INEQUALITIES WITH CIRCUMPEDAL EXTENSIONS OF
THREE CONCURRENT CEVIANS IN A TRIANGLE
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ABSTRACT. In this paper we define the circumpedal extensions for concurrent
cevians in a triangle and give some applications of its.
Main result:
Let kg, ky, ke be the circumpedal extensions of three concurrent cevians in AABC.
Denote AA; = ¢4, BBy = ¢,,CCy = ¢, A1 € (BC),B; € (CA),Cy € (AB) and
As, By, C5 intersection points between cevians and circumcircle; (A4, A1, As); (B, By, Bs);
(C,C4,Cy) collinears. If BA; = x;CBy =y, ACy = z,2 € (0,a],y € (0,b];
z € (0,c], kq = AAg, ky = BBy, k. = CCs then:

(1) ko + ky + ke > 6/ zyz(a — x)(b— y)(c — 2)
(2) ko - ky ke > 8/ xyz(a —2)(b—y)(c — 2)
Proof.

p(A1) = A1B - A1C = z(a — z) (power of the point A; to circumcircle)
p(Al) = AAl . AlAQ = Cq AlAQ

Cq ‘AlAQ = x(a—m) = A1A2 = M
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— 2) AM-GM _
ka:AA1+A1A2:ca+M > 2 ca-M:2 z(a —x)

Ca Ca

(3) ke > 2y/x(a — )
(4) ky > 2v/y(a —y)

(5) ke > 2+/z(a — 2)
ba ko ke 2 8y /rpa(a— D) p)(e—2)
(a —x) y(b—y) z(c - 2)

x
ka+kb+kczca+7+cb+ci+cc+

a b Ce

>

AM-GM — _ _
3 6\/( ©) yb—y) zc—2)

Ca Cy Ce

— 6¢/zyz(a—2)(b—y)lc— =)

1. CENTROID
For centroid we denote AAs = g,; BBy = gp; CCy = g,
AlB AlB 1 a
=l =_= AB=—
A C AC+A B 2 ! 2
a b c
Tr = —: = -1z = =
2 T 97T
gommy Mam2) L 5e=3)
mg o
a. a 2
=mg+ 22 =m, +
Mg, dmy,
b? c?
gb:mb+m;gc:mc+4mc

The inequalities (1); (2) can be written:

sana 295 5 5(0-5)(-5)(5) -

st aez6il5 5 5o 5) (- 5) (- 5) =

=6y (a8bc)2:6<’/§z33abc

2. INCENTRE
For incentre we denote AAs = i,; BBy = ip; CCy = i,
AlB C AlB C AlB C
= - = = — =
AC b AiB+AC c+b a b+e
A B ac ac y = ba _cb

:b+c;x:b+c; c+a;z_a+b
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a = Wa + ez _ wq + B0~ 55 =
Wq Wq
~_ac(ab+ac—ac) a®be
T W we (b 4+ ¢)? = Wat we (b 4+ ¢)?
) a’be ) ab’c . abc?
fa =W b2 P T + wple +ay2 e e + we(a+b)?2

The inequalities (1); (2) ca be written:
,,,>8\/ac cb ac (a aC)(b ba )(c ab)
1alple = . . . _ — ). — — —
b b+c c+a a+b b+c c+a a+b

a?b?c?
- 8\/(a+b)2(b+c)2(c+a)2 wab-berco=

4 atbich B 8a?b?c?
TN @+ )20+ 0)2(c+a)?  (a+b)(b+c)(c+a)
b ac ac ba cb
i s esf ac b B b _ _
Za+zb+zc_6\/b+c c+a a—i—b(a b+0>< C+G)(C a+b)
e aAbhich _es a?b?c?
V@02 +02(ct+a? T\ (a+b)b+o)(c+a)

3. LEMOINE POINT ,
For Lemoine point we denote AAy = L,;BBy = Ly;CCy = Lo 48 = ¢ =

A,C b2
A B __c
A1B+AC ~ c2+4a? 9
AB 2
4 ¢ AB = _ac
a c + b2 c+ b2
ac? ba? cb?
62+b2y a4+ ¢? 2+ a?
(IC2 G.C2
— (a4 — 55
La:sa—l—x(a x):Sa+C2+b2( cz+b2):
Sa Sa
N ac®(ac® + ab® — ac?) N a’b?c?
= S = S —eee
a 5q(b2 + ¢2)2 “T 5o (b2 + 2)?
272 2 272 2 272 2
a“b°c a“b c a“b c
L,=s y=sp+ ———=;Le=8.+ ——5=
a at sa(b% + 2)2 b b sp(c® +a2)?’ ¢ ¢ se(a® + b2)2

I LL >8\/ ac? ba? cb? ( ac? )(b ba? )( cb? )_
atble =0\ B iy 2 2+ a2 \Y T 242 2+ )\" T weree) T

a’b3c? 20 2b - a2¢ —
=8 S I e e e harch-afe=
(a? + b2)2(b2 + 2)2(c? + a?)
- 8a?h3c?

T @ F R+ )@ T a?)

;| ac? ba? cb? ac? ba? cb?
atfptlte 2 \/c2+b2 2+ 2ra2\"T 21 2+ )\ e rae

Y aSb6¢b B 6abe
= (a2 4+ 12)2(b% 4 2)2(c2 + a2)? {’/(QQ +02) (02 + 2)(® + a?)
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4. CIRCUMCENTRE

For circumcenter we denote

A1B  sin2C AB sin 2C'
AAs = O4; BBy = Oy; CCy = Oc = — = = - :
2 2 b 2 © AC  sin2B A1B+ A;C  sin2C +sin2B
AB sin 2C' asin 2C
= A B=————
a  sin2C +sin2B ' 7 sin2C + sin2B
v asin 2C o bsin 24 L csin 2B
~ sin2C + siHQB’y © sin24 +sin2C’"  sin2B +sin24
sin 2C sin 2C
Ou-Op-0.> 8, [a2b2c? - (1— ):
brte= V& ¢ £1$nﬂj+sm23 sin2C + sin 2B
sin 2C'sin 2B
“ c\/g (sin2C +sin2B)?
_ 8abesin 2A sin 2B sin 2C
~ (sin2A4 4 sin 2B)(sin 2B + sin 2C)(sin 2C + sin 24)
sin 2B sin 2C'
Oy + Oy + O, > 8s/a2b2c? =
ot OptCe = {/a ¢ !;[ (sin 2B + sin 2C)?
o abcsin 2A sin 2B sin 2C
N (sin2A + sin2B)(sin 2B + sin 2C) (sin 2C + sin 2A4)

5. GERGONE POINT
For Gergonne’s point we denote

A1B = s—b

AAy =Gy, BBy = G,;CCy =G

C;AlC: 1 s—c
A B s—b A1B  s—b
A1B+ A C s—b—+—s—c:> a a =44 s—b
r=s—by=s—cz=s—a
Go - Gy-Ge>8/(s=b)(s—c)(s—a)a—s+b)(b—s+c)c—s+a)=

=8\/1~82(a+b—”+5“)(b+c_a+2’)ﬂ)(a+c_‘“f2b+c) _

:85\/; (a+b—c)(b+g—a)(c+a—b) _
_45\/(a+bc)(b+«;a)(c+ab)
GatGy+Ge>6(s—b)(s—c)(s—a)la—s+b)(b—s+c)(c—s+a) =

26\6/5:- (a+b—c)(b+;—a)(c+a—b)
:6vw+b—@w+;;@@+a—wy

@
|
o

6. NAGEL POINT

For Nagel’s point we denote

A1B  s—c
AC T s—b

AA2 = Na,BBQ S Nb;CCQ == Nc
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AB s—c AiB s—c¢
= = = = = A1 B=s5—
A1B+AC s—c+s—b a a ! sTc

r=s—cy=s—a;z=8—0=
Ny Ny -N.>8(s—c)(s—a)(s—c)la—s+c)(b—s+a)(c—s+Db) =

:8\/1-52<a+c—a+b+c)(b+a—a+b+c><c+b—a+b+c> _

2 2 2
S?2 a4+c—b b+a—c c+b—a
Vs T Ty T
85 [(a+c—b)(b+a—c)(c+b—a)
2 2s B
45\/(a+cb)(b+2ac)(c+ba)
s

No+Ny+N.>6¢/(s—c)s—a)s—c)(a—s+c)(b—s+a)c—s+b) =
=6§/1-52. (a+c—b)(b+a—c)(c+b—a) _

s 8s
6§/(a+c—b)(b+a—c)(c+b—a)S2
852

7. ORTHOCENTRE
For orthocenter in acute AABC we denote:

AAy = H,, BBy = Hy, CCy = H,

AB _ tan C' N AB _ tan C' N
AlC tan B AlB+A10 tanC’+tanB
AB _ tan C L AB— atanC

a tanC' + tan B ! tanC + tan B

atan C btan A ctan B

T tanC—FtanB;y - tanA—i—tanC;Z - tanC +tan A

atanC atan C
H,H,H, > 8 ( _ ):
bile = \/g tan C + tan B “ tanC' + tan B

_ s a2p2e tan? C - tan? B - tan? A
B (tan C' + tan B)(tan A + tan C')(tan B + tan A)

8abctan Atan B tan C
(tan A 4 tan B)(tan B 4 tan C)(tan C + tan A)
a?b?c? tan? A tan? B tan® C
tan A + tan B)(tan B + tan C) (tan C' + tan A)

Ha+Hb+HCZ6§/(
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