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QUASI-EXACT DIFFERENTIAL EQUATION
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Abstract

This article examines a specific variant of exact differential equation whose form is a matrix
product of exact partial derivatives and a modifying vector.

1. Introduction

It is widely perceived (see e.g. [1]) that if P(x,y) and Q(x,y) are two bivariable function
such that:

olP(x,»)] _ 0[Q(x.y)] W
dy B dx
Then the exact first-ordered ordinary differential equation:
P(x,y)dx +Q(x,y)dy = 0 (2)

Has solutions as:
U(x,y) = const

r x y
U(x,y) = fP(x,yO) dx + f Q(x,y) dy + const
< Xo Yo (3)
x y

U(x,y) = fP(x,y) dx + fQ(xO,y)dy+const

| X0 Yo
Of which, U(x,y) is the potential function of (1) where exactness of the above differential

equation is determined by the criteria that:

(
J a[u;z, N _ oy a[u§x,y)]  0y) .
02[U(x,»)] _ a[P(x, )] _ a[Q(x,y)]
l oxdy dy B dx
Accordingly, we define the quasi-exact differential equation (QDE) as:
P(x,y) dx + R(x,y)Q(x,y)dy =0 (5)

An alternate form of QDE is vw = 0 where v = [P(x,y) dx Q(x,y)dy] are exact partial
derivatives, w =[1  R(x,y)] is the modifying vector, and R(x, y) is the modifier.

We shall solve (5) where R(x,y) is (i) a constant in Section 2; and a variable function in
Section 3, and Section 4, respectively. Following, Section 5 provides discussion.

1 I RMM-QUASI-EXACT DIFFERENTIAL EQUATIONS-BENNY LE VAN



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2. Constant quasi-exact differential equation
In the case R(x,y) is a constantr (r # 0 and  # 1)*, the constant QDE becomes:
P(x,y)dx + rQ(x,y)dy = 0 (6)

We shall transform (6) to the exact form by multiplying both sides with an integrating factor
S(x,y) which is not a constant. Equation (6) becomes:
P(x,y)S(x,y) dx + rQ(x,y)S(x,y)dy = 0 (7)

It is supposed to find S(x, y) such that:
olP(x, y)S(x,y)] _ alrQ(x,y)S(x, )]
dy B dx
o5 p2 L (520, o)
dy dy dx dx
(GP GQ) . as as

With U(x, y) as determined under (3) and (4), we could rewrite the above as:
< 02U 9% > aUds  dUdS _

-r + -r =
dxdy dxady dxady dxdy
02U auas
— + —
e SA-1) 923y Q- 2x3y

© S02U +0U0S =0
Since S(x,y) # const, we could divide both sides of the above by 952 and consequently
obtain a second-ordered ordinary differential equation:

562U+6U Sd2U+dU (8)
- — Lt _— _—=
25?2  adS ds? dS
In equation (8), replacing T = dU/dS gives:
SdT+T 0 ar ds In|T| In|S| + T k
- =0 —]—m s = — (=4 ==
ds T s it e 3
Henceforth, we obtain:
dU—k@dU—de@U—kl S|+ o S =aeb?
s~ s — - - ae
The finding that S = ae®V gives solutions of (7) are W (x,y) = const, of which:
x y
W(x,y) = fP(x,yo)S(x,yo)dx +7r fQ(x,y)S(x,y) dy + const
X0 Yo (9)
: oU(x,y) y 0U(x.y)
= faebu(x'“)—’y dx +r faebu(x” —’ydy + const
; 0x  y=y, 5 dy
0 0

Or:

Y 1fr = 0, solutions are P (x, y) = 0or x = const; if r = 1, the QDE becomes an exact differential equation.
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x y
W(x,y) = fP(x,y)S(x, y)dx +r fQ(xO,y)S(xO,y) dy + const
X9 Yo (10)
; oU(x, y) y 0U(x.)
= f etV T2 g gy f aebV o) 222V dy + const
0x dy =g
X0 Yo
Example 1
Solve the following differential equation:
(ye* +e¥)dx = (xe¥ + e*)dy (11)

Equation (11) is quasi-exact where P(x,y) = ye* +e”, Q(x,y) = xe?¥ +e*, and r = —1.
Besides, formula (3) gives U(x,y) = xe¥ + ye*.
Itis found that the integrating factor is:

S(x,y) = aebUxy) = geblxe¥+ye¥)

Thus, solution of Example 1 is W (x,y) = const, where:

x y
W(x,y) = faeb(x"’yoﬂ’o"’x)(yoex +eY)dx — f aeb@e?+ye¥) (xe¥ + ¢X) dy + const
Xo Yo

a a

W(x,y) = Eeb(xey0+yoe")|§0 — Beb(xeywe")ﬁl’o + const
2a a

W(x,y) = Teb(x"’y“yoex) — Beb(xe”yex) + const

Simplifying @ = b, then a solution of (11) is W (x,y) = const, where:
W (x,y) = 2eb(xe?*+y0e™) _ pbxe”+ye™) 4 const
An alternate expression is:
W(x,y) = ebxe?+ye®) _ ppb(xoe”+ye™) 4 const

3. Univariable quasi-exact differential equation
We shall solve the QDE (5) when R(x,y) # const. A unique case is:

d(RQ) _0Q OR 0Q 0Q oR 2Q oR _ 0Q
ox xR T Hm R T ARG ST R
The above case results in a separable differential equation:
dR dQ

Of which, k = const. In this case, (5) becomes exact whose solution is under the form of (3).
For R(x,y) # 1 — kQ(x,y), it is supposed to find the integrating factor S(x,y) # const
such that:
P(x,y)S(x,y) dx + R(x, y)Q(x,y)S(x, y)dy = 0
a[P(x,y)S(x,y)] _ d[R(x, y)Q(x,y)S(x, y)] (12)
dy B dx

Finding S(x,y):
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SGP +P 05 S RS aQ +R
3+ P3, = ¢ 02
0%U aUas 62 GUGS 6R6U

(13)

+ = + +
dxdy 0dxdy RSaxay Raxay Saxay

This includes a specific case that 90R/dx = 0 & R(x,y) = R(y) ordR/dx =0 & R(x,y) =
R(x). In this case, the process of finding S(x, y) turns equivalent to Section 2.
Henceforth, the QDE (5) is comprehensively solvable if R(x,y) is a univariable function.
Without loss of generality, we assume R(x,y) = R(y) and (13) becomes:

02U auas 02U auas

=RS +R
axay axay dxady dxady
& S02U + dUAS = RSA%U + ROUOS
© S(1—-R)0?U+ (1 -R)oUIS =0
Since R # const and S # const, we could transform the above equation as:
0?U oU d2u

_ + _
5652 s O<:>Sds2 15 =0 U=kIn|S|+1 o S=ae?

Thus, solutions of (5) are W (x, y) = const, where:
x y

W(x,y) = f P(x, y0)S(x, o) dx + f R()Q(x,y)S(x,y) dy + const

X9 Yo (14)
y

X
U (x, U (x,
P 0X  y=y, E dy
0 0

Or:

x y

W(x,y) = f P(x,y)S(x,y) dx + f R(»)Q(xo,9)S(xo,y) dy + const
X0 Yo (15)

x y
= faebu(x'y)wdx+ faR(y)ebU(xo,y)w dy + const

Vo .=
X=X
X0 Yo 0

Example 2
Solve the QDE:

(Iny+};/)dx+(x+ylnx)dy20 (16)

Equation (16) is quasi-exact where:

X
[l _I _
Q(x,y) nx+y

J(P(x,J’) = Iny+};/
|
\ R(x,y) =y

The exact differential formula gives:
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Ulx,y) =xIny +ylnx
{S(x,y) = aebPVY) = qxyeb(*+¥)
Thus, solution of (16) is W (x,y) = const, where:
x y

W(x,y) = faxyo (In Yo + };—O) eb(+¥0) dx + f axy(x + yInx)e?®*¥) dy + const

X0 Yo
Or:
x y
W(x,y) = f axy (Iny + };1) eP ) dx + f axoy(xo + yInxy)e?®o+) dy + const
X0 Yo
4, Bivariable generalized quasi-exact differential equation

This Section considers equation (13) in a generalized case that dR/dx # 0 and dR/dy # O.
Accordingly, we obtain:
S0%U + 0UOS = RS0?U + ROUOS + SORIS
0%U oU 0%U au oR

— — +—=RS—— +R—+S5—
©Sosz os T RS Gea t Ryt S 55

sa-Ril - _%_,
=9 — f— _— _ =
as as

Thus, we obtain a second-ordered partial differential equation:

0%U (1\0U 1 \0R

AR

as? \S/oaS \R-1/)0dS
Due to coherent characteristics, equation (17) is extremely hard to solve in a generalized
manner, especially when S(x, y) is not constant. On the other hand, a feasible direction is
assuming that solutions of (17) are U = U(S, R) and somehow transforming (17) to a linear
second-ordered partial differential equation (see e.g. [2], [3], [4], and [5]).

5. Discussion

We have examined the quasi-exact differential equation which is obtained by modifying the
exact differential form. We have shown that the QDE is solvable when the modifier is either
constant or univariable. To solve the QDE comprehensively, we suggest three potential
pathways for further researches which include (i) upgrading the order, e.g. second-ordered
QDE; (ii) generalizing the number of variables, e.g. QDE in vector space; and (iii) generalizing
the solution for the integrating factor as indicated by a complicated partial differential
equation, i.e. (17).

Acknowledgement
This article is inspired by Prof. Dr. Jalil Hajimir.

5 I RMM-QUASI-EXACT DIFFERENTIAL EQUATIONS-BENNY LE VAN



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
References

[1] E. W. Weisstein, "Exact First-Order Ordinary Differential Equation," MathWorld--A Wolfram Web Resource, 30 July
2020. [Online].  Available:  https://mathworld.wolfram.com/ExactFirst-OrderOrdinaryDifferentialEquation.html.
[Accessed 10 August 2020].

[2] E. W. Weisstein, "Laplace's Equation," MathWorld--A Wolfram Web Resource. , 30 July 2020. [Online]. Available:
https://mathworld.wolfram.com/LaplacesEquation.html. [Accessed 10 August 2020].

[3] E. W. Weisstein, "Poisson's Equation," MathWorld--A Wolfram Web Resource, 30 July 2020. [Online]. Available:
https://mathworld.wolfram.com/PoissonsEquation.html. [Accessed 10 August 2020].

[4] E. W. Weisstein, "Hyperbolic Partial Differential Equation,” MathWorld--A Wolfram Web Resource, 30 July 2020.
[Online]. Available: https://mathworld.wolfram.com/HyperbolicPartialDifferentialEquation.html. [Accessed 10 August
2020].

[5] E. W. Weisstein, "Parabolic Partial Differential Equation," MathWorld--A Wolfram Web Resource, 30 July 2020. [Online].
Available: https://mathworld.wolfram.com/ParabolicPartial DifferentialEquation.html. [Accessed 10 August 2020].

Solve the following partial differential equation:
ou(x;t) kazu(x; t)

at dx2
u(x;0)=0
u(O;t)=h

Of which,x > 0,t > 0, k > 0 and h are constant.
The problem is a heat equation on (0;+e) with homogeneous initial conditions and
constant boundary conditions, and therefore has solutions expressed as:

t

u(x;t) = f;ex [ ]h(s) ds
J Jakn(t — s5)3 4k(t s)

_2n g ( x y
exp|—|——=] |ds
f’m&a—g3 2./k(t - s)
Transforming y = x/[zw/k(t -5 ] dy and boundary values are determined as:
{dy _ x
ds  4.[k(t —s)3
limy = +eo

Nl

y(s=0)=—

2vVkt

Thus, we could rewrite the solution:
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+oo 0 400
u(x't)—% fe‘yzd =h i fe‘yzd +£f e v d
R N R g
2vkt 2vkt
X
/ 2Vkt

o] ol el

In the above calculation, we employ the Poisson’s integral (given a > 0) that:
+oo +oo 400

I Zf e—ax? dx:f e~ay’ dy >0 > I? :ff e—a(x?+y?) dx dy

0 0 0
Replacingx = rcos @ and y = rsin ¢, we get {r; ¢} € (0;7t/2) x (0; +e2) and:

0x _ ox _ .
0Cry) _[or =0 G =TT
oie) a—y:sin a—yzrcos )
ar ¢ do ¢
Henceforth, the square of Poisson’s integral is:
g+oo % +o0 +oo +oo
2 2 T 2 T 2
I1? fo e~ rdrde Zqu)f re”r dr=§f re”%r drzaf e~ %" d(ar?)
00 0 0 0 0
+ oo
[ eragz=L e =L
4a 4a = 4a
0
Therefore:
/= Vr
=7z

Saigon, 11 aoGt 2020

As far as the laws of mathematics refer to reality, they are not certain, and as far as they are
certain, they do not refer to reality.
Albert Einstein
God exists since mathematics is consistent, and the Devil exists since we cannot prove it.
Andre Weill

7 I RMM-QUASI-EXACT DIFFERENTIAL EQUATIONS-BENNY LE VAN



