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If ࢑,࢔ ∈ ℕ,࢔ ≥ ℝ:࢑ࢌ	and	࢑ → ቂ૙, ࢔
૚ି࢑ା࢔

ቃ continuous function. Prove that: 

ܕܑܔ
ஶ→࢔

ቌ
૚
(࢑)ࢌ෍࢔ ⋅ ඨ૚ − (࢑)ࢌ +

૚ − ࢑
࢔ (࢑)ࢌ

ష૚࢑శ࢔
࢔

ୀ૚࢑

ቍ <  ૛݃݋݈
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Solution 1 by  Nassim Nicholas Taleb-New York-USA 

Determine the summand (࢑,࢔)ࡿ = (࢑,࢔)ࢌ ቀ(૚ି࢑)(࢑,࢔)ࢌ
࢔

− (࢑,࢔)ࢌ + ૚	ቁ
૚

 ష૚࢔శ࢑

(⋅)ࡿ −is maximum for (࢑,࢔)ࢌ = ࢔
૚ି࢑ା࢔

− ࣕ,૙ < ߳ < ࢔
૚ି࢑ା࢔

. 

Maximizing, we have ࣔ(࢑,࢔)ࡿ
ࣔࣕ

= ૙ for ࣕ = ࢔
(࢔ା࢑)(૚ି࢔ା࢑)

. Allora 

෍(࢑,࢔)࢞ࢇࡹࡿ
࢔

ୀ૚࢑

= ෍൬
૚

࢑ + ൰࢔
࢔ା࢑

ି૚ା࢑ା࢔
࢔

ୀ૚࢑

≤෍൬
૚

࢑ + ൰࢔
࢔

ୀ૚࢑

= ࢔૛)(૙)࣒ + ૚)− ࢔)(૙)࣒ + ૚), 

Where ࣒−is the polygamma function. Allora 

ܕܑܔ
ஶ→࢔

ቀ࣒(૙)(૛࢔+ ૚) − +࢔)(૙)࣒ ૚)ቁ =  ૛ࢍ࢕࢒
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Solution 2 by proposer 

࢔
࢔ + ࢑ =

࢔) + −࢑ ૚)(࢑)ࢌ + ࢔ − +࢔) ࢑ − ૚)(࢑)ࢌ
࢔ + ࢑ ≥

ࡹࡳିࡹ࡭
 

≥ ට࢔ࢌାି࢑૚(࢑)൫࢔ − +࢔) ࢑ − ૚)(࢑)ࢌ൯
࢑శ࢔

⇔ 

࢔൫(࢑)૚ି࢑ା࢔ࢌ − ࢔) + −࢑ ૚)(࢑)ࢌ൯ ≤ ቀ
࢔

+࢔ ቁ࢑
૚ି࢑ା࢔

⋅
࢔

࢔ + ࢑ ⇔ 

(࢑)ࢌ ඨ࢔+ ࢑
࢔ ൫࢔ − ࢔) + ࢑ − ૚)(࢑)ࢌ൯	

ష૚࢑శ࢔
≤

࢔
+࢔  ࢑

(࢑)ࢌ
࢔ ⋅ ඨ࢔ + ࢑

࢔ ൫࢔ − ࢔) + ࢑ − ૚)(࢑)ࢌ൯	
ష૚࢑శ࢔

≤
૚
࢔ ⋅

࢔
+࢔ ࢑ ⇔ 

૚
(࢑)ࢌ෍࢔ ⋅ ඨ૚ − (࢔)ࢌ +

૚ − ࢑
࢔ (࢔)ࢌ

ష૚࢑శ࢔
࢔

ୀ૚࢑

≤ 

≤
૚
(࢑)ࢌ෍࢔ ⋅ ඨ࢔ + ࢑

࢔ ൫࢔ − ࢔) + ࢑ − ૚)(࢑)ࢌ൯	
ష૚࢑శ࢔

࢔

ୀ૚࢑

≤
૚
࢔ ⋅෍

࢔
+࢔ ࢑

࢔

ୀ૚࢑

= 

ܕܑܔ
ஶ→࢔

૚
࢔ ⋅෍

࢔
࢔ + ࢑

࢔

ୀ૚࢑

= න
૚

࢞ + ૚࢞ࢊ
૚

૙
=  ૛ࢍ࢕࢒

Therefore, 

ܕܑܔ
ஶ→࢔

ቌ
૚
(࢑)ࢌ෍࢔ ⋅ ඨ૚ − (࢑)ࢌ +

૚ − ࢑
࢔ (࢑)ࢌ

ష૚࢑శ࢔
࢔

ୀ૚࢑

ቍ <  ૛݃݋݈

 

 


