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JP.357 In AABC, N, —Nagel’s point. Prove that if N, lies on incircle if and only
if s2 + 4r?> = 16Rr

Proposed by Marian Ursdrescu-Romania
Solution 1 by proposer, Solution 2 by Daniel Vdcaru-Romania

Solution 1 by proposer
If that inscribed circle of AABC passes through point N, © IN, = r < IN2 =r?%; (1)

— (s—a)IA+ (s—b)IB + (s — ¢)IC
IN, = =

s
_ Y(s—a)*IA* + ¥ bc(s — a)lA - ﬁ?’.

2

Z(S —a)’lA? = Z(S —a)?*(bc—4Rr) = Z bc(s —a)? — 4RrZ(s —a)? =

s—a)? s(s?+r%2 —12Rr
=abcz( ) —4RrZ(s—a)Z = 4Rrs - ( )—4Rr
a 4Rr

s2 —2r%2 —8Rr = s?*(s*> +r? —12Rr) — 4Rr(s*> — 2r* — 8Rr) =
s?2(s® + 12 —12Rr) — 4Rrs? + 4Rr(2r%* + 8Rr) =

IN? (2)
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= s2(s2 + r2 — 16Rr) + 8Rr2(4R + 1): (3)

Z(S— a)(S—b)ﬁfﬁ = Z(s_a)(s_ b) <IAZ +Il;2 _ABZ> _
= Z(s—a)(s_b)<bc—4Rr+(;c_4_Rr_cz> _

:z(s_a)(s_b)<2c(s—c)—8Rr>:

2
= Z(s —a)(s—b)(c(s—c)—4Rr) =

=(s—a)(s—b)(s—c) 25— 4Rr2(s —a)(s—b) =
= 25%r? —4Rr(r(4R + 1)) = 2512 — 4Rr*(4R +71); (4)
From (2),(3),(4) it follows that:

8RTr*(4R +71) 8RT*(4R +71)

g2~
s2 s2

From (1),(5) it follows that: s + 412 = 16Rr.

IN? = s2+1r?2 —16Rr = s%2 + 512 — 16Rr;(5)

Solution 2 by Daniel Vacaru-Romania
We know that: N,I = 3IG = 316 =r > 1> =9GI* > r* = s>+ 5r? — 16Rr =

16Rr = s% + 412, Or, else:
s—a s—b s—c
N, M? = TMAZ + TMBZ + TMcZ + 41r? — 4RT; (%)

We obtain N, 1% = =*14% + S;—bIBZ +*1C? + 472 — 4Rr and

bc A b%c? s(s—a) s—a bc(s — a)?
Al = — cos—= ,AI* = . ( ):> AIZ:Q
s 2 s2 s2 s s2
zs_aIAZ B Z:bc(s—a)Z _ s?Y ab— 6abcs + abc(a+b+c)
s B s2 B s2 B
cyc cyc
s2Y ab — 4abcs s*(s?+r? + 4Rr) — 16Rrs? _
= e = <2 =s“+r°—12Rr

Againin (x), we obtain
N,I? = s> +r* —12Rr + 4R* — 4Rr = s?> + 5r* — 16Rr.

ButN,I =r = 1% = s>+ 5r> — 16Rr.
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Therefore, s + 4r%? = 16Rr.

Note by editor:
Many thanks to Florica Anastase-Romania for typed solution.



