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Abstract. In this paper we present some certain limits of real sequences.

Theorem 1.

If γn = − lnn+

n∑
k=1

1

k
, lim
n→∞

γn = γ (Euler-Mascheroni constant) and

sn = −2
√
n+

n∑
k=1

1√
k
, lim
n→∞

sn = s (Ioachimescu constant), then

lim
n→∞

γn − γ
(sn − s)2

= 2.

Proof.

(1) lim
n→∞

γn − γ
(sn − s)2

= lim
n→∞

n(γn − γ)
(
√
n(sn − s))2

lim
n→∞

n(γn − γ) = lim
n→∞

γn − γ
1
n

Cesaro-Stolz
= lim

n→∞

γn+1 − γn
1

n+1 −
1
n

= lim
n→∞

γn − γn+1
1
n −

1
n+1

=

= lim
n→∞

− lnn+ ln(n+ 1)− 1
n+1

1
n(n+1)

= lim
n→∞

ln n+1
n − 1

n+1
1

n(n+1)

= lim
n→∞

ln(1 + 1
n )−

1
n+1

1
n(n+1)

=

= lim
x→0
x>0

ln(1 + x)− x
x+1

x · x
x+1

= lim
x→0
x>0

(x+ 1) ln(x+ 1)− x
x2

L’Hospital
= lim

x→0
x>0

ln(x+ 1) + 1− 1

2x
=

(2) = lim
x→0
x>0

1

2
ln(1 + x)

1
x =

1

2
ln e =

1

2

u = lim
n→∞

√
n(sn − s) = lim

n→∞

n(sn − s)√
n

C-S
= lim

n→∞

(n+ 1)(sn − s)− n(sn − s)√
n+ 1−

√
n

=

= lim
n→∞

(
√
n+ 1 +

√
n)(n(sn+1 − sn) + (sn+1 − s)) =

= 2 lim
n→∞

√
n · n · (sn+1 − sn) + 2 lim

n→∞

√
n+ 1(sn+1 − s) =

= 2u+ 2 lim
n→∞

(
n
√
n
( 1√

n+ 1
− 2
√
n+ 1 + 2

√
n
))

=

= 2u+ 2 lim
n→∞

( n
√
n√

n+ 1
(1− 2(n+ 1) + 2

√
n(n+ 1))

)
=

(3) = 2u+ 2 lim
n→∞

4n(n+ 1)− 4n2 − 4n− 1

2n+ 1 + 2
√
n(n+ 1)

· n
√
n√

n+ 1
= 2u− 1

2
⇔ u =

1

2
1
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From (1); (2) and (3) we get lim
n→∞

γn − γ
(sn − s)2

= 2

�

Theorem 2.

If γn = − lnn+

n∑
k=1

1

k
, lim
n→∞

γn = γ = Euler-Mascheroni constant, then

lim
n→∞

(γn − γ)
n
√
n! =

1

2e

Proof.

(1) Let xn = (γn − γ)
n
√
n! = n(γn − γ) ·

n
√
n!

n

(2) It is well-known that lim
n→∞

n
√
n!

n
=

1

e

lim
n→∞

n(γn−γ) = lim
n→∞

γn − γ
1
n

Cesaro-Stolz
= lim

n→∞

γn+1 − γn
1

n+1 −
1
n

= lim
n→∞

n(n+1)(γn−γn+1) =

= lim
n→∞

n(n+ 1)
(
ln
n+ 1

n
− 1

n+ 1

)
= lim

n→∞
n
(
(n+ 1) ln

(
1 +

1

n

)
− 1
)
=

= lim
x→0
x>0

x+1
x ln(1 + x)− 1

x
=

(3)

= lim
x→0
x>0

(x+ 1) ln(1 + x)− x
x2

L’Hospital
= lim

x→0
x>0

ln(1 + x)

2x
=

1

2
lim
x→0
x>0

ln(1+x)
1
x =

1

2
ln e =

1

2

From (1), (2) and (3) we get lim
n→∞

(γn − γ)
n
√
n! = lim

n→∞
xn =

1

2e
.

�

Theorem 3.

If γn = − lnn+

n∑
k=1

1

k
, lim
n→∞

γn = γ, then lim
n→∞

(γn − γ) n
√
(2n− 1)!! =

1

e

Proof.

(1) Let xn = (γn − γ) n
√
(2n− 1)!! = n(γn − γ) ·

n
√
(2n− 1)!!

n

lim
n→∞

n
√
(2n− 1)!!

n
= lim

n→∞
n

√
(2n− 1)!!

nn
C-D’A
= lim

n→∞

( (2n+ 1)!!

(n+ 1)n+1
· nn

(2n− 1)!!

)
=

(2) = lim
n→∞

2n+ 1

n+ 1

( n

n+ 1

)n
=

2

e

lim
n→∞

n(γn−γ) = lim
n→∞

γn − γ
1
n

Cesaro-Stolz
= lim

n→∞

γn+1 − γn
1

n+1 −
1
n

= lim
n→∞

n(n+1)(γn−γn+1) =

= lim
n→∞

n(n+ 1)
(
ln
n+ 1

n
− 1

n+ 1

)
= lim

n→∞
n
(
(n+ 1) ln

(
1 +

1

n

)
− 1
)
=
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= lim
x→0
x>0

x+1
x ln(1 + x)− 1

x
=

(3)

= lim
x→0
x>0

(x+ 1) ln(1 + x)− x
x2

L’Hospital
= lim

x→0
x>0

ln(1 + x)

2x
=

1

2
lim
x→0
x>0

ln(1+x)
1
x =

1

2
ln e =

1

2

From (1), (2) and (3) we get lim
n→∞

(γn − γ) n
√
(2n− 1)!! = lim

n→∞
xn =

1

e
�

Theorem 4.

Find lim
n→∞

n
√√

2! · 3
√
3! · . . . · n

√
n!

n+1
√
(2n+ 1)!!

=
1

2e
.

Proof.
(1)

lim
n→∞

n
√√

2! · 3
√
3! · . . . · n

√
n!

n+1
√
(2n+ 1)!!

= lim
n→∞

( n
√√

2! · 3
√
3! · . . . · n

√
n!

n
· n+ 1

n+1
√
(2n+ 1)!!

· n

n+ 1

)
lim

n→∞

n
√

(2n− 1)!!

n
= lim

n→∞
n

√
(2n− 1)!!

nn
C-D’A
= lim

n→∞

( (2n+ 1)!!

(n+ 1)n+1
· nn

(2n− 1)!!

)
=

(2) = lim
n→∞

2n+ 1

n+ 1

( n

n+ 1

)n
=

2

e

lim
n→∞

n
√√

2! · 3
√
3! · . . . · n

√
n!

n
= lim

n→∞

n

√√
2! · 3
√
3! · . . . · n

√
n!

nn
=

= lim
n→∞

√
2! · 3
√
3! · . . . · n+1

√
(n+ 1)!

(n+ 1)n+1
· nn√

2! · 3
√
3! · . . . · n

√
n!

=

(3) = lim
n→∞

n+1
√
(n+ 1)!

n+ 1
·
( n

n+ 1

)n
=

1

e
lim
n→∞

n
√
n!

n
=

1

e2

From (1), (2) and (3) we get lim
n→∞

n
√√

2! · 3
√
3! · . . . · n

√
n!

n+1
√
(2n+ 1)!!

=
1

e2
· e
2
· 1 =

1

2e

�

Theorem 5.

If sn = −2
√
n+

n∑
k+1

1√
k
, lim
n→∞

sn = s (Ioachimescu constant), then

lim
n→∞

(sn − s) 2n
√
(2n− 1)!! =

1√
2e

Proof.

(1) Let xn = (sn − s) 2n
√

(2n− 1)!! =
√
n(sn − s)

√
n
√
(2n− 1)!!

n

lim
n→∞

n
√
(2n− 1)!!

n
= lim

n→∞
n

√
(2n− 1)!!

nn
= lim

n→∞

( (2n+ 1)!!

(n+ 1)n+1
· nn

(2n− 1)!!

)
=
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(2) = lim
n→∞

2n+ 1

n+ 1

( n

n+ 1

)n
=

2

e

lim
n→∞

√
n(sn−s) = lim

n→∞

sn − s
1√
n

C-S
= lim

n→∞

sn+1 − sn
1√
n+1
− 1√

n

= lim
n→∞

√
n(n+ 1)√

n+ 1−
√
n
(sn−sn+1) =

= lim
n→∞

√
n(n+ 1)(

√
n+ 1 +

√
n)
(
− 2
√
n− 1√

n+ 1
+ 2
√
n+ 1

)
=

(3)

= lim
n→∞

√
n(
√
n+ 1+

√
n)(2n+1−2

√
n(n+ 1)) = lim

n→∞

√
n(
√
n+ 1 +

√
n)

2n+ 1 + 2
√
n(n+ 1)

=
1

2

From (1); (2) and (3) we get lim
n→∞

(sn − s) 2n
√
(2n− 1)!! = lim

n→∞
xn =

1

2

√
2

e
=

1√
2e

�

Theorem 6.

If sn = −2
√
n+

n∑
k=1

1√
k
, lim
n→∞

sn = s (Ioachimescu constant), then

lim
n→∞

(sn − s)
2n
√
n! =

1

2
√
e

Proof.

(1) Let xn = (sn − s) 2n

√
n! =

√
n(sn − s)

√
n
√
n!

n

(2) lim
n→∞

n
√
n!

n
=

1

e

lim
n→∞

√
n(sn−s) = lim

n→∞

sn − s
1√
n

C-S
= lim

n→∞

sn+1 − sn
1√
n+1
− 1√

n

= lim
n→∞

√
n(n+ 1)√

n+ 1−
√
n
(sn−sn+1) =

= lim
n→∞

√
n(n+ 1)(

√
n+ 1 +

√
n)
(
− 2
√
n− 1√

n+ 1
+ 2
√
n+ 1

)
=

(3)

= lim
n→∞

√
n(
√
n+ 1+

√
n)(2n+ 1− 2

√
n(n+ 1) = lim

n→∞

√
n(
√
n+ 1 +

√
n)

2n+ 1 + 2
√
n(n+ 1)

=
1

2

From (1), (2) and (3) we get lim
n→∞

(sn − s)
2n
√
n! = lim

n→∞
xn =

1

2

√
1

e
=

1

2
√
e

�

Theorem 7.

If en =
(
1 +

1

n

)n
, lim
n→∞

en = e (Euler constant) and sn = −2
√
n+

n∑
k=1

1√
k
,

lim
n→∞

sn = s (Ioachimescu constant), then lim
n→∞

e− en
(sn − s)2

= 2e.
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Proof.

(1) lim
n→∞

e− en
(sn − s)2

= lim
n→∞

n(e− en)
(
√
n(sn − s))2

lim
n→∞

√
n(sn−s) = lim

n→∞

sn − s
1√
n

C-S
= lim

n→∞

sn+1 − sn
1√
n+1
− 1√

n

= lim
n→∞

√
n(n+ 1)√

n+ 1−
√
n
(sn−sn+1) =

= lim
n→∞

√
n(n+ 1)(

√
n+ 1 +

√
n)
(
− 2
√
n− 1√

n+ 1
+ 2
√
n+ 1

)
=

(2)

= lim
n→∞

√
n(
√
n+ 1+

√
n)(2n+1−2

√
n(n+ 1)) = lim

n→∞

√
n(
√
n+ 1 +

√
n)

2n+ 1 + 2
√
n(n+ 1)

=
1

2

(3) It is well known that
e

2n+ 2
< e− en <

e

2n+ 1
⇒ lim

n→∞
n(e− en) =

e

2

From (1), (2) and (3) we get lim
n→∞

e− en
(sn − s)2

= 2e

�
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[8] Daniel Sitaru, Marian Ursărescu, Ice Math-Contests Problems. Studis Publishing House, Iaşi,
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[10] Daniel Sitaru, Math Phenomenon Reloaded, Studis Publishing House, Iaşi, 2020.
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