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1) In acute AABC the following relationship holds:
8y < (B) (B) 412k
h,(tanB + tanC) ~ \r T T

Proposed by Alex Szoros-Romania

Solution by Marin Chirciu-Romania

Lemma. 2) In acute AABC the following relationship holds:

a
=1
2 h,(tanB + tanC)

sinA

Proof. Using h, = ?, tanB + tanC =

s
pr—r Y. acosBcosC = - We get:

a a acosBcosC
Z h,(tanB + tanC) _ Z 2§  sinA - Z 25 a -
a cosBcosC a 2R
R RS
= EZ acosBcosC = SR =1

Let’s get back to the main problem.

Using Lemma, inequality can be written as:
3 R\2

R R R s
8S<—> _6(_) +12—;t=—2260t3—6t2+12t>8 &
r r r r

(t —2)(2t — 1)? > 0 which is true from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.

Remark. Inequality can be developed

3) In acute AABC the following relationship holds:

2 a - R
h,(tanB + tanC) — 2r

Proposed by Marin Chirciu-Romania
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Solution by proposer

Using Lemma, inequality can be written as:
R
1< 2 < R = 2r(Euler).

Equality holds if and only if triangle is equilateral.

Remark. If replacing h, with 1, it follows that:

4) In acute AABC the following relationship holds:

r R a 2r
2(3-2-B)< Y 2
R r rq.(tanB + tanC) — R

Proposed by Marin Chirciu-Romania

Solution by proposer

Lemma. 5) In acute AABC the following relationship holds:

a s? + 1% — 4R* — 4Rr
Z r,(tanB + tanC) 2Rr
Proof. Using r, = L, tanB + tanC = —24 , (s —a)cosBcosC =
s—a cosBcosC
s(sz+r2;;:-fz—4Rr) , we get:
a a acosBcosC
z rq.(tanB + tan() - z F sind__ ZE -
s —acosBcosC s—a2R
2Rs(s?> +r* — 4R?> — 4R7)

_2Rz( ) B C =
=F s —a)cosBcos =5 ARZ

s2 +1r2 —4R? — 4ARr
2Rr

Let’s get back to the main problem.

For RHD, using Lemma and s? > 16Rr — 51%(Gerretsen), we get:

s +1°—4R* —4Rr 16Rr —5r +r® —4R* —4Rr _4r* 2r
2Rr - 2Rr ~2Rr R

Equality holds if and only if triangle is equilateral.

For LHS, using Lemma and s? < 4R? + 4Rr + 3r?, we get:
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s +1 —4R* —4Rr _4R®+4Rr +3r" +1° —4R* —4Rr _

2Rr - 2Rr
_12Rr—4r* —4R* 2(3Rr-r’—R?) _ 5 (3 r R)
B 2Rr B Rr B R r

Equality holds if and only if triangle is equilateral.

6) In AABC the following relationship holds:

a a
<
z r.(tanB + tanC) — h,(tanB + tanC)

Proposed by Marin Chirciu-Romania

Solution by proposer

We have:

z a _ s2+12 —4R® — 4Rr z a 4
ro(tanB + tanC) 2Rr '’ Luh,(tanB + tanC)
Inequality can be written as:
s2 + 12— 4R? — 4Rr
2Rr

But s> < 4R? + 4Rr + 3r%(Gerretsen). Remains to prove:

<1< s <4R? + 6Rr —1?

4R? + 4Rr + 31r? < 4R?* + 6Rr — 1* © R > 2r(Euler).

Equality holds if and only of triangle is equilateral.
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