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1) In AABC the foIIowing relationship holds:

Z m,r, < (2R2 +1?)
Proposed by Marian Ursarescu-Romania
Solution by Marin Chirciu-Romania
Lemma. 2) In AABC the following relationship holds:
Z m,r, < 8R?> — 3Rr + 1?

Proof. Using well-known identities:

3
Zmﬁ =ZZa2; Zaz = 2(s? —r? — 4R7),

3
Zmé =—(52 —7r? —4Rr),z:ra2 = (4R +1)? — 252

ma+ra

From AM-GM, we have: mara <

m2 + r?
Dmen s Y R = (it + 3)-

3
= E[E(sz —712—4Rr)+ (4R +1)2 =25 ] = —(32R2 +4Rr —r?2 —s?) <
Gerretsen 1

< Z32R2 +4Rr —r? — 16Rr + 5r%) = —(32R2 — 12Rr + 4r?) =

= 8R? — 3Rr + r?.Let’s get back to the main problem.
Using Lemma, it is suffices to prove that:
3R
8R?—3Rr+1r? < E(ZRZ +7r?%) © 2r(8R? — 3Rr + r?) < 3R(2R?* + 1?)

& 6R3® —16R?*r +9Rr? —2r3 >0 & (R — 2r)(6R? — 4Rr + r?) = 0 which is
true from R > 2r(Euler). Remark. The problem it can be developed.

3) In AABC the following relationship holds:

1 2
2 mgr, < §(4R +r)

Proposed by Marin Chirciu-Romania
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Solution by proposer

Triplets (mg, my, m.), (1., 7, 7.) are reverse ordered, then applying Chebyshev’s
inequality, we get:

1 1 1
Zmara < §Zma2ra <SR +7)(4R +1) = 5 (4R + 177
which follows from Y} m, < 4R +rand) 1, < 4R + .
Equality holds if and only if triangle is equilateral.

4) In AABC the following relationship holds:
1 2 2 2 _3R 2 2
Zmara S§(4R+r) <8R*“—-3Rr+r SE(ZR + 1)
Proposed by Marin Chirciu-Romania

€))
Solution by proposer See inequality (3), § (4R +1)? < 8R? —3Rr + r? and

@ ,

8R%? —3Rr +1? < 2’: (2R? + 1r?), where

1
(1) © 3 (4R +7)* <BR* = 3Rr + 7> & (4R +7)* < 3(8R* = 3Rr +17) &

8RZ —17Rr +2r2 >0 © (R — 2r)(8R —r) = 0, which is true from
R = 2r(Euler).
(2) © 2r(8R?> = 3Rr +1r?) < 3R(2R?* +1r?) & (R — 2r)(6R? — 4Rr + 12) > 0,
which is true from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.

5) In AABC the following relationship holds:

Z mgr, > 27r*

Proposed by Marin Chirciu-Romania

Solution by proposer Using AM-GM inequality: [[m, = [[ 1, = 2713, we get:

3 3
Zmara >3 ’nmanra > 33/27r3-27R3 =337 3r = 27r?

Equality holds if and only if triangle is equilateral.

6) In AABC the following relationship holds:

1
27r% < Z mr, < 3 (4R + 1)?

Proposed by Marin Chirciu-Romania
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Solution by proposer For LHS, we have:

Using AM-GM inequality: [Jm, = [[ 7, = 2773, we get:

3 3
Zmara >3 /nmanra >3y27r3-27R3 =3-3r-3r = 27r?

Equality holds if and only if triangle is equilateral. For RHS, we have:
Triplets (my, my, m.), (1., 13, 1) are reverse ordered, then applying Chebyshev’s
inequality, we get:

1 1 1
Zmara < §Zma2ra S§(4R +7)(4R + 1) =§(4R +1)?
which follows from Y} m, < 4R +rand ) r, < 4R + .
Equality holds if and only if triangle is equilateral.
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