t-2)+t+2=0
letfRoR f(t)=et(t—2)+t+2,f'(t)=e(t—1)+1
f'(t) =0 & t =0 and f —strictly increasing thus, ¢t = 0 is only solution.

Therefore,

x—;=0<:)x221<:>x=il.

247.1f m,n € N, L,, —Lucas numbers, F,,, —Fibonacci numbers then:

VFuF2Ly L% + Y FyF3L,12, < 2F

Proposed by Daniel Sitaru-Romania
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Solution by Noor Alam-India

VFnFaLlnlf + \VFmFiLaLl3 _ 3]FnF%.LmL% *+ FuFRLaL,
2 - 2

3]FnF%,,LmL% + FF3Lald _ 3]FnFanLm(Fan + Fulm) _
2 2

— i/FnFanLm *2F min

2 = i/FnFanLmFm+n

¥ Fan + Fan = 2Fm+n

L, :a"+ﬁ",wherea:1+T‘/§,ﬂ:1_Tﬁ.

at-pn
V5

_an_ﬂn am_ﬂm . . - - _(aZn_ﬂZn)(aZm_ﬂZm)
FoFpLyLy, = \/g ! \/g '(“ +ﬂ)'(“ +ﬂ)— 5

aZ(m+n) _ aZmﬂZn + aZnﬂZm + ﬂZ(m+n) ( m+n ﬂm+n)2
5 B 5

< m+n ﬂm+n>

FnF2 Ly L2 +F, F3L, L2
Thus, \] 5

Now, F,, =

7‘“

F,,.n. Therefore,

VFuF% L2 + Y FuF2LoL2, < 2F iy

248. Find all functions f:[—2020;2020] — R such that:

(F(x—))° = 5f(x + 2y) — x3y3,Vx € [-2020,2020]
Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
x=y =0 (f(0))’ = 5£(0) - £(0) = 0 of f(0) = +V5. Leta = £(0).

x=y-a®=5f3x)—x°-> f(3x) == (x +a?) -
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f(x) = %[(g)ﬁ + a3] Vx € [-2020,2020]

-witha = 0 ora = —/5 or x = /5.
249. Find the remainder, when the number 20192029***js divided by 7.
Proposed by Rajeev Rastogi-India
Solution 1 by Mohamed Amine Ben Ajiba-Morocco
2019 = 3(mod 7) - 20192 = —1(mod 7) — 2019? = 1(mod 7)
2020 = 4(mod 6) —» 20192920 = 2019* = —3 = 4(mod 7)
Lleta = 20192%°20; q = 4(mod 7) —» a® = 1(imod 7)
We know that 2020 = 1(mod 3) = 20202%°2° = 1(mod 3) »
a2%20™® = ¢ = 4(mod 7)
- 20192020°%" = ¢2020%%% = 44164 7)
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Because 7](2019 — 3) — 20192920 = 32020(41m0d 7) and since
31323334 35 36 =3,2,6,4,5,1,(mod 7)
Hence, 32020 = 42020 (1mod 7),2020 = 4(mod 6) — (32020)2020 = 42020(3n0d 7) and
since 41,42 43 = 4, 3,1(mod 7) hence, 42°2° = (mod 7),2020 = 1 (mod 3) -

02021

20192020%%%1 — 202022% = 41m 04 7)

250. Given x be the least prime divisor of the number 1 000...0 1 also
2018—times

(2x)@)® = k(mod 100) then find k.
Proposed by Rajeev Rastogi-India
Solution by Surjeet Singhania-India

1 000..0 1=10%"+1=(mod7) »x=7.
2018-times
Denote y = (2x)2®)*™” = 141%™ We need to find y(imod 100).
Since 4|y, now we need to find y(mod25).

y = 14'%" (mod 25). Since ®(25) = 20 - 144 = 64(mod 20)

(2x) 414
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14'* = 16(mod 20) - y = 14'°(mod 25) = 48(mod 25)(Euler th.). Hence,
y = 36(mod 25) = 11(mod 25).Since 4|y —» y = 4k;.
y = 4k, = 11(mod 25) - k; = 9(mod25) - y = 100k, + 36.
Hence, y = 144" = 36(mod 100) - k = 36.

251. Show that the last two digits of the followings

9 99 999 9999 99999 .
97 97" 977 9 .9 is always 89.

.9
In general prove that the last two digitsof 9 TTn = & is 89.

n=2

Proposed by Naren Bhandari-Bajura-Nepal

Solution by Surjeet Singhania-India

Define a sequence x,, = 9*»-1, Yn € N and xo = 9.
Claim: Every element of sequence have last two digits are 89.
Let’s check forn = 1,x; = 1 (mod4) and x; = 43(mod25) = 14(mod25).
Let’s solve these congruence. Since x; = 1(mod 4) - x; = 4k, + 1 also
x1 = 14(mod 25) - 4k, = 13(mod25) - k,; = 22(mod25) - k, = 25k, + 22.
Put the value of k; in x4,x; = 100k, + 89 — k; = 89(mod100).
On he hypothesis true forn = 1. Assume it is true for n = k, x;, = 89(mod100) -
x; = 100m + 89, m € Z. Now, we shall prove statement forn = k + 1.
Xjpyq = 9%k = 9100m+89 o . = 1(mod4). Now, we have to mod 25 for the number.
We know that ®(25) = 20 and 100m + 89 = 9(mod20) -
X1 = 9°(mod25)(Euler Theorem).
Xp+1 = 9°(mod 25) = 14(mod25). Since x;.; = 1(mod4).
For 6" line of our solution x,,; = 89(mod100).
Conclusion. In general prove that the last two digits of 9 1T n = ?_9: is 89.

n=2

252. Solve for real numbers:

( x,y,z>0

VI—x+—2—=2Vi+z
1-y
yZ Xy ZX
Xy zx Yz
Zx yzZ Xxy

=0

\

Proposed by Daniel Sitaru-Romania
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Solution 1 by Adrian Popa-Romania

x,y,z>0and1—-x>0,1—-y>01+z>0=>x€(0,1],y € (0,1),z € (0,»)

yzZ Xy Zx
Xy zx yz
ZX yz Xxy
1 1 1
Xy xz yz
Xz yz xy

xy+yz+zx xy+yz+zx xy-+yz+zx
xy zZx yz =
zZx yz xy

A=

= (xy+yz+2zx) = (xy +yz+2x) (~x2(y ~ 2 ~y2(z - D)y~ %)) = 0

—x*(y> —2yz+z*)—yz(zy —xz—xy+x*) =0
x2yz + y*xz + z°xy = x*y* + x%z% + y? 2>
But, we know that: (2,2,0) > (2,1,1) = x%y? + x%z? + y?z? > x’yz + y?>xz + z’xy

- _ _ X _
Equality holdswhenx =y =z = 1—x+—m—2 1+xe

\/1—x2—1@x—\/—§:>x— —z—\/—g
2T YT TR

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
yz Xxy zZx
Xy zx Yz
zZx yzZ Xxy
1 1 1

Xy Xz yz
Xz yz Xxy

xy+yz+zx xy+yz+zx xy-+yz+zx
xy zZx yz =
zZx yz xy

A=

=0(:>Zx2(y—z)2=0(:>x=y=z;(x,y,z>0)
cyc

= (xy +yz + zx)

2

x x
1—x+ =2Vvl+x & =3x+3
V1i—x 1-—x
\/1—x2—1@x—§:>x —z—E

2T T T

Solution 3 by Remus Florin Stanca-Romania
yzZ Xy zXx
Xy zx Yz
zZx yzZ Xxy

=0  3(xy)(yz)(zx) = (xy)3 + (xz)* + (y2)3 x,y,2> 0

=2Vvl+x &

X

SXYy=yZ=Zx=>x=y=z>V1l—x+
y=7 Y Vi—x
V3

3
4x2:3,x>0<:)x=7:>xy=z=7

51 RMM-ABSTRACT ALGEBRA MARATHON 201-300



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 4 by Ravi Prakash-New Delhi-India
yz Xxy zZXx

Xy zx yz
Zx yz xy

1 xy zx
1 zx yz|=
1 yz xy

A= = (xy + yz + zx)

1 xy zZx
0 x(z—y) z(y—x)
0 z(y—-x) ylx-y)

= (xy + yz + zx)[xy(z — y)(x — z) — 2*(y — x)*] = 0; (xy + yz + zx > 0)
xZJ’Z + xyZZ + xyZZ - xzyZ —z%x% — zzyZ =0

(xy—yz)?+(yz—zx)’ +(zx—xy)’ =0 xy=yz=zx ox=y=12z

= (xy + yz + zx) =0

- _ _ X _
Equality holdswhenx =y =z = 1—x+—m—2 1+xe

\/1—x2—1@x—\/—§:>x— —z—\/—g
2T T TETYEETY

253. Solve for real numbers:
2

3
<— +xy + L) =V27(x8 + y® + xty?)

4| 5xt—10xy+1 Yy
\ x*y? —10y* +5x2  x2?

Proposed by Orlando Irahola Ortega-Tarija-Bolivia

Solution 1 by Carlos Eduardo Aguiar Paiva-Fortaleza-Brazil

X3 y3 2
(7 *xy+ 7) = V270G + 38 + 2y, (D)

5x* —10xy +1
x*y? — 10y* + 5x2

Now,(;—Z+z—Z+1)Z \]27( +%+1)
2+y—2 (m+1)? =/27(m? - 1)
Vim+1({/n+1)?-3,/3m—1)) = 0= Vm+1=0=m; = -1

= 2 (D)

Letm =

Jm+1)3 = 3/3(m-1)>(m+1)*=27(m-1)=> (m-2)*(m+7)=0>
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mp3 = 2,m4, =-7
2y x  y\? x .y X yAM-GM
1)—Z+—Z=—1:>(—+—) =1=>—+==#x1<2,but —+= > 2
yo x y X y Xx y Xx
x2 2 x 2 x
2)—Z+y—Z=—7:>(—+Z) :—5:>—+X=iSiE(C
Yy X y X y x
x*  y? x  y\2 Xy
— 4 — = — 4= = —+— =4 = = —
3)yZ > 2:>(y x) 4:>y p F2=>y=xo0ry x

5x* —10x2+1 x .
x6—10x4+5x22§’x¢0:>x —5x*—10x3+10x2+5x—1=0

(x—1)(x*—4x3-14x*-4x+1)=0>x, =1
xt—4x3 —14x> —4x+1=0>x*—4x3 +4x* =18x* +4x -1
(2 —2x+2)??=2A+18)x> — (41— 4)x+ 22 — 1= Agys=0
[-(42-9)]>-42A+18)(A*-1)=0=>(1—-1)(A2+81+11)=0

ii)

>, =1=> (2 -2x+1)2=20x%2 = x% —2x+1==+2xV5

X23 = 1+\/§i‘/5+2\/§,x4’5 :1—\/§i /5—2\/§

5x*—10x2+1 «x ] \ . Z

By Newton-Raphson Method, x¢ = —6.699 ...

(x,y)E{(l,l),<1+\/§i /5+2\/§,1+\/§i /5+2\/§>,<1—\/§i /5—2\/3,1
-5+ /5—2\/3)}

Solution 2 by Mohamed Amine Ben Ajiba-Morocco

ii)

X3 y3 2
(7 *xy+ 7) =270 + y8 + xtyh), (1)

5x* —10xy +1 _y
x*y? —10y* +5x2  x2’

(2)

X2 y? 4 xt oyt
(1)@<37+?+1> :27<37+F+1>
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Let us prove that: (Y a)® > 27 ab)?(¥ a?),Va,b,c > 0, (x)

Denote: (p,q,r) = X a,X ab,abc)
(*) © p® = 27¢*(p? — 2q) © (p* — 3q)*(p* + 6q) = Oistrue.
Equality holdsif p> =3q © a=b =c.

a:x_zb:y_zczbzab:x_ﬂy_ﬂlzza
yZ’ xZ’ yZ xZ
x2 2 4 x* 4
(*):><}7+i—2+1> 227<F+i—4+1>

2
¥ _ — —
;—1:>y—xory——x.

Equality holds if;—i =

(2) 5x*—10x2+1 tan®a-10tan3a+5tana
Ifx =y=—<———=1letusdenote x = tana = tan(5a) = ——— —-———=1

1r+kn'k .
:me{zo 5| € }:>

/4 f
x=y=tan(ﬁ)=1+\/§+ 5+ 25

x=y=tan(z)=1

4
o
x=y=tan(ﬁ)=1+\/§— 5+ 2V5
13w
x=y=tan(ﬁ)=1—\/§— 5-2V5

17m
x=y=tan(ﬁ)=1—\/§+ /5—2\/5

2 4 2
Iy = —x 3 SO _ g 05 5t 1043 + 1042 +5x+ 1 =0
x°—-10x°+5x
Let f(x) =x°+5x*—10x3 +10x* +5x+ 1=

f(x)=5(x%+(2V3+2)x+1)(x* - (2V3 -2)x + 1)

fx)=0=x;,=—/3-1— /3+2\/_5—5,27
X, ==—V3-1+ /3+2\/_5—0,18

We have: f(x;) >0, f(x;) > 0= f(x) = 0 admits only one solution xy < x,
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By Newton-Raphson Method, xy = -y, = —6.699 ...

(x,y)E{(l,l),<1+\/§i /5+2\/§,1+\/§i /5+2\/§>,<1—\/§i /5—2\/5,1
-5+ /5 — 2\/3) ,(—6,699, 6, 699)}

254. Solve in C:
{ (x+y)?=5+xy
9x3 — 5x + 2xy? = 26y3 + 5y — 2x%y
Proposed by Carlos Paiva-Fortalezza-Brazil
Solution by Amir Sofi-Pristina-Kosovo
9x3 — 5x + 2xy% = 26y3 + 5y — 2x%y o
+y —5(x+y)+2xy(x+y)+ (2x)° -3y =0o
(+y)(x* —xy +y* +2xy - 5) + (2x)* - (3y)* =0 &
(x+(x+y)* —xy -5+ (2x)* -3y)* =0«
2x)3 - (By) =0 (2x—-3y)(4x* + 6xy +9y?) =0

2x 3y 3y 3y
Z + +9y2 = = ( )+—+ =
4x* + 6xy + 9y 0<—>3y 2x +1=0e 2x 2x 1=0e
3x —-1%xiv3 -1+iv3
—=——F e y=—]%x
2y 2 3

(x+y)*=5+xy

—x +iV/3x 2 —x + i\/3x —x — iv3x 2 —x —iV/3x
X+ ——— =5+x-Tv X+ ——— =5+x-T

2x + iV/3x 2 15 — x2 + i/3x2 2x — iV/3x 2 15 — x2 — i\/3x2
3 - 3 v 3 - 3

4x2 +iV3x2—45=0 v4x? —iV3x2—45=0

45(4 n/_) 45(4+i\/§)

= 19 19
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45(4+ iV3 ] 45(4 +iV3
(i ’—( 15 ),i(—lin/i)i ’—( 5 )>

255. Solve for real numbers:

x,y,z>0
|

x2_|_ 2 2+ZZ ZZ+x2
{/xy+ /yz+\/a+\[ Zy +jy2 +j > =6
k x+y+z=3

Proposed by Daniel Sitaru-Romania

Solution 1 by Lazaros Zachariadis-Thessaloniki-Greece

xZ+Z Z_|_ZZ ZZ_|_xZ
VXY +\Jyz + zx+\/ Zy +\/y2 +\/ 2 =6

I N Wt

cyc cyc cyc cyc

/x2+y x+y z x2+y zxﬂ' Zx+2y
= X
cyc cyc cyc
x +
Jxy < 4

xy <

cyc cyc

So,LHS > 0,RHS > 0, equality holdswhenx =y =z but}x =3, thusx =y =2z =1.

Solution 2 by Florentin Visescu-Romania

mg +m, < 2m,, equality fora = b.

a? + b? a? + b? a3b + ab3
Vab + 5 <a+beab+ 5 + 2 5 <a*+b*+2abe
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adb+ab3 a*+b%*+2ab 4(a®b+ ab3®) (a+ b)*
2 2 = 2 < 2 =73 ©

(a — b)* = 0, with equality for a = b.

xZ + yZ
/ +
Xy 2

2 2
Ve

zz+xZ
zx + <z+x
xZ+ 2 Z_|_ZZ ZZ_|_ 2
y+ +./yz + ++zx + <2(x+y+2z)

Equality holdsforx =y =z, butx+y+z=3=>x=y=z=1.

<x+y

A

<y+z?=

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 xZ _|_yZ c-s 1 xZ _|_yZ
=3 =— < =
Z" 3 22<ny+ 2 )‘2 \[2<xy+ 2
cyc

cyc cyc

)=3>.@*»

X2+ y?
= z xX=>xy= 2 (and anaogs)

cyc

Equality ifand only ifx =y = z, and how .., x = 3, thusx =y =z = 1.

256. Solve for natural numbers:

x%019 + 3.yl = 216120203

Proposed by George Florin Serban-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

x2019 + 3.yl = 2161 - 202037, (*)

Fory > 7;3y! = 0 (mod 7)
2020 = 4 (mod 7) = 20203 = 1(mod 7) = 20203% = 1(mod 7)
2161 = 5 (mod 7) = 2161 - 20203%” = 5(mod 7)

57 RMM-ABSTRACT ALGEBRA MARATHON 201-300



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
x2019 = (x673)3 = g3 = 0:1: 6 (nod 7)

= Vy > 7,x2019 + 3yl = 2161 - 202037
Ify = 0ory = 1then, (x) & x2°1% = 2161 - 2020 — 3.

But 2161 -20203% — 3 = 2 (imod 7) and x2°1° = 0; 1; 6 (immod 7).
Ifz=0,(x) o219+ 3yl =2161 <225 x<?2
x=0=3y!'=2161
x=1= 3y =2160 >y = 6.
Ifz+0;y€{23,4,5,6}x2°19 =2161-2020%% — 3y! > Vx € N, x —eveb, then
{x = 2t|t € N} = 3y! = 26(2161 - 26(-1) . 50532 — 22013 . £2019)
= 26|y! absurd for y < 6.

Therefore, § = {(1;6;0)|x,y,z € N}.

257. k,n € N* —fixed. Solve for real numbers:

x2k —2xk + 3 ="x+ 2 —x

Proposed by Marin Chirciu-Romania
Solution by George Florin Serban-Romania

x>0 x=0
2-x20 = x=2 =>x€[0.2]
x*k —2xk+3>0 (xk—1)"+2>0

1-2n 1_4
oz X < 0,vx € [0,2],

Lot f(x) = "WE£:10,2] - R /() = o () =

n>1= f—concave = f(a+b) > f(a);rf(b) = f(x+:—x) > F)+f(2-x)

2 )= = 2
f)+f2-x)=Ax+"2-x<2f(1)=2

(xk—2)+2<200<(xk—1) <02 -1=0ox=1

258. Solve for real numbers:

2-et  e26 .9 = et + %
Proposed by Daniel Sitaru-Romania

Solution by Michael Sterghiou-Greece

4 x X
2. e¥ -e26 .9 = % +89;(1)
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x 6X X X 6X X x\2 x\2 9X.2X X x\2
et . 26" . 9" = ¥ +2:6"+9" — p(29)2+(3")2+2:2%3% — 9(2¥+3%)%

2%43%

2
LHS(l)ZZ-e( 2 );(2)
By AM-GM inequality, we have:

22x+32x

RHSy) =2 -V e2™+3* =2.e z , therefore, we get:
(2x+3x)2 22x 4 32x
el 2 ) 2e 2 andasf(t) =e' inR = (

z"+3’f)Z S 2243
2 = 2
ZZx + 32x +2- 6x ZZx + 32x
>
4 - 2
© 2* = 3* © x = 0 which is only solution.

=22 +3%-2:6"<0=(2*-3%2<0

259.
fm@)=(m+1)x3-2(m+1)x> - (m—-2)x+2m -3, me R—{-1}
Find the equation of the line which contains the three fixed points of f,,, (the
points not depends of m)
Proposed by Costel Florea-Romania
Solution 1 by Adrian Popa-Romania

fm@)=(m+1)x3-2(m+1)x> - (m—-2)x+2m-3 meR—{-1}
fn(x) =mx3 +x3 —2mx? — 2x* —mx+2m -3

fm@) =m(x3—-2x> —x+2)+x3—2x*+2x-3

x3-2x*—x+2=0=>x,=1,x, =2,x3=—1
= A(1,-2),B(2,1),€(—1,-8)
AB:x_1=E:>y=3x—5:>CEAB
2—-1 1+2

Solution 2 by Alex Szoros-Romania
fm@)=(m+1)x3-2(m+1)x>—(m—-2)x+2m-3 meR—{-1}
fmn(x) =mx3 +x3 —2mx? — 2x> —mx+2m -3
fm@) =m@x3—-2x>—x+2)+x3—-2x*+2x-3

fm(x)=(m+1)(x3 —2x2—x+2)+3x—5
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If P(x¢,y,) —fix pointif and only if x3 — 2x3 —xo+2 =0,s0y = 3x — 5.

Solution 3 by Khaled Abd Imouti-Damascus-Syria
fm@)=(m+1)x3-2(m+1)x> - (m—-2)x+2m-3 meR—{-1}
y=mx3+x3-2mx? - 2x* —mx+2m -3
mx3—2x2—x+2)+x3—-2x2+2x-3-y=0
x3—-2x2—-x+2=0,(1) { X1 =1,x, =2,x3=-1
YB—Ya _
Xp — X4

AB:y=mx+pm= 3

A(2,1) € (AB):1=6+p =>p = —5.
AB:y =3x—-5
260. Find x € Z such that: \/(x — 3)(5x — 1)(5x2 — 12x + 3) € N.

Proposed by George Florin Serban-Romania
Solution by Mohamed Amine Ben Ajiba-Morocco
(x—3)5x—1)(5x2—-12x+3) = (5x2 —16x +3)(5x2 —12x+ 3) =
= ((5x? — 14x +3) — 2x) ((5x* — 14x +3) + 2x) =
= (5x%2 —14x +3)? —4x? < (5x* —14x + 3)?, Vx € Z*
(5x% — 14x + 3)? — 4x% > (5x% — 14x + 2)?
& (5x% —14x+2)2 +2(5x% — 14x+ 2) + 1 — 4x%? > (5x% — 14x + 2)?
& 6x2—28x+5>0trueforallx € Z — [1;4]
(5x%2 — 14x +2)? < (x —3)(5x — 1)(5x% — 14x + 3)?

=>vxeZ-{1,23,4}/(x - 3)(5x — 1)(5x2 — 12x + 3) € N.
x=0,V9=3eNx=1;V32¢N
x=2,V9=3€N
x=3;0eN
x=4;V665¢ N=5=1{0,1,23}
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261. Two numbers a and b are chosen uniformly and randomly from

(0,1). Then % Is calculated and rounded off to the nearest integer. Find the

probability that after rounding off, the integer is odd (find the closed form)

Proposed by Arghyadeep Chatterjee-India
Solution by proposer

Probability= P

Sip

1 1 v/ 1 1
4 6 Z(4r+1 4r+3>

1
0
T
1 4
0

1+1+f x* 4 _1+1+
276 J1+x2™™T27 %

0
262. Solve for real numbers:

B+x?+x=(x+1)(y+2)/(x+1)(y+1)

3
+1+2=(x-1-——)Vx+1
e A

Proposed by Carlos Eduardo Aguiar Paiva-Brazil
Solution by proposer

i) B+xr+x=(x+1)(y+2)Jx+1D(y+1)
x +x + X
(x+1)\/_ =(+2)/y+1

x3

(x+1)\/x+1 \/x+1_(y+2)'y+

x \3
@(\/x+1> \/x+1_(y+1+1)\/y+1—(y+1)\/y+1+\/y+1
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@( x )3+ x = (. +1)3+\/ +1
Vvx+1 \/x+1_ Y Y

Let f(m) = m3 + m —injective.

x2—x—-1

X
= +1 e
el VTV T T

3
i) Jyri+2=(x—-1-——)Vx+1
i) \Jy (x 4x) X
©4x/y+1+8x=(4x?> —4x—3)Vx+1
S 4x2+8xVx+1=(4x*—-4x-3)(x+1)

4x* +8xVx+1+4(x+1) = (4x? —4x+ 1)(x + 1)
& (2x+ Zx/m)z =(2x-1)>2%(x+1)
i"2x+2Vx+1=Qx—-1)Wx+1orii")2x+2Vx+1=-Q2x—-1)Vx+1
ii') 4x3 —12x*-3x+9=0o 4x*-3)(x-3) =0

V3
X12 = i7;963 =3

i'"2x+2vx+1=—-2x—-1)Vx+1

E=-44 F=-368,6 =80, H = 91584 —2°-32.159>0

If H > 0, in the cubic equation, then there is only one real root:

—2+3/10 + 3v159 + /10 — 3V159

X, = - ~—-0.233
V3 4-3V3 V3 4+3V3 —2+310+3v159+ /10 —3V159 x2 —x,— 1
(xy) € ( 2 )( 2 2 )‘(3'4> 6 T 1

After the tests: (x,y) € (3, %)

263. Solve for real numbers:
( x,y,zt>0
{ 2-02-y)2-22-t)_ 1
x+y)y+2)(z+t)(t+x) 16
x+y+z+t=4
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Proposed by Daniel Sitaru-Romania
Solution 1 by Florentin Visescu-Romania

Ifx > 2thenfory >2 = x +y > 4false. Hence, x,y,z,t < 2.
x+y=4—-z—-t=Q2-2z)+2-1t)

2-02-2-22-t) 1
+y)(y+2)z+t)t+x) 16’ 2-0)2-y2-2)2-t)>0

We distinguish the cases:

2—-x>0
2—-y>0
2_Z>O:>x,y,z,t<2
2—-t>0
2—x>0
2—-y>0 z>2 - —
° 2_Z<O:>{t>2:>z+t>4contrad|ct|on,because x+y+z+t=4
2—-t<0
2—-x<0
2_y<0:>xyzt>200ntradiction because x +y +z+t=4.
2—Z<O i) i) i) )
2—-t<0
2-0E-ye-2E@-t)_1
(x+y)y+2)z+t)(t+x) 16
2-02-»N2-2)2-1) _ 1
Q2-z+2-t)2—-x+2-t)2-y+2-x)2-y+2-2) 16’
2—z+2—t 1 1
— > J/2-2)2-0t) > <
2 2-z+2-0)7 2/2-2)(2-1)
Analogously:
1 1 1 1
< ; <
2-x+2-0)" 2/2-x)2-0) 2-y+2-x) 22 -y)(2-x)
1 < 1
2-y+2-2)" 2/2-y)2-2)
Hence,
2-x)2-y)2-2)(2-1) 1
(2)

- .
2-z+2-t)2—-x+2-t)2-y+2—-x)2—-y+2—-2z)" 16’
From (1), (2)itfollowsthat: 2 —x=2—-y=2—-t=2—-z>
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x=y=z=tbutx+y+z+t=4thenx=y=z=t=1.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

x,vy,z,t>0
2-0@-y@-D@-1_1
GENOF DGOy 16 )
x+y+z+t=4

f2—-x2-y<0-4=x+y+z+t<x+ycontradiction!

S0, (2-0)(2-Y2 -2 - = (x+NG+2)(z+O({E+x) >0
-2—-x2-y2-22-1t>0.
leta=2—-x,b=2—-y,c=2—-2d=2—-t,abc,d>0Ya=4

x+y=4—(a+b)=c+d
y+z=a+d
z+t=a+b
t+x=b+c

- () @ (c+d)(a+d)(a+b)(b+c)=16abcd

-

But from AM-GM we have:
(c+d)((a+d)(a+ b)(b+c) > (2Vcd)(2Vad)(2Vab)(2Vbc) = 16abcd
Equality holdswhena=b=c=d=1->x=y=z=t=1.
264.Ifx,y,z€ C,x +y+ z = 0 then:
lx| + [yl +lz| < Ix —z| + |z — x| + |y — x|

Proposed by Daniel Sitaru-Romania
Solution 1 by Florentin Visescu-Romania

If x, y, z —different in pairs, let A(x), B(y),C(z). Howx +y+z =0 - % =0-

G = 0. We must to prove that: GA + GB + GC < AB + BC + CA

36A<AB+BC'3GB<BC+AC'3GC<CA+AB
2 - 22 - 2'2 - 2

3 3
—>E(GA+GB+GC)SE(AB+BC+CA)

fx=y#z-2x+z=0->2z=-2x
We must show that: 2|x| + |-2x| < |x + 2x| + |-2x — x| or4|x| < 6]x| &

2|x|] > 0 true.
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fx=y=z-3x=0-x=0.

Solution 2 by Ravi Prakash-New Delhi-India
a=|y—-zlb=|z-x|.c=|x—-yl A0 = |x|,BO = |y|,C0 = |z|
Let A(x), B(y), C(z) be vertices of triangle ABC. Centroid G of AABC is given by

1 2 2
Zg =§(x+y+z) =0;40 =§ma=§AD
ButAD < DC + AC - A0 <5+ b. Similarly, 240 < 2+ ¢, thus340 <a+ b +c.
Similarly,3BO <a+b+c¢,3C0<a+b+c—
3(A0+BO +C0) <3(a+b+c)
Therefore,
|x| + |yl + |z| < |x — 2] + |z — x| + |y — x|
265. Find x, y > 0 such that:
27xy+27(1—x—y)(x+y+xy) =10
Proposed by Daniel Sitaru-Romania
Solution by Michael Sterghiou-Greece

27xy+27(1—x—y)(x+y+xy) =10;(1)

Letx+y=a>0,thenxysf;(1)—>

0=27xy+27(1—a)(a+xy) <27- —+2+(1 a)( %)

= ——(3a 2)%(3a + 1), which can only be true for a = =Z—y

wl’-‘ wIN

Now, (1) and x = 5 —y->-41-3y) =0->y= 3 L and x = 2 which are the only

solution.
266. Solve for integers:

a2 +b2+3V2ab=a+b

Proposed by Mehmet Sahin-Turkey
Solution by George Florin Serban-Romania
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lfa?+b?=-2ab=(a+b)? =0>b=—a= VaZ+ b?— VaZ + b2 = 0 true.

= {(a, —a); a € Z} —solution.

lfa?+b?+—-2aba+beZ=Va2+b2+32abeZ

VaZ+b2=x
Yab=y

(@+b)? =2 +y% (: 8 +y3 = (x+ )& —xy +y?))

Let us denote: { x,yEZ=>a*+b?*+2ab=x3+y3andx+y=a+b.

fx+y=0=>a+b=0=b=—a.
fx?—xy+y?—x—-y=0cx>—(y+1x+y*—y=0
A=-3y>+6y+1=k*k€EL

3
A20:>—3y2+6y+120@3y2—6y—1s0<:>3(y—1)2S4<:>(y—1)ZSZ

23 2V3
®1-—-<y<l+——iyeleye{01,2}

fy=0=>x*-x=0=x€{0,1}.

a’+b*=0
2ab =0
fy=1=>x*-2x=0=x€{0,2}

a’+b*=0

x=y=0:>{ = (a,b) € (0,0).

x=0y=1> { no solution.
¥ 2ab =1

x=2 :1:{“2+b2:8nosolution
Y 2ab=1 '

2 2 —
fx=y=2 {“ +b"=8 b) = (2.2
x=y=2={@ =8 @h=(22)

a’+b*=8

no solution.
2ab=1

x=1y=2>= {
267. Solve for integers:
(2a® + 3a%b + 3ab? + 2b3)(a? + b?) = 2(a + b)®

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by George Florin Serban-Romania

2a3 + 3a?b + 3ab? + 2b3 = 2(a® + b3) + 2ab(a + b) =
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=2(a+ b)(a? — ab + b?) + 3ab(a + b) =

= (a + b)(2a? — 2ab + 2b? + 3ab) = (a + b)(2a? + 2b? + ab)
= (a+ b)(2a% + ab + 2b?%) = 2(a + b)®
fa+b=0=b=—a= {(a —a)|la € Z} —solution.
If (2a? + ab + 2b?)(a? + b?) = 2(a + b)*;
Leta+ b =s;ab = p;s,p € Z then:
(252 —4p + p)(s? — p) = 2s5* = (25?2 — 3p)(s? — 2p) = 2s*
p(6p—7s*)=0
Ifp = 0;(ab =0) = {(a,0);(0,b)|a, b € Z} —solution.
If6p —7s> =0 © 7(a + b)?> = 6ab © 7a* +8ab +7b* =0
Suppose b # 0 = 7(%)2 +8(§)+7 = 0;(t:§) =
7t> +8t+7 =0,A = —132 < 0 no solution.
Therefore,
S={(a,a),(a,0) (0 a)|acZ}
268. Find x, y € Z such that:

x|y and x% + y?|y* + 2080

Proposed by Mehmet Sahin-Turkey
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

x|y = x?|x? + y?[y* + 2080 and x?|y* = x*|y* + 2080 — y* = 2080 =255 14
e x=+1>1+y?|y*+2080=(y*+1)(y>—-1)+2081
= 1+ y2|2081, but 2081 is a prime number, theny = 0.
o x=%*2>4+y*y*+2080 = (y* +4)(y*—4) + 2096
=4 +7y%12096 =2%-131=>y?*€{2"- 131" -4|0<n<4,0<m < 1}
= y = 0 (others are not perfect square)
o Xx=+4=16+y*|y*+2080 = (y2 +16)(y? — 16) + 2336
16 + y?|2336 = 25 - 73
>y2e{2"-73m-16/0<n<50<m<1}
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y* = 0 ory? = 16 = 25 — 16 (others are not perfect square)

>y=0o0ory ==+4
Therefore,
§={(1,0);(-1,0);(2,0);(-2,0);(4,0);(—4,0); (4,4); (4,—4); (—4,—-4)}
269.

— 2\ 2

z€CImz % 0,(z% + 1) (EZ + 1) - (1 + <¥> ) A®D), B(—i), C(2)

Find: Q = AB + BC + CA

Proposed by Florentin Visescu — Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

zeCimz# 0, +1)(F+1)=(1+ (%)Z)Z AW, B(-D),C(2) (%)

z+Z
&
L
B -? C’(z)
4
© 2+ E
‘EI D(‘ ........... i )

z+7\ z+z \(z+z

+ + +1i —i)=
() + (59 (%)
z+7z z+7z

:( > +i>< > +i):DBZ=DAZ

(22 +1) (zz + 1) —Gz+i)(z—i)@EZ—-i)(Z+i) =

=(z+i)(z+i)(z-i)(z—i)=BC? x AC?
= (*) © BC x AC = DB? = DA? = 1 + OD*
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Lety =Imz >0= BC > AC

We have 0D? = AC? — (y — 1)> = BC? — (y + 1)?
= BC? - AC*> =4y (1)
and (BC — AC)?> = 0D? + (y + 1) + OD* + (y — 1)?> — 2 — 20D?
= (BC—AC)? =2y%2 = BC— AC =2y (2)
(1), (2) = BC + AC = 2\/2and AB = 2
= Q = 2 + 2+/2 (Similarly for y < 0)
Solution 2 by Ravi Prakash-New Delhi-India

Letz=x+iy,y¢01(22"'1)(22_'_1):[1+(%E)Z]Z

= (2 —y?2+1+2xyi)(x® —y* +1 — 2xyi) = (1 + x?)?
= (x2 —y* +1)2 +4x%y®> =1+ 2x% + x*
=> (2 —y*)2+2(x* —y?) +1+4x?y? = 1+ 2x% + x*
= x* — 2x%y? + y* — 2y% + 4x?y? = x* = y2(2x* +y* - 2) =0
y2
=>2x2+y* =2 ['.'y¢0]:>x2+7=1

Eccentricity e of the ellipse is givenby 1 =2(1 —e?) > e =

ol

Focii of the ellipse are (O,i\/Z (\/ii)) =(0,+1) =i, —i

A'(0,v2)

A(
C(z)

oo

B'{0,—v2)

AB + AC + BC = |2i| + AA' =2+ 2V2 = 2(1 +/2)
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Solution 3 by proposer

zeC\R=>z=a+bi,a,beRb+0
z+2_a+bi+a—bi_
2 2 —a

z+7\ :
= 1+< 5 ) = (1 + a?)?

(z2+1)(22+1):z222+z2+22+1:

=|z|*+22+Z° +1 = (a? + b%)® + a® + 2abi — b? + a®> — 2abi — b? + 1 =
= a* + b* + 2a?b? + 2a* + 1 — 2b?
= a* + b* + 2a’b? + 2a® — 2b*> +1 =1+ a* + 2a?

= b* + 2a’b? — 2b*> = 0|:b?>=> b*+2a*>-2=0

b? a? b?
202+ b2 =2=2a2+—=1=>—+—=1

2 12 \/72

V2

So:|lz—1| +|z+i] = 2V2 = Ppapc = 12il + |z — il + |z +i| =2 +2V2

270. z,,z,,z5 € C* different in pairs, |z,| = |z,| = |z5| = 1. A(z,), B(z,), C(z53). If
1 3

zZ= _ _ 2
cyc|(21_Zz)|z1_23|+(Z1_Zz)|z1_zz|| (21 = 2] + |2, — 23] + |23 — z4])

Then AB = BC = CA.

Proposed by Marian Ursdrescu-Romania
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Solution by proposer
Let A(z,),B(z;),C(z3) € €(0,1)
1 B 3
~ |b(zy — z,) + c(z, — z5)| ~(a+b+c)?

L ) 1 ;
= = =
o |z1(b + ¢) — bz, — cz3|? (a+b+c)z, — (azy + bz, + cz3)|°

cyc

a+b+c
z ! —3 z ~3: (1)
[=—1 = [=—1 =
_azy + bz, + cz3|* AlI?
cyc a+bh+c cyc
A 1 r
_ - 2 — —_
Alr=— A ZAIZ rzzsm 2 rz(l ZR)
sin cyc cyc
We must to prove that:
z 1 > 3 =3:(2
ar g 3@
cyc
Which is true because (1—L) >£<:>—2+——1< 0.letx=2< 1 hence,
2R/ — R? R? 2R R 2

3x2+2-1<0e6x’ +x-2<0 o 2x-1)(3x+2) < 0 true.
From (1), (2) it follows that AB = BC = AC.
271. Z1,29,Z3 € C* different in pairs, |21| = |Zzl = |Z3|, A(Zl), B(Zz), C(Z3).

2,

cyc

2Z1 — Z-Z 2
271 72731 — 9 AB = BC=CA.

Zy; — 73

Proposed by Marian Ursdrescu-Romania
Solution 1 by proposer
A(z,),B(z;),C(z3) € C(O,R),|z4| = |z,| = |z3] =R
Zy +Zg

27, — 2,2 4Z1
Y e M
Zy — 73 —23|

cyc cyc cyc
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, 2(b? + c?) — a? B 2(b? +c2) a?
Ma = 4 ﬁzaz 42

cyc cyc
1 5 az+bZ 4o bz_l_cZ o cz_l_aZ 5| >
4 b2 a? cz2 a2 a? 2 -
1 9
>-(12-3)=—;(2
> (12-3)=:(2)

From (1), (2) it follows that: AB = BC = CA.
Solution 2 by Alex Szoros-Romania

z |221 — Zzzg
Z; — 173

cyc

z |3z, — (Z1 +z; + 23)|Z

cyc

zZy+2z,+2z
Z,TZ; T z3 z 3 AGZ

oy =9=) 5
(=4 = (=4

cyc

2m,\> m2 9 2(b2+c*)—a* 9
g gy
3a az 4 4a? 4

cyc cyc cyc
b2+c2 aZ bZ
C)z az :6@2 ﬁ 2—2 =
cyc cyc
a b\’
@Z(E—E) —0oa=b=coAB=BC=CA

Solution 3 by Ravi Prakash-New Delhi-India

Affix of G —centroid is z, = %(z1 + 2z, + z3). Also,
2

zZ,+ 2z, + 232 2
|2z, —z, — 252 =9 zl—% =9AGZ=9(§ma) = 4m?

= 2(b? + ¢?) — a?
|2z — z, — z3|* _ 2(b% + ¢?) — a®
|z, —z3]2 a?

Now,

|22, — 2z, — z3|* _ 2b%?  2c?
|z, — z3|? _z ?_‘_?_1 =
— 2~ Z3

cyc
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b%: c? b a’
zz 2+ 2 :0:2(———) —0=a=b=c=AB=BC=CA.
cz2 a2 a a

cyc cyc

272. If x,y € C then
|x| + |yl + [3x + 2y| < [4x + 3y| + 2|x + y| + |y — x|

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have:

A
l4x + 3y| + |x + y| 2 [(4x + 3y) — (x + y)| = |3x + 2y]; (1)
A
Ix + yl+ ly — x| S1(x + y) + (y — x)| = 2yl; (2)
A
lx +yl+ |y — x| Z|(x + y) — (y — ©)| = 2]x]; (3)
From (1), (2), (3) it follows that:

Ix] + |yl + [3x + 2y| < |[4x +3y| + 2|x + y| + |y — x|
273. Find all numbers: @ = abcd such that:

Jb+d)?2—a?+4c—4+2(b%*+d¥)+c2—4a+4=0

Proposed by George Florin Serban-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

\/(b+d)2—aZ+4-c—4-+2(b2+d2)+c2—4-a+4-(*=)0
(*) is definedwhen (b +d)> —a? +4c—-4>0< (b+d)*>a*—4c+4
We have:2(b2 +d?)>(b+d)? > (b—-d)? >0
Which is true with equality holds when b = d — 2(b? + d?) > a? — 4c + 4

> 2(b2+d?)+c?—4a+4>a?>—4c+4+c: —4a+4=(a-2)*+(c-2)%2>0

— /(b +d)? —a? +4c — 4+ 2(b% + d?) + c? — 4a + 4 > 0, equality holds when:

Jb+d)2—a+4c—4=2(b>+d?*)+c?—4a+4=0
ob=da=c=2and(b+d)?=a*—-4c+4—->a=c=2andb=d=0

Therefore, Q@ = abcd = 2020.
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274. Solve in R the following equation:

2-3*+5-4*=4.5%+3.2*
Proposed by Florentin Visescu — Romania
Solution by proposer
We write the equation: 2 -3*—-3-2*=4.5*—-5-4*
We consider the function f:R - R, f(t) = t*

On the intervals [2, 3] and [4, 5] f meets the conditions of Pompeiu’s Theorem.

f:la,b] - R
f continuous on [a, b]l
f derivable on (a,b) =3c€e(ab)
0 ¢ [a, b]
af(b) — bf(a) )
P (OB MO
50, 3¢y € (2,3) such that ZE=E = (cy) — ¢, f'(cy)

Z.Bx_g.zx_x x—-1 — x X
e e R = 2

3c, € (4,5) such that 4~5x_—15 ¥ c3 — xc}

Then, we obtain ¢j(1 —x) = c3(1 —x) or

1-x)(F—-¢c3)=0

C X
1—x=0:>x=1,(c—1> =1=x=05={01}
2

275. Find x, y,z > 1 such that:
x3+y2+2z2 =4
729 - n(log(xy) -logz) = 8 -log®(xyz)
cyc

Proposed by Daniel Sitaru — Romania
Solution by Asmat Qatea-Afghanistan

[leycIn(2) < %ln3(xyz) - by AM-GM
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[IeycIn(xy) < %ln3(xyz) - by AM-GM

729 1_[ In(xy) -In(z) < 81In°(xyz)
cyc
Equality holdswhenx =y = z
x3+y?+2z2 =4, 3+3x2=4=2x3+3x2-4=0
x3—x*+4x2-4=0, Px-1)+4x-1D)x+1) =0
(x—1)(x%2+4x+4)=0A=16—16 =0

x1=1,xq, =$= —2.Solutionx=y=z=1

276. Solve for integers:
(x> +y)(x* +yM) = (x + y)°

Proposed by Mehmet $ahin-Ankara-Turkey
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

(2 +y)(xt +yH) = (x +3)% ()
Leta = x> + y2, b = 2xy = (x) © a(2a? — b?) = 2(a + b)?
6a%b + 7ab? +2b®* =0 © b(2a+ b)(3a+2b) =0
©b=0o0or2a+b=00r3a+2b=0
eox=0ory=0orx’*+y*+(x+y)2=0o0rx?+y>+2(x+y)?2=0
<x=0o0ry=0.
Therefore,
5 ={(x,0); (0y.y)Ix.y € Z}
Solution 2 by George Florin $erban-Romania
letx+y=s,xy=p=>x2+y2=(x+y)?—2xy=s2-2p
xt+ yt = (a2 + y2)? — 2x%y% = (s2 — 2p)2 — 2p? = s* — 4s%p + 2p?
(2% +y*)(x* + y*) = (x + y)¢ © (s* — 2p)(s* — 4s%p + 2p?) = s©
p(—6s* +10s%p —4p?) =0
fp=0=>xy=0=>x=00ry=0=S5={(x,0);(0y,y)|x,y € Z} solution.
If —6s* + 10s?p —4p* = 0 = (s2 — p)(6s* —4p) =0
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fs?2—p=0=>(x+y)’=xy=>x2+xy+y*=

2
(5) +§+1:Oit:§:>t2+t+1=0—n0hassolution.

If6s% —4p = 0 = 3(x + y)? = 2xy = 3x% + 4xy + 3y? = 0 no has solution.
Therefore,
5§ ={(x,0);(0,y)|x,y € 7}
277. Solve for integers:

SR+ PR+ BB =2(x+y+12)

Proposed by Mehmet $ahin-Ankara-Turkey
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

B3+ Y3+ Y3+ 283 +B +x3 =2(x +y+2); (%)
1\* 3
+y’=(x+y) (x—iy) +Zy2 20=>x+y=20y+z>20z+x=>0

VB +yE—(x+y) = Jxry(Jal—xy+y2— [x+y)=
X —(y+Dx+y*—y
= +vy-
RN o
y+1

2
1
xz—(y+1)x+y2—y=(x—T) +,By —6y-1)=

_( y+1)2+3 3-2v3 3+2V3

—\*T 2 2\ 3 y 3
Hence,ify € Z—{0,1,2};/x3 +y3>x +y,Vx € Z; (1)

Using (1),ifx,y € Z — {0,1,2} it follows that \/x3 + y3 > x + y,

VY3 +Z3>y+z B3 +x3 >z +x

> B3 +y3+\y3+ 23+ 23 +a3 > 2(x +y+2)
So, itis necessary that two of x, y, z be in {0, 1, 2}; y for example.

z=0:(*)@\/x3+y3+\/?+\/x_=2(x+y),x20

y=0(x)eVxd=xoex=10rx=0.
y=1lL(x)eJx3+1+J/x3=2x+1
(1)
x>2=Vd+1>x+1andVad >x=2Va3 +1+Vad3 >2x +1=
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x€{0,1,2}=>x=0
Ify =2(x) @ Va3 + 23 + Va3 + 22 = 2(x + 2)
Similarly, using (1) = x € {0, 1,2} = (*) does not admit a solution.
5z=0=>(x=0,y=0or(x=1y=0or(x=0,y=1)

fz=1=>G)o B3+ + /Y3 +B3+VB3+x3=2(x+y+2),x>-1
y=0=>x=0(simlarlytoz=0andy = 1)

y=1=()e2J/x3+1+V2=2(x+2);x>1

x=3 x=3
fx>3=2>x3+1>3x2+1 > x2+6x+1 > x2+4x+7> (x+2)?

=2Va3 +1++/2>2(x+2) = x €{-1,0,1,2} = () does not admit a solution.

y=2= () a3 +23+ /a3 +1=2x+3,x>—1
Using(1) > x€{0,1,2}>x=2=2z=1=>(x=y=0or(x=y=2).

fz=2:(x) o Jx3+y3+/y3+8+V8+ a3 =2(x +y+2),x > -2
y = 0 = (*) does not admit solution (similarlyto z = 0 and y = 2)
y=1=>x=2(similarlytoz=1andy = 2)
y=2:>(*)<:>\/m=x+2,x2—2
By(1),x€{0,1,2}>x=10rx=2.
>z=2>(x=y=2)or(x=1y=2)or(x=2,y=1).
5§=1{(0,0,0);(0,0,1);(0,1,0);(1,0,0),(1,2,2);(2,1,2);(2,2,2)}
278. Solve for integers:

x%[yz + y*\Jzx + z* /xy = 3xyz

Proposed by Mehmet $ahin-Ankara-Turkey
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let S be the set of solutions of ().
x=0-0=0,(Vy,z€ Z,yz > 0)
- {(0,3’1,21), (x2,0,22), (x37J’3,0)|(XZ,J’1,J’3,Z1,22) € 1%, Y121, X222, X33 = 0} S
Now, we assume that x,y, z € Z*. We have: xy, yz,zx > 0 and
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3xyz = x%/yz + y*\Jzx + 22, /xy >0-> x,y,z>0

By AM-GM we have:

3xyz = x2[yz + y*zx + 22, [xy > 38/1_[(x2,/yz) = 3xyz.
cyc

Equality holds when x2,/yz = y?Vzx = 2% [xy & xVx =y,[y=zVz o x =y =z
Finally,

7Z5:x{ €N
S:{ 0.v-.2:) (x2.0.22). (Xs. -, 0 |(x2,y1,y3,21,22)6 1 X1 }
( Y1 1) ( 2 Z) ( 3Y3 ) YV1Z1,X2Z5,X3Y3 20

279. Find all (x,y,z) € N x N x N such that:

Jxy +\[yz +Vzx < 2020

Proposed by Mehmet $ahin-Ankara-Turkey
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Jxy +\[yz + Vzx < 2020; (+) —is symmetric, then we can assume thatx < y < z.
Itis clear that (0, 0, z) is a solution of (x) for all a € N. Assume that: y > 0.
We have: 3x < /xy + ,/yz + Vzx < 2020 - x < 673.
Now, we fix x < 673, we have: 2,/xy +y < \/xy + [yz +zx < 2020.
- \/y2 + 2Vx,[y — 2020 < 0,A = 4(x + 2020) > 0

~ ¥ < Vx+2020 - Vx - x <y < |(Vx + 2020 - V) |

Now, we fixx < 673,x < y < (VA + 2020 — vx)*] - vz < 22

Va+y
2
2020 — \/xy
y<z<[< E |y )

(a,b,c),(a,c,b),(b,a,c) (b,ca) (cab) (chba)(dO00)/(0.dDO0)/(0,0d4)]|

2
a5673,a5bs[(\/a+202—\/6)2],b5cs[(%) ],deN
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280. Solve for natural numbers:

’x+ +
X y+y\/E+z\/§:(x+y+z) %

Proposed by Mehmet $ahin-Ankara-Turkey
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

CBS

We have: x,/y + yVz + zVx = Vx,[xy + [y,[yz + VzVzx <

3xxy=(zx0)? 1 )
<Jx+y+z-: +yz + < [x+y+z- |=(x+y+
SJx+y+z- Jxy+yz+zx < x+y+z- |3 (x+y+2z)

Hence,

x+y+z
3

xJy+yz+zyx=(x +y+2z)

Equality holds when: 3(xy + yz + zx) = (x + y + z)? &
(x=y)+@-2°+(Z-x)?=00x=y=2
S ={(x,x,x)|x € N}
281. Solve for integers:

X3 +y3+ 273 = i/x_yz(x2+y2+zz)
Proposed by Mehmet $ahin-Ankara-Turkey
Solution by Dang Le Minh Nhat-Vietnam
letp=x+y+2zq=xy+yz+zx,r = xyz \We have:

x+y+z

3
/ -2
3 xyz(x2+y2 +ZZ)ST'(XZ+yZ+ZZ):p pq.

3
: o234 a3 4 .3 — 3 p*-2pq
We will prove: x°> +y° +z°> =p —3pq+3r=2—1r— -
2p3 — 7pq + 9r > 0 and 9r > 4pq — p3(Schur’s)
Then: 2p3 — 7pq + 9r = 2p3 — 7pq + 4pq — p® = p3 — 3pq.
We prove: p3 — 3pq = 0 - p? > 3q, which is true.
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Equality occurssincex =y = z,x,y,z € Z.

282.

ab+bc+cd+da_ ab . cd B ad . bc
a+b+c+d a+b c+d a+d b+c

Prove that: (bd + a?)(bd + c?) = (ac + b?)(ac + d?)

a,b,c,d >0,

Proposed by Daniel Sitaru — Romania
Solution by Mohammed Diai-Rabat-Morocco

(bd + a?)(bd + c?) = (ac + b?)(ac+ d?) (¥
We have: (*) © bd(a? + ¢?) = ac(b? + d?) © bd(a— c)?> = ac(b — d)? (**)
ab cd ad bc ab(c+d) +cd(a+b) ad(b+c)+bc(a+d)

a+b+c+d:a+d+b+c@ (a+b)(c+d) B (a+d)(b+c)
abc + abd + acd + bdc abd + acd + abc + bcd
& =
(a+b)(c+d) (a+d)(b+c)

o (a+b)(c+d)=(a+d)(b+c) e ad+bc=ab+cd
Sa-c)b—-d)=0=a=corb=d
Case: a = c (The other case is similar)
To prove (**) we must provethatt a=c=b =d

ab+bc+cd+da  ab . cd 2a(b+d) b . d
a+b+c+d _a+b c+d 2a+b+d (a+b a+d>

o (2b +2d)(a? + ab + ad + bd) = (2a + b+ d)(ab + ad + 2bd)
salb-d)?!=0< b=dQ.ED.

283. ¢ —Euler’s totient function, e(n) = X 4 d
Find.:

n)-on
ORIO
X—00 n

Proposed by Adi Abdullayev-Baku-Azerbaijan
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Letn = [T, p;* be the factorization of n,n > 1.

We have: a(n) = [Tk, Pi i__ and p(n) = nJIL (1 ——) =nJlk p’i
Kk poett _ .
dp(n)o(n) = (nll_llp‘pl )(l 1 pl—l ) np' =
Kk n
=] [ =) <o [oir=ne

¢(n)a(n) 1
n

n3

— > 0(n - )
Therefore, @ = 0.

Solution 2 by Amrit Awasthi-India

Do) g1, 6 pdo) 1
nm n n

Itis well known: % <
T

1

0 < ¢(n);r(n) 1

n n

Therefore, @ = 0.

- 0(n - )

284. Find all n € N such that:

ﬁ(k2+k+1)2+1

T [;] +2020,[+] - GIF

k=0
Proposed by George Florin Serban-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
(K2+k+1)>+1  k*+2k*+3k*+2k+2  (k*+1)(k* + 2k + 2)
(k2+1)> (k? +1)? - (k2 +1)?

_(k+1)2+1
T k2+1

=n?+2n+2

ﬁ(k2+k+1)2+1 ﬁ(k+1)2+1 n+1)2+1
e d = =
(k% +1)2 kzZ+1 02+1

n(k2+k+1)2+1

n
1) 5] +2020 & n? + 2n - 2018 = [ ]

k=0

81 | RMM-ABSTRACT ALGEBRA MARATHON 201-300



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
—>§—1<n2+2n—20185§<—>7n2+13n—14119>0and7n2+13n—

14126 <0

—13++V132+4-7-14119 -
14

—13+V132+4-7-14126 -
14

7n* +13n—14119>0->n > 43

n* +13n—14126<0->n < 45

Therefore, n = 44
Solution 2 by Samar Das-India

2 2
2:0% = [g] +2020 <wheren € N>
+

n

(k2 +1)2+2k(kK?+1)+ (kK2 +1)
e

k=

=0

ﬁ(k2+1)(k2+1+2k+1)
=

k=0 (k* +1)2

=m+ 2020

k2 +2k+2 n S .
= [Trzo 2 —m+2020 (m= H which is an integer)

2)(5)(10>< N n®+1 xn2+2n+2
S —X—X-—X .,
1 2 5 n-1)2+1 nz+1

n?+2n+2 _

=m+2020 (1)

=m+ 2020

whennz+2n—20185§:>n2+§n—201850

= (n+32) - (2018 +12) 0= (n+ 2) - () <0 @

V395697 < n . 13 < V395697 <13 . v395697> < V395697 13

14 ~7 14 14 14 14

=

14 14
= —45.86 < n <44.0032 - n = 44 (where is positive integers)
And when n? + 2n — 2018 >~ — 1

13)Z (\/395501

13 2
:>n2+n><——201720:>(n+— ) =20 (4)
7 14 14
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13 V395501
So,n+—— >0=>n>43.99>n=44
14 14
13 V395501 . . . . - .
But,n < — VTR not possible, since n is positive integers

285. Solve for real numbers:

sin(sinx) cos(cosx)
-+ =

sin x COS X

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaijan
Solution by Mohammed Diai-Rabat-Morocco

sin(sin x cos(cos x
(sinx) | cos(cosz) _ g ()
sinx cos x

First domain of solutionsis: D = R\ {kn,g + k’n} k. k' €Z

sin x > 0 = sin x > sin(sin x)
> 0 because § .

* cos(cos x) __ sinx—sin(sinx)
e = : o
sin x < 0 = sin x < sin(sin x)

cos x sinx

And since cosx € ]-1,1[ c ]—gg[ therefore cos(cosx) > 0
So we conclude that cosx > 0 = x € ]—g + an,g + an[,k €T

From now we will study the domain D, = ]—gg[

Let be the function f defined by f(x) = 22X f'(x) = w

X

r | -2 -1 0 1 +

/¢ sinl 41N, sinl N, 2

.
B
H |2

Therefore: sin1 < M <1 (**
sinx

cos x xsinx+cosx h(x)

gx)=-—3—=

x2 x2

Let be the function g defined by g(x) =

’
X

h'(x) = sin x + x cos x — sin x = x cos x then
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- —% —1 0 1 4-%
h'(x) — — 0 + :
) | 2 N ~ 1 7 5z
g'(z) = ; | a =

glz) | 0 N, —cosl N —o0|l +00 N cos1 N, O

cos(cos x)
cosx€]0,1[=——>cos1
CcoS X

Using (**) 1 = Sn(sinx) | coslosn) o ih 1 + cos 1 impossible since sin 1 + cos 1 > 1
sinx Cos x
Conclusion the equation (*) have no real solutions.

286.Letn € N,n > 1. Find all functions f: R — R such that:

(2020x%™) = £(—2020y*") + x?"y?"*1 vx,y € R
y y y
Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohammed Diai-Rabat-Morocco
£(2020x2™) = f(—2020y%") + x?"y?"*1 vx,y € R; ()

Let f —an eventual solution. If f —is constant solution, then3c € R,Vx € R, f(x) = ¢

(*) » Vx,y € R: x?ny?ntl =,
which is not true, hence there is no constant solution for (*).

Letbea > 0.Takingy = 0in (x): Vx € R, f(2020x2") = £(0); (*x*)

Taking x = (ﬁ)ﬂ in (xx): f(a) = f(0). Therefore,va € R,: f(a) = £(0); (1)
Letbe a < 0.Taking x = 0in (x): Vy € R, f(—=2020y%™) = £(0); (x*x)
Taking y = (— 20'120)ﬂ in (x+x): f(a) = f£(0). Therefore, va € R_, f(a) = £(0); (2)

From (1), (2) it follows that f —is a constant function on R which is impossible.

Therefore, there is no solution function satisfying ()

84 | RMM-ABSTRACT ALGEBRA MARATHON 201-300



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
287. Find all n — prime numbers such that

|n® — 3n% + 2n — 203|,|n* — 18n3 + 199n® — 342n + 325|
are prime numbers.

Proposed by George Florin Serban-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let A(n) = |n® — 3n? +2n — 203|,B(n) = |n* — 18n® + 119n? — 342n + 325|
We have: A(7) = 7 aprime number and B(7) = 11 a prime number,son = 7 isa
solution.
fn+7-n=1234,5,6 (mod7) because n is a prime number.

We have: A(n) = [n(n — 1)(n—2) — 203]| and 203 = 0 (mod 7)
sIfn=12(mod7)» (n—1)(n—-2) =0(mod 7) » A(n) = 0 (mod 7)
An)=7onn-1)(n-2)=210orn(n—1)(n—-2) = 196
nn-1)nN-2)=210=7.65-n=7
n(n — 1)(n — 2) = 196 has no solution on IN because n(n — 1)(n — 2) = 0(mod 3) but
196 = 1(mod 3)

So, ifn = 1,2(mod 7) —» A(n) is not a prime number.

We alsohave: B(n) = |(n—6)(n—5)(n —4)(n—3) — 35| and 35 = 0 (mod 7)
-»1fn=3,456(mod7)-» (n—-6)(n-5)(n—-4)(n-3) =00(mod7) -
B(n) = 0(mod 7)
Bn)=7om-6)(n-5Mn-4)(n—3)=42o0r
m-6)(n-5n-4)(n-3) =28
(n—6)(n —5)(n — 4)(n — 3) = 42 has no solution on IN because:
(n—6)(n—5)(n—4)(n—-3) = 0(mod 4) but42 = 2(mod 4)
(n—6)(n —5)(n — 4)(n — 3) = 28 has no solution on IN because:
(n—-6)(n—5)(n—4)(n—3) = 0(mod 3) but 28 = 1(mod 3)

So, ifn = 3,4,5,6(mod 7) —» B(n) is not a prime number.

Finally, the only solutionisn = 7.
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x*=yz+1

288. Solve for real numbers:{ y? = zx+a ,a>1

7> = xy + a?

Proposed by Marin Chirciu-Romania
Solution 1 by Mohammed Diai-Rabat-Morocco

x*=yz+1 (1)
yt=zx+a (2),a>1
z2 =xy+a*(3)

D-2=x—y)x+y)=z(y—x)+1—-a=>(y—-x)(x+y+2z)=a—-1>0 (3)
D-Q)=2@-2)x+2)=y(z-x)+1-a*>z-x)(x+y+2z)=a*-1>0 (4)
The real numbers x, y, z must be different since a > 1

(4)/(3):;}%’;:a+1:>ax—(a+1)y+z=0:>z=(a+1)y—ax (5)

(5)and (3)= ((a+ 1)y — ax)Z =xy+a?>
= a’x?+ (a+1)*y? — ((a+1)? + a®)xy = a?
= a?x(x —y) + (a+1)’y(y — x) = @ = (x — y)(a’x — (a + 1)%y) = a* (6)
M)+@2)and B)=> x2+y?2=((a+ Dy —ax)(x+y)+1+a>
S@a+Dx*—ay’?—xy=a+1=>a(x*-y?)+x>*—xy=a+1
> @x-y)((a+Dx+ay)=a+1 (7)
a’*x—(a+1)%y  a?
(a+1)x+ay a+1

(6)/(7) =

=>y=0

y=0in(6)= a’x3 =a? = x=1andby (5) we findz= —a
Therefore there is only one unique solution (x,y,z) = (1,0, —a)

Solution 2 by Fayssal Abdelli-Bejaia-Algerie
{xz =yz+1 (A)

y?=zx+a (B),a>1
zZ = xy +a?(C)
A)-B)=>x>—y*=yz—xz+1—-a>x—-y)(x+y)=z(y—x)+1—a
>@k-y)x+y+z)=1-a (D)
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+ v+
1—a¢0:>{x y+z#0
XFYy

A-CO)>x>—-z2=yz—xy+1—a?
s>@x-2)(x+2z)=y(z—-x)+1—a?

x+y+z+0

>@-2)E+y+r)=1-a=(1-a1+a @ {F7Y7
B)-(C)=>y*—z>=xz—xy+a—a?

=>(y-2)y+2)=x(z-y)+a-a’
x+y+z+0
y+0

S (-Da+y+=at-a) @ |
Replace (1 — a) in (E)
x—-2)z+y+2)=(A+a)(x-y)(x+y+2)
s>x—z=0+a)(x—y) (x+y+z+0)=>z=(a+1)y—ax (G)
Replace z in (C): ((a + 1)y — ax)Z = xy + a?
= a’y? + 2ay* + y* + a*x?* - 2a(a+ 1)xy—xy—a* =0
= a’y? + 2ay? + y? + a’x? — 2a’xy — 2axy — xy —a® =
= a?(y? + x* — 2xy — 1) + a(2y* — 2xy) + (9? —xy) = 0

y2+x?-2xy—-1=0=(y=0)V(x=1)V(x =-1)
:>{ 2y —2xy=0=>(y=0)V(x=1)
y:—xy=0=(y=0)V(x=1)
y=0A)>x>=1>x=1)V(x=-1)

{(z=—a)ifx=1

_ __a
B)>xz+a=0>2z= *lr=+aifx=-1

Finally: 2 solutions: (x,y,z) = {(-1,0,a),(1,0,—a)}
289. Let 4 € R. Solve for real numbers:
43x2—21x + 421x—x2 + 4_2)Lx—x2 + 42M—x2 — 4_1+Ax

Proposed by Marin Chirciu-Romania
Solution 1 by Mohammed Diai-Rabat-Morocco

43x2—211x + 42/1x—x2 + 42/1x—x2 + 42/1x—x2 = 41+4x (*)

*) = 43%%=22x 4 3 5 422x-xF — 41-Ax
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3

4_x(x—/1) =4

PN 4_3x2—3/1x +3 % 4_/1x—x2 -4 o (4_x(x—/1))3 +

Let be @ = 4**~% we have the equation: a® + 2 =4 (*¥
e at-4a+3=0s (a*-a)—3a+3=0
sala-1D)(?*+a+1)-3(a—-1)=0
s@-1D)(@+a’?+a—-3)=0
o @-1)(@-1D+@-1)+(@-1))=0
sa-1)@+a+1+a+1+1)=0
ea-1)*(a+1)?+2)=0=2a=1
Therefore 4D =1 = x(x—2)=0=>x=0o0rx =2
If S denotes the set of real solutions of (*) then: § = {0, A}
Solution 2 by Ravi Prakash-New Delhi-India

41+ax — 4_3x2—211x + 4_2/1x—x2 + 4_2/1x—x2 + 4_2/1x—x2 >

1
2_ .2 ) _221%
> 4_[4_3x 2Ax+2Ax—x“+2Ax—x“+2Ax—Xx ]4-

[AM. = G.M.]= 4144 > (4)(4%)
Equality when

437°-20x — g200-2% o 342 2y =2dx— x> x2=Ax=>x=0,1

290. If (A4, +,)) isaringwith 0 # 1 and 1 + 1 is invertible, then prove that if
a b € Aand (a + b)? = a? + b?, (a + b)* = a* + b* then (ab)? = 0.

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution 1 by Ravi Prakash-New Delhi-India
a’+ b?>=(a+b)?=(a+b)(a+b)=aa+ ba+ab+ bb=a?+ ba+ ab+ b? (1)
ba + ab = 0;(2)
Also, a* + b* = (a + b)* = ((a + b)?)? = (a? + b?)? =

= a* + b%a® + a’b* + b*;(1) -
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b%a? + a?b? = 0; (3)

(2)
But:b%?a? = b(ba)a = b(—ab)a £ — (ba)(ba) = —(ba)? = —(—ab)?; (4) and

a’b? = a(ab)b = a(—ba)b = —(ab)?; (5)
From (3),(4), (5), we get: —(ab)? — (ab)?> =0 - —(1 + 1)(ab)? = 0.
As (1 + 1) isinvertible, —(1 + 1) is invertible.
Therefore, (ab)? = 0.
Solution 2 by Samar Das-India
(4,+,)isaring, (a + b)?> = (a+ b)(a + b) = aa + ab + ba + bb,a? + b* = (a + b)?
- a?+b%?=a?+ab+ba+b*-0+b?=ab+ ba+ b?-
b? + (—=b%) = ab + ba + b?> + (—=b?) - 0 = ab + ba
- —ab+0=—ab +ab+ ba—- —ab = ba
Again, (a + b)* = a* + b* - ((a + b)?)? = a* + b* >
a?a? + a?b? + b%a® + b2b? = a* + b*, (= (a + b)? = a? + b?) —
(a® + b2)? = a* + b* - (a® + b2)(a® + b?) = a* + b* —
a?a? + a?bh? + b%a? + b2b? = a* + b*
—a* + a’a® + a?b? + b2a® + b2b% = —a* + a* + b*
0 + a?b? + b%a®* + b?b*? = 0 + b*
a?b? + b2a? + b2b? + (—b*) = b* + (—b*)
- a’b? + b%a? = 0 - a’b? = —b%a? and b*a? = —a’b?
And now, (ab)? = (ab)(ab) = a(ba)b = a(—a)(bb) = —aabb =
(* ba = —ab;a(—a) = (—a)a)
= —a’b? = b%a? = bbaa = b(ba)a = b(—ab)a
(ab)? = b(—a)(ba) = —baba = —(ba)? = —((-1)(-1))(ab)? = —(ab)? -
(ab)? + (ab)? = —(ab)? + (ab)? = 0 > (ab)? =0
291.A,B € M5(C),2021AB =15+ 2020BA. Find:

Q =Tr((AB — BA)3)

Proposed by Marian Ursdrescu — Romania
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Solution by Ruxandra Daniela Tonila — Romania
2021AB =1; + 2020BA < 20204AB + AB = 1I; +2020BA
& 2020(AB—BA) =1, —AB © AB — BA = ﬁ(l3 —AB) (1)
2021AB =1; + 2020BA < 20214AB =1; — BA +2021BA
& 2021(AB—BA) =1, — BA < AB — BA = ﬁ(l3 —BA) (2)
LetC = AB — BA
From Cayley-Hamilton theorem we have:
C]—TrC-C*+TrC-C—detC-I; =05
SC=TrC-C>-TrC -C+detC-I;
STr(C3)=Tr(TrC-C>*—-TrC*-C+detC-1I;)

1
oTr(C®)=Tr (TrC-CZ—E(TrZC—Tr CZ)-C+detC-13)
1 1
<:)Tr(63)=TrC-TrCZ—ETrC-TrZC+E Tr C-Tr C?> + 3detC

o Tr () =TrC @Tr c? —%TrZC) +3detC
Tr € = Tr (AB — BA) = 0,VA, B € M5(R)

®.@= {AB ~BA = g3g5 (13 = 4B)

} = Tr (€3) = 3detC (3)

1
AB —BA= (I3 — BA)
20203
1
det(AB — BA) = Wdet(lg — BA)
\det(I; — AB) = det(I; — BA) VA, B € M5(R)
= detC = det(AB — BA) = det(I; — AB) =det(I; — BA) =0
(3)= Tr ((AB — BA)3) = 3det(AB— BA) =0
Therefore, @ = 0.

292.If A € M,(R) such that tr(A) + det(A) = 0. Prove that:

1
[ det(4B — BA) =——— det(I; — AB)
@ J
|

det(A%? + 34 + 31,) + det(4? — 34 + 31,) > 30detA

Proposed by Marian Ursdrescu-Romania
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Solution 1 by proposer

pa(x) = x%2 — (trA)x + detA, A, + 1, = trA, 1,1, = detA
det(A? +34+31,) = (22 +32,+3)(23 +34,+3) =
= 2222 + 3232, + 322 + 32,22 + 92,4, + 94, + 345 + 91, +9 =
= (detA)? + 3detA - trA + 3((trA)? — 2detA) + 9trA + 9detA + 9 =
= (detA)? — 3(detA)? — 3(detA)? — 6detA — 9detA + 9detA +9 =
= (detA)? — 6detA +9; (1)
det(A? —34+31,) = (22 —32,+3)(22-32,+3) =
= 2222 — 3222, + 322 —3442% + 92,4, —9A; + 322 — 91, + 9 =
= (detA)? — 3detA - trA + 3((trA)? — 2detA) + 9trA — 9detA + 9 =
= (detA)? + 3(detA)? + 3(detA)? — 6detA + 9detA + 9detA + 9 =
= 7(detA)? + 12detA + 9; (2)
From (1), (2) it follows that:
det(A? + 34 + 31,) + det(A%> — 34 + 31,) = 8(detA)? + 6detA + 18 =
= 2(4(detA)? + 3detA +9) > 30detA
Solution 2 by Ruxandra Daniela Tonil@-Romania

Let p, = det(A — xI,) = x? — (trA)x + detA be the characteristic polynomial of A.

pa(x) = x* — (trA)x + detA
trA+detA=0

det(A? + 34 + 31,) + det(A*? — 34+ 31,) =
=det(A? + 31, + 3A) + det(A%? + 31, — 34) =

} - pa(x) = x2 + (detd)x + detA

= 2(det(4? + 31,) + det(34)) ; (1)
det(A? + 31,) = det(A + iV31,) - det(A — iV3I,) = pa(—iV3) - pa(iV3)
pa(—iV3) = -3 + detA — i\/§(detA)} R
pA(i\/§) = —3 + detA + iv3(detA)
pa(—iV3) - pa(iV3) = (=3 + detA)? — (detA)?(iV3)"
< det(A? + 31,) = 4det(A?) — 6detA +9
From (1) it follows that:
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det(A? + 34 + 31,) + det(A*? — 34+ 31,) =

AM-GM
=2 (4det(A2) — 6detd +9 + det(3A)) = 6detA + 2(4det(A2) +9) 3

> 6detA + 4,/4det(A?) - 9 = 6detA + 24detA = 30detA.
Solution 3 by Ravi Prakash-New Delhi-India

Let A = (‘cl Z

w trA +detA = 0 and A* — (trA)A + (detA)I, = 0,,(H — C)

),detAZad—bc,trA=a+d=—a

- A*+aAd+al, =0, > A*> = —aA — al,

Now, A2 +34+31, =B -a)A+ (3 —-a)l, = (3 —a)’det(A+1,) >
det(A? +34+31,) =3 —a)’[(a+1)(d+1) — bc] =
=@B-a)(a—a+1)=3—-a)?

Also, A2 —3A+1,=—-aA—al,—3A+3], =—(a+3)A+ (3 - a)l,
det(A? -34+31,)=(a+3)?a—(a*-9a+(B-a)’ =7a?+12a+9
Now,det(A? + 34 + 31,) + det(4?> — 34+ 31,) =
=7a’?+12a+9+ (3 —a)’ =8a’?+6a+18 =

=22a—-3)?+30a = 30a

293.If n € N,n > 3, n-fixed. Solve for natural numbers:
a® = bc" 1+ cp?

Proposed by Seyran Ibrahimov-Azerbaijan

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
O]
a = bc™ 1+ cp™ !

It is clear that (0,b,0) and (0,0, c) are solutions of (x).
Now,we assume that : a,b,c € N*
Letd = gcd(b,c) » 3Ap,q € N* such that b = pd and c = qd and gcd(p,q) = 1
- (x) & a" = pqd"(p"* +q"?) > d"/a" > d/a

a
Letm=— €N~ (x) om" =pq(p"? + q"?)
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Since ged(p,q) =1 - ged(p,q) = ged(p,p"* + q"7%) = ged(p" > +q"%,q) =1
- 3r,s,z € N* suchthat : p=7r",q=s"p* 2+ q" 2% =2z"= (" 2)" + (s"2)"
But we know that the equation
x™+y" = z" (n = 3),does not admit a solution on N*
Therefore,S ={(0,b,0),(0,0,c)|b,c € N}.

294. Solve for real numbers:
Vx+3+V6—x=19

Proposed by Daniel Sitaru-Romania
Solution 1 by Serlea Kabay-Liberia

let9u’ = x+3,u € R, thenuy9+ V6 — 9u’ + 3 = /9
W+ - 1—-w=Pou+1-u =1
sl-v=1-uel1-v=01-uw) o
7ub — 21u® + 35u* — 35u% + 21u®? - 7u =0

7uu—1)W?> —u+1)?2=0. Sinceu?—u+1¢R,thenue{0,1}
Therefore, x € {—3, 6}

Solution 2 by Surjeet Singhania-India
Suppose f(y) = [y + /1 —y,VyeR.

f(y) will remain same fory >1andy <0as f(y) = f(1 - y).
7 6 7 6

(1-y) -(/y)

6
(Vy=»?)

1

f&)>0forye (o)

Clearly fory > 1, /(1) > f(y) - f(») < 1.Since f(y) = fF(1 —y)
f@) <1vy€e(-=,0)U(l,o)andfor0<y<1f(y)>1
Combining all these facts we get f(y) = 1 for y € {0, 1}

f(%) :7\E+7/1—%= 1 only fort € {0,9}

Therefore, x € {—3, 6}

'y = <Of0ry>landye(%;1)
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Solution 3 by Christos Tsifakis-Greece

7 —
For-3<x<9letix+3=a>0and V6 — =b20—>{z7_z+3
=6—x

7
a’+ b7 =

a’ + 7a°b + 21a°b? + 35a*b3 + 35a®b* + 21a’b®> + 7ab® + b’ =a’ + b” &
7a°b + 21a°b? + 35a*b® + 35a3b* + 21a*b® + 7ab® = 0 &
ab(7a® + 21a*b + 35a3b* + 35a%b® + 21ab* + 7b5) = 0

a=0-x=-3

b=0-x=6

7a° + 21a*b + 35a3b? + 35a*b3 + 21ab* + 7b°> > 0
Therefore, x € {—3, 6}
Solution 4 by Fayssal Abdelli-Bejaia-Algerie

Yx+3+V6—x=19:(4)
let9a’ =6 —-x—>V6—-x=VY9-a->x+9a2=6 > x+3=9—9ad’
Vx+3=1901-a?)

@) - -an+V9-a=¥0-V1-a"=1-a-
1-a@+a+a?>+-+a®)=01-a)’ »
1-a=0->x=-30or1+a+a*+--+a®=0;(B)
(B)»1+a+a*+--+a®=a®—-6a®+15a*—20a® - 15a®> +6a+1
—7a° + 14a* — 21a® +14a* - 7a=0->a=0->x =6 0or
a*—-2a®+3a®>-2a+1=0;(C)

2 1
(a#0)>a*-2a+3—-——+—==0
a a

, 1 1
(a +—Z)—2(a+—)+3=0
a a
Letf=a+i—>fz—2=az+a—12
C©)-(x*-2)-2x+3=0-x>-2x+1=0-(x—-1)=0-x=1

1
TZ1—>a+E=1—>a2—a+1=0(A<O)san—a+1¢0
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Therefore, x € {—3, 6}

295. Solve for real numbers:

x,y,z>0

(
[y ey v )
I
k

\/xy+z . yz+x . gX+y
x+y+z=1

Proposed by Daniel Sitaru — Romania
Solution by Max Wong-Hong Kong

AM-GM x + +z z+x
XY+ Jyz+Azx < 2y+y2 + 2 =x+y+z=1

Equality holdsiffx =y =z = %

yz 3x 1 3y 13z 1 371
yfzyzi x+y=xx ; ;yy ; ;Zz ; ;:xzx Zyzy ZzZz 3 :echcx—lnx
X y VA
Define f(x) = ;" Inx,£:(0.1] > R
3 1, 3
’ —(Z_ — +—l
fx) (2 Zx) 7 nx

1 3 1
f”(X) :ﬁ+ﬁ:ﬁ(1+3x) >0,Vx € (0,1)
-~ f is convex

=~ By Jensen’s inequality

> @ sf<zx> =f)=0

cyc cyc

As g(x) = e* is strictly increasing, g(f(x)) < g(f(1)) = g(0) =1

L Xy ; PP |
" Ty < 1.Equalityholdsiffx =y =z = 3
C xXyYeE((Jxy+ Jyzzx) . N |
- S liffx=y=2z= 3

YV aE(([xy+yz+zx)
Otherwise N <1

Thereforex =y =z = %
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296 Z1,Zy,Z3 € C* —differentin pail’S, |le - |Zzl = |Z3| = 1,A(Zl),B(Zz), C(Z3)

(*) 3
1_[|(21 —23)|zy — z3| + (21 — 23) |24 —Zz|| = (Z|Z1 - Zz|) —- AB=BC=CA

Proposed by Marian Ursdrescu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AABC € C(O,LR=1),AB=|z, — 2z, =¢,BC= |z, — 23| =a,CA=|2z;— 2z, =b

|(Z1 —z)|zy — z3| + (21 — z3)|z4 —Zz” = |b(zy — z3) + c(zy — z3)| =
az, + bz, + cz;
+b+ - + bz, + =2 — =2s.14
|(a ©)zy — (azy + bz + cz3)| = 2s |24 a+brte S

r 4R
(*)<—>1_[(2s.IA)=(2s)3<—>1_[ A=1<—>r3.—=1<—>2r=1=R
sin r
2
But we know that R > 2r (Euler),with equality only if AABC is equilateral.

Therefore,

3
1_[|(Z1 —2y)zy — z3| + (21 — 23) |24 _Zz” = (Z|Z1 _Zzl)
— AB=BC=CA

297.1f n € N then:

n

k(k—1) (2n*—1)cos(mn) +1
z cos(mk) 4

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Daniel Sitaru-Romania

We will use mathematical induction:

1(1-1) _ (2:12-1)cos(mw1)+1

cos(m1) 4 ©0=0

Forn=1-

. = k(k—1) (2n* —1)cos(mn) + 1
P(n): kZl cos(mk) 4

Suppose P(n)-true.
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Ck(k—1) (2(n+1)>-1)cos(m(n+1))+1
P(n+1): Z cos(mk) 4

P(n + 1) —to prove.

'ik(k—n_ik(k—n (n+ 1n

— cos(mk) — cos(mk) cos((n+ 1)m) -

(2n? — 1)cos(mn) + 1 (n+1)n 2n?-1)(-1D)"+1 (n+1n
= + = —+ =
4 cos((n+ 1)m) 4 (—1)n+t
@ -1+ (-1)"" +4n(n+1) -2n*+1+4n* +4n+ (-1)"
- 4-(—1)nt1 - 4-(—1)nt1 -
_2nf+4n+1+ (1) (-1)"1(2n% +4n+ 1) + (1)
- 4 - (—1)nt1 - 4 - (—1)2n+2 -
_2Mm+1)!-1)cos(m(n+1))+1
B 4
P(n) - P(n+1)

Solution 2 by Ahmed Yackoube Chach-Mauritania

_ kA ()" -1
fale) = z cos(km) z eikn — & () =x- x+1

k=1 1
=R, GO 1 nGer DOt O
falx) = (x+1)2 (x_|_1)2_ (x+1)2
" (n(x + 1)((71 1)x +1+ n) Zx)( x)n 2
fn( )_ x(x+1)3 +(x+1)3
Hence,

B —~ cos(kmw) 8 4 4

(1) = Z k(k—1) _ (4n? —2)(-1)" 1 _ (2n - 1)cos(nm) + 1

298. Solve for real numbers:

( x,y,z>0
y z
2021 (7 2\ = 2020
in G+3) =m0+
cyc cyc
3* +4Y = 5%

Proposed by Daniel Sitaru-Romania
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Solution 1 by Adrian Popa-Romania

zxzou (§+ ;) — z x2920(y + 7)

cyc cyc
Yy
Z x2021 .2 4 x2020 . , — x2020 .y 4 x2020 . ,
z
cyc cyc cyc cyc
zxzozz L y? = zxzou Y.z
cyc cyc

(2021,2,0) s (2021,2,1). Equality if x = y = z and from
3*+4Y =5 >sx=y=z=2.

Solution 2 by Amrit Awasthi-India

zxzou (§+ ;) — z x2920(y + 7)

cyc cyc
y
z x2021 .2 4 x2020 . , — x2020 y + x2020 . 5
VA
cyc cyc cyc cyc
Or,
X y
Dy (1) =1 3w () e =0
VA VA
cyc cyc

The left hand summand become zero forx =y = z.

Now, consider the equation 5% = 4Y + 3*, taking log both sides with base 5
_log(3* +47)
B log5
The integer solutions of this equation is (x,y,z) = (0,1, 1) and using Fermat’s last
theorem it is concluded that for x = y = z = a have only integer solutions for a = 2 that
is,
(x,y,2z) =(0,1,1) or (2,2,2) and putting x = y = z = a in the equations yields
_log(3* +4%)
B log5
Now, we need to check whether other real solutions exist or not.
By considering two equations
a a
Y=a,Y210g(3 + 4%)
log5
We can see that both are straight lines.
Now, we know two straight lines either are parallel or coincident or intersect at one point.
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But we also have one known solution at value 2 hence lines can not be parallel or
coincident. This makes it right to conclude that these lines intersect at a = 2 only.
Hence the solution set is:
(x1y1 Z) = (21 27 2)

299. Prove that, if the real x, y, z, A satisfy the relation:

sz—ny+31()l—x+z):0,

x,y and z form an arithmetic progression.
Proposed by Denisa Lepddatu-Romania
Solution 1 by Fayssal Abdelli-Bejaia-Algerie

Suppose:y =x+aandz=x+2a,a €R

sz —ny+3/1(/1—x+z) =0; (%)
s>x2+(x+a)+(x+2a)—x(x+a)—(x+a)(lx+2a) —x(x+2a) +31%> —3Ax
+3A(x+2a)=0
—»3a’+6ar+3122=0->(a+2)?*=0->a=-2
So,x2+y*+z2—xy—xz—yx+32A—-x+2)=0
sa=—-Ay=x—-Az=x—-2A=y—12
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

ZxZ—ny+3/1(/1—x+z)=0;(*)
(*)<—>3,12+3/1(z—x)+%[(x—y)2+(y—Z)Z+(Z—x)Z]=0

1
x,y,z,Aexist o A =9(z — x)? —4.3.2[(x—y)Z +(y—2z)P+(z-x)?*]=0
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o3z-x)?-6(x-y)2-6(y—2)2>0

o=+ -2)P-2(x-y)*-2(y-2>=0
o-x-y)}+2x -y -2-@-27200-[x-y)-(y-2]1=0
>(x-y)-(-2=0-x+2z=2y.
Therefore,x,y and z form an arithmetic progression
Solution 3 by Bedri Hajrizi-Mitrovica-Kosovo
lety=x+a,z=x+b-
3x2+a?+b%?+2ax+2bx—x(x+a)—x(x+b)—(x+a)(x+b)
+32(A—x+x+b)=0
-»a’+b?—ab+322+3Ab=0
—322+3bA+a*+b*—ab=0A=-32a—-b)’ >0 b =2a
So,y=x+a,z=x+2a - x,Yy, z are terms of an arithmetic progression.
Solution 4 by Manole Buican-Romania
y2—(x+z)y+x*+z>—xz+32*?-3Ax+32z=0andA >0
A= (x+2)?—4x%> — 47> + 4xz — 122> + 122x — 124z =
=-3(x—-2)2-122(A+(x—2)) = 0,lett=x—z >
t2+42A+) <0 (t+22)?<0=t+21=0->A=0.

S0,y12 = xT” — X, Y, z- are terms of an arithmetic progression.
Solution 5 by Amrit Awasthi-India
Given,x2 +y2 +z2 —xy—yz—zx+32(A—x+2)=0
Gy + (y =2+ (2= D)+ 3AA—x+2) = 0,(+)
lety = a,x = a — k,,z = a + k, therefore equation () becomes
%(k% + k% + (kq + k)? + 342 + 31k, + 31k;) = 0

- k2 + k% +kik, +32%> +31k, +31k, =0
Now, the equation so formed is irreducible so let’s assume k; = k, = k, therefore the

equation becomes 3k? + 64k + 34% = 0, solving for k we get k = —A.
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— X, Y, z- are terms of an arithmetic progression.

300.
If P (x) = Y
P(x 1) en
k=1
0 n 2mik
Y15
n 4 2 B

where |x| < 1 and d(n) is the number of divisors of n.

Proposed by Angad Singh-Pune-India
Solution by proposer

Let the series expansion of f(x) be expressed as

(00

fx) = Z a,x™ then

m=1
[ee) [ee)
2mik 2mik\™ 2mikm
m=1 m=1

Summing it up from k = 1 to k = n, we have:
n n (o8] [oe] n
2mik 2nikm 2mwikm
DI(ET) =0, 2, amane = ) apa ) e
k=1 k=1m=1 m=1 k=1

It can be easily shown that

n

Z eZn'ikm _ { n, nlm
n =
0, otherwise

k=1

Hence,

oo

n co n
2mik 1 2mik
Ef(xen)zn E amnxm"—>—éf(xen>= E Ay X™
n
m k=1

k=1 =1 m=1

Summing up both the sides fromn = 1 ton = o, we have:

2 1 = 2mik 2 -
2 f(xe )=, ), am
n=1 k=1

n=1m=1
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Observe that:
Z Z A XM = Z Z 1]a,x"= Z d(n)a,x"
n=1m=1 n=1 \ k|n n=1
Therefore,
co 1 n Zle co
Z—Zf(xe n ) = Z dn)a,x"
=i k=1
Substituting a,, = ﬁ, if |x] < 1, we get f(x) = yp(x), thus
- 1 - 2mik 2 n X
Z;le(xe " )—Zx T 1-—x
n=1 k=1 n=1

Finally substituting x = % completes the proof.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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