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ABSTRACT. In this paper we present some certain results on functional equa-
tions.

Theorem 1. All injective functions f : R — R which verify f(0) # § and
F(f(@)y?) + azxy® = bf(2®) f(y®), Yo,y € R, where a > 0,b > 1 are functions

a 3 _ a 3
po1 L@ =T

Proof. If z =y =0 = f(0) = bf?(0) = f(0)(bf(0) — 1) = 0 and since f(0) # }
yields that f(0) =0

For any z,y € R* by the statement we have f(f( Vy?) + azdy? = bf () f(y 3),
Va,y € R and f(f(y)2®) + ay®z” = bf(y*) f(2?), then f(f(x)y®) = f(f(y)z?),
Vz,y € R* thus by injectivity of f we deduce that

fla )y3 = f(y)ad & f(w) _ f;??{)’vx,y c R*.

So, £ 13 = f(l = f(z ) f(1) - 2% Vo € R* and denoting ¢ = f(1) € R*, it results
flz) = cx3 Vx € R*, so by the statement we obtain

flex®y®) + ax®y® =b-ca® y® & A2 + ax®y® = b2 o a=c320b-c) &

fi,f2:R=R, fi(z) =

2 a a
o= Sc=4,/——
CTp-1 ¢ b—1

Hence, we obtain the functions fi, fo : R = R, fi(z) = (/3% - a3,

fa(z) = — b%l-m?’. O

Theorem 2. Let m be a positive integer number, a, b, ¢ > 0 and d a real number.
All the functions f : R — R which verify af(z) + bf([z]) + ¢f ({z}) = dz™,Vz € R
(where we denote [z], the integer part of x, respective with {z} the fractional part
of x) are the following functions:

flw) = g( " a—?—b[x] - a—l—c{ }m)
Proof. If x =0 = f(0) =
I =[] = af([a)) + bF([a]) + e/(0) = dla]" = (i) = 5 2] Vo € B

It ={z} = af({z}) + 0f(0) + cf({z}) = d{z}™ = f({z}) =
Then, by the statement we have af(z) + abfb[ 1™+ a+c{x}m =dz™,Vz € R.

Hence f(z) = %(xm — ai%[x]m - {x}m) O
1

d
n C{az}m,vgc eR
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Theorem 3. All the functions f : R — R which verify
fl@)+ f([z]) + f{z}) = az™,Vx,a € R, and m is a positive integer number (where
we denote [z], {z} the integer part of z, respective the fractional part of z) are

f@)=a(a™ — g[2]™ — 5{z}™).
Proof. If x =0= f(0) =0.

Itz = [z] = f([z]) + f([2]) + f(0) = al2]™ = [([z]) = g[x]m,Va; eR.

a
Ifo={z}= f({z}) + f(0) + f({z}) = a{z}™ = f({z}) = F{z}" V2 € R.
Then, by the statement we have f(x) + §([z]™ + {2}") = az™, V2 € R.
Hence, f(z) = a(mm — L™ - %{x}m) O
Theorem 4. Let a > 0,0 > 1 and n € N. All injective functions

fiR =R, f(0) # § which verify f(f(z))y?"!)+a(zy) D" = bf(a>*1) f(y?n+),
Vz,y € R are the functions

. _ a . 2nt1 _ @ 2nt1
fl,f2~R%R7f1(x)*\/b_1 =", fa(x) b—1 ”

Proof. If z =y = 0= f(0) = bf?(0) = f(0)(bf(0) — 1) = 0 and since f(0) # 3, it
results f(0) = 0.
For any z,y € R* by statement we have:

FF@)YP ) + a(zy) @+ = bf (221 F(y*" ), Vo, y € R and

f(f(y)x%ﬂ) + a(xy)(?rﬂrl)2 _ bf(y2"+1)f(x2"+1),%c,y € R then
F(f(@)y*™ ™) = f(f(y)z®" ), Va,y € R*, and by injectivity of f we deduce that
f@) _ fly)

F@y™ = fly)e® e 555 = s 7ny € R

So, zfzsi)l = 1{5}21 = f(z) = f(1) - 2?1, Yz € R*, and if we denote ¢ = f(1) € R*,
yields f(z) = ca®"! Vo € R*, then by the statement we obtain

f(cx2n+1y2n+l) + ax(2n+1)2y(2n+1)2 —b. cm(2n+1)2 'cy(2n+1)2 PN
PN 02(xy)(2n+1)2 +a(xy)(2n+1)2 _ ch(:L,y)(Zn-l-l)z o a= cQ(b— ) &

5 a a
sdld=——=c=4%+ .
R T Vi

We obtain the functions:

f17f2 : R%Rmfl(x) =

a

oo 2 fale) = —

a

b—-1

. 1,2n+1 )

]

Theorem 5. Let a > 0,b > 1 and injective function f : R — R which verify
f(0) = 0. All injective functions g : R — R, g(0) # ¢ which satisfy:

g(g(@x)f(y) +af(z)f(y) =bg(f(z))g(f(y)),YVr,y € R

are the functions:

a
b—1

91,921 R > R,gu(a) = [ 775 - f(@). g2() = = ()
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Proof. If w = y = 0, we have g(g(0)f(0)) + af(0)£(0) = bg(f(0))g(f(0)) <

& 9(0) = bg*(0) = g(0)(b(g(0) — 1)

0 and since g(0) # 1, it results g(0) = 0.

For any x,y € R*, we have:

9(g(@) f(y)) +af(x)f(y) = bg(f(x))g(f(y)), respectively
9(g(x) f(y)) +af(y)f(x) = bg(f(y)g(f(z)), so g(g(x)f(y)) = g(g(y)f(z))

and taking account that g is injective we deduce that

e e B I 9)
9(@)f(y) = g(y) f(x),Yz,y € R* & @) f(y),v ,y €R.

From the last relation, for y = 1, we deduce 42 = 41 — ¢ c R* =

fl@) — (1)

g(x) = c¢f(x),Vx € R*; then from the statement we obtain

g(cf(@)f(y) +af(x)f(y) =bPf(0)f(y), Yo,y eR* = a=(b—1) &
‘= b—1 o b—1"

We get the functions:

(1
2]
(3]
(4]
(5]

[6]
(7]

(8]
(9]

91,92 R 5 R, g1(2) = [ 775 - (@), 92(0) = = [ 77 - S (@)
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