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In AABC the following relationship holds:
AH - AI \*
Z ——— | <4R(R*-31r?
NS + r.
cyc

Proposed by Eldeniz Hesenov-Georgia

Solution. Lemma. 2) In AABC the following relationship holds:
z ( AH - Al )2 _ R[s*—2s’r(4R + 57) + r*($r = R+ 1)?]

cyc NN + r.

2
Proof. Using AH = 4R%cos?A = 4R? — a?, Al = — = bc — 4Rr,

F

T, +1.= Lb + = 4Rcos— it follows that:

z (AH AI) B zAH2 Al z (4R? — az)(bc —4Rr)
& Jr + 1 o Ty + 1% 4Rcos2

1 (4R? — a®)(bc — 4Rr) _ (4R? — az)(bc - 4Rr)
B EZ " 4R Z

ZA s(s a)
cyc cos cyc
1 Zbc(s —b)(s — ¢)(4R? — a?)(bc — 4Rr)
" 4Rs [1(s —a)
1 4R*r?[s* —25%r(4R +57) + r*(4R +1)?]
"~ 4Rs r2s B

R[s*-2s2r(4R+571)+r2(4R+1)? .
= Al 7 ], which follows from

z b%c?(s — b)(s — ¢) = 1?[s?(s? + 2r? — 4Rr) + r(4R + 1)3]

cyc

z be(s — b)(s — ¢) = r2[s? + (4R + 1)?]
cyc

Z a(s=b)(s—c)=2sr(2R—1)

cyc

Z(s —b)(s—c) = r(4R + 1)

cyc
Using Lemma, inequality can be written as:
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R[s* — 25%r(4R + 51) + r2(4R + 1)>?
[ ( sz) CR+DT gz -3 o
R[s* —2s?r(4R +51) + r2(4R + 1)?] < 4s*(R* - 3r¥) &
s* —2s2r(4R +5r) +r?(4R +1)? < 4s?(R* - 3r¥) &
s2(4R? + 8Rr — 2r% — s2) > r2(4R + r)?, which follows from Blundon Gerretsen:

(4R + 1)?
———— < 16Rr — 5r? < 4R? + 4Rr + 3r?
R+r1
Remains to prove that:
r(4R + 1)?
(R—-I-r)(4Rz + 8Rr — 2r? —4R?> —4Rr —3r?) 2 r?(4R+1)* &

r(4R —5r) = r(R+ 1) © R = 2r(Euler).
Equality holds if and only if triangle is equilateral.
3) In AABC the following relationship holds:

Z<AH'AI >2 < R(4R? — 3Rr — 612)
— <S — r — or
cyc 1/rb+rc

Proposed by Marin Chirciu-Romania

Solution. Lemma. 4) In AABC the following relationship holds:

z ( AH - Al )2 _ R[s* - 2s5’r(4R + 51) + r*($r = R+ 1)?]
cyc 1/rb+rc

Proof. Using AH = 4R%cos?A = 4R? — a? Al =

s2

= bc — 4Rr,

sin?=
2
T, +1.= L + L = 4Rcos— it follows that:
-b  s-c 22
z (AH : AI) B zAH2 - AI? z (4R? — a®)(bc — 4Rr) _
S\Jrp + 12 ~ b + 7 Cyc 4Rcos? > 2

1 (4R? — az)(bc —4Rr) (4R? — az)(bc - 4Rr)
B EZ " 4R Z

cos22 S(S a)
cyc 2 cyc
1 Zbc(s —b)(s — ¢)(4R? — a?®)(bc — 4Rr)
" 4Rs [1(s —a)
1 4R*r?[s* —25%*r(4R +51) + (4R +71)? ]
" 4Rs r2s

__ R[s*-2s2r(4R+57r)+r2(4R+1)?]
= =
z b%c?(s — b)(s — ¢) = 1?[s?(s? + 2r? — 4Rr) + r(4R + 1)3]

cyc

, Which follows from
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Z be(s — b)(s — ¢) = r2[s + (4R +1)?]
cyc
Z a(s—b)(s—c)=2sr(2R—71)
cyc
Z(s _b)(s—c) = (4R + 1)
cyc
Using Lemma, inequality can be written as:
R[s* — 25%r(4R + 57) + r2(4R + 1)?]
52

r2(4R + 1r)?
=R lsz — 2r(4R + 51) +%l <
72(4R +1)?
r(4R+1)2
R+71

= R[4R? — 4Rr — 7r? + (R + )] = R(4R? — 3Rr — 612), which follows from Gerretsen
2
TURYTY. < 16Rr — 512 < 4R? + 4Rr + 312,

Equality holds if and only if triangle is equilateral.

5) In AABC the following relationship holds:

< R|4R? + 4Rr + 3r? — 2r(4R + 57) +

inequality:

AH - Al \*
Z ————| < R(4R? — 3Rr — 61%) < 4R(R? — 31?)

Proposed by Marin Chirciu-Romania
Solution. See inequality 3) and Euler inequality R > 2r.
6) In AABC the following relationship holds:
AH - A1 \*
z ———| =>2R%*r
cyc NN + r.
Proposed by Marin Chirciu-Romania

Solution. Using Lemma, we get:
R[s* —2s*r(4R + 57) + r>(4R +1)?]
s2 B

r2(4R + 1)?

R [Sz —2r(4R +57r) + %l >
72(4R + 1)?
R(4R+71)2
2(2R-1)

>R Il6Rr —5r2—2r(4R+1r) +

2r —15Rr? + 2r?2(2R —71) =

r2(4R + 1)?
=R[SZ—2T(4R+5T)+%1 = 8R
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Euler
=1r(8R? —11Rr — 2r%?) > 1 -2R? = 2R?r, which it follows from Gerretsen:

7(4R +1)?

R+r
Equality holds if and only if triangle is equilateral.

7) In AABC the following relationship holds:

, AH - AL\ , ,
2R rSz ———] < R(4R“ — 3Rr — 61r°)

Cye ATp + T,

< 16Rr — 5r% < 4R? + 4Rr + 37r?

Proposed by Marin Chirciu-Romania

Solution. Lemma. 8) In AABC the following relationship holds:

z ( AH - Al )2 R[s* — 2s2r(4R + 57) + r%($r = R + r)?]
cyc N

2
Proof. Using AH = 4R%cos?A = 4R? — a?, Al = — = bc — 4Rr,

F F A .
ptr=_t = 4Rcos; it follows that:

AH-AIN" <O AH? - AP (4R? — az)(bc —4Rr)

<m> - Z T+ 7 z 4Rcos2 -

(4R? — a?)(bc — 4Rr) (4R? — az)(bc - 4Rr)
. =

ZA s(s a)
cyc cos cyc
1 Zbc(s —b)(s — c)(4R? — a?)(bc — 4Rr)
" 4Rs [1(s —a)
1 4R*r?[s* —2s’r(4R +51) + r*(4R +1)?] _
"~ 4Rs r2s B

R[s*—-2s2r(4R+571)+r2(4R+1)? .
= Al 7 ], which follows from

Z b%c?(s — b)(s — ¢) = r?[s?(s? + 2r? — 4Rr) + r(4R + 1)3]

cyc

Z be(s — b)(s — ¢) = r2[s? + (4R + 1)?]
cyc
Z a(s=b)(s—c)=2sr(2R—1)
cyc
Z(s _b)(s—c) = r(4R + 1)

cyc
For RHS, using Lemma, inequality can be written as:
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R[s* — 2s%r(4R + 57) + r2(4R + 1)?]
SZ

2 2
r“(4R + 1) -
s? -

=R|s?—2r(4R + 57r) +

, , r?2(4R +7)?|
< R|4R* + 4Rr + 3r —27‘(4R+5T‘)+W =

R+71

= R[4R? — 4Rr — 7r* + r(R + r)] = R(4R? — 3Rr — 61?%), which follows from Gerretsen
2
TR < 16Rr — 512 < 4R? + 4Rr + 312,

Equality holds if and only if triangle is equilateral.
For LHS, using Lemma, inequality can be written as:
R[s* — 25%r(4R + 57) + r2(4R + 1)?]

inequality:

2(4R +1)?
r( T) -

=R lsz —2r(4R + 57) +

s2 52 -
72(4R + 1)?
> R |16Rr — 512 —27‘(4R+T‘)+W =
2(2R-71)
72(4R + 1)?
=R|s?—2r(4R +57) + %l = 8R?*r — 15Rr? + 2r?(2R—1r) =
Euler
=71(8R? —11Rr — 2r?) > r-2R? = 2R?r, which it follows from Gerretsen:
r(4R + 1)?

< 16Rr — 5r? < 4R? + 4Rr + 3r?
R+r

Equality holds if and only if triangle is equilateral.
9) In AABC the following relationship holds:

) ) ) AH - Al
2R*r < r(8R —11Rr—2r)Sz

cye NAE + L

2
> < R(4R* — 3Rr — 61%)

< 4R(R? — 3r?)
Proposed by Marin Chirciu-Romania
Solution. See up these inequalities. Equality holds if and only if triangle is equilateral.
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