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JP.357 In ∆ࢇࡺ,࡯࡮࡭ −Nagel’s point. Prove that if ࢇࡺ	lies on incircle if and only 

if ࢙૛ + ૝࢘૛ = ૚૟࢘ࡾ    

Proposed by Marian Ursărescu-Romania 
Solution 1 by proposer, Solution 2 by Daniel Văcaru-Romania 
 

Solution 1 by proposer 

If that inscribed circle of ∆࡯࡮࡭  passes through point ࢇࡺ ⇔ ࢇࡺࡵ = ࢘ ⇔ ࢇࡺࡵ
૛ = ;૛࢘ (૚) 

ሬሬሬሬሬሬሬ⃗ࢇࡺࡵ =
࢙) − ሬሬሬሬ⃗࡭ࡵ(ࢇ + ࢙) − ሬሬሬሬሬ⃗࡮ࡵ(࢈ + ࢙) − ሬሬሬሬ⃗࡯ࡵ(ࢉ

࢙ ⇔ 

૛ࡺࡵ =
࢙)∑ − ૛࡭ࡵ૛(ࢇ + ࢙)ࢉ࢈∑ − ሬሬሬሬ⃗࡭ࡵ(ࢇ ∙ ሬሬሬሬሬ⃗࡮ࡵ

૛࢙ ; (૛) 

෍(࢙ − ૛࡭ࡵ૛(ࢇ = ෍(࢙ − ࢉ࢈)૛(ࢇ − ૝࢘ࡾ) = ෍࢙)ࢉ࢈ − ૛(ࢇ − ૝࢘ࡾ෍(࢙ − ૛(ࢇ = 

= ෍ࢉ࢈ࢇ
࢙) − ૛(ࢇ

ࢇ − ૝࢘ࡾ෍(࢙ − ૛(ࢇ = ૝࢙࢘ࡾ ∙
૛࢙)࢙ + ૛࢘ − ૚૛࢘ࡾ)

૝࢘ࡾ − ૝࢘ࡾ 

૛࢙ − ૛࢘૛ − ૡ࢘ࡾ = ૛࢙)૛࢙ + ૛࢘ − ૚૛࢘ࡾ) − ૝࢙)࢘ࡾ૛ − ૛࢘૛ − ૡ࢘ࡾ) = 

૛࢙)૛࢙ + ૛࢘ − ૚૛࢘ࡾ) − ૝࢙࢘ࡾ૛ + ૝࢘ࡾ(૛࢘૛ + ૡ࢘ࡾ) = 
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= ૛࢙)૛࢙ + ૛࢘ − ૚૟࢘ࡾ) + ૡ࢘ࡾ૛(૝ࡾ+ ;(࢘ (૜) 

෍(࢙ − ࢙)(ࢇ − ሬሬሬሬ⃗࡭ࡵ(࢈ ∙ ሬሬሬሬሬ⃗࡮ࡵ = ෍(࢙ − ࢙)(ࢇ − ቆ(࢈
૛࡭ࡵ + ૛࡮ࡵ − ૛࡮࡭

૛ ቇ = 

= ෍(࢙ − ࢙)(ࢇ − ቆ(࢈
ࢉ࢈ − ૝࢘ࡾ+ ࢉࢇ − ૝࢘ࡾ − ૛ࢉ

૛ ቇ = 

= ෍(࢙ − ࢙)(ࢇ − ቆ(࢈
૛࢙)ࢉ − −(ࢉ ૡ࢘ࡾ

૛ ቇ = 

= ෍(࢙ − ࢙)(ࢇ − ࢙)ࢉ)(࢈ − −(ࢉ ૝࢘ࡾ) = 

= ࢙) − ࢙)(ࢇ − ࢙)(࢈ − (ࢉ ∙ ૛࢙ − ૝࢘ࡾ෍(࢙ − ࢙)(ࢇ − (࢈ = 

= ૛࢙૛࢘૛ − ૝࢘ࡾ൫࢘(૝ࡾ + ൯(࢘ = ૛࢙૛࢘૛ − ૝࢘ࡾ૛(૝ࡾ + ;(࢘ (૝) 

From (2),(3),(4) it follows that:  

૛ࡺࡵ = ૛࢙ + ૛࢘ − ૚૟࢘ࡾ+
ૡ࢘ࡾ૛(૝ࡾ + (࢘

૛࢙ + ૝࢘૛ −
ૡ࢘ࡾ૛(૝ࡾ + (࢘

૛࢙ = ૛࢙ + ૞࢘૛ − ૚૟࢘ࡾ; (૞) 

From (1),(5) it follows that: ࢙૛ + ૝࢘૛ = ૚૟࢘ࡾ.    

Solution 2 by Daniel Văcaru-Romania 

We know that: ࡵࢇࡺ = ૜ࡳࡵ ⇒ ૜ࡳࡵ = ࢘ ⇒ ૛࢘ = ૛ࡵࡳૢ ⇒ ૛࢘ = ૛࢙ + ૞࢘૛ − ૚૟࢘ࡾ ⇒ 

૚૟࢘ࡾ = ૛࢙ + ૝࢘૛. Or, else: 

૛ࡹࢇࡺ =
࢙ − ࢇ
࢙ ૛࡭ࡹ +

࢙ − ࢈
࢙ ૛࡮ࡹ +

࢙ − ࢉ
࢙ ૛࡯ࡹ + ૝࢘૛ − ૝࢘ࡾ; (∗) 

We obtain ࡵࢇࡺ૛ = ࢇି࢙
࢙
૛࡭ࡵ + ࢈ି࢙

࢙
૛࡮ࡵ + ࢉି࢙

࢙
૛࡯ࡵ + ૝࢘૛ − ૝࢘ࡾ and  

ࡵ࡭ =
ࢉ࢈
࢙ ࢙࢕ࢉ	

࡭
૛ ૛ࡵ࡭, =

૛ࢉ૛࢈

૛࢙ ⋅
࢙)࢙ − (ࢇ

૛࢙ ⇒
࢙ − ࢇ
࢙ ૛ࡵ࡭ =

࢙)ࢉ࢈ − ૛(ࢇ

૛࢙  

෍
−࢙ ࢇ
࢙ ૛࡭ࡵ

ࢉ࢟ࢉ

= ෍
࢙)ࢉ࢈ − ૛(ࢇ

૛࢙
ࢉ࢟ࢉ

=
−࢈ࢇ∑૛࢙ ૟࢙ࢉ࢈ࢇ + +ࢇ)ࢉ࢈ࢇ ࢈ + (ࢉ

૛࢙ = 

=
࢈ࢇ∑૛࢙ − ૝࢙ࢉ࢈ࢇ

૛࢙ =
૛࢙)૛࢙ + ૛࢘ + ૝࢘ࡾ) − ૚૟࢙࢘ࡾ૛

૛࢙ = ૛࢙ + ૛࢘ − ૚૛࢘ࡾ 

Again in (∗), we obtain  

૛ࡵࢇࡺ = ૛࢙ + ૛࢘ − ૚૛࢘ࡾ + ૝ࡾ૛ − ૝࢘ࡾ = ૛࢙ + ૞࢘૛ − ૚૟࢘ࡾ. 

But ࡵࢇࡺ = ࢘ ⇒ ૛࢘ = ૛࢙ + ૞࢘૛ − ૚૟࢘ࡾ. 
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Therefore, ࢙૛ + ૝࢘૛ = ૚૟࢘ࡾ. 

Note by editor: 
Many thanks to Florică Anastase-Romania for typed solution. 

 


