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ABSTRACT. In this paper we present some certain results on positive real se-
quences.

Theorem 1. If (2,,)n>0, (Yn)n>0 are positive real sequences with
Tnt2 = Tnt1 + Tn, Ynt2 = —Yn+1 + Yn; V0 € N, then

n

Z <Z> (xk + (_1)kyk) = Ton + meVn eN
k=0

Proof. We have that: 12 —r —1=0,t24+t—-1=0:

ry = 1+\/5:a,r2: 1_\/5:B,tl27_1—’—\/5:—@@:7_1_\/5:_0‘
2 2 2 2
So, T, = Aa™ + BS",y, = (Ca™ + DB")(—1)",¥n € N
Hence:

n n

<Z> (@p + (—DFye) =) (Z) (Aa* + BB* + Cok + DBF) =

k=0 k=0

=(A+C)Y (Z) a"+(B+D) Y ( ) BY = (A+C)(a+1)"+(B+D)(B+1)" =

k=0 k=0
— (A+C’)a2n+ (B+D)B2n — Aa2n+Bﬂ2n + (Ca2n+Dﬂ2n)(71)2n = Zop + Yon
|
Theorem 2. If a,b € R* and (2,,)n>0, (Yn)n>0 are real sequences with

Tpy2 = OTpy1 + bTn, Yni2 = —aYny1 + byn, Vn € N, then:

n

Z( ) a" o F (o + (1) ye) = 220 + Y20, V0 €N
k=0

Proof. Case 1. a? 4 4b € R*. So:
rP—ar—b=0and t®?4+at—b=0
with rq, 70 € C*,ry # 1o, respectively t; = —rq,to = —r1. Hence:

Tn = Arl + Bry,y, = (=1)"(Cr] + Dr}),¥n € N,

n

(k) af o (g + (— Ai()a’“b"’* +BZ(> kb k4
k=0

0
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+CZ(> k(1)K k+DZ(> AR (1) 2k —
= A(ary +b)" + B(ars + b)" + C(ar1 + b)" + D(ars + b)" =
= (A+CO)yri" + (B+ D)r3" = xa, + Ory + Dry = x9, + (—=1)*"(Cri™ + Dra") =
= Zon + Yon, Vn € N.

2
Case 2. > +4b=0=b=—(4) , thenri =12 = §,t1 =t = ~ 3.

A+ Bn)a™ C + Dn)a™(—-1)"
xn:( + n)a 7yn:( i n)a ( ) ,V’HGN,
AL on
A+ 2Bn)a® C + 2Dn)a*”
Ton = HTW,yzn = %,Vn eN

Therefore:

n

N\ krn—k k — (n\ o @2 k
Z (k) a®o" " (xg + (1) yx) = Z (k) a®(—1) . W(mk + (=) =
k=0
" /n nk @"F (A4 Bk)db S (n nok @*"% (C+ Dk)a*
- Z (k) (=1 * Tgn—2k ok Jrz (k> (=) Ty oF =

k=0

=4+o kz"::O (Z) SUARS % +(B+ D) k:g (Z) (—1)k . % -
(&) 03 (1) oo (§) e o3 () o
k=0 =0
<A+C)< )n(2_1) +(B+D) (2 ) k!(nn—k)l k2F (-1 =
k=1
(A+C)< )2 +(B+D).(%>2” i(k_(fll)r(:b)ik)' PE-1 . (_1)nh =
=
2 a 2nn—1 1
j=0

= (A+C). (g)zn +2n(B + D)- (%)zn(z =

a\2n a\2r  (A+2nB)a®"  (C+2nD)a*"
- (A+C)'(§) +2n(B+D>'(§) - 9on + 9on =

= Ton + Yon, VN € N, and we are done.

Theorem 3. If a,b € R*, and (x,)n>0 is real sequence with
Tpt2 = ATp41 + bzy, V0 € N then:

Z (Z) a"v"*z = 29, Vn € N.
k=0
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Proof. Case 1. r1,19 € C*,ry # ro. Then:
xn, = Ary + Bry,Vn € N with A, B € C, so:

Z(k) "o = A Z()akbnk +B. Z<> ek —

k=0
= A(ary +b)" + B(ary +b)" = Ar{™ + Br3" = 1y,,Yn € N.

Case 2. 711 =19 = (%) Then:

S (A+ Bn)a" S (A +2Bn)a®" ‘o
n — on sy L2n — 92n 3 .
n n kpn—k ,2n—2k n 2n—k n—k k
n\ kon—k.. n\ a*b" "a B n\ a (-1) a
(k) ARETEDY (k) 92n—2k =4y (k) gon—2k ok
k=0 k=0 k=

0
n 2n—k n—k n —k
n\ a (-1 a®n
+B'Z <k:> 92n—2k :A Z( ) 22n k +
k=0 =0
1)7z—k

+B- Z( )W~k:

n ay2 (= (n— n—j-1. 9i _
:A.(i) +B.(§) jz_:()( ; 1) (—1) .9 =

2n

:A-(%)Qn—l—B(g)zn-er(2—1)"1 (A+2nB)(2) = Ton,Vn € N.

O

Theorem 4. If a,b € R*,4a® + 27b € R*, and (z,,)n>0 is a real sequence such
that x,, 3 = axp42 + bz, Vn € N, then:

Z (Z) a" " ko, = x3,,Yn € N.
k=0

Proof. 13 —ar? —b = 0, with distinct roots because 4a® 4 27b € R*. Let u,v,w € C
be these roots so z,, = Au™ + Bv™ + Cw",Vn € N. Hence,

akpn—Fk kin—Fk, 2k — (n kin—k, 2k — (n kin—Fk, 2k
kzo(k) b xzk—AZ<)ab u+B~’;)(k>ab v+C-kZ_0(k>ab w

= A(au® +)" + B(av? +b)" + C(aw? +b)" = Au" + Bv*" 4+ Cw®" = 23, ¥n € N.
(]
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