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1) Ifa,b,c > 0 then
a\/3aZ + 6b2 + by/3b% + 6¢2 + ¢y/3¢2 + 6aZ > (a + b + c)?
Saudi Arabia Mathematical Competition

Solution.

a\/3a2 + 6b2 + by/3b% + 6¢2 + c/3¢2 + 6a% = (a+ b + ¢)?

& ay/3a% + 6b% + by/3b% + 6¢% + c/3¢2 + 6a2 = a® + b% + ¢% + 2ab + 2bc + 2ca
(a\/m—az—2ab)+(b\/m—b2—2bc)+(c\/m—c2—2ca) >0
a(\/m—a—n)+b( 3b2+6c2—b—2c)+c(\/m—c—2a)20,(1)
which foIIowsfrom:m—a—sz 0®m2a+2b@
3a% + 6b* > (a + 2b)? © 2(a — b)? > 0. Equality holds for a = b.

Similarly, V3b% + 6¢2 —b—2c>0andV3c2+6a?2—c—2a=>0

Remark. The problem can be developed.

2)ifa,b,c >0andx >1,y > 4,xy = 4x + y then:

a/xa% + yb? + b/ xb? + yc? + ¢\/xc? + ya? > (a + b + ¢)?
Proposed by Marin Chirciu-Romania

Solution.

a\/xa? + yb? + b\/xb? + yc? + c\/xc? + ya? > (a+ b +¢)* &
a\/xa? + yb? + b\/xb? + yc? + c\/xc? + ya? > a® + b? + ¢* + 2ab + 2bc + 2ca &
(ay/xa® + yb? — a? — 2ab) + (by/xb? + yc? — b? — 2bc) + (c/xc% + ya® — ¢ — 2ca) 2 0
a(vxaZ +yb% - a - 2b) + b (Jxb? + yc? — b — 2c) + ¢ (\/xc + ya® — c - 2a) = 0; (1)

Inequality (1) it follows from: \/xa? + yb2 —a—2b >0 < \/xa? + yb? > a+2b <
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xa? + yb? > (a+ 2b)? & xa®? + yb?> > a®? + 4ab + 4b* &

(x—1a*—-4ab+(y—4)b* >0 (avx—1- b,y — 4)2 > 0, which is true from
conditionsx > 1,y>4,xy=4x+yo x-1)(y—4) =4.
Equality holds for avx — 1 = b\/yj.
Similarly, \/m —b—-2c>0and \/m —c—2a=>0= (1) —true.
Note.

For (x,y) = (3,6), we get problem Saudi Arabia Mathematical Competition, 2020.
3)Ifa,b,c = 0 then:

a/9(a3 + 2b3) + b3/9(b3 + 2¢3) + ¢1/9(c3 + 2a3) = (a + b + ¢)?
Proposed by Marin Chirciu-Romania

Solution.

ay/9(a3 + 2b3) + b3/9(b3 + 2¢3) + c3/9(c3 + 2a3) = (a+ b + )% &

a3/9(a3 + 2b3) + b3/9(b3 + 2¢3) + ¢/9(c3 + 2a3) = a% + b2 + % + 2ab + 2bc + 2ca &
(a3 9(a3 + 2b3) — 2a? — Zab) + (bi/9(b3 +2¢3) — b? — 2bc)
+ (03 9(c3 + 2a3) — 2¢% — 2ca) >0
3 3 3 3 3 3 3 3 3
a(\/9(a +2b )—a—2b)+b(\/9(b +2¢ )—b—Zc)+c(\/9(c +2a3) —c—
2a) > 0; (1), which follows from: /9(a® + 2b%) —a - 2b > 0 &

¥9(a® +2b3) > a+2b < 9(a + 2b3) = (a + 2b)3 &
4a® — 3a’b — 6ab? + 5b*> > 0 © (a — b)?(4a + 5b) > 0. Equality holds for a = b.

Similarly, 3/9(b3 + 2¢3) — b — 2¢ = 0 and 3/9(c® + 2a%) — ¢ — 2a > 0.

Equality hold if and onlyifa = b = c.
4)If a,b,c = 0 then:

a\/27(a* + 2b*) + b\/27(b* + 2¢*) + ¢/27(c* + 2a*) = (a + b + ¢)?

Proposed by Marin Chirciu-Romania
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Solution.

ay/27(a* + 2b%) + b\/27(b* + 2¢*) + ¢\/27(c* + 2a*) = (a+ b+ ¢)? &

a\/27(a* + 2b*) + b /27(b* + 2¢*) + c\/27(c* + 2a*) = a? + b% + ¢% + 2ab + 2bc + 2ca

& (aV/27(a* + 2b") - a? - 2ab) + (bY/27(b* + 2¢%) — 2bc)

+ (c‘{/27(c4 + 2a%) — 2ca) >0

a (3270 +2b%) - a—2b) + b (327" + 2¢H) — b — 2¢) + ¢ (}/27(c* + 2aP) -

c— Za) > 0, which is true from ‘{/27(a4 +2bY)—a-2b=>0s

V27(a* + 2b%) > a +2b & 27(a* + 2b*) = (a + 2b)* o
13a* — 4a3b — 12a%b? — 16ab3 + 19b* > 0 & (a — b)?(13a® + 22ab + 19b%) > 0
Equality holds fora = b
Similarly, 1/27(b* + 2¢*) — b — 2¢ > 0 and 3/27(c* + 2a%) — ¢ — 2a > 0.
Equality holds if and onlyifa = b = c.
5)Ifa,b,c > 0andn € N,n > 2 then:

a’y/3n1(an + 2b") + b\/371(b" + 2¢™) + cy/371(c™ + 2b™)
> (a+ b+ c)?
Proposed by Marin Chirciu-Romania

Solution.

a’y/3n1(a + 2b") + by/371(b" + 2¢) + ¢/371(c" + 2b") > (a+ b+ ¢)? &

ay/371(a™ + 2b") + b3 1(b" + 2c™) + c/371(c™ + 2b™)
> a? + b% + c? + 2ab + 2bc + 2ca &

(a’i/sn—l(an +2b") — a? — Zab) + (b'i/sn—l(bn + 2¢") — 2b% — Zbc) +

(c’(/sn-l(cn +2b") — % — 2ca) > 0, (1) which follows from

ay/3"1(a" + 2b") — a? — 2ab > 0 & a/3"1(a" + 2b") > a? + 2ab &

a™ + 2b" a+2b
=

n
3 1(a" +2b™) > (a + 2b)" & 3 3 ) (Jensen).

3 | RMM-ABOUT AN INEQUALITY FRC;M SAUDI A-RABIA MATHEMATICAL
COMPETITION



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Equality holds for a = b.

Similarly, b/37~1(b" + 2¢™) — 2b% — 2bc = 0 and c¢/3""1(c" + 2b™) — ¢ — 2ca > 0.
Equality holdsifa = b = c.
Note.

For n = 2, we get Problem 2, Saudi Arabia Mathematical Competition, 2020.
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