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Abstract. In this paper we present some certain results on positive real se-

quences.

Theorem 1. If (xn)n≥0, (yn)n≥0 are positive real sequences with
xn+2 = xn+1 + xn, yn+2 = −yn+1 + yn;∀n ∈ N, then

n∑
k=0

(
n
k

)
(xk + (−1)kyk) = x2n + y2n,∀n ∈ N

Proof. We have that: r2 − r − 1 = 0, t2 + t− 1 = 0 :

r1 =
1 +
√
5

2
= α, r2 =

1−
√
5

2
= β, t1 =

−1 +
√
5

2
= −β, t2 =

−1−
√
5

2
= −α

So, xn = Aαn +Bβn, yn = (Cαn +Dβn)(−1)n,∀n ∈ N
Hence:

n∑
k=0

(
n
k

)
(xk + (−1)kyk) =

n∑
k=0

(
n
k

)
(Aαk +Bβk + Cαk +Dβk) =

= (A+C)

n∑
k=0

(
n
k

)
αk+(B+D)

n∑
k=0

(
n
k

)
βk = (A+C)(α+1)n+(B+D)(β+1)n =

= (A+C)a2n + (B +D)β2n = Aα2n +Bβ2n + (Cα2n +Dβ2n)(−1)2n = x2n + y2n

�

Theorem 2. If a, b ∈ R∗ and (xn)n≥0, (yn)n≥0 are real sequences with
xn+2 = αxn+1 + bxn, yn+2 = −ayn+1 + byn,∀n ∈ N, then:

n∑
k=0

(
n
k

)
akbn−k(xk + (−1)kyk) = x2n + y2n,∀n ∈ N

Proof. Case 1. a2 + 4b ∈ R∗. So:

r2 − ar − b = 0 and t2 + at− b = 0

with r1, r2 ∈ C∗, r1 6= r2, respectively t1 = −r2, t2 = −r1. Hence:

xn = Arn1 +Brn2 , yn = (−1)n(Crn1 +Drn2 ),∀n ∈ N,
n∑

k=0

(
n
k

)
akbn−k(xk + (−1)kyk) = A

n∑
k=0

(
n
k

)
akbn−krk1 +B

n∑
k=0

(
n
k

)
akbn−krk2+

1
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+C

n∑
k=0

(
n
k

)
akbn−k(−1)2krk1 +D

n∑
k=0

(
n
k

)
akbn−k(−1)2krk2 =

= A(ar1 + b)n +B(ar2 + b)n + C(ar1 + b)n +D(ar2 + b)n =

= (A+ C)r2n
1 + (B +D)r2n

2 = x2n + Crn1 +Drn2 = x2n + (−1)2n(Cr2n
1 +Dr2n

2 ) =

= x2n + y2n,∀n ∈ N.

Case 2. a2 + 4b = 0⇒ b = −
(

a
2

)2

, then r1 = r2 = a
2 , t1 = t2 = −a

2 .

xn =
(A+Bn)an

2n
, yn =

(C +Dn)an(−1)n

2n
,∀n ∈ N,

x2n =
(A+ 2Bn)a2n

22n
, y2n =

(C + 2Dn)a2n

22n
,∀n ∈ N

Therefore:
n∑

k=0

(
n
k

)
akbn−k(xk + (−1)kyk) =

n∑
k=0

(
n
k

)
ak(−1)n−k · a

2n−2k

22n−2k
(xk + (−1)kyk) =

=

n∑
k=0

(
n
k

)
(−1)n−k· a

2n−k

a2n−2k
· (A+Bk)ak

2k
+

n∑
k=0

(
n
k

)
(−1)n−k· a

2n−k

a2n−2k
· (C +Dk)ak

2k
=

= (A+ C)

n∑
k=0

(
n
k

)
(−1)n−k · a2n

a2n−k
+ (B +D)

n∑
k=0

(
n
k

)
(−1)n−k · ka

2n

22n−k
=

=
(a
2

)2n

(A+ C)

n∑
k=0

(
n
k

)
(−1)n−k2k+

(a
2

)2n

(B +D)

n∑
k=0

(
n
k

)
(−1)n−kk · 2k =

= (A+ C)·
(a
2

)2n

(2− 1)n + (B +D)·
(a
2

)2n n∑
k=1

n!

k!(n− k)!
· k · 2k(−1)n−k =

= (A+ C)·
(a
2

)2n

+ (B +D)·
(a
2

)2n

·
n∑

k=1

(n− 1)!

(k − 1)!(n− k)!
· 2k−1 · (−1)n−k =

= (A+ C)·
(a
2

)2n

+ 2n(B +D)·
(a
2

)2n n−1∑
j=0

(
n− 1
j

)
(2)j−1(−1)n−1−j =

= (A+ C)·
(a
2

)2n

+ 2n(B +D)·
(a
2

)2n

(2− 1)n−1 =

= (A+ C)·
(a
2

)2n

+ 2n(B +D)·
(a
2

)2n

=
(A+ 2nB)a2n

22n
+

(C + 2nD)a2n

22n
=

= x2n + y2n,∀n ∈ N, and we are done.

�

Theorem 3. If a, b ∈ R∗, and (xn)n≥0 is real sequence with
xn+2 = axn+1 + bxn,∀n ∈ N, then:

n∑
k=0

(
n
k

)
akbn−kxk = x2n,∀n ∈ N.
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Proof. Case 1. r1, r2 ∈ C∗, r1 6= r2. Then:

xn = Arn1 +Brn2 ,∀n ∈ N with A,B ∈ C, so:
n∑

k=0

(
n
k

)
akbn−kxk = A ·

n∑
k=0

(
n
k

)
akbn−krk1 +B ·

n∑
k=0

(
n
k

)
akbn−krk2 =

= A(ar1 + b)n +B(ar2 + b)n = Ar2n
1 +Br2n

2 = x2n,∀n ∈ N.

Case 2. r1 = r2 = −
(

a
2

)2

. Then:

xn =
(A+Bn)an

2n
, x2n =

(A+ 2Bn)a2n

22n
, so:

n∑
k=0

(
n
k

)
akbn−kxk =

n∑
k=0

(
n
k

)
akbn−ka2n−2k

22n−2k
xk = A ·

n∑
k=0

(
n
k

)
a2n−k(−1)n−k

22n−2k
· a

k

2k
+

+B ·
n∑

k=0

(
n
k

)
a2n−k(−1)n−k

22n−2k
· k · a

k

2k
= A ·

n∑
k=0

(
n
k

)
a2n(−1)n−k

22n−k
+

+B ·
n∑

k=0

(
n
k

)
a2n(−1)n−k

22n−k
· k =

= A·
(a
2

)2n n∑
k=0

(
n
k

)
(−1)n−k2k +B·

(a
2

)2n n∑
k=1

(
n
k

)
(−1)n−kk · 2k =

= A·
(a
2

)2n

+B·
(a
2

)2n

·
n∑

k=1

(
n
k

)
(−1)n−k · k

n
· 2k−1 =

= A·
(a
2

)2n

+B·
(a
2

)2n

· 2n ·
n∑

k=1

(n− 1)!

(k − 1)!(n− k)!
(−1)n−k2k−1 =

= A·
(a
2

)2n

+B·
(a
2

)2n

·
n−1∑
j=0

(
n− 1
j

)
(−1)n−j−1 · 2j =

= A·
(a
2

)2n

+B·
(a
2

)2n

· 2n · (2− 1)n−1 = (A+ 2nB)
(a
2

)2n

= x2n,∀n ∈ N.

�

Theorem 4. If a, b ∈ R∗, 4a3 + 27b ∈ R∗, and (xn)n≥0 is a real sequence such
that xn+3 = axn+2 + bxn,∀n ∈ N, then:

n∑
k=0

(
n
k

)
akbn−kx2k = x3n,∀n ∈ N.

Proof. r3−ar2− b = 0, with distinct roots because 4a3 +27b ∈ R∗. Let u, v, w ∈ C
be these roots so xn = Aun +Bvn + Cwn,∀n ∈ N. Hence,
n∑

k=0

(
n
k

)
akbn−kx2k = A·

n∑
k=0

(
n
k

)
akbn−ku2k+B·

n∑
k=0

(
n
k

)
akbn−kv2k+C·

n∑
k=0

(
n
k

)
akbn−kw2k =

= A(au2 + b)n+B(av2 + b)n+C(aw2 + b)n = Au3n+Bv3n+Cw3n = x3n,∀n ∈ N.
�
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