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P R O L O G U E ∗,†

The less you understand the world, the
easier it is to make a decision.

5

Figure 1.1: The problem is not awareness of "fat tails", but the lack of understanding of their consequences. Saying "it is fat tailed" implies much more than changing the name of the distribution, but
a general overhaul of the statistical tools and types of decisions made. Credit Stefan Gasic.

The main idea behind the Incerto project is that while there is a lot of uncertainty and opacity about the world, and an incompleteness of information and understanding, there is little, if any, uncertainty about what actions
should be taken based on such an incompleteness, in any given situation.

T

his book consists in 1) published papers and 2) (uncensored) commentary,
about classes of statistical distributions that deliver extreme events, and
how we should deal with them for both statistical inference and decision
making. Most "standard" statistics come from theorems designed for thin tails:
Discussion chapter.

1

2

prologue ∗,†

Figure 1.2: Complication
without insight: the clarity
of mind of many professionals using statistics
and data science without
an understanding of the
core concepts, what it is
fundamentally about.
Credit: Wikimedia.

they need to be adapted preasymptotically to fat tails, which is not trivial –or
abandoned altogether.
So many times this author has been told of course we know this or the beastly
portmanteau nothing new about fat tails by a professor or practitioner who just produced an analysis using "variance", "GARCH", "kurtosis" , "Sharpe ratio", or "value
at risk", or produced some "statistical significance" that is clearly not significant.
More generally, this book draws on the author’s multi-volume series, Incerto [226]
and associated technical research program, which is about how to live in the real
world, a world with a structure of uncertainty that is too complicated for us.
The Incerto tries to connect five different fields related to tail probabilities and
extremes: mathematics, philosophy, social science, contract theory, decision theory,
and the real world. If you wonder why contract theory, the answer is: option
theory is based on the notion of contingent and probabilistic contracts designed
to modify and share classes of exposures in the tails of the distribution; in a way
option theory is mathematical contract theory. Decision theory is not about understanding the world, but getting out of trouble and ensuring survival. This point is
the subject of the next volume of the Technical Incerto, with the temporary working
title Convexity, Risk, and Fragility.

a word on terminology
"Thick tails" is often used in academic contexts. For us, here, it maps to much
"higher kurtosis than the Gaussian" –to conform to the finance practitioner’s lingo.
As to "Fat Tails", we prefer to reserve it both extreme thick tails or membership in
the power law class (which we show in Chapter 8 cannot be disentangled). For
many it is meant to be a narrower definition, limited to "power laws" or "regular
variations" – but we prefer to call "power laws" "power laws" (when we are quite

prologue ∗,†

Figure 1.3: The classic response: a "substitute" is something that does not harm rent-seeking. Credit:
Stefan Gasic.

certain about the process), so what we call "fat tails" may sometimes be more
technically "extremely thick tails" for many.
To avoid ambiguity, we stay away from designations such as "heavy tails" or "long
tails".
The next two chapters will clarify.

acknowledgments
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prologue ∗,†

T

his author presented the present book and the main points
at the monthly Bloomberg Quant Conference in New York in
September 2018. After the lecture, a prominent mathematical
finance professor came to see me. "This is very typical Taleb",
he said. "You show what’s wrong but don’t offer too many

substitutes".

Clearly, in business or in anything subjected to the rigors of the real world,
he would have been terminated. People who never had any skin in the game
[236] cannot figure out the necessity of circumstantial suspension of belief
and the informational value of unreliability for decision making: don’t give a
pilot a faulty metric, learn to provide only reliable information; letting the pilot know
that the plane is defective saves lives. Nor can they get the outperformance of
via negativa –Popperian science works by removal. The late David Freedman
had tried unsuccessfully to tame vapid and misleading statistical modeling
vastly outperformed by "nothing".
But it is the case that the various chapters and papers here do offer solutions and alternatives, except that these aren’t the most comfortable for some
as they require some mathematical work for re-derivations for fat tailed conditions.

2

G L O S S A R Y, D E F I N I T I O N S , A N D
N O TAT I O N S

T

his is a catalogue raisonné of the main topics and notations.
Notations are redefined in the text every time; this is an aid
for the random peruser. Some chapters extracted from papers
will have specific notations, as specified. Note that while our
terminology may be at variance with that of some research
groups, it aims at remaining consistent.

2.1 general notations and frequently used symbols
P is the probability symbol; typically in P(X > x), X is the random variable, x
is the realization. More formal measure-theoretic definitions of events and other
French matters are in Chapter 11 and other places where such formalism makes
sense.
E is the expectation operator.
V is the Variance operator.
M is the mean absolute deviation which is, when centered, centered around the
mean (rather than the median).
φ(.) and f (.) are usually reserved for the PDF (probability density function) of
a pre-specified distribution. In some chapters, a distinction is made for f x (x) and
f y (y), particularly when X and Y follow two separate distributions.
n is usually reserved for the number of summands.
p is usually reserved for the moment order.
r.v. is short for a random variable.
F(.) is reserved for the CDF (cumulative distribution function P(X < x), F(.), or
S is the survival function P(X > x).
5

6

glossary, definitions, and notations

∼ indicates that a random variable is distributed according to a certain specified
law.
χ(t) = E(eitXs ) is the characteristic function of a distribution. In some discussions,
the argument t ∈ R is represented as ω. Sometimes Ψ is used.
D

→ denotes convergence in distribution, as follows. Let X1 , X2 , . . . , Xn be a seD

quence of random variables; Xn → X means the CDF Fn for Xn has the following
limit:
lim Fn (x) = F(x)
n→∞

for every real x for which F is continuous.
P

→ denotes convergence in probability, that is for ε > 0, we have, using the same
sequence as before
lim Pr (| Xn − X | > ε) = 0.
n→∞

a.s.

→ denotes almost sure convergence, the stronger form:
(
)
P lim Xn = X = 1.
n→∞

Sn is typically a sum for n summands.
α and αs : we shall typically try to use αs ∈ (0, 2] to denote the tail exponent
of the limiting and Platonic stable distribution and α p ∈ (0, ∞) the corresponding
Paretian (preasymptotic) equivalent but only in situations where there could be
some ambiguity. Plain α should be understood in context.

N (µ1 , σ1 ) the Gaussian distribution with mean µ1 and variance σ12 .
L(., .) or LN (., .) is the Lognormal distribution, with (
PDF f (L))(.) typically parametrized
2
here as L(X0 − σ12 , σ) to get a mean X0 , and variance eσ − 1 X02 .
S (αS , β, µ, σ) is the stable distribution with tail index αs in (0, 2], symmetry index
β in −1, 1), centrality parameter µ in R and scale σ > 0.
P is the power law class (see below).
S is the subexponential class (see below).
δ(.) is the Dirac delta function.
θ(.) is the Heaviside theta function.
erf(.), the error function, is the integral of the Gaussian distribution erf(z) =
∫ z − t2
. erfc(.), is the complementary error function 1 − er f (.).
0 dte

√2
π

∥.∥ p is a norm defined for (here a real vector) X = (X1 , . . . , Xn )T ,
)1/ p
(
n
| xi | p
. Note the absolute value in this text.
∥ X ∥ p ≜ n1 ∑i=1

2.2 catalogue raisonné of general & idiosyncratic concepts

1 F1 (.; .; .) is the Kummer confluent hypergeometric function: 1 F1 (a; b; z)

2 F̃2

= ∑∞
k=0

is the generalized hypergeometric function regularized: 2 F̃2 (., .; ., .; .) =

and p Fq (a; b; z) has series expansion ∑∞
k=0
mer symbol.

7
k

ak zk !
bk .

2 F2 (a;b;z)

(Γ(b1 )...Γ(bq ))
(a1 )k ...(a p )k k
(b1 )k ...(b p )k z / k!, were (aq )(.) is the Pockham-

(
)
n −1
(aq )(.) is the Q-Pochhammer symbol (aq )n = ∏i=1
1 − aqi .

2.2 catalogue raisonné of general & idiosyncratic concepts
Next is the duplication of the definition of some central topics.

2.2.1 Power Law Class P
The power law class is conventionally defined by the property of the survival function, as follows. Let X be a random variable belonging to the class of distributions
with a "power law" right tail, that is:
P(X > x) = L(x) x −α

(2.1)

where L : [ xmin , +∞) → (0, +∞) is a slowly varying function, defined as
lim

x →+∞

L(kx)
=1
L(x)

for any k > 0 [22].
The survival function of X is called to belong to the "regular variation" class RVα .
More specifically, a function f : R+ → R+ is index varying at infinity with index ρ
( f ∈ RVρ ) when
lim

t→∞

f (tx)
= xρ .
f (t)

More practically, there is a point where L(x) approaches its limit, l, becoming
a constant –which we call the "Karamata constant" and the point is dubbed the
"Karamata point". Beyond such value the tails for power laws are calibrated using
such standard techniques as the Hill estimator. The distribution in that zone is
dubbed the strong Pareto law by B. Mandelbrot[162],[75].
The same applies, when specified, to the left tail.
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2.2.2

Law of Large Numbers (Weak)

The standard presentation is as follows. Let X1 , X2 , . . . Xn be an infinite sequence
of independent and identically distributed (Lebesgue integrable) random variables
with expected value E(Xn ) = µ (though one can somewhat relax the i.i.d. assumptions). The sample average X n = n1 (X1 + · · · + Xn ) converges to the expected value,
X n → µ, for n → ∞.
Finiteness of variance is not necessary (though of course the finite higher moments accelerate the convergence).
The strong law is discussed where needed.

2.2.3

The Central Limit Theorem (CLT)

The Standard (Lindeberg-Lévy) version of CLT is as follows. Suppose a sequence of
i.i.d. random variables with E(Xi ) = µ and V(Xi ) = σ2 < +∞, and X n the sample
average for n. Then as n approaches infinity, the sum of the random variables
√
n(X n µ) converges in distribution to the Gaussian [20] [21]:
(
)
√ (
) d
n Xn − µ −
→ N 0, σ2 .
Convergence in distribution here means that the CDF (cumulative distribution
√
function) of n converges pointwise to the CDF of N (0, σ) for every real z,

lim P

n→∞

(√

)
n(X n − µ) ≤ z = lim P
n→∞

[√

]
(z)
z
n(X n − µ)
≤
=Φ
, σ>0
σ
σ
σ

where Φ(z) is the standard normal CDF evaluated at z.
There are many other versions of the CLT, presented as needed.

2.2.4

Law of Medium Numbers or Preasymptotics

This is pretty much the central topic of this book. We are interested in the behavior
of the random variable for n large but not too large or asymptotic. While it is not
a big deal for the Gaussian owing to extremely rapid convergence (by both LLN
and CLT), this is not the case for other random variables.
See Kappa next.

2.2.5

Kappa Metric

Metric here should not be interpreted in the mathematical sense of a distance
function, but rather in its engineering sense, as a quantitative measurement.

2.2 catalogue raisonné of general & idiosyncratic concepts
Kappa, in [0, 1], developed by this author here, in Chapter 8, and in a paper [235],
gauges the preasymptotic behavior or a random variable; it is 0 for the Gaussian
considered as benchmark, and 1 for a Cauchy or a r.v. that has no mean.
Let X1 , . . . , Xn be i.i.d. random variables with finite mean, that is E(X) < +∞.
Let Sn = X1 + X2 + . . . + Xn be a partial sum. Let M(n) = E(|Sn − E(Sn )|) be the
expected mean absolute deviation from the mean for n summands (recall we do
not use the median but center around the mean). Define the "rate" of convergence
for n additional summands starting with n0 :
κn0 ,n :

M(n)
=
M(n0 )

(

n
n0

)

1
2−κn0 ,n

, n0 , n = 1, 2, ...,

(2.2)

n > n0 ≥ 1, hence
κ(n0 , n) = 2 −

log(n) − log(n0 )
) .
(
M(n)
log M(n
0)

(2.3)

Further, for the baseline values n = n0 + 1, we use the shorthand κn0 .
2.2.6 Elliptical Distribution
X, a p × 1 random vector is said to have an elliptical (or elliptical contoured) distribution with location parameters µ, a non-negative matrix Σ and some scalar
function Ψ if its characteristic function is of the form exp(it′ µ)Ψ(tΣt′ ).
In practical words, one must have a single covariance matrix for the joint distribution to be elliptical. Regime switching, stochastic covariances (correlations), all
these prevent the distributions from being elliptical. So we will show in Chapter 6 that a linear combination of variables following thin-tailed distributions can
produce explosive thick-tailed properties when ellipticality is violated. This (in
addition to fat tailedness) invalidates much of modern finance.

2.2.7 Statistical independence
Independence between two variables X and Y with marginal PDFs f (x) and f (y)
and joint PDF f (x, y) is defined by the identity:
f (x, y)
= 1,
f (x) f (y)
regardless of the correlation coefficient. In the class of elliptical distributions, the
bivariate Gaussian with coefficient 0 is both independent and uncorrelated. This
does not apply to the Student T or the Cauchy in their multivariate forms.
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2.2.8

Stable (Lévy stable) Distribution

This is a generalization of the CLT.
Let X1 , . . . , Xn be independent and identically distributed random variables. Consider their sum Sn . We have
Sn − an D
→ Xs ,
(2.4)
bn
where Xs follows a stable distribution S , an and bn are norming constants, and, to
D

repeat, → denotes convergence in distribution (the distribution of X as n → ∞).
The properties of S will be more properly defined and explored in the next chapter.
Take it for now that a random variable Xs follows a stable (or α-stable) distribution,
symbolically Xs ∼ S(αs , β, µ, σ), if its characteristic functionχ(t) = E(eitXs ) is of the
form:
α

χ(t) = e(iµt−|tσ|s (1−iβ tan(

πα−s
2

)sgn(t))) when αs ̸= 1.

(2.5)

The constraints are −1 ≤ β ≤ 1 and 0 < αs ≤ 2.
2.2.9

Multivariate Stable Distribution

A random vector X = (X1 , . . . , Xk )T is said to have the multivariate stable distribution if every linear combination of its components Y = a1 X1 + · · · + ak Xk has a
stable distribution. That is, for any constant vector a ∈ Rk , the random variable
Y = a T X should have a univariate stable distribution.

2.2.10

Karamata Point

See Power Law Class

2.2.11

Subexponentiality

The natural boundary between Mediocristan and Extremistan occurs at the subexponential class which has the following property:
Let X = X1 , . . . , Xn be a sequence of independent and identically distributed
random variables with support in (R+ ), with cumulative distribution function F.
The subexponential class of distributions is defined by (see [248], [196]):
lim

x →+∞

1 − F ∗2 (x)
=2
1 − F(x)

(2.6)

where F ∗2 = F ′ ∗ F is the cumulative distribution of X1 + X2 , the sum of two independent copies of X. This implies that the probability that the sum X1 + X2 exceeds
a value x is twice the probability that either one separately exceeds x. Thus, every

2.2 catalogue raisonné of general & idiosyncratic concepts
time the sum exceeds x, for large enough values of x, the value of the sum is due
to either one or the other exceeding x—the maximum over the two variables—and
the other of them contributes negligibly.
More generally, it can be shown that the sum of n variables is dominated by
the maximum of the values over those variables in the same way. Formally, the
following two properties are equivalent to the subexponential condition [43],[84].
n x and M = max
For a given n ≥ 2, let Sn = Σi=1
n
i
1≤ i ≤ n x i
a) limx→∞

P(Sn > x)
P(X > x)

b) limx→∞

P(Sn > x)
P ( Mn > x )

= n,
= 1.

Thus the sum Sn has the same magnitude as the largest sample Mn , which is
another way of saying that tails play the most important role.
Intuitively, tail events in subexponential distributions should decline more slowly
than an exponential distribution for which large tail events should be irrelevant.
Indeed, one can show that subexponential distributions have no exponential moments:
∫ ∞
eϵx dF(x) = +∞
(2.7)
0

for all values of ε greater than zero. However, the converse isn’t true, since distributions can have no exponential moments, yet not satisfy the subexponential
condition.

2.2.12 Student T as Proxy
We use the student T with α degrees of freedom as a convenient two-tailed power
law distribution. For α = 1 it becomes a Cauchy, and of course Gaussian for α → ∞.
The student T is the main bell-shaped power law, that is, the PDF is continuous and smooth, asymptotically approaching zero for large negative/positive x,
and with a single, unimodal maximum (further, the PDF is quasiconcave but not
concave).

2.2.13 Citation Ring
A highly circular mechanism by which academic prominence is reached thanks
to discussions where papers are considered prominent because other people are
citing them, with no external filtering, thus causing research to concentrate and
get stuck around "corners", focal areas of no real significance. This is linked to
the operation of the academic system in the absence of adult supervision or the
filtering of skin in the game.
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E

xample of fields that are, practically, frauds in the sense that
their results are not portable to reality and only serve to feed
additional papers that, in turn, will produce more papers: Modern Financial Theory, econometrics (particularly for macro variables), GARCH processes, psychometrics, stochastic control
models in finance, behavioral economics and finance, decision making under uncertainty, macroeconomics, and a bit more.

2.2.14

Rent seeking in academia

There is a conflict of interest between a given researcher and the subject under
consideration. The objective function of an academic department (and person)
becomes collecting citations, honors, etc. at the expense of the purity of the subject:
for instance many people get stuck in research corners because it is more beneficial
to their careers and to their department.

2.2.15

Pseudo-empiricism or Pinker Problem

Discussion of "evidence" that is not statistically significant, or use of metrics that
are uninformative because they do not apply to the random variables under consideration –like for instance making inferences from the means and correlations
for fat tailed variables. This is the result of:
i) the focus in statistical education on Gaussian or thin-tailed variables,
ii) the absence of probabilistic knowledge combined with memorization of statistical terms,
iii) complete cluelessness about dimensionality,
all of which are prevalent among social scientists.
Example of pseudo-empiricism: comparing death from terrorist actions or epidemics such as ebola (fat tailed) to falls from ladders (thin tailed).
This confirmatory "positivism" is a disease of modern science; it breaks down
under both dimensionality and fat-tailedness.
Actually one does not need to distinguish between fat tailed and Gaussian variables to get the lack of rigor in these activities: simple criteria of statistical significance are not met –nor do these operators grasp the notion of such a concept as
significance.

2.2.16

Preasymptotics

Mathematical statistics is largely concerned with what happens with n = 1 (where
n is the number of summands) and n = ∞. What happens in between is what we
call the real world –and the major focus of this book. Some distributions (say those
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with finite variance) are Gaussian in behavior asymptotically, for n = ∞, but not
for extremely large but not infinite n.

2.2.17 Stochasticizing
Making a deterministic parameter stochastic, (i) in a simple way, or (ii) via a more
complex continuous or discrete distribution.
(i) Let s be the deterministic parameter; we stochasticize (entry-level style) by
creating a two-state Bernouilli with p probability of taking a value s1 , 1 − p of
taking value s2 . A transformation is mean-preserving when ps1 + (1 − p)s2 = s,
that is, preserves the mean of the s parameter. More generally, it can be in a
similar manner variance preserving, etc.
(ii) We can use a full probability distribution, typically a Gaussian if the variable
is two-tailed, and the Lognormal or the exponential if the variable is one-tailed
(rarely a power law). When s is standard deviation, one can stochasticize s2 , where
it becomes "stochastic volatility", with a variance or standard deviation typically
dubbed "Vvol".

2.2.18 Value at Risk, Conditional VaR
The mathematical expression of the Value at Risk, VaR, for a random variable X
with distribution function F and threshold λ ∈ [0, 1]
VaRλ (X) = − inf { x ∈ R : F(x) > λ},
and the corresponding CVar or Expected Shortfall ES at threshold λ:
(
)
ESλ (X) = E − X | X ≤− VaRλ (X)
or, in the positive domain, by considering the tail for X instead of that of − X.
More generally the expected shortfall for threshold K is E(X | X >K ).
2.2.19 Skin in the Game
A filtering mechanism that forces cooks to eat their own cooking and be exposed
to harm in the event of failure, thus throws dangerous people out of the system.
Fields that have skin in the game: plumbing, dentistry, surgery, engineering, activities where operators are evaluated by tangible results or subjected to ruin and
bankruptcy. Fields where people have no skin in the game: circular academic fields
where people rely on peer assessment rather than survival pressures from reality.
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2.2.20

MS Plot

The MS plot, "maximum to sum", allows us to see the behavior of the LLN for a
given moment consider the contribution of the maximum observation to the total,
and see how it behaves as n grows larger. For a r.v. X, an approach to detect
if E(X p ) exists consists in examining convergence according to the law of large
numbers (or, rather, absence of), by looking the behavior of higher moments in a
given sample. One convenient approach is the Maximum-to-Sum plot, or MS plot
as shown in Figure 10.3.
The MS Plot relies on a consequence of the law of large numbers [184] when it
comes to the maximum of a variable. For a sequence X1 , X2 , ..., Xn of nonnegative
i.i.d. random variables, if for p = 1, 2, 3, . . . , E[X p ] < ∞, then
p

p

p

Rn = Mn /Sn → a.s. 0
p

as n → ∞, where Sn =

n

p

∑ Xi

i=1

p

p

p

is the partial sum, and Mn = max(X1 , ..., Xn ) the

partial maximum. (Note that we can have X the absolute value of the random
variable in case the r.v. can be negative to allow the approach to apply to odd
moments.)

2.2.21

Maximum Domain of Attraction, MDA

The extreme value distribution concerns that of the maximum r.v., when x → x ∗ ,
where x ∗ = sup{ x : F(x) < 1} (the right "endpoint" of the distribution) is in the
maximum domain of attraction, MDA [116]. In other words,
P
max(X1 , X2 , . . . Xn ) → x ∗ .

2.2.22

Substitution of Integral in the psychology literature

The verbalistic literature makes the following conflation. Let K ∈ R+ be a threshold, f (.) a density function and pK ∈ [0, 1] the probability of exceeding it, and g(x)
an impact function. Let I1 be the expected payoff above K:
I1 =

∫ ∞
K

g(x) f (x) dx,

and Let I2 be the impact at K multiplied by the probability of exceeding K:
I2 = g(K)

∫ ∞
K

f (x) dx = g(K)pK .

The substitution comes from conflating I1 and I2 , which becomes an identity if
and only if g(.) is constant above K (say g(x) = θK (x), the Heaviside theta function).
For g(.) a variable function with positive first derivative, I1 can be close to I2 only
under thin-tailed distributions, not under the fat tailed ones.
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2.2.23 Inseparability of Probability (another common error)
Let F : A → [0, 1] be a probability distribution (with derivative f ) and g : R → R
a measurable function, the "payoff"". Clearly, for A′ a subset of A:
∫

∫
A′

g(x)dF(x) =

̸=

A′

∫

A′

f (x)g(x)dx
(∫
f (x)dx g

)
A′

dx

In discrete terms, with π(.) a probability mass function:
)
1
∑ π(x)g(x) ̸= ∑ ′ π(x) g n ∑ ′ x
x ∈A′
x ∈A
x ∈A
= probability of event × payoff of average event
(

(2.8)

The general idea is that probability is a kernel into an equation not an end product
by itself outside of explicit bets.

2.2.24 Wittgenstein’s Ruler
"Wittgenstein’s ruler" is the following riddle: are you using the ruler to measure
the table or using the table to measure the ruler? Well, it depends on the results.
Assume there are only two alternatives: a Gaussian distribution and a Power Law
one. We show that a large deviation, say a "six sigma" indicates the distribution is
power law.

2.2.25 Black Swans
Black Swans result from the incompleteness of knowledge with effects that can be
very consequential in fat tailed domains.
Basically, they are things that fall outside what you can expect and model, and
carry large consequences. The idea is to not predict them, but be convex (or at
least not concave) to their impact: fragility to a certain class of events is detectable,
even measurable (by gauging second order effects and asymmetry of responses),
while the statistical attributes of these events may remain elusive.
It is hard to explain to modelers that we need to learn to work with things we
have never seen (or imagined) before, but it is what it is1 .
Note the epistemic dimension: Black swans are observer-dependent: a Black
Swan for the turkey is a White Swan for the butcher. September 11 was a Black
1 As Paul Portesi likes to repeat (attributing or perhaps misattributing to this author): "You haven’t seen the
other side of the distribution".
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Swan for the victims, but not to the terrorists. This observer dependence is a central
property. An "objective" probabilistic model of Black Swan isn’t just impossible,
but defeats the purpose, owing to the incomplete character of information and its
dissemination.
Grey Swans: Large deviations that are are both consequential and have a very low
frequency but remain consistent with statistical properties are called "Grey Swans".
But of course the "greyness" depends on the observer: a Grey Swan for someone using
a power law distribution will be a Black Swan to naive statisticians irremediably
stuck within, and wading into, thin-tailed frameworks and representations.

Let us repeat: no, it is not about fat tails; it is just that fat tails make them worse.
The connection between fat-tails and Black Swans lies in the exaggerated impact
from large deviations in fat tailed domains.

2.2.26

The Empirical Distribution is Not Empirical

b is as follows: Let X1 , . . . Xn
The empirical distribution, or survival function F(t)
be independent, identically distributed real random variables with the common
cumulative distribution function F(t).
1
Fbn (t) =
n

n

∑ 1x ≥t ,
i

i=1

where 1 A is the indicator function.
By the Glivenko-Cantelli theorem, we have uniform convergence of the max norm
to a specific distribution –the Kolmogorov-Smirnoff –regardless of the initial distribution. We have:
as.
(2.9)
sup Fbn (t) − F(t) −→ 0;
t ∈R

this distribution-independent convergence concerns probabilities of course, not
moments –a result this author has worked on and generalized for the "hidden
moment" above the maximum.
We note the main result (further generalized by Donsker into a Brownian Bridge
since we know the extremes are 0 and 1)
)
√ (
D
n Fbn (t) − F(t) → N (0, F(t)(1 − F(t)))

(2.10)

"The empirical distribution is not empirical" means that since the empirical distributions are necessarily censured on the interval [xmin , xmax ], for fat tails this can
carry huge consequences because we cannot analyze fat tails in probability space
but in payoff space.
Further see the entry on the hidden tail (next).
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2.2.27 The Hidden Tail
Consider Kn the maximum of a sample of n independent identically distributed
variables; Kn = max ( X1 , X2 , . . . , Xn ). Let ϕ(.) be the density of the underlying
distribution. We can decompose the moments in two parts, with the "hidden"
moment above K0 .
E(X p ) =

∫ Kn

|L

∫ ∞

x p ϕ(x) dx +
x p ϕ(x) dx
Kn
{z
} |
{z
}
µ L,p

µK,p

where µ L is the observed part of the distribution and µK the hidden one (above K).
By Glivenko-Cantelli the distribution of µK,0 should be independent of the initial
distribution of X, but higher moments do not, hence there is a bit of a problem
with Kolmogorov-Smirnoff-style tests.

2.2.28 Shadow Moment
This is called in this book "plug-in" estimation. It is not done by measuring the
directly observable sample mean which is biased under fat-tailed distributions, but
by using maximum likelihood parameters, say the tail exponent α, and deriving
the shadow mean or higher moments.

2.2.29 Tail Dependence
Let X1 and X2 be two random variables not necessarily in the same distribution
class. Let F ← (q) be the inverse CDF for probability q, that is F ← (q) = inf{ x ∈ R :
F(x) ≥ q}, λu the upper tail dependence is defined as
λu = lim P ( X2 > F2← (q)| X1 > F1← (q))
q →1

(2.11)

Likewise for the lower tail dependence index.

2.2.30 Metaprobability
Comparing two probability distributions via some tricks which includes stochasticizing parameters. Or stochasticize a parameter to get the distribution of a call
price, a risk metric such as VaR (see entry), CVaR, etc., and check the robustness
or convexity of the resulting distribution.
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2.2.31

Dynamic Hedging

The payoff of a European call option C on an underlying S with expiration time
indexed at T should be replicated with the following stream of dynamic hedges,
the limit of which can be seen here, between present time t and T:
(
lim

∆t→0

n=T /∆t

∑

i=1

(
)
∂C
|S=St+(i−1)∆t ,t=t+(i−1)∆t, St+i∆t − St+(i−1)∆t
∂S

)
(2.12)

We break up the period into n increments ∆t. Here the hedge ratio ∂C
∂S is computed
as of time t +(i-1) ∆t, but we get the nonanticipating difference between the price
at the time the hedge was initiatied and the resulting price at t+ i ∆t.
This is supposed to make the payoff deterministic at the limit of ∆t → 0. In the
Gaussian world, this would be an Ito-McKean integral.
We show where this replication is never possible in a fat-tailed environment,
owing to the special presamptotic properties.

Part I
FAT TA I L S A N D T H E I R E F F E C T S , A N I N T R O D U C T I O N

3

A N O N -T E C H N I C A L O V E R V I E W - T H E
D A R W I N C O L L E G E L E C T U R E ∗,‡

Abyssus abyssum invocat
 כוראM אל תהוMתהו
Psalms

T

his chapter presents a nontechnical yet comprehensive presentation of of the entire statistical consequences of thick tails project.
It compresses the main ideas in one place. Mostly, it provides
a list of more than a dozen consequences of thick tails on statistical inference.

3.1 on the difference between thin and thick tails
We begin with the notion of thick tails and how it relates to extremes using the
two imaginary domains of Mediocristan (thin tails) and Extremistan (thick tails).

Research and discussion chapter.
A shorter version of this chapter was presented at Darwin College, Cambridge (UK) on January 27 2017,
as part of the Darwin College Lecture Series on Extremes. The author extends the warmest thanks to
D.J. Needham and Julius Weitzdörfer, as well as their invisible assistants who patiently and accurately
transcribed the lecture into a coherent text. The author is also grateful towards Susan Pfannenschmidt
and Ole Peters who corrected some mistakes. Jamil Baz prevailed upon me to add more commentary
to the chapter to accommodate economists and econometricians who, one never knows, may eventually
identify with some of it.
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• In Mediocristan, when a sample under consideration gets large, no single observation can really modify the statistical properties.
• In Extremistan, the tails (the rare events) play a disproportionately large
role in determining the properties.
Another way to view it:
Assume a large deviation X.

• In Mediocristan, the probability of sampling higher than X twice in a
row is greater than sampling higher than 2X once.
• In Extremistan, the probability of sampling higher than 2X once is
greater than the probability of sampling higher than X twice in a row.
Let us randomly select two people in Mediocristan; assume we obtain a (very
unlikely) combined height of 4.1 meters – a tail event. According to the Gaussian
distribution (or, rather its one-tailed siblings), the most likely combination of the
two heights is 2.05 meters and 2.05 meters. Not 10 centimeters and 4 meters.
Simply, the probability of exceeding 3 sigmas is 0.00135. The probability of exceeding 6 sigmas, twice as much, is 9.86 × 10−10 . The probability of two 3-sigma
events occurring is 1.8 × 10−6 . Therefore the probability of two 3-sigma events
occurring is considerably higher than the probability of one single 6-sigma event.
This is using a class of distribution that is not fat-tailed.
Figure 3.1 shows that as we extend the ratio from the probability of two 3-sigma
events divided by the probability of a 6-sigma event, to the probability of two 4sigma events divided by the probability of an 8-sigma event, i.e., the further we
go into the tail, we see that a large deviation can only occur via a combination (a
sum) of a large number of intermediate deviations: the right side of Figure 3.1. In
other words, for something bad to happen, it needs to come from a series of very
unlikely events, not a single one. This is the logic of Mediocristan.
Let us now move to Extremistan and randomly select two people with combined
wealth of $ 36 million. The most likely combination is not $18 million and $ 18
million. It should be approximately $ 35,999,000 and $ 1,000.
This highlights the crisp distinction between the two domains; for the class of
subexponential distributions, ruin is more likely to come from a single extreme
event than from a series of bad episodes. This logic underpins classical risk theory
as outlined by the actuary Filip Lundberg early in the 20th Century [155] and
formalized in the 1930s by Harald Cramer [51], but forgotten by economists in
recent times. For insurability, losses need to be more likely to come from many
events than a single one, thus allowing for diversification,
This indicates that insurance can only work in Mediocristan; you should never
write an uncapped insurance contract if there is a risk of catastrophe. The point is
called the catastrophe principle.
As we saw earlier, with thick tailed distributions, extreme events away from the
centre of the distribution play a very large role. Black Swans are not "more fre-

3.2 tail wagging dogs: an intuition
quent" (as it is commonly misinterpreted), they are more consequential. The fattest
tail distribution has just one very large extreme deviation, rather than many departures form the norm. Figure 4.4 shows that if we take a distribution such as the
Gaussian and start fattening its tails, then the number of departures away from one
standard deviation drops. The probability of an event staying within one standard
deviation of the mean is 68 percent. As the tails fatten, to mimic what happens in
financial markets for example, the probability of an event staying within one standard deviation of the mean rises to between 75 and 95 percent. So note that as we
fatten the tails we get higher peaks, smaller shoulders, and a higher incidence of
a very large deviation. Because probabilities need to add up to 1 (even in France)
increasing mass in one area leads to decreasing it in another.
Figure 3.1: Ratio of S(.)
survival functions for two
occurrences of size K by
one of 2K for a Gaussian
distribution∗ . The larger the
K, that is, the more we are in
the tails, the more likely the
event is to come from two independent realizations of K
(hence P(K)2 , and the less
likely from a single event of
magnitude 2K.
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∗ This is fudging for pedagogical simplicity. The more
rigorous approach would be
to compare 2 occurrences of
K (in σ) size K to 1 occurrence of size
2K plus 1 regular deviation –
but the end graph would not
change at all.

3.2 tail wagging dogs: an intuition
The tail wags the dog effect
Centrally, the thicker the tails of the distribution, the more the tail wags the
dog, that is, the information resides in the tails and less so in the "body" (the
central part) of the distribution. Effectively, for very fat tailed phenomena, all
deviations become informationally sterile except for the large ones.
The center becomes just noise. Although the "evidence based" science might not
quite get it yet, under such conditions, there is no evidence in the body.
This property also explains the slow functioning of the law of large numbers in
certain domains as tail deviations, where the information resides, are –by definition–
rare.
The property explains why, for instance, a million observations of white swans
do not confirm the non-existence of black swans, or why a million confirmatory
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Figure 3.2: Iso-densities for
two independent Gaussian
distributions.
The line
shows x + y = 4.1. Visibly the maximal probability
is for x = y = 2.05.
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distributions (in the power
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with ϵ going to 0 as the sum
x + y becomes larger.
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observations count less than a single disconfirmatory one. We will link it to the
Popper-style asymmetries later in the chapter.

3.3 a (more advanced) categorization and its consequences
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Figure 3.4: Same representation as in Figure 3.1, but
concerning power law distributions with support on
the real line; we can see the
iso-densities looking more
and more like a cross for
lower and lower probabilities. More technically, there
is a loss of ellipticality.
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It also explains why one should never compare random variables driven by the
tails (say, pandemics) to ones driven by the body (say, number of people who
drown in their swimming pool). See Cirillo and Taleb (2020) [48] for the policy
implications of systemic risks.

3.3 a (more advanced) categorization and its consequences
Let us now consider the degrees of thick tailedness in a casual way for now (we
will get deeper and deeper later in the book). The ranking is by severity.
Distributions:
Thick Tailed ⊃ Subexponential ⊃ Power Law (Paretian)
First there are entry level thick tails. This is any distribution with fatter tails
than
( the) Gaussian i.e. with more observations within ±1 standard deviation than
erf √1
≈ 68.2%3 and with kurtosis (a function of the fourth central moment)
2

higher than 3 4 .
Second, there are subexponential distributions satisfying our thought experiment
earlier (the one illustrating the catastrophe principle). Unless they enter the class
of power laws, distributions are not really thick tailed because they do not have
∫z
2
3 The error function erf is the integral of the Gaussian distribution erf(z) = √2π 0 dte−t .
4 The moment of order p for a random variable X is the expectation of a p power of X, E(X p ).
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Figure 3.5: The law of large
numbers, that is how long it
takes for the sample mean to
stabilize, works much more
slowly in Extremistan (here
a Pareto distribution with
1.13 tail exponent , corresponding to the "Pareto
80-20".
Both have the
same mean absolute deviation. Note that the same applies to other forms of sampling, such as portfolio theory.

monstrous impacts from rare events. In other words, they can have all the moments
.
Level three, what is called by a variety of names, power law, or member of the
regular varying class, or the "Pareto tails" class; these correspond to real thick tails
but the fattailedness depends on the parametrization of their tail index. Without
getting into a tail index for now, consider that there will be some moment that is
infinite, and moments higher than that one will also be infinite.
Let us now work our way from the bottom to the top of the central tableau in
Figure 3.7. At the bottom left we have the degenerate distribution where there
is only one possible outcome i.e. no randomness and no variation. Then, above
it, there is the Bernoulli distribution which has two possible outcomes, not more.
Then above it there are the two Gaussians. There is the natural Gaussian (with
support on minus and plus infinity), and Gaussians that are reached by adding
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Figure 3.6: What happens to the distribution of an average as the number of observations n increases?
This is the same representation as in Figure 3.5 seen in distribution/probability space. The fat tailed
distribution does not compress as easily as the Gaussian. You need a much, much larger sample. It is
what it is.

CENTRAL LIMIT — BERRY-ESSEEN

Fuhgetaboudit

α≤1

Lévy-Stable α<2
ℒ1
Supercubic α ≤ 3

Subexponential

CRAMER
CONDITION
Gaussian from Lattice Approximation

Thin - Tailed from Convergence to Gaussian
Bernoulli

COMPACT
SUPPORT

Degenerate
LAW OF LARGE NUMBERS (WEAK)

CONVERGENCE ISSUES

Figure 3.7: The tableau of thick tails, along the various classifications for convergence purposes (i.e.,
convergence to the law of large numbers, etc.) and gravity of inferential problems. Power Laws are in
white, the rest in yellow. See Embrechts et al [82].

random walks (with compact support, sort of, unless we have infinite summands)5 .
These are completely different animals since one can deliver infinity and the other
5 Compact support means the real-valued random variable X takes realizations in a bounded interval, say
2

[a, b],(a, b], [a, b), etc. The Gaussian has an exponential decline e−x that accelerates with deviations, so
some people such as Adrien Douady consider it effectively of compact support.
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cannot (except asymptotically). Then above the Gaussians sit the distributions
in the subexponential class that are not members of the power law class. These
members have all moments. The subexponential class includes the lognormal,
which is one of the strangest things in statistics because sometimes it cheats and
fools us. At low variance, it is thin-tailed; at high variance, it behaves like the very
thick tailed. Some people take it as good news that the data is not Paretian but
lognormal; it is not necessarily so. Chapter 8 gets into the weird properties of the
lognormal.
Membership in the subexponential class does not satisfy the so-called Cramer
condition, allowing insurability, as we illustrated in Figure 3.1, recall out thought
experiment in the beginning of the chapter. More technically, the Cramer condition
means that the expectation of the exponential of the random variable exists.6
Once we leave the yellow zone, where the law of large numbers (LLN) largely
works7 , and the central limit theorem (CLT) eventually ends up working8 , then
we encounter convergence problems. So here we have what are called power laws.
We rank them by their tail index α, on which later; take for now that the lower the
tail index, the fatter the tails. When the tail index is α ≤ 3 we call it supercubic
(α = 3 is cubic). That’s an informal borderline: the distribution has no moment
other than the first and second, meaning both the laws of large number and the
central limit theorem apply in theory.
Then there is a class with α ≤ 2 we call the Levy-Stable to simplify (though it
includes similar power law distributions with α less than 2 not explicitly in that
class; but in theory, as we add add up variables, the sum ends up in that class
rather than in the Gaussian one thanks to something called the generalized central
limit theorem, GCLT ). From here up we are increasingly in trouble because there
is no variance. For 1 ≤ α ≤ 2 there is no variance, but mean absolute deviation
(that is, the average variations taken in absolute value) exists.
Further up, in the top segment, there is no mean. We call it the Fuhgetaboudit. If
you see something in that category, you go home and you don’t talk about it.
The traditional statisticians approach to thick tails has been to claim to assume a
different distribution but keep doing business as usual, using same metrics, tests,
and statements of significance. Once we leave the yellow zone, for which statistical
techniques were designed (even then), things no longer work as planned. The
next section presents a dozen issues, almost all terminal. We will get a bit more
technical and use some jargon.
6 Technical point: Let X be a random variable. The Cramer condition: for all r > 0,
E(erX ) < +∞,
where E is the expectation operator.
7 Take for now the following definition for the law of large numbers: it roughly states that if a distribution
has a finite mean, and you add independent random variables drawn from it —that is, your sample gets
larger— you eventually converge to the mean. How quickly? that is the question and the topic of this
book.
8 We will address ad nauseam the central limit theorem but here is the initial intuition. It states that
n-summed independent random variables with finite second moment end up looking like a Gaussian
distribution. Nice story, but how fast? Power laws on paper need an infinity of such summands, meaning
they never really reach the Gaussian. Chapter 7 deals with the limiting distributions and answers the
central question: "how fast?" both for CLT and LLN. How fast is a big deal because in the real world we
have something different from n equals infinity.

3.3 a (more advanced) categorization and its consequences

Summary of the problem with overstandardized statistics

S

tatistical estimation is based on two elements: the central
limit theorem (which is assumed to work for "large" sums, thus
making about everything conveniently normal) and that of the
law of large numbers, which reduces the variance of the estimation as one increases the sample size. However, things are
not so simple; there are caveats. In Chapter 8, we show how sampling is
distribution dependent, and varies greatly within the same class. As shown
by Bouchaud and Potters in [27] and Sornette in [214], the tails for some finite variance but infinite
√higher moments can, under summation, converge to
the Gaussian within ± n log n, meaning the center of the distribution inside
such band becomes Gaussian, but remote parts, those tails, don’t –and the
remote parts determine so much of the properties.
Life happens in the preasymptotics.
Sadly, in the entry on estimators in the monumental Encyclopedia of Statistical
Science [147], W. Hoeffding writes:
"The exact distribution of a statistic is usually highly complicated and difficult to work with. Hence the need to approximate
the exact distribution by a distribution of a simpler form whose
properties are more transparent. The limit theorems of probability
theory provide an important tool for such approximations. In particular, the classical central limit theorems state that the sum of a
large number of independent random variables is approximately
normally distributed under general conditions. In fact, the normal distribution plays a dominating role among the possible limit
distributions. To quote from Gnedenko and Kolmogorov’s text
[[111], Chap. 5]:
"Whereas for the convergence of distribution functions of
sums of independent variables to the normal law only restrictions of a very general kind, apart from that of being infinitesimal (or asymptotically constant), have to be imposed on the
summands, for the convergence to another limit law some
very special properties are required of the summands".
Moreover, many statistics behave asymptotically like sums of independent random variables. All of this helps to explain the
importance of the normal distribution as an asymptotic distribution."
Now what if we do not reach the normal distribution, as life happens before
the asymptote? This is what this book is about.a
a The reader is invited to consult a "statistical estimation" entry in any textbook or online encyclopedia. Odds are that the notion of "what happens if we do not reach the asymptote" will never be
discussed –as in the 9500 pages of the monumental Encyclopedia of Statistics. Further, ask a regular
user of statistics about how much data one needs for such and such distributions, and don’t be
surprised at the answer. The problem is that people have too many prepackaged statistical tools
in their heads, ones they never had to rederive themselves. The motto here is: "statistics is never
standard".

29

30

a non-technical overview - the darwin college lecture ∗,‡
yHxL

yHxL

15

15

10

10

5
5

x
20

x
20

40

60

80

100

40

60

80

100

-5

-5

-10

Figure 3.8: In the presence of thick tails, we can fit markedly different regression lines to the same
story (the Gauss-Markov theorem —necessary to allow for linear regression methods —doesn’t apply
anymore). Left: a regular (naïve) regression. Right: a regression line that tries to accommodate the
large deviation —a "hedge ratio" so to speak, one that protects the agent from a large deviation, but
mistracks small ones. Missing the largest deviation can be fatal. Note that the sample doesn’t include
the critical observation, but it has been guessed using "shadow mean" methods.

3.4 the main consequences and how they link to the book

Figure 3.9: Inequality measures such as the Gini
coefficient require completely different methods
of estimation under thick tails, as we will see in
Part III. Science is hard.

Here are some consequences of moving out of the yellow zone, the statistical
comfort zone:

3.4 the main consequences and how they link to the book

Consequence 1
The law of large numbers, when it works, works too slowly in the real world.

This is more shocking than you think as it cancels most statistical estimators. See
Figure 3.5 in this chapter for an illustration. The subject is treated in Chapter 8
and distributions are classified accordingly.9
Consequence 2
The mean of the distribution will rarely correspond to the sample mean; it will
have a persistent small sample effect (downward or upward) particularly when the
distribution is skewed (or one-tailed).
This is another problem of sample insufficiency. In fact, there is no very thick
tailed- one tailed distribution in which the population mean can be properly estimated directly from the sample mean –rare events determine the mean, and these,
being rare, take a lot of data to show up10 . Consider that some power laws (like the
one described as the "80/20" in common parlance have 92 percent of the observations falling below the true mean). For the sample average to be informative, we
need orders of magnitude more data than we do (people in economics still do not
understand this, though traders have an intuitive grasp of the point). The problem is discussed briefly further down in 3.8, and more formally in the "shadow
mean" chapters, Chapters 15 and 16. Further, we will introduce the notion of hidden properties are in 3.8. Clearly by the same token, variance will be likely to be
underestimatwd.
Consequence 3
Metrics such as standard deviation and variance are not useable.
They fail out of sample –even when they exist; even when all moments exist. Discussed in ample details in Chapter 4. It is a scientific error that the notion of
standard deviation (often mistaken for average deviation by its users) found its
way as a measure of variation as it is very narrowly accurate in what it purports
to do, in the best of circumstances.
Consequence 4
Beta, Sharpe Ratio and other common hackneyed financial metrics are uninformative.

9 What we call preasymptotics is the behavior of a sum or sequence when n is large but not infinite. This is
(sort of) the focus of this book.
10 The population mean is the average if we sampled the entire population. The sample mean is, obviously,
what we have in front of us. Sometimes, as with wealth or war casualties, we can have the entire population, yet the population mean isn’t that of the sample. In these situations we use the concept of "shadow
mean", which is the expectation as determined by the data generating process or mechanism.
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Figure 3.10: We plot
the Sharpe ratio of
hedge funds on the horizontal axis as computed up to crisis of
2008 and their subsequent losses expressed
in standard deviation
during the crisis. Not
only does the Sharpe
ratio completely fail to
predict out of sample
performance, but, if
anything, it can be
seen as a weak predictor of failure. Courtesy
Raphael Douady.

This is a simple consequence of the previous point.11 Either they require much
more data, many more orders of magnitude, or some different model than the
one being used, of which we are not yet aware. Figure 3.4 show the Sharpe ratio,
supposed to predict performance, fails out of sample — it acts in exact reverse of
the intention. Yet it is still used because people can be suckers for numbers.
Practically every single economic variable and financial security is thick tailed.
Of the 40,000 securities examined, not one appeared to be thin-tailed. This is
the main source of failure in finance and economics.
Financial theorists claim something highly unrigorous like "if the first two moments exist, then mean-variance portfolio theory works, even if the distribution
has thick tails" (they add some conditions of ellipticality we will discuss later). The
main problem is that even if variance exists, we don’t know what it can be with acceptable precision; it obeys a slow law of large numbers because the second moment of a random
variable is necessarily more thick tailed than the variable itself. Further, stochastic correlations or covariances also represent a form of thick tails (or loss of ellipticality),
which invalidates these metrics.
Practically any paper in economics using covariance matrices is suspicious.
Details are in Chapter 4 for the univariate case and Chapter 6 for multivariate
situations.
Consequence 5
Robust statistics is not robust and the empirical distribution is not empirical.

11 Roughly, Beta is a metric showing how much an asset A is expected to move in response to a move in the
general market (or a given benchmark or index), expressed as the ratio of the covariance between A and
the market over the variance of the market.
The Sharpe ratio expresses the average return (or excess return) of an asset or a strategy divided by its
standard deviation.

3.4 the main consequences and how they link to the book
The story of my life. Much like the Soviet official journal was named Pravda
which means "truth" in Russian, almost as a joke, robust statistics are like a type
of prank, except that most professionals aren’t aware of it.
First, robust statistics shoots for measures that can handle tail events —large observations —without changing much. This the wrong idea of robustness: a metric
that doesn’t change in response of a tail event may be doing so precisely because it
is uninformative. Further, these measures do not help with expected payoffs. Second, robust statistics are usually associated with a branch called "nonparametric"
statistics, under the impression that the absence of parameters will make the analysis less distribution dependent. This book shows all across that it makes things
worse.
The winsorization of the data, by removing outliers, distorts the expectation operation and actually reduces information –though it would be a good idea to check
if the outlier is real or a fake outlier of the type we call in finance a "bad print"
(some clerical error or computer glitch).
The so-called (nonparametric) "empirical distribution" is not empirical at all (as
it misrepresents the expected payoffs in the tails), as we will show in Chapter 10
—this is at least the case for the way it is used in finance and risk management.
Take for now the following explanation: future maxima are poorly tracked by past
data without some intelligent extrapolation.
Consider someone looking at building a flood protection system with levees. The
naively obtained "empirical" distribution will show the worst past flood level, the
past maxima. Any worse level will have zero probability (or so). But by definition,
if it was a past maxima, it had to have exceeded what was a past maxima before it
to become one, and the empirical distribution would have missed it. For thick tails,
the difference between past maxima and future expected maxima is much larger
than thin tails.
Consequence 6
Linear least-square regression doesn’t work (failure of the Gauss-Markov theorem).

See Figure 3.8 and the commentary. The logic behind the least-square minimization method is the Gauss-Markov theorem which explicitly requires a thin-tailed
distribution to allow the line going through the data points to be unique. So either
we need a lot, a lot of data to minimize the squared deviations (in other words,
the Gauss-Markov theorem applies, but not for our preasymptotic situations as
the real world has finite, not infinite data), or we can’t because the second moment
does not exist. In the latter case, if we minimize mean absolute deviations (MAD),
as we see in 4.1, not only we may still be facing an insufficiency of data for proper
convergence, but the deviation slope may not be unique.
We discuss the point in some details in 6.7 and show how thick tails produce an
in-sample higher coefficient of determination (R2 ) than the real one because of the
small sample effect of thick tails. When variance is infinite, R2 should be 0. But
because samples are necessarily finite, it will show, deceivingly, higher numbers
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than 0. Effectively, to conclude, under thick tails, R2 is useless, uninformative, and
often (as with IQ studies) downright fraudulent.
Consequence 7
Maximum likelihood methods can work well for some parameters of the distribution
(good news).
Take a power law. We may estimate a parameter for its shape, the tail exponent (for
which we use the symbol α in this book12 ), which, adding some other parameter
(the scale) connects us back to its mean considerably better than going about it
directly by sampling the mean.
Example: The mean of a simple Pareto distribution with minimum value L and
α
tail exponent α and PDF αLα x −α−1 is L α−
1 , a function of α. So we can get it
from these two parameters, one of which may already be known. This is what
we call "plug-in" estimator. One can estimate α with a low error with visual aid
(or using maximum likelihood methods with low variance — it is inverse-gamma
distributed), then get the mean. It beats the direct observation of the mean.
The logic is worth emphasizing:
The tail exponent α captures, by extrapolation, the low-probability deviation
not seen in the data, but that plays a disproportionately large share in determining the mean.
This generalized approach to estimators is also applied to Gini and other inequality
estimators.
So we can produce more reliable (or at least less unreliable) estimators for, say, a
function of the tail exponent in some situations. But, of course, not all.
Now a real-world question is warranted: what do we do when we do not have
a reliable estimator? Better stay home. We must not expose ourselves to harm in
the presence of fragility, but can still take risky decisions if we are bounded for
maximum losses (Figure 3.4).
Consequence 8
The gap between disconfirmatory and confirmatory empiricism is wider than in situations covered by common statistics i.e., the difference between absence of evidence
and evidence of absence becomes larger. (What is called "evidence based" science,
unless rigorously disconfirmatory, is usually interpolative, evidence-free, and unscientific.)
From a controversy the author had with the cognitive linguist and science writer
Steven Pinker: making pronouncements (and generating theories) from recent variations in data is not acceptable, unless one meets some standards of significance,

12 To clear up the terminology: in this book, the tail exponent, commonly written α is the limit of quotient of
the log of the survival function in excess of K over log K, which would be 1 for Cauchy. Some researchers
use α − 1 from the corresponding density function.
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which requires more data under thick tails (the same logic as that of the slow LLN).
Stating "violence has dropped" because the number of people killed in wars has
declined from the previous year or decade is not a scientific statement: a scientific
claim distinguishes itself from an anecdote as it aims at affecting what happens
out of sample, hence the concept of statistical significance.
Let us repeat that nonstatistically significant statements are not the realm of science. However, saying violence has risen upon a single observation may be a
rigorously scientific claim. The practice of reading into descriptive statistics may
be acceptable under thin tails (as sample sizes do not have to be large), but never
so under thick tails, except, to repeat, in the presence of a large deviation.
Consequence 9
Principal component analysis (PCA) and factor analysis are likely to produce spurious factors and loads.
This point is a bit technical; it adapts the notion of sample insufficiency to large
random vectors seen via the dimension reduction technique called principal component analysis (PCA) . The issue a higher dimensional version of our law of large
number complications. The story is best explained in Figure 3.26, which shows the
accentuation of what is called the "Wigner Effect", from insufficiency of data for
the PCA. Also, to be technical, note that the Marchenko-Pastur distribution is not
applicable in the absence of a finite fourth moment (or, has been shown in [23], for
tail exponent in excess of 4).13

Figure 3.11: Under thick
tails (to the left), mistakes
are terminal. Under thin
tails (to the left) they can be
great learning experiences.
Source: You had one Job.

Consequence 10
The method of moments (MoM) fails to work. Higher moments are uninformative
or do not exist.
The same applies to the GMM, the generalized method of moment, crowned with a
Bank of Sweden Prize known as a Nobel. This is a long story, but take for now that
the estimation of a given distribution by moment matching fails if higher moments
are not finite, so every sample delivers a different moment –as we will soon see
with the 4th moment of the SP500.
13 To be even more technical, principal components are independent when correlations are 0. However, for
fat tailed distributions, as we will see more technically in 6.3.1, absence of correlation does not imply
independence.
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Simply, higher moments for thick tailed distributions are explosive. Particularly
in economics.
Consequence 11
There is no such thing as a typical large deviation.
Conditional on having a "large" move, the magnitude of such a move is not convergent, especially under serious thick tails (the Power Law tails class). This is
associated with the catastrophe principle we saw earlier. In the Gaussian world,
the expectation of a movement, conditional that the movement exceeds 4 standard
deviations, is about 4 standard deviations. For a Power Law it will be a multiple
of that. We call this the Lindy property and it is discussed in 5 and particularly in
Chapter 11.
Consequence 12
The Gini coefficient ceases to be additive..
Methods of measuring sample data for Gini are interpolative –they in effect have
the same problem we saw earlier with the sample mean underestimating or overestimating the true mean. Here, an additional complexity arises as the Gini becomes
super-additive under thick tails. As the sampling space grows, the conventional
Gini measurements give an illusion of large concentrations of wealth. (In other
words, inequality in a continent, say Europe, can be higher than the weighted
average inequality of its members). The same applies to other measures of concentration such as the top 1% has x percent of the total wealth, etc.
It is not just Gini, but other measures of concentration such as the top 1% owns
x% of the total wealth, etc. The derivations are in Chapters 13 and 14.
Consequence 13
Large deviation theory fails to apply to thick tails. I mean, it really doesn’t apply.
I really mean it doesn’t apply14 . The methods behind the large deviation principle
(Varadan [260] , Dembo and Zeituni [59], etc.) will be very useful in the thin-tailed
world. And there only. See discussion and derivations in Appendix C as well as
the limit theorem chapters, particularly Chapter 7.
Consequence 14
Risks of financial options are never mitigated by dynamic hedging.
This might be technical and uninteresting for nonfinance people but the entire basis
of financial hedging behind Black-Scholes rests on the possibility and necessity of

14 Do not confuse large deviation theory LDT, with extreme value theory, EVT, which covers all major classes
of distributions
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dynamic hedging, both of which will be shown to be erroneous in Chapters 20
and21 ,and 22. The required exponential decline of deviates away from the center
requires the probability distribution to be outside the sub-exponential class. Again,
we are talking about something related the Cramer condition –it all boils down to
that exponential moment.
Recall the author has been an option trader and to option traders dynamic hedging is not the way prices are derived —and it has been so, as shown by Haug and
the author, for centuries.
Consequence 15
Forecasting in frequency space diverges from expected payoff.
And also:
Consequence 16
Much of the claims in the psychology and decision making literature concerning
the "overestimation of tail probability" and irrational behavior with respect of rare
events comes form misunderstanding by researchers of tail risk, conflation of probability and expected payoffs, misuse of probability distributions, and ignorance of
extreme value theory (EVT).
These point is explored in the next section here and in an entire chapter (Chapter
??): the foolish notion of focus on frequency rather than expectation can carry a
mild effect under thin tails; not under thick tails. Figures 3.12 and 3.13 show the
effect.
Consequence 17
Ruin problems are more acute and ergodicity is required under thick tails.
This is a bit technical but explained in the end of this chapter.
Let us discuss some of the points.

3.4.1 Forecasting
In Fooled by Randomness (2001/2005), the character is asked which was more probable that a given market would go higher or lower by the end of the month. Higher,
he said, much more probable. But then it was revealed that he was making trades
that benefit if that particular market goes down. This of course, appears to be paradoxical for the nonprobabilist but very ordinary for traders, particularly under
nonstandard distributions (yes, the market is more likely to go up, but should it
go down it will fall much much more). This illustrates the common confusion
between a forecast and an exposure (a forecast is a binary outcome, an exposure
has more nuanced results and depends on full distribution). This example shows
one of the extremely elementary mistakes of talking about probability presented as
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