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1.Let �, �, � > 0 such that (� + �)(� + �)(� + �) = �. Find the minimum 
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Where (3) ⇔ ∑ ��
��� ≥ ∑ ����� ⇔ ∑ (� − �)�

��� ≥ 0 true, with equality when � = � = �. 
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From AM-GM we have: � + � ≥ 2√�� and analogously, then 
(� + �)(� + �)(� + �) ≥ 8��� and from (� + �)(� + �)(� + �) = 1 we get 
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�
 attained for � = � = � =
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minimum value of expression 

� =
�

�(� + ��)(� + ��)�
+

�

�(� + ��)(� + ��)�
+

�

�(� + ��)(� + ��)�
 

Proposed by Marin Chirciu-Romania 

Solution by proposer 

� = �
�

�(� + 2�)(� + ��)�

���

= �
�

�
� + ��

�
�

��(� + 2�)
���

≥
��� �∑

�
� + ����� �

�

∑ ��(� + 2�)���
≥
(�)

 

≥
�

3
� + 1

�
�

∑ ��� + 6������
≥
(�)

9
(� + 1)�

9
8

=
8

(� + 1)�
. 

Let’s proof inequality (1):  ∑
�

������� ≥
�

���
 

�
�

� + ��
���

= �
��

�� + ���
���

≥
��� �∑ ���� �

�

∑ (��
��� + ���)

=
∑ ��

��� + 2 ∑ �����

∑ ��
��� + � ∑ �����

≥
(�) 3

4
 

Where (3) ⇔ (� − 2) ∑ ��
��� ≥ (� − 2) ∑ ����� ⇔ (� − 2) ∑ (� − �)�

��� ≥ 0 true for 

� ≥ 2  and ∑ (� − �)� ≥ 0 ��� , with equality when � = � = �. 

Let’s proof inequality (2): ∑ ��� + 6������ ≤
�
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From AM-GM we have: � + � ≥ 2√�� and analogously, then 
(� + �)(� + �)(� + �) ≥ 8��� and from (� + �)(� + �)(� + �) = 1 we get 
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;  (4) with equality for � = � = � =
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Applying again AM-GM, we have ∑ ������ ≥ 3���, then from (5) it follows that 
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Hence ∑ ���
��� + 6��� ≤
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�
. From (1),(2) it follows that � ≥

�

(���)�. 

So, minimum of expression � = ∑
�

�(����)(����)����  is 
�

(���)� attained for � = � = � =
�

�
. 

Note: For � = � we get problem SP.304 from Number 22-RMM Autumn Edition 2021, 

proposed by Hoang Le Nhat Tung, Hanoi, Vietnam. 
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4. Let �, �, � > 0 such that (� + �)(� + �)(� + �) = � and � ≥ �, � ∈ ℕ∗. 
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Note. For � = �, � = � we get problem SP.304 from Number 22-RMM Autumn Edition 

2021, proposed by Hoang Le Nhat Tung-Hanoi-Vietnam. 
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From (1),(2) it follows that � ≥
��

(���)(���)���. 

So, minimum of expression � = ∑
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�(����)(����)������  is 
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Note. For � = �, � = �, � = � we get problem SP.304 from RMM Autumn Edition 2021, 

proposed by Hoang Le Nhat-Hanoi-Vietnam 
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