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PROBLEMS FOR JUNIORS

JP.346. Find all values of k such that the following inequality:

a2+b2+ kab ><1+k>( +b)
b a a+b— 4 @

holds for all positive real numbers a, b.

Proposed by Nguyen Viet Hung - Vietnam

JP.347. Let a, b, c be non-negative real numbers, not two of which
are zero. Prove that:

2(a + b)(a+ c) + 2(b+c)(b+ a) + 2(c+a)(c+b)
b+ec c+t+a a-+b
(a+b+c)d ab 4+ be + ca

ab + be + ca a+b+ec
Proposed by Nguyen Viet Hung - Vietnam

JP.348. If a,b,c > 0 then:
4 b4 4 3 b3 63 2 b2 2

<Z§+c4+;>(23+cs+cﬁ)2<;+cz+;>2

Proposed by Daniel Sitaru - Romania

JP.349. Let a, b, c be positive real numbers such that a+b+c = 3.
Prove that:
ab n b n cb 3
a?2+b b24+c¢c c2+4+a " 2
Proposed by George Apostolopoulos - Greece

JP.350. For 1 < a,b,c < 23ﬁ, prove that:

Va—3a2+/4—-324+\4—-3c2+(a+b+c)> —3a+b+c)<3
Proposed by George Apostolopoulos - Greece

JP.351. In AABC the following relationship holds:
HsinzA > 4HcosA — 5HcoszA
cyc cyc cyc

Proposed by Cristian Miu - Romania
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JP.352. If a,b,c € C;|a| = |b| = |c| = 1 then:
3la+b+cl+2(la—bl+|b—cl+|c—al])>9

Proposed by Daniel Sitaru - Romania

JP.353. In AABC, P € Int(AABC), u(ABP) = 20°,
pw(PBC) = u(PCB) = 10°, u(PCA) = 40°. Prove that:
|AP| + |BC| = V3| AB]|
Proposed by Mehmet Sahin - Turkey

JP.354. In acute AABC, O - circumcenter, F, K € (AB), M, L(BC),
E,N € (CA),FOE,MON, LOK - are the antiparallels. Let pg, pp, pc
- inradii of A AFE, ABLK, ACMN. Prove that: p,+ pp+pc. = R

Proposed by Mehmet Sahin - Turkey

JP.355. In AABC, A,, B,,(C7 are contact points by inscribed cir-
cle. Prove that:
(AB )2 (BC>2 (CA)2>6R
A1B1 B1C’1 ClAl -

Proposed by Marian Ursarescu - Romania

T

JP.356. In AABC, I - incenter and R,, Ry, R. - circumradius in
AIBC,AIAB, AIAC. Prove that:

R, R R,
)+ +(T) =
Proposed by Marian Ursarescu - Romania

JP.357. In AABC, N, - Nagel’s point. Prove that incribed circle
of AABC passes through point N, if and only if s? 4+ 472 = 16Rr.

Proposed by Marian Ursarescu - Romania

JP.358. If ,y,z > 0,xyz = 1 then in AABC the following rela-
tionship holds:

a4<y—|—1—|—zlc)—|—b4<z—|—1+;>+c4<m+1+i) > 129614

Proposed by Daniel Sitaru - Romania

JP.359. Find all n natural numbers such that:

n + 27
3 e Q
(n+8)(n+1)
Proposed by George Florin Serban - Romania
2 ©Daniel Sitaru, ISSN-L 2501-0099
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JP.360. If z,y,z € (0, 5) then:

tan? ¢ cot?z
—+ > 2
Ztan3m+cotm Zcot3zz:—|—tan:c_ Z
cyc cyc cyc

1

tan? x —+ cot?

Proposed by Daniel Sitaru - Romania

PROBLEMS FOR SENIORS

SP.346. Determine all functions f : (0,00) — R such that:

f(zy) < zf(x) + yf(y) < log(xy),Va,y >0

Proposed by Marian Ursarescu - Romania

SP.347. If A, B € M3(R) such that Tr((AB — BA)?) = 0. Prove
that:

det((AB — BA)2 + AB — BA + I3) = (1 — det(AB — BA))?

Proposed by Marian Ursarescu - Romania

SP.348. In AABC prove that incribed circle of AABC passes
through to G if and only if s? = 16 Rr + 4r2.

Proposed by Marian Ursarescu - Romania

SP.349. If a € (0, 5) then prove:
(sin @) V18sina 30 | (coga)VIoBeosasing < /3

Proposed by Ionut Florin Voinea - Romania

SP.350. If z,y,z > 0, zy+yz+zx =1 and X > % then:

1 n 1 n 1 > 27
22(x24+ X)) Y224+ 22(224 ) T 3A+1

Proposed by Marin Chirciu - Romania

SP.351. If z,y € (0, 5); V1 +tanz + /1 + tany = 2+v/2 then:
Y1 —tanz + /1 —tany < 4 — 2v/2

Proposed by Daniel Sitaru - Romania
©Daniel Sitaru, ISSN-L 2501-0099 3
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SP.352. Let (zn)n>1,(Yn)n>1 be sequences of real numbers with

£y =0,y1 =1, Tppq = %,ynﬂ = %,Vnz 1,

a,b,c,d > 0,ad # bc. Prove that if (2n)n>1,2n = Yn — Tn, then
(2n)n>1 - geometric progression, and if ¢ < 1, g - ratio of progres-
sion, then:

lim x, = lim y,.
n—oo n—oo

Proposed by Marin Chirciu - Romania

SP.353. Let A > 0 fixed. Solve for real numbers:
A= /N2 =14 VAT =1
Ay = V2222 — 14+ V/A222 — 1
Az = V222 — 1+ /A2y2 — 1

Proposed by Marin Chirciu - Romania

SP.354. If x,y,z > 1 then:
y-x¥+z-yy+ax-2*>xc+y+ z4 In(x®™ . yY* . 277%)

Proposed by Daniel Sitaru - Romania

SP.355. Let I, Iy, I. and rq, 1y, 7. denote the excenters and exradii
of the triangle ABC, respectively. Let p, - be the radius of the
circle that lies inside and touches internally the excircle opposite
A and touches the sides 1,1, I, 1. of triangle I,I,1. externally. Let

Pbvs pc be defined similarly. Prove that:
Pa b Pe
Ta Tb Tc

Proposed by Mehmet Sahin - Turkey

SP.356. If a,b,c > 0 such that abc = 1 then:
(1 + ab)3 (1 + be)3 (1 + ca)3 S 54
(c+a)(a+b) (a+b)(b+c) (b+c)(c+a) ~ (a®+ b% + c?)?
Proposed by Pedro Pantoja - Brazil

SP.357. Let S(n) be the sum of the digits of the positive integer n.
Determine all pairs of positive integers (a, b),a > b such that the
equation S(a?) = (b — 2018)% has only finite solutions in positive
integers.

Proposed by Pedro Pantoja - Brazil
4 ©Daniel Sitaru, ISSN-L 2501-0099
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SP.358. If ,y,z > 0 then:

583

L GIDGED

cyc

+3 > 6Jxyz

Proposed by Daniel Sitaru - Romania

SP.359. If A € M3(R),p € R* such that det(A? — pA + p?I3) = 0.
Prove that: 2det(A2? 4 p%I3) > (det A + p3)2.

Proposed by Marian Ursarescu - Romania

SP.360. z1, 22, z3 € C* different in pairs such that |z1| = |z2| = |2z3].
If
221 — Z2 — Z3 1 1 1
Z‘ - + + 9
e (71 — 22)|21 — 23] + (21 — 23) |21 — 22| |21 — 22| [z2 — 23] [z — 2z

then z1, 22, 23 are affixes on equilateral triangle.

Proposed by Marian Ursarescu - Romania

UNDERGRADUATE
PROBLEMS

UP.346. Solve for real numbers:

x $2 . earctan:c
2/ ——dzx =1
0 V14 22

Proposed by Daniel Sitaru - Romania

UP.347. Solve for complex numbers:
[z | |yl _ |z+yl?
BT s T s
10 +y =7+ 142

Proposed by Daniel Sitaru - Romania

UP.348. If z,y,z € R% = (0,00) and ABC is a triangle with the
area F', then:

(x+3y)(y+42+3x) , (y+32)(z+4x+3y)

(W+32)(z+80)  © T Gtsoe+sy) T
(z+ 3x)(x + 4y + 32) LA > 39p?
(z + 3y)(y + 32) -

Proposed by D.M Batinefu - Giurgiu - Romania
©Daniel Sitaru, ISSN-L 2501-0099 )
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UP.349. If m > 0;x,y,z > 0, then in any AABC with the area F
the following inequailty holds:

y+z z4+x T+y 2 4/5\3—m
I P (ﬁ)mﬂ(\@)

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru- Romania

UP.350. If z,y,z € R} = (0,00), then in any AABC with the
area F' the following inequality holds:

Z yt=z a? >2\/§F
e+ /(@+2y)(xz+22)

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru- Romania

UP.351. If z,y,2 € R} = (0,00) and ABC is a triangle, then:
(x+2y)2x+y+32)-a? (y+22)(2y + z + 3x) - b?
(y + 2)(z + 2x) - h2 (z + 2z)(x + 2y) - h?

(z +2x)(2z + = + 3y) - 2
(x+2y)(y+22)-h2 ~
Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru- Romania

UP.352. If z,y,z > 0 and AABC have the semiperimeter s the
following inequality holds:

(y+ 2)a (z+x)b (x+y)c S 123
x-hg(s—a) y-hpy(s—b) =z-he(s—c)~ s
Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru- Romania

UP.353. Let (zn)n>1 be a sequence of real numbers with

1 = Va3 —a,a > 2 and T,y = Va3 — a + x,,n > 1. Prove that

(Tn)n>1 - convergent and find

Q= lim z,,Q2 = lim {x,}, where {x} - fractional part.

Proposed by Marin Chirciu - Romania

UP.354. Find:
n—1 —1\n
k k
Q= lim <1+ <§ :sinﬂ-> )
n—roo k1 n n

Proposed by Florica Anastase - Romania
6 ©Daniel Sitaru, ISSN-L 2501-0099
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UP.355. Find:

1. 1

. . cotx [k . km 1\ tncna
Q = lim lim . g — sin —
n—oo \ z— 7 2 n n

k=1

Proposed by Florica Anastase - Romania

UP.356. Find:

Q= lim » icosw. n—l(kl)

COS
n—oo n n
k=1

Proposed by Florica Anastase - Romania
UP.357. If f: [0,5) — R,
ﬂ@=—4b%mw@

Prove that:

jus

hrri flx) =— /02 log(siny)dy

w<%2
Proposed by Florica Anastase - Romania

UP.358. If 0 < a < b < 3 then:

b o 2 b 2
inx cos T b
S 2
de | + dx | <log (—)
a X a a

Proposed by Daniel Sitaru - Romania

© tan—
Q= / dx
:1:3+1

Proposed by Vasile Mircea Popa - Romania

UP.359. Find:

UP.360. Find «,y > 0 such that:

TyTs :
(z+1) +3y(y+1) __ 16

3x2—2x+1 2_2y+1 — 3

Proposed by Daniel Sitaru - Romania

MATHEMATICS DEPARTMENT, ”THEODOR COSTESCU”

NATIONAL EconNowmic, COL-
LEGE DROBETA TURNU - SEVERIN, ROMANIA
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