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l.Lleta,b,c > O suchthat (a + b)(b + c)(c + a) = 1. Find the minimum
value of expression

a b c
~ bbb+ 20)(@+30)?  clc+2a)(b+3a)? | ala+2b)(c+3b)?
Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

P

Solution by Marin Chirciu-Romania

a \? a \?
p= Z a _ Z (a + 36) Bes (chca + 3c) @
b(b + 2c¢)(a + 3c)? ab(b +2c) — Xcycab(b+2c) —
cyc cyc
® @z . . . @ 3
= W > ? =7 Let’s proof inequality (1): chc e = "

z a z a? B;S (chc a)z _ chc a® +2 chc bc (i) 3

a+3c Zia®+3ac = Yeyc(a? + 3ac) B Yeyc % +3Ycychc — 4
cyc cyc
Where (3) © Yy a® = Yoy be © Yeye(b — ©)? = 0 true, with equality whena = b = c.

Let’s proof inequality (2): X¢yc a’b + 6abc < %
From AM-GM we have: a + b = 2V ab and analogously, then
(a+b)(b+c)(c+a)=8abcandfrom (a+ b)(b+c)(c+a)=1weget
abc < %; (4) with equalityfora = b =c = %.Now,

(4) 1 9
(a+b+c)ab+bc+ca)=(@a+b)(b+c)(c+a)+abc=1+abc < 1+§=§

9 9
(a+b+c)(ab + bc + ca) Sg@Zab2+Za2b+3ach§; (5
cyc cyc

Applying again AM-GM, we have Y., a’b > 3abc, then from (5) it follows that
9
3 > z ab? + z a’b + 3abc > z ab? + 3abc + 3abc = z ab? + 6abc

cyc cyc cyc cyc
Hence ¥,y ab? + 6abc < %. From (1),(2) it follows that P > %

- . o1 . 1
So, minimum of expression P = Y.y, |szatta|ned fora=b=c= >

a
b(b+2c)(a+3c)?
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2.Leta,b,c > Osuchthat (a+ b)(b+ c)(c+ a) =1and A > 2. Find the
minimum value of expression

a b c

P= b(b + 2c¢)(a + Ac)? * c(c+2a)(b + Aa)? * a(a+ 2b)(c + Ab)?

Proposed by Marin Chirciu-Romania
Solution by proposer
a 2 a 2
Py a -y (axz) s Coeagae) @
b(b + 2c)(a + Ac)? ab(b +2c) — Ycycab(b+2c) —
cyc cyc

3 3 9
1) owrpr_ 8
~ Yeyca’b + 6abc 9 A+ D7
8

Let’s proof inequality (1): chcﬁ > %

Z a Z a’ B;S (chc a)z _ chc a® +2 chc bc (i) 3
a+ic a?+Aac ~ Ygyc(a* + Aac) B Yeyc @ + A ycbc — 4
cyc cyc
Where 3) © (1 = 2)Xcyca? = (A—2) ¥oyebe © (A = 2) Xeye(b — €)% = 0 true for
A=2 and ¥y (b — c)* = 0, with equality whena = b = c.
Let’s proof inequality (2): X¢yc a’b + 6abc < g
From AM-GM we have: a + b = 2V ab and analogously, then
(a+b)(b+c)(c+a)=8abcandfrom(a+ b)(b+c)(c+a)=1weget
abc < %; (4) with equality fora = b =c = %.Now,

(4) 1 9
(a+b+c)ab+bc+ca)=(@+b)(b+c)(c+a)+abc=1+abc < 1+§=§

9 9
(a+ b +c)(ab + bc + ca) Sg@Zab2+Za2b+3ach§; (5)
cyc cyc

Applying again AM-GM, we have Y., a’b > 3abc, then from (5) it follows that

9
gz Zab2 +Za2b + 3abc > Zab2 + 3abc + 3abc = Zab2 + 6abc

cyc cyc cyc cyc

Hence ¥.yc ab® + 6abc < g. From (1),(2) it follows that P >

8
A+1)?’

4 attainedfora=b =c = %

.8
b(b+2c)(a+Ac)? IS (A+1)2
Note: For A = 2 we get problem SP.304 from Number 22-RMM Autumn Edition 2021,

So, minimum of expression P = ¥,

proposed by Hoang Le Nhat Tung, Hanoi, Vietnam.
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3.Leta,b,c > Osuchthat(a+b)(b+c)(c+a)=1andA > 2,u > 2. Find

the minimum value of expression
p_ a N b N c
bbb+ puc)(a+2c)?2  c(c+ pa)(b+1a)?  a(a+ ub)(c + Ab)?

Proposed by Marin Chirciu-Romania

Solution by proposer

2

a \? a
Pzz a =Z (a+/1c) Bes (chca+/1c) &
b(b + uc)(a + Ac)? ab(b +uc) — Xcycab(b+uc) —
cyc

cyc

3 3\ 9
r1)  oTEDr_
~ Yeyea?b+3pabc T 3+ D) (u+ DA+ D
-8

Let’s proof inequality (1): chcﬁ > ﬁ

z a z a’ B;S (chc a)z _ chc a® +2 chc bc (;) 3
a+Ac Lua?+dac T Yeyc(a? + Aac) B Yeyc@® + A ycbc 4

cyc cyc
Where (3) © (1 =2) Ycyca® = (A —2) Yoy be © (A= 2) Yeye(b — ¢)? = 0 true for
A=>2 and chc(b —¢)? > 0, with equality whena = b = c.
3(u+1)
8

Let’s proof inequality (2): X.cyc a’b + 3uabc <

From AM-GM we have: a + b = 2V ab and analogously, then
(a+b)(b+c)(c+a)=8abcandfrom (a+ b)(b+c)(c+a) =1weget

abc < %; (4) with equality fora = b =c = % Now,

(4) 1 9
(a+b+c)ab+bc+ca)=(@+b)(b+c)(c+a)+abc=1+abc < 1+§=§

9 9
(a+ b +c)(ab + bc + ca) Sg@Zab2+Za2b+3ach§; (5)
cyc cyc

Applying again AM-GM, we have Y. . a’b > 3abc, then from (5) it follows that

9
3 > ) ab?+ Z a’b + 3abc > Z ab? + 3abc + 3abc = Z ab? + 6abc
cyc cyc cyc cyc

Hence ¥,y ab® + 6abc < Z; (6)

Yeye a’b + 3uabc < 24D trye from (6) and (4), for u = 2 we get (2).

8
. 24

From (1),(2) it follows that P > DI

a .

BT EE is DGID? attained for

So, minimum of expression P = Y.y,
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a= —c-2.

4.leta,b,c > Osuchthat(a+ b)(b+c)(c+a)=1andA1>2,n e N".

Find the minimum value of expression
a™ b™ c"
- b(b + 2¢)(a + Ac)n+1 i c(c+2a)(b + Aa)™*1 i a(a + 2b)(c + Ab)n+1

Proposed by Marin Chirciu-Romania
Solution by proposer

a n+1 a n+1
Py a” -y (o) vower (Boegize)  ©
B b(b + 2¢c)(a + Ac)n+t ab(b+2c) — 3"1¥.cab(b+2c)
cyc cyc

3 n+1 9
1)  oGroe __ s
—3n1Yyca?b + 6abc 9 A+ 1D)n+r

Let’s proof inequality (1): X¢yc ¢ >3

a+ic T A+1

z a z a? B;S (chc a)z _ chc a® +2 chc bc (;) 3
a+Ac Lua?+dac T Yeyc(a? + Aac) B Yeyc@® + A ycbc 4
cyc cyc

Where 3) © (1 —2)Yyca®? = (A—2) Yoy be © (A= 2) Xeye(b — ) = 0 true for
A=2 and ¥¢yc(b — c)* = 0, with equality whena = b = c.
Let’s proof inequality (2): X¢yc a’b + 6abc < %

From AM-GM we have: a + b = 2V ab and analogously, then
(a+b)(b+c)(c+a)=8abcandfrom(a+ b)(b+c)(c+a)=1weget

abc < %; (4) with equalityfora = b =c = % Now,

4 1
(a+b+c)ab+bc+ca)=(@a+b)(b+c)(c+a)+abc=1+abc <1+-=

8
9 9
(a+b+c)(ab+bc+ca)Sg@Zab2+Za2b+3ach§; (5

cyc cyc

Applying again AM-GM, we have Y., a’b > 3abc, then from (5) it follows that

9
gz Zab2 +Za2b + 3abc > Zab2 + 3abc + 3abc = Zab2 + 6abc

cyc cyc cyc

9
8

cyc

Hence Y.cy . ab? + 6abc < z. From (1),(2) it follows that P > 5

A+1)n+1”
- . . . 1
So, minimum of expression P = Y., b(b+2c;1(a+,1c)2 Is o attainedfora=b =c = p

4
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Note. Forn = 1,A = 2 we get problem SP.304 from Number 22-RMM Autumn Edition

2021, proposed by Hoang Le Nhat Tung-Hanoi-Vietnam.
5.Leta,b,c > Osuchthat(a+b)(b+c)(c+a)=1andA > 2,u > 2. Find
the minimum value of expression

a™ b™ c"
- b(b + uc)(a + Ac)n*t1 i c(c+ pa)(b + Aa)n*1 i a(a + ub)(c + Ab)n+1

Proposed by Marin Chirciu-Romania

Solution by proposer

a n+1 a n+1
p Z a’ Z () Holder (Eoegize) v
b(b + uc)(a + Ac)n*? ab(b+uc) — 3" 1Y cab(b+uc) —
c
3 n+1 9
(,1 ¥ 1) @ A+ Dt 24

371y ca?b+3uabc T 3(+1)  (p+ D@+ DY
8

3

Let’s proof inequality (1): chc — = > el

z a z a’ B;S (chc a) _ chc a’ +2 chc bc (;) 3
a+Ac Lua?+dac T Yeyc(a? + Aac) B Yeyc@® + A ycbc 4

cyc cyc
Where 3) © (A= 2)Ycyca? = (A= 2) Yeyebe © (A = 2) Xeye(b — €)% = 0 true for
A=2 and ¥y (b —c)* = 0, with equality whena = b = c.

Let’s proof inequality (2): X.cyc a?b + 3uabc < 3(u8+1)

From AM-GM we have: a + b > 2vab and analogously, then
(a+b)(b+c)(c + a) = 8abc and from (a + b)(b + c)(c + a) = 1 we get
abc < ; (4) with equalityfora =b =c = E Now,
(4) 1 9
(a+b+c)(ab+bc+ca)=(@+b)(b+c)(c+a)+abc=1+abc < 1+§=§
(a+b+c)(ab + bc + ca) S%@Zab2+2a2b+3abc Sg; (5)

cyc cyc

Applying again AM-GM, we have Y. . a’b > 3abc, then from (5) it follows that
9
8 > Z ab? + Z a’b + 3abc > Z ab? + 3abc + 3abc = Z ab? + 6abc

cyc cyc cyc cyc

Hence chc ab? + 6abc < 2' ; (6)
Yeye a’b + 3uabc < true from (6) and (4) for u = 2 we get (2).
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From (1),(2) it follows that P > 24

(u+1)(A+1)n+1’
a™ . 24
b (b+r0) (@A) (ua DA+ D)L

So, minimum of expression P = Y. .. attained for

a=b=c= >
Note. Forn = 1,A = 3, u = 2 we get problem SP.304 from RMM Autumn Edition 2021,

proposed by Hoang Le Nhat-Hanoi-Vietnam
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