6 AREAS OF 6 FAMOUS PEDAL TRIANGLES

DANIEL SITARU, CLAUDIA NANUTI - ROMANIA

ABSTRACT. In this paper is illustrated the way to find areas of pedal triangles
of centroid, incenter, orthocenter (for an acute triangle), symmedian point,
Gergonne’s point and Nagel’s point in a triangle in terms of a, b, ¢ - sides of a
given triangle.

Let AA’, BB’, CC’ be concurrent cevians in AABC and {P} = AA'NBB'NCC".

By Ceva’s theorem:

C'A AB BC

C'B AC BA
Let be u,v,w > 0 such that:
C'A v AB _ w B'C
C'B uw AC v BA w
We will find a relationship which can be used to find the distances AP, BP,CP, A’P, B'P,C'P
in terms of AA’, BB',CC".

AB w A'B w A'B w

A’C’:;:>A’C+A’B:erw:> a v+ w

aw

(1) A'B =
v+ w

AC=BC—-AB=q- 2 _ %

v+ w v+ w

av

2) AC =

U+ w
By Van Aubel’s theorem:
PA C'A BA v w v+tw

PACB BC u W u

PA _ vtw :>PA_ v+ w
PA+PA  v+w+u AA T u4v+w
AA’
pa_ WrwAL

u+v+w
1
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/ . /
PA = AN — pA—ax  WFWAA  u-AA

u—+v+w u—+v+w
Let be M € Int(AABC).

.

B

By Stewart’s theorem in AAMA’:
MP?. AA" = MA%-PA' + MA?-PA— PA-PA-AA

-AA AA
MP2AAI:MA2U}7+MA/2(U+’LU) _ u(v+w) _AAIB
u—+v+w utvt+w  (utv+w)?
- MA? - MA”?
(3) MP2: u +(U+U)) _ U(U+w) _AA/Q
u+v+w u—+v+w (u+v+w)?
By Stewart’s theorem in ABMC:"
MA?.BC=MB*-A'C+MC?* - AB—A'C-A'B-BC
By (1); (2):
MAZ . a= MB2. - o2, W _av aw
v+ w v+w v+w vtw
2
(4) MA?=MB* 2y Y4
V4w v+w  (v+w)?
By Stewart’s theorem in AABC:
AA”? . BC =AB* - A'C+ AC* - A'B—- A'B-A'C-BC
AA? q— 2. OV g oW v aw
v+ w v+w v+tw v+w
2 2 2
(5) AA,QZCU—I—bw_ a“vw
v+w (v + w)?
Replace (4); (5) in (3):
MP2:LMA2+”+7“’(MB2. LAY V90 B )—
u4v+w u+v+w v+w v+w  (v+w)?
u(v 4 w) <02v+b2w avw )
(u+v+w)2\ v+w (v+w)?
MP = MAZ — " wmB.— " vcR. w _czvu+b2uw+
U+ v+w u+v+w utv+w  (utv+w)?
a*vw u
+ ( 1)
(u+v4+w(v+w)\u+v+w
MP2—MAZ2. —“  yp2. Y iy
U+ v+ w u+v+w uU+v+w

Avu+bPuw  a?v-w(lu —u—v—w)

(u+v+w)? (u+v+w)(v+w)
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MP2 :MAQL—FMBQL-FMCQ w _a2vw+b2wu+02uv
u+v+w uU+v+w u+v+w (u+v+w)?

Let be M = O - circumcenter. By (6):
OP? — OA2. u LORB. v LOC?. w 7a2vw+b2wu+c2uv
B u+v4w u+v4w u+v4w (u+v+w)?
OA = 0B = O0C = R - circumradii

u+v+w  afvw + bPwu + Auv

OP* = R*. -
u+v4w (u+ v+ w)?
7 OP? — R? _ a*vw + b*wu + uv
B (u+v+w)?
la. For P =G - centroid; u = v = w = 1;u + v+ w = 3, replaced in (7):
232 4 .2
+b"+c
8 oG =pRgr LT TC
0 '

2a. For P =1 - incenter; u = a;v = b;w = ¢;u + v + w = 2s, replaced in (7):

a?be+ b*ca + ctab R abc(a+b+c) R abc - 2s

2 _ p2
Or =R 452 452 452
012:R2_LM:R2_4RT8:
2s 2s
(9) =R?—-2Rr = R(R—2r)

3a. For P = H - orthocenter (AABC - acute), u = tan A,v = tan B,w = tan C
u+v+w=tan A+ tan B 4 tan C' = tan A tan B tan C
Replaced in (7):
a?tan Btan C + b? tan C tan A + ¢ tan Atan B
(tan A + tan B 4 tan C)?

OH? = R? —

By [1]:
2F?2
R? cos A cos B cosC

Zaz tan BtanC =
cyc

1
OH>’=R>—- — — . a®tan Btan C

2
(I1.,.tan A) "
1 212

OH? =R? - : .
(TTeye 224)% R2 T, cos A

We replace F' - area by:
F=2R*]]sinA
cyc
2 4 : 2
(I1eye cos A) . 2-4R* - ([, sin 4)
([1eye sin A)? R? 1], cos A
OH? = R* — 8R* [ J cos A

cyc

OH”? = R® -
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OH? = R2(1 —8HcosA>

cyc
By [1]:
HCOSA*a2+b2+6278R2
e N 8R2
2 2 2 2
2 p2fy ¢ @ b+ -8R
oH? = B*(1-8 s )
OH? = R* — (a®> + b* + ¢* — 8R?)
(10) OH? = 9R?* — (a®* +b* + ¢?)

2 2

4a. For P = K - symmedian point; u = a?;v = b%;w = ¢2.
u+v+w=a®+ b+ =2(s* —r* —4Rr)
Replaced in (7):
a’b?c® + a®b%c? 4 a?b?c?
(a® + 02 + c2)2
3a2b%c?
(a® + b2 + c2)2

OK? =R? -

(11) OK? = R* -

Ha. For P =T - Gergonne’s point:

1 1 1
s—a s—b s—c
1 4R+ r
B : =
y 1] Zs—a T8
cyc
1 1 4R +r
ut+v+w= + =
— s—b s—c TS

Replaced in (7):

a? b2 c?
b0 T —aG-a) " G=a)=b
(5 + 5 + =)

s—a S§—cC

ore = R2_<4Rrs+r) - (s—a)(sib)(sfc) .ZGQ(S_Q)

cyc

ZaQ(s—a) staz—Za?’ =

cye cye cye

= 2s(s® — 12 — 4Rr) — 2s(s* — 3r* — 6Rr) =
=2s(s? —r? —4Rr — s> + 3r? + 6Rr) =

=25(2r% + 2Rr) = 4rs(R+r) = 4F(R + 1)

Or? = rR* -

P2opgr_ I8 - s AF
OF =R~ QR se-ae_hs_g FE+
F? s

2 2_ - 2.
OF* = R® — iy o AF(R )
OT — R — 4Fs(R+r)

(AR + 1)
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ars® (R +r)
12 or?=Rp?- ——"— "/
(12) (4R + )2
6a. For P = N - Nagel’s point:
u=s—a,v=s—bw=s—c

ut+v+w=3s—(a+b+c)=3s—25=s5

Replaced in (7):
a’?(s —b)(s —c)+b%(s —c)(s —a) + (s —a)(s — b)

ON? = R? — 5
s
1
ON? = R? — ?ZaQ(s —b)(s—¢)
cyc
By [1]:
ZaQ(s—b)(s—c) = 4rs*(R—1)
cyc
ON? =PR? — % -47“52(R—r)
s
(13) ON? = R? —4rR +4r* = (R — 2r)?

If ADEF is pedal triangle of P then ([2]):

1 F
[DEF) = Z(R2 - 0P?). b= [ABC]

1b. Pedal triangle of centroid:

1
[DEF] = E(RZ ~0G?) - F =

® 1 (s a’ + b + ¢? '
_4R2(R B+ ) F
a? 4+ b+
DEF|l=———— " F
[ ) 361R2

2b. Pedal triangle of incenter:
1
DEF] = —(R*-0I%) -F =
IDEF] = 0 (R~ OF)
1
® gz (B~ R* 4 2Rn)F
r
DEF|=— " F
[DEF] = 5%

3b. Pedal triangle of orthocenter (in acute triangle):

1
[DEF] = 4—R2(RQ — OH*)F =
1
W (R =9 +a? +17 + )F =
= @(Og + b2 + 62 - SRQ)F
4b. Pedal triangle of symmedian point:

1
[DEF] = 4—RQ(R? — OK?)F =
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an 1 9 9 3a%b%c?
= - (R2_R24 "%
4R2( + (a2+b2+c2)2)
2522
(DEF] = 3a“b c

-F
4R2(a® 4 b2 + ¢2)?
5b. Pedal triangle of Gergonne’s point:

[DEF] = L(RQ — OT?)F =

4R?
(12) 1 o o Ars?(R+7)
B 4R2(R R (4R + )2 )
rs>(R+r)F
PEF]= mrtim s e
6b. Pedal triangle of Nagel’s point:
_ L r_ontr® L g2 (p_amF =
[DEF] = 1 (R°—ON*F = e (R —(R—2r))F =
1
= —5 - + 4ir +4r
DEF] = 175 (R* = R® + 4Rr + 4r*) F
r(R+r)F
[DEF] = ==
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