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1) In AABC he following relationship holds:
w; + w? _ 9R3

721r% < <
sinBsinC r

Proposed by Ertan Yildirim-Turkey

Solution. Using law of sines: sind = 2r ' We have:

) wi+w? 9R3 5 wi+w? O9R3
72rc < - - < S 72re < < S
sinBsinC r b c r
2R2R

7212 zwb+wc 9R zwb+wc
< < o2 <=
4R? 4R%*r R2

Lemma. 2) In AABC the following relationship holds:
hi + h?  s*(s® +2r? — 10Rr) + r*(8R* + 6Rr + 1?)
bc 8R3r

For LHS, using Lemma and w, > h,, it follows:

z wi + w? - hi + hi _s*(s*+2r” —10Rr) + r*(8R* + 6Rr +17) Gerretsen

bc 8R3r
_ (16Rr — 5r®)(16Rr — 51 + 2r® — 10Rr) + r*(8R* + 6Rr +17%) _
- 8R3 B
_ 1(96R? — 48Rr — 30Rr + 151 + 8R*> + 6Rr +1?) r(104R* — 72Rr + 161°) _
- 8R3 B 8R3 B
r(13R? —9Rr +21r%) r 9r 2r?
= =—|13 - —+—
R3 R R R?

We must to prove that:

r(13R? — 9Rr + 2r%)  18r?
>
R3 ~ R?
13R?> — 27Rr + 21> > 0 © (R — 2r)(13R — r) = 0, which is true from R > 2r(Euler).

For RHS, using w, < \/s(s — a), it follows that:

< 13R? —9Rr + 2r* > 18Rr &
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Zw§+w§<zs(5—b)+s(s—c)_ E—SZi—SZaZ—
bc bc bc bc abc
_2s(s?—1?—4Rr)  s° Gerretsen 4R*> + 4Rr + 31> —r> — 4Rr _
4Rrs 2Rr 2Rr
2R2+71%2 2R r
~ " Rr r 'R

Remains to prove that:

2R% 412
Rr

< % & 4(2R? + %) < 9R? © R? > 4r?, which is true from R > 2r(Euler).
Remark. Inequality can be much stronger.

3) In AABC the following relationship holds:

r 9r 2r? wi+w? 2R r
(13- +2 )< E <4
bc r R

Proposed by Marin Chirciu-Romania

Solution.

Lemma. 2) In AABC the following relationship holds:

Z hi +h?  s*(s® + 2r? — 10Rr) + r*(8R* + 6Rr + r?)
bc 8R3r
Using w, = h,and Lemma, it follows that:
Lemma. 2) In AABC the following relationship holds:
hi +h?  s*(s® + 2r? — 10Rr) + r*(8R* + 6Rr + 1?) Gerretsen
bc 8R3r -
- (16Rr — 5r%)(16Rr — 512 + 2r% — 10RT) + r2(8R? + 6RT + 1%)
- 8R3
r(96R? — 48Rr — 30Rr + 151> + 8R? + 6Rr +1%) 1r(104R? — 72Rr + 1671?)
- 8R3 - 8R? -
_ r(13R? — 9Rr + 21?%) _ 1(13 _9r 2r2>

—_— + —_—
R3 R R R?
Equality holds if and only if triangle is equilateral.

For RHS, using w, < \/s(s — a), it follows that:
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Zw§+w§<zs(5—b)+s(s—c)_ E—SZi—SZaZ—
bc bc bc bc abc
_2s(s?—1?—4Rr)  s° Gerretsen 4R*> + 4Rr + 31> —r> — 4Rr _
4Rrs 2Rr 2Rr
2R2+71%2 2R r
~ " Rr r 'R

Remains to prove that:

2R% 412
Rr

< % & 4(2R? + %) < 9R? © R? > 4r?, which is true from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.
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