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1) In AABC the following relationship holds:

z Tz—g = (3\/51')2
Proposed by Kostas Geronikolas-Greece
Solution.
Lemma. 2) In AABC the following relationship holds:

(4R + 1)% —
2 = 2

Proof. Using inequality m, > \/s(s —a) and h, = %, it follows that:

4 2 2 2 2
mg s“(s—a) s 5 5 s ) s
h—gzz T =4F22a(s—a) =4szr22r [AR +1)* — 5] =

(Z)

, which follows from Y. a?(s — a)? = 2r%[(4R + r)? — s?].

_ (4R+7)% 52
o 2

Le’s get back to the main problem.

Using Lemma, we get:
AR+1)*—s* 4R +71)?* — s
LHS = z nz > ( ) > 27r% = RHS, (1) @( 2) >27r? o

(4R + 1)? — 5% > 541? © 16R? + 8Rr — 53r? > s?%, which follows from

s? < 4R? + 4Rr + 3r*(Gerretsen).
Remains to prove that: 16R? + 8Rr — 53r?> > 4R* + 4Rr + 3r* &
3R>+ Rr — 141> >0 © (R—2r)(3R + 1) = 0, true from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.

Remark. Inequality can be much stronger.
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3) In AABC the following relationship holds:

Emﬁ - (4R + 1)?
hz —

3
Proposed by Marin Chirciu-Romania
Solution.

Lemma. 4) In AABC the following relationship holds:

2m3> (4R +1)? — 52
hZ — 2

Using inequality m, > /s(s —a) and h, = %, it follows that:

4 2 2 2 2
mg s“(s—a) s ) ) s ) 2 2
h—%zz (ZF)Z =4F22a (s—a) :4szr22r [(A4R + 1)~ —s°] =

a

2_o2
= YR =S \which follows from Y a?(s —a)? = 2r*[(4R + r)? — 5?].
Le’s get back to the main problem.

Using Lemma, we get:

4 4R 2 _ 2(1) 4R 2
ma>( +71) s>( + 1)

LHS = h_ﬁ > > > 3 = RHS,
(4R+1)>—s*> (4R+1)? 2 o2 )
1 e > > 3 < 34R+1r)°—3s“>24R+ 1) o

(4R + 1)? > 3s*(Doucet), which follows from s? < 4R? + 4Rr + 3r*(Gerretsen).
Remains to prove that: (4R + r)? > 3(4R?> + 4Rr + 31*) © 4R> —4Rr - 8r’ >0 &
R —R-2r*>0< (R-2r)(R+71) = 0, true from R > 2r(Euler).

Equality holds if and only if triangle is equilateral.

5) In AABC the following relationship holds:
4 2
m; (4R+r) 2
> > (3v3
2wz =)

Proposed by Marin Chirciu-Romania
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U’ > (3v3r)’ & 4R+ 1?2 812 &

Solution. See inequality 3) and

4R + 1 = 9r © R = 2r(Euler).
Equality holds if and only if triangle is equilateral.

Remark. Let’s replace h, withr,.

6) In AABC the following relationship holds:

Zr—zzs (3‘%)

Proposed by Marin Chirciu-Romania

Solution.

Lemma. 7) In AABC the following relationship holds:

Z (s —a)®> s*(s*—16Rr) + 2r*(4R +r)?

s2rz
Proof. Using r, = L, we get:
s —a)? s —a)?
z( "Vl ) FZZ(S 7 [5(s? — 16RT) + 212 (4R +1)?]
(s — a)2
_ s%(s2-16Rr)+2r%(4R+1)?

. which follows from (s — a)* = s?(s* — 16Rr) + 2r?(4R +r)?

s2r2

Let’s get back to the main problem.

Using Lemma and m, > ,/s(s — a) it follows that:
2(5 — a)2 (s — a)2 , 5%(s* — 16Rr) + 2r*(4R + 1)?
PR Y B Yl LS

s2r2
s? 2(4R +1)? 2r2(4R + 1)?
=—|(s* —16R _ 16Rr — 51“ — 16Rr =
12 l(s n l 77 |(16Rr —5r° )t RGR T 1
2(2R—-1r)
_s? 52 4 4r%(4R + 1)? 2[-5Rr* + 4r*(2R—1)| _
2| R 2 R -

_s2 3Rr2—4r3_ 2(3 4r)—RHS
727 R =3 R) ="
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R(4R + 1)?
22R-1r)

8) In AABC the following relationship holds:

16Rr —5r2 < s* < < 4R? + 4Rr + 3r*(Blundon — Gerretsen)

(S—ﬂ!)2 2(8—01)2

Proposed by Marin Chirciu-Romania
Solution.
Lemma 1. 9) In AABC the following relationship holds:

(s—a)* (4R+1)*—
hz 252

Proof. Using identity h, = %, we get:

— )2 — )2
(S a) _ (S a) _ izaz(s _ a)Z — 1 ]z‘rz ZTZ[(4R +T')2 _SZ] —

hz Fz2  F2
a?
2_c2
= (4R+2rs)2 > which follows from ¥, a(s — a)? = 2r2[(4R + r)? — s2]

Lemma 2. 10) In AABC the following relationship holds:

(s —a)®> s*(s>—16Rr) + 2r*(4R +1)?
Z - s2r?

Proof. Using r, = L, we get:

Z s a) s a) ~F2 Z(S —a)t = [ 2(s2 —16R7T) + 2r%(4R + 1)?]
(s — a)z

_ s%(s2-16Rr)+2r?(4R+1)?
- s2r2

, which follows from Y.(s — a)* = s?(s? — 16Rr) + 2r%(4R + r)?

Let’s get back to the main problem. Using Lemmas, we have:

Z (s — a)2 s2(s? — 16Rr) + 2r%(4R +1r)? 2 (s—a)> (4R+1)?—s°
r2 s2r2 ’ hz 252

(s — at)2 (s — at)2
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(4R +1)?> —s*> s%*(s> —16Rr) + 2r%*(4R +1)*
< o
2s2 s2r2
r2(4R +1)? — 1r*s? < 25%*(s* —16Rr) + 4r*(4R+ 1)’ &
s%(2s> +r? —32Rr) + 3r’(4R+1)* >0

Distinguish the cases:
Case 1) If (2s% + r? — 32Rr) = 0 is obviously true.
Case 2) If (25 + r2 — 32Rr) < 0, inequality can be written:

312(4R + 1)? > s?(32Rr — r? — 25?), true from

, 5 _R(MAR+1)? 5 5
16Rr — 51r°* < s* < ——— < 4R* + 4Rr + 3r“(Blundon — Gerretsen)
2(2R—-1r)
Remains to prove that:
R(4R + 1)?

3r2(4R +1)% > (32Rr — 1% — 2(16Rr — 5r2)) o

2Q2R-1)
6r*(2R—1) = R(Rr —r* — 32Rr + 10r*) © 61r*(2R—71) 2 9R1* &
2(2R—1) = 3R © R = 2r(Euler).
Equality holds if and only if triangle is equilateral.
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