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Given the integral, 

𝐼 = ∫ 𝑙𝑛2 (
𝑒−𝑥2

cos(𝑥)
(1 + 𝑐𝑜𝑠4𝑥))

𝜋
2

0

𝑑𝑥 

We can rewrite the integral as, 

𝐼 = ∫ [𝑙𝑛(𝑒−𝑥2
) + 𝑙𝑛 (

1 + 𝑐𝑜𝑠4𝑥

cos(𝑥)
)]

2

𝑑𝑥

𝜋
2

0

 

   = ∫ 𝑙𝑛2(𝑒−𝑥2
)𝑑𝑥 + 2 ∫ 𝑙𝑛(𝑒−𝑥2

)𝑙𝑛 (
1 + 𝑐𝑜𝑠4𝑥

cos(𝑥)
) 𝑑𝑥 +

𝜋
2

0

𝜋
2

0

∫ 𝑙𝑛2 (
1 + 𝑐𝑜𝑠4𝑥

cos(𝑥)
) 𝑑𝑥

𝜋
2

0

 

   =          𝐼1                      +                          𝐼2                                 +                      𝐼3 

Let us now evaluate each integral. 

To evaluate 𝐼1: 

𝐼1 = ∫ 𝑙𝑛2(𝑒−𝑥2
)𝑑𝑥 = ∫[𝑙𝑛(𝑒−𝑥2

)]
2

𝑑𝑥 = ∫ 𝑥4𝑑𝑥 =
𝜋5

160

𝜋
2

0

𝜋
2

0

𝜋
2

0

 

 

 

 



To evaluate 𝐼2: 

𝐼2 = 2 ∫ 𝑙𝑛(𝑒−𝑥2
)𝑙𝑛 (

1 + 𝑐𝑜𝑠4𝑥

cos(𝑥)
) 𝑑𝑥 = −2 ∫ 𝑥2[ln(1 + 𝑐𝑜𝑠4𝑥) − ln (𝑐𝑜𝑠𝑥)]𝑑𝑥

𝜋
2

0

𝜋
2

0

 

= −2 ∫ 𝑥2 ln(1 + 𝑐𝑜𝑠4𝑥) 𝑑𝑥 + 2 ∫ 𝑥2 ln(𝑐𝑜𝑠𝑥) 𝑑𝑥 = 𝐼21 + 𝐼22

𝜋
2

0

𝜋
2

0

 

To evaluate 𝐼21: 

There is a singularity at =
𝜋

4
 . Therefore integral can be rewritten as, 

𝐼21 = −2 ∫ 𝑥2 ln(1 + 𝑐𝑜𝑠4𝑥) 𝑑𝑥 − 2 ∫ 𝑥2 ln(1 + 𝑐𝑜𝑠4𝑥) 𝑑𝑥

𝜋
2

𝜋
4

𝜋
4

0

= 𝐼211 + 𝐼212 

Consider  𝐼211: 

We can make the following substitutions first. 

Let    𝑢 = 2𝑥                          𝑥 ∶ 0 𝑡𝑜 
𝜋

4
 

        𝑑𝑢 = 2𝑑𝑥                       𝑢 ∶ 0 𝑡𝑜 
𝜋

2
 

∴   𝐼211 = −
1

4
∫ 𝑢2 ln(1 + 𝑐𝑜𝑠2𝑢) 𝑑𝑢 = −

1

4

𝜋
2

0

∫ 𝑢2 ln(2𝑐𝑜𝑠2𝑢) 𝑑𝑢

𝜋
2

0

 

 = −
1

4
∫ 𝑢2[𝑙𝑛2 + 𝑙𝑛(𝑐𝑜𝑠2𝑢)]𝑑𝑢 = −

𝑙𝑛2

4
∫ 𝑢2𝑑𝑢 −

1

4
∫ 𝑢2 ln(𝑐𝑜𝑠2𝑢) 𝑑𝑢

𝜋
2

0

𝜋
2

0

𝜋
2

0

 



 𝐼211 = −
𝜋3

96
𝑙𝑛2 −

1

2
∫ 𝑢2 ln(cos(𝑢)) 𝑑𝑢

𝜋
2

0

 

From the result (iii) we obtain, 

𝐼211 = −
𝜋3

96
𝑙𝑛2 −

1

2
(−

𝜋3

24
𝑙𝑛2 −

𝜋

4
𝜁(3)) =

𝜋3

96
𝑙𝑛2 +

𝜋

8
𝜁(3) 

Consider  𝐼212: 

𝐼212 = −2 ∫ 𝑥2 ln(1 + 𝑐𝑜𝑠4𝑥) 𝑑𝑥

𝜋
2

𝜋
4

 

Let    𝑢 = 2𝑥                          𝑥 ∶  
𝜋

4
 𝑡𝑜 

𝜋

2
 

       𝑑𝑢 = 2𝑑𝑥                        𝑢 ∶  
𝜋

2
 𝑡𝑜 𝜋 

∴  𝐼212 = −
1

4
∫ 𝑢2 ln(1 + 𝑐𝑜𝑠2𝑢) 𝑑𝑢 = −

1

4
∫ 𝑢2 ln(2𝑐𝑜𝑠2𝑢) 𝑑𝑢

𝜋

𝜋
2

𝜋

𝜋
2

 

= −
1

4
∫ 𝑢2[𝑙𝑛2 + ln (𝑐𝑜𝑠2𝑢)]𝑑𝑢 = −

𝑙𝑛2

4
∫ 𝑢2𝑑𝑢 −

1

4
∫ 𝑢2 ln(𝑐𝑜𝑠2(𝑢)) 𝑑𝑢

𝜋

𝜋
2

𝜋

𝜋
2

𝜋

𝜋
2

 

= −
7𝜋3

96
𝑙𝑛2 −

1

4
∫ 𝑢2 ln(𝑐𝑜𝑠2(𝑢)) 𝑑𝑢

𝜋

𝜋
2

 

 

 



Now let us make another substitution. 

Let   𝑡 = 𝜋 − 𝑢                         𝑢 ∶  
𝜋

2
 𝑡𝑜 𝜋 

       𝑑𝑡 = −𝑑𝑢                           𝑡 ∶  
𝜋

2
 𝑡𝑜 0 

∴   𝐼212 = −
7𝜋3

96
𝑙𝑛2 −

1

4
∫(𝜋 − 𝑡)2𝑙𝑛(𝑐𝑜𝑠2𝑡)𝑑𝑡

𝜋
2

0

 

Where 

∫(𝜋 − 𝑡)2𝑙𝑛(𝑐𝑜𝑠2𝑡)𝑑𝑡

𝜋
2

0

= ∫(𝜋2 − 2𝜋𝑡 + 𝑡2)𝑙𝑛(𝑐𝑜𝑠2𝑡)𝑑𝑡

𝜋
2

0

 

= 2 ∫ 𝜋2 ln(cos(𝑡)) 𝑑𝑡 − 4𝜋 ∫ 𝑡𝑙𝑛(cos(𝑡))𝑑𝑡

𝜋
2

0

+ 2 ∫ 𝑡2 ln(cos(𝑡)) 𝑑𝑡

𝜋
2

0

𝜋
2

0

 

By using the results (i), (ii) and (iii) we get, 

∫(𝜋 − 𝑡)2𝑙𝑛(𝑐𝑜𝑠2𝑡)𝑑𝑡

𝜋
2

0

= 2𝜋2 [−
𝜋

2
𝑙𝑛2] − 4𝜋 [−

𝜋2

8
𝑙𝑛2 −

7

16
𝜁(3)] + 

                                                                                 2 [−
𝜋3

24
𝑙𝑛2 −

𝜋

4
𝜁(3)] 

    = −
7𝜋3

12
𝑙𝑛2 +

5𝜋

4
𝜁(3) 

 



∴   𝐼212 = −
7𝜋3

96
𝑙𝑛2 −

1

4
∫(𝜋 − 𝑡)2𝑙𝑛(𝑐𝑜𝑠2𝑡)𝑑𝑡

𝜋
2

0

 

= −
7𝜋3

96
𝑙𝑛2 +

7𝜋3

48
𝑙𝑛2 −

5𝜋

16
𝜁(3) =

7𝜋3

96
𝑙𝑛2 −

5𝜋

16
𝜁(3) 

𝑖. 𝑒.  𝐼21 = −2 ∫ 𝑥2 ln(1 + 𝑐𝑜𝑠4𝑥) 𝑑𝑥 =

𝜋
2

0

𝐼211 + 𝐼212 

                                  =
𝜋3

12
𝑙𝑛2 −

3𝜋

16
𝜁(3) 

Now we have, 

𝐼22 = 2 ∫ 𝑥2 ln(𝑐𝑜𝑠𝑥) 𝑑𝑥

𝜋
2

0

 

By using the result (iii) we get, 

𝐼22 = −
𝜋3

12
𝑙𝑛2 −

𝜋

2
𝜁(3) 

∴   𝐼2 = 2 ∫ 𝑙𝑛(𝑒−𝑥2
)𝑙𝑛 (

1 + 𝑐𝑜𝑠4𝑥

cos(𝑥)
) 𝑑𝑥 = 𝐼21 + 𝐼22 = −

11𝜋

16
𝜁(3)

𝜋
2

0

 

Now consider 

𝐼3 = ∫ 𝑙𝑛2 (
1 + 𝑐𝑜𝑠4𝑥

𝑐𝑜𝑠𝑥
)

𝜋
2

0

𝑑𝑥 

 



We can rewrite it as. 

𝐼3 = ∫[ln(1 + 𝑐𝑜𝑠4𝑥) − 𝑙𝑛(𝑐𝑜𝑠𝑥)]2𝑑𝑥 = ∫ 𝑙𝑛2(1 + 𝑐𝑜𝑠4𝑥)𝑑𝑥 −

𝜋
2

0

𝜋
2

0

 

2 ∫ ln(1 + 𝑐𝑜𝑠4𝑥) ln(𝑐𝑜𝑠𝑥) 𝑑𝑥 + ∫ 𝑙𝑛2(𝑐𝑜𝑠𝑥)𝑑𝑥 = 𝐼31 + 𝐼32 + 𝐼33

𝜋
2

0

𝜋
2

0

 

Consider  𝐼31: 

𝐼31 = ∫ 𝑙𝑛2(1 + 𝑐𝑜𝑠4𝑥)𝑑𝑥 = 2 ∫ 𝑙𝑛2(1 + 𝑐𝑜𝑠4𝑥)𝑑𝑥

𝜋
4

0

𝜋
2

0

 

Let    𝑢 = 2𝑥                                𝑥 ∶ 0 𝑡𝑜 
𝜋

4
 

        𝑑𝑢 = 2𝑑𝑥                              𝑢: 0 𝑡𝑜 
𝜋

2
 

𝐼31 = ∫ 𝑙𝑛2(1 + 𝑐𝑜𝑠2𝑢)𝑑𝑢 = ∫ 𝑙𝑛2(2𝑐𝑜𝑠2𝑢)𝑑𝑢

𝜋
2

0

𝜋
2

0

 

      = ∫[𝑙𝑛2 + ln (𝑐𝑜𝑠2𝑢)]2𝑑𝑢

𝜋
2

0

= ∫ 𝑙𝑛22𝑑𝑢 + 2 ∫ 𝑙𝑛2 ln(𝑐𝑜𝑠2𝑢) 𝑑𝑢

𝜋
2

0

𝜋
2

0

+ 

                                                           ∫ 𝑙𝑛2(𝑐𝑜𝑠2𝑢)𝑑𝑢 = 𝐼311 + 𝐼312 + 𝐼313

𝜋
2

0

 



𝐼311 = ∫ 𝑙𝑛22𝑑𝑢 =
𝜋

2
𝑙𝑛22

𝜋
2

0

 

𝐼312 = 2 ∫ 𝑙𝑛2 ln(𝑐𝑜𝑠2𝑢) 𝑑𝑢

𝜋
2

0

= 4 ∫ 𝑙𝑛2 ln(𝑐𝑜𝑠𝑢) 𝑑𝑢

𝜋
2

0

 

Using the result (i) we get, 

𝐼312 = −2𝜋𝑙𝑛22 

Now 

𝐼313 = ∫ 𝑙𝑛2(𝑐𝑜𝑠2𝑢)𝑑𝑢 = 4 ∫ 𝑙𝑛2(𝑐𝑜𝑠𝑢)𝑑𝑢

𝜋
2

0

𝜋
2

0

 

 

Using the result (iv) we get, 

𝐼313 = 4 [
𝜋3

24
+

𝜋

2
𝑙𝑛22] =

𝜋3

6
+ 2𝜋𝑙𝑛22 

∴   𝐼31 = ∫ 𝑙𝑛2(1 + 𝑐𝑜𝑠2𝑢)𝑑𝑢 =

𝜋
2

0

𝜋3

6
+

𝜋

2
𝑙𝑛22 

Now consider 

𝐼32 = −2 ∫ ln(1 + 𝑐𝑜𝑠4𝑥) ln(𝑐𝑜𝑠𝑥) 𝑑𝑥 = −2 ∫ ln(2𝑐𝑜𝑠22𝑥) ln(𝑐𝑜𝑠𝑥) 𝑑𝑥

𝜋
2

0

𝜋
2

0

 



𝐼32 = −2 ∫[ln2 + ln (𝑐𝑜𝑠22𝑥)] ln(𝑐𝑜𝑠𝑥) 𝑑𝑥 = −2 ∫ 𝑙𝑛2 ln(𝑐𝑜𝑠𝑥) 𝑑𝑥

𝜋
2

0

𝜋
2

0

 

     −2 ∫ ln(𝑐𝑜𝑠22𝑥) ln(𝑐𝑜𝑠𝑥) 𝑑𝑥 = 𝐼321 + 𝐼322

𝜋
2

0

 

𝐼321 = −2 ∫ 𝑙𝑛2 ln(𝑐𝑜𝑠𝑥) 𝑑𝑥

𝜋
2

0

= 𝜋𝑙𝑛22 

𝐼322 = −2 ∫ ln(𝑐𝑜𝑠22𝑥) ln(𝑐𝑜𝑠𝑥) 𝑑𝑥 = −4 ∫ ln(𝑐𝑜𝑠2𝑥) ln(𝑐𝑜𝑠𝑥) 𝑑𝑥

𝜋
2

0

𝜋
2

0

 

 

By using the result (v) we get, 

𝐼322 = −4 [
𝜋

2
𝑙𝑛22 −

𝜋3

96
] =

𝜋3

24
− 2𝜋𝑙𝑛22 

∴   𝐼32 = −2 ∫ ln(1 + 𝑐𝑜𝑠4𝑥) ln(𝑐𝑜𝑠𝑥) 𝑑𝑥 =
𝜋3

24
− 𝜋𝑙𝑛22

𝜋
2

0

 

Now consider our last integral, 

𝐼33 = ∫ 𝑙𝑛2(cos 𝑥)𝑑𝑥 =
𝜋3

24
+

𝜋

2
𝑙𝑛22   (𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 (𝑖𝑣))

𝜋
2

0

 



𝐼3 = ∫ 𝑙𝑛2 (
1 + 𝑐𝑜𝑠4𝑥

𝑐𝑜𝑠𝑥
)

𝜋
2

0

𝑑𝑥 = 𝐼31 + 𝐼32 + 𝐼33 =
𝜋3

4
 

Now we can combine all the integrals to get the final solution. 

𝑖. 𝑒.                 𝐼 = ∫ 𝑙𝑛2 (
𝑒−𝑥2

cos(𝑥)
(1 + 𝑐𝑜𝑠4𝑥))

𝜋
2

0

𝑑𝑥 = 𝐼1 + 𝐼2 + 𝐼3 

 ∫ 𝑙𝑛2 (
𝑒−𝑥2

cos(𝑥)
(1 + 𝑐𝑜𝑠4𝑥))

𝜋
2

0

𝑑𝑥 =
𝜋5

160
−

11𝜋

16
𝜁(3) +

𝜋3

4
 

 

 

RESULTS : 

∫ ln (cos(𝑥) 𝑑𝑥 = −
𝜋

2
𝑙𝑛2

𝜋
2

0

                                                                      (𝑖) 

∫ 𝑥𝑙𝑛(𝑐𝑜𝑠𝑥)𝑑𝑥 = −
𝜋2

8
𝑙𝑛2 −

7

16
𝜁(3)

𝜋
2

0

                                                (𝑖𝑖) 

∫ 𝑥2𝑙𝑛(𝑐𝑜𝑠𝑥)𝑑𝑥 = −
𝜋3

24
𝑙𝑛2 −

𝜋

4
𝜁(3)

𝜋
2

0

                                               (𝑖𝑖𝑖) 



∫ 𝑙𝑛2(𝑐𝑜𝑠𝑥)𝑑𝑥 =
𝜋3

24
+

𝜋

2
𝑙𝑛22         

𝜋
2

0

                                                     (𝑖𝑣) 

∫ ln(𝑐𝑜𝑠𝑎𝑥) ln(𝑐𝑜𝑠𝑏𝑥) 𝑑𝑥 =
𝜋

2
𝑙𝑛22

𝜋
2

0

−
𝜋3

48

𝑔𝑐𝑑2(𝑎, 𝑏)

48𝑎𝑏
                     (𝑣) 

                                                          𝑖𝑓 
𝑎 + 𝑏

gcd(𝑎, 𝑏)
 𝑖𝑠 𝑜𝑑𝑑 
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