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1) In AABC the following relationship holds:
S o
Proposed by Ertan Yildirim-Turkey
Solution by Marin Chirciu-Romania

Lemma. 2) In AABC the following relationship holds:

Zm,z, +m? 55 —11r% — 26Rr
h, B 4r

.. ers 2b2%+2c%-a? 2F
Proof. Using identities m; = — h, = —»we get:

) ) 2a% +2c¢%2 —b* 2a?+2b%* - c?
zmb-i-mc_z 4 + 4 _
he 2F B
a
4Ya’ +Ya(b*+c?)
8rs -

1
SF E a(4a® + b* + c*)

_ 4-2s(s>—3r> — 6Rr) + 2s(s> +r? — 2Rr) 55> — 111> — 26Rr
B 8rs B 4r

Let’s get back to the main problem.

Using Lemma and s? > 16Rr — 5r%(Gerretsen), it follows that:

ms +m? 5s®—11r* — 26Rr _ 5(16Rr — 51?) — 11r% — 26Rr
LHS = z 7 = > =
a

4r - 4r
_ 80Rr —25r? —11r> — 26Rr _ 54Rr —36r’> 2r(27R—18r) _
B 4r B 4r B 4r B
27R — 18r Euler
=———— = 9R=RHS

Equality holds if and only if triangle is equilateral.

Remark. Let’s find an reverse inequality.
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3) In AABC the following relationship holds:

Z mi + m? _ 9R3
h, ~ 4r?

Proposed by Marin Chirciu-Romania
Solution by proposer

Lemma. 4) In AABC the following relationship holds:

Zmﬁ +m? 55 —11r% — 26Rr
h, 4r

_ 2b2+2c%—a?

e 2F
Proof. Using identities m2 = +—ha =", we get:

5 ) 2a% + 2c¢% — b?>  2a?® + 2b?% — ¢
Zmb+mc_z ) + ) 3
he 2F -
a
4y a’+Yab? +c?)
8rs N

1
_ E 20 p2 4 p2) —
= 3F a(4a” + b + c*)

_ 4-2s(s*—3r>— 6Rr) + 2s(s* +r? —2Rr) _ 55> — 11r? — 26Rr
B 8rs B 4r

Let’s get back to the main problem.

Using Lemma and s? < 4R? + 4Rr + 3r?(Gerretsen), it follows that:

LHS — Zmﬁ +m¢ _ 5s® — 117" —26Rr _ 5(4R” + 4Rr +3r%) — 11r” — 26Rr _
= Eale =

4r - 4r
B 20R? — 6Rr + 41? B 10R? — 3Rr + 21? (2 9R3 _ RHS
B 4r - 2r = 4r2
10R? —3Rr +2r* O9R3 3 ) 5 3
e > S4r2(:>9R —20R*r+6Rr-—4r°>0

(R — 2r)(9R? — 2Rr + 21%) > 0, true from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.
5) In AABC the following relationship holds:

oR <zm§ + m? _ 9R3
- h, = 4r?
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Proposed by Marin Chirciu-Romania

Solution by proposer See inequalities 1) and 3).Equality holds if and only if triangle is

equilateral. Let’s replacing h, with r,,.

6) In AABC he following relationship holds:

mZ +m? 9R?
9R < Z <
T, 2r

Proposed by Marin Chirciu-Romania
Solution by proposer

Lemma. 7) In AABC the following relationship holds:

zm§+m§ s? +5r% + 2Rr

T, 2r
2 2_ 2
Proof. Using identities m; = m#,ra = &, it follows that:
2 2 2a% + 2¢* — b*  2a® + 2b?* — ¢? 1
m,+m; 4 B 4 _ _z _ 2., B2 2
Z—ra _Z F =3F (s —a)(4a” + b* + ¢*)
s—a
_6sYya’—4Ya’-Ya(b®+c?)
B 4rs B
_ 65-2(s>—1?—4Rr) — 4~ 25(s* — 3r? — 6Rr) — 25(s* + r* — 2Rr) _
B 4rs B
_ s +5r* + 2Rr
B 2r

Le’s get back to the main problem.

For RHD, using Lemma and s? < 4R? + 4Rr + 3r%(Gerretsen), we get:

mi; + m?  s?+ 512+ 2Rr
LHS = z = <
T, 2r
- (4R*> + 4Rr + 3r%) + 51> + 2Rr _ 4R* + 6Rr + 81 _
= 2r B 2r B
_ 2R? + 3Rr + 417 (2 9R?

r 2r

= RHS
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2R? + 3Rr + 4r* 9R? ) 5
e = < o7 S 5R*—6Rr—8r*>0s

(R—2r)(5R + 4r) = 0, true from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.

For LHS, using Lemma and s? > 16Rr — 51%(Gerretsen), we get:

m2+m? s%+5r%+2Rr
LHS = z = >
T, 2r
- (16Rr — 51r%) + 51> + 2Rr _ 18Rr _ oOR
- 2r o2r

Equality holds if and only if triangle is equilateral.

8) In AABC the following relationship holds:

Emlz, + m? _ zm,z, +m?
ra B ha
Proposed by Marin Chirciu-Romania

Solution by proposer Using up these Lemmas, we have:

Zmlz,+m§ _ 5s%—11r% — 26Rr zmlz,+m§ _ s?+5r2 4+ 2Rr
h, 4r ’ ry 2r

Inequality can be written:

s2 +5r% + 2Rr - 552 — 11r% — 26Rr
2r - 4r
3sZ > 30Rr + 211% & s% > 10Rr + 712, which follows from s2 > 16Rr —

& 2(s?2+51r2 + 2Rr) < 552 —11r? — 26Rr

5r2(Gerretsen). Remains to prove that:

16Rr — 512 > 10Rr + 7r? & R > 2r(Euler). Remark. In same class of problems.

9) In AABC the following relationship holds:

mz +m? O9R
9rSZ <
ry+ 1. 2

Proposed by Marin Chirciu-Romania

Solution by proposer
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Lemma. 10) In AABC the following relationship holds:

r, + 71, 16s2r2R?

2b2%+2c%-a?
4

z mi +m?  s?r?(s? + 2r? — 12Rr + 64R?*) + r3(4R +1)3
Proof. Using identities mﬁ = ,Tg = ﬁ it follows that:
2a? + 2c* — b%> 2a? + 2b% — ¢*

zm§+m§_z 4 - 4 _
rb+rc - L F -

b+

s — s—c
1 Z (s—b)(s—c)(4a’ +b*+c?) 1 Ybc(s—b)(s—c)(4a®+b*+c?)
~ 4F a  4rs abc B

_ s?r?*(s® + 2r* — 12Rr + 64R?) + r*(4R + 1)°
16s21r2R?

Let’s get back to the main problem.

For RHS, using Lemma we get:

z mp +mZ _ s*r?(s® + 2r* — 12Rr + 64R*) + r3(4R +1)* _

ry, + 71, 165212 R?
1 r(4R +1)3
2 2 2
Ter |® + 212 — 12Rr + 64R +S—2 <
< 4R% + 4Rr + 312 + 2r2 — 12R +64R2+r(4R+r)3 =
=6R rTert T ar r r@AR+ 12|
R+71r

_ 72R* — 3Rr + 61" Fuler 9R
B 16R )

Equality holds if and only if triangle is equilateral.

For LHS, using Lemma we get:

z mj +m?  s*r?(s® +2r? —12Rr + 64R*) + r*(4R +1)* _

r,+ 71, 165212 R?
1 r(4R +1)3
_ 2 2 2
__16RS + 2r“ — 12Rr + 64R +—S2 =
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> 1 16Rr — 5r% + 2r? — 12R +64R2+r(4R+r)3 =
=1er| T T T AT r RGAR+1)Z|

2(2R—-1r)
_ 64R® + 20R*r — 7Rr* —2r°
B 16R? -
64R3 + 20R?*r — 7Rr? — 213 3 ) 5 3
e 16R? >9r & 64R° — 124R*r —7Rr*—-3r° >0 &

(R — 2r)(64R? + 4RT + 1?) > 0, true from R > 2r(Euler).

Or

11) In AABC the following relationship holds:

mi + m? 9R?
or < <
hb + hC 4r

Proposed by Marin Chirciu-Romania

Solution by proposer

Lemma. 12) In AABC the following relationship holds:
ms + m? _ s°+5*(36Rr +1?) — s’r*(72R* + 40Rr +1?) —r*(4R +1)?
h, +h, 8rs2(s2 + r2 + 2Rr)

2b%+2c%-a?
4

. - 2F .
Proof. Using identities m2 = yhg, = —it follows that:

2a% +2c¢% — b?  2a?® + 2b?% — ¢

mj +m? Z 1 + 1 B
h, + h, Z_F + Z_F
b c
1 bc(4a? + b*+c*) 1 Y bc(a+ b)(a+ c)(4a? + b?* + ¢?)
zﬁz b+c ~ 8rs [1(b + ¢) =
1 2[s® + s*(36Rr + %) — s®r?(72R? + 40Rr + 1%) — r3(4R + 1)3
~ 8rs 2s(s2 + 12 + 2Rr) -

_ 5%+ 5*(36Rr +1?) — s*r*(72R* + 40Rr + 1r?) —r*(4R +1)?
B 8rs2(s?2 4+ r2 + 2Rr)

Let’s get back to the main problem.
For RHS, using Lemma we get:

s% + s*(36Rr + 1%) — s’r?(72R? + 40Rr + %) — r3(4R + 1)3 - 9R?
&
8rs2(s?2+ 1%+ 2Rr) - 4r
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s® + s*(36Rr + %) — s*1r*(72R* + 40Rr +1%) —1r3(4R + 1)3

< 18R%*s*(s> +r* + 2Rr) &
s*(18R%* — 36Rr — > — s%) + s*r(36R® + 90R*r + 40Rr* + r3) + r*(4R+1)3 > 0
Distinguish the cases:
Case 1) If (18R? — 36Rr — r? — s?) > 0, inequality is obviously true.
Case 2) If (18R? — 36Rr — r? — s2) < 0, inequality can be written:
s?r(36R3 + 90R?*r + 40Rr* + 13) + r3(4R + 1)3 > s*(s? + r? + 36Rr — 18R?),
which follows from Blundon-Gerretsen inequality:
r(?—::)zs 16Rr — 512 < 5?2 S%S4RZ+4Rr+3rz
Remains to prove that:
(4R +1)?
R+r
- R(4R + 1)?
~ 2(2R-1)

r(36R3 + 90R?*r + 40Rr* +r®) + r*(4R +1r)? >

(4R* + 4Rr + 31*)(4R* + 4Rr + 31* +1r* + 36Rr — 18R?) &

2r(2R —1)(36R3 + 90R?*r + 40RT* +r3) + 21r32R—1r)4R+1r)(R+ 1) =
> R(4R? + 4Rr + 31r*)(—=14R? + 40Rr + 41>)(R+1) ©
2r2(72R* + 180R3r + 80R?*r? + 2Rr3 — 36R3r — 90R?*r?> — 40Rr3 —1r*) +
+27r3(8R3 + 10R?*r + 2Rr?* — 4R*r — 5Rr?* —1r3) >
> R(—56R* + 160R3r + 16R?*r?* — 56R®*r + 160R?*r* + 16Rr® — 42R*r? + 120Rr®
+12RH(R+1) &
2r2(72R* + 144R3r — 10R?*r?* — 38R73 — r*) + 2r3(8R3 + 6R*r — 3Rr* —13) >
> R(—56R* + 104R3r + 134R*r? + 136R1r3 + 12r*)(R+ 1) ©
144R*r? + 288R3r3 — 20R?*r* — 76Rr° — 2r® + 16R3r3 + 12R*r* — 6Rr> — 21° >
> R(—56R5 + 104R*r + 134R3r* + 136R*r® + 12Rr* — 56R*r + 104R3r?
+ 134R?’r3 + 136Rr* + 121°) &
144R*r? + 304R3r3 — 8R?*r* — 82Rr®> — 41% >
> R(—56R° + 8R*r + 238R3r? + 270R?r3 + 148Rr* + 121°) &
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144R*r? + 304R3r3 — 8R?*r* — 82Rr> — 4r°

> —56R° + 48R°r + 238R*r? + 270R3r3 + 148R*r* + 12R1r° &
56R® — 48R°r — 94R*r? + 34R3r3 — 156R*r* —94Rr°  —4r° >0 &
28R® — 24R°r — 47R*r? + 17R3*r3 — 78R*r* —47Rr°* - 2r° >0 &
(R —2r)(28R5 + 32R*r + 17R3r? + 51R*r® + 24Rr* + r°) > 0, which is true from
R > 2r(Euler).
Equality holds if and only if triangle is equilateral.
For LHS, using Lemma we get:
s® + s*(36Rr + 1r?) — s’1r*(72R? + 40Rr + 1r*) — r3(4R +1r)3 -
8rs2(s2+ 1%+ 2Rr) -
s® + s*(36Rr + %) — s*1r*(72R* + 40Rr +1%) —1r3(4R +1)3
> 72r%s%(s* + 1> + 2Rr) ©
s® + s*(36Rr — 711r%) — s*r>(72(R?> + 184Rr + 73r*) > 1r3(4R+1)3 &
s%[s?(s?* — 71r% + 36Rr) — r?(72R? + 184Rr + 731r?)] = r3(4R + )3, which follows

Or &

r(4R+1)?

from s2 > 16Rr — 51% >
R+r

(Gerretsen).
Remains to prove that:

r(4R + 1)?

R [(16Rr — 51%)(16RT — 572 — 717r?% + 36) — r*(72R? + 184Rr + 731?%)]

>r34R+71)3 &
(16R — 51)(52R — 7671) — (72R* + 184Rr + 73r®) > (4R +1r)(R+ 1) &
756R%? — 1665Rr + 30612 > 0 < (R — 2r)(756R — 15371) > 0, which is rue from

R > 2r(Euler). Equality holds if and only if triangle is equilateral.
13) In AABC the following relationship holds:
2 mi + m? _ mi + m?
ry,+r1r, hy, + h,
Proposed by Marin Chirciu-Romania
Solution by proposer

Using up these Lemmas, we have:
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mp +m? 5%+ 5*(36Rr + r?) — s>r*(72R* + 40Rr + r?) — r3(4R + 1)?

h,+h, 8rs2(s2 + 12 + 2Rr)
mj +m?2 _ s?r?(s* + 2r* — 12Rr + 64R*) + r3(4R + 1)?
r,+r, 16s21r2R?

Inequality can be written:
s?r?(s* + 2r* — 12Rr + 64R?*) + r3(4R + 1)3
16s21r2R?
- s® + s*(36Rr + %) — s*1r*(72R? + 40Rr + 1*) — r3(4R + 1)3 o
- 8rs2(s?2+ 1%+ 2Rr)
2Rr[s® + s*(36Rr + 1%) — s?r?(72R?> + 40Rr + %) — r3(4R + 1)3] =
> s?r’(s> +r* —12Rr + 641>) + r*(4R + 1)’ &
s®(2Rr — r?) + s*(8R?*r + 12Rr? — 3r3) — s?r?*(336R3r + 168R*r? + 6Rr> + 31*)
>r*4R+ 1) e

52 [[s2 (2Rr — 12) + (8R%*r + 12Rr? — 3r3)] — r2(336R3r + 168R2r? + 6R13 +

r(4R+71)?

(Gerretsen).
R+r

3r4)| = 7*(4R + 1)*, which follows from s? > 16Rr — 5% >

Remains to prove that:

r(4R +1)?
%—H‘)SZ [[sz(ZRr —1%) + (8R?*r + 12Rr?* — 313)]

—1%(336R3r + 168R*r? + 6R13 + 3r4)] >r*dAR+ 1)t o
s? [[sZ(ZRr — %) + (8R2r + 12Rr? — 313)] — r2(336R%r + 168R%*r? + 6Rr + 3r4)]
>r34R+1r)*(R+1r) &
(16Rr — 572)[(16RT — 57*)(2Rr — %) + (8R?*r + 12R1r?* — 313)] —
—1r2(336R3*r + 168R?*r?> + 6R13 + 3rY) > r3(4R+1r)?(R+1) ©
288R3 — 616R*r + 87Rr* — 1413 >0 &

(R — 2r)(288R? — 49Rr + 71r?) > 0, true from R > 2r(Euler).

Equality holds if and only if triangle is equilateral.
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