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1.In AABC the following relationship holds:

3
mi + m? _ (R)

m2 T

cyc
Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Marin Chirciu-Romania

Denote m2 = x,m? = y,m? = z we have:

It follows that:

ms + m? +z 1 1 1
LHS = 1_[ b_—< Hy—z(x+y+z)<—+—+—>—1s
X Xy z

cyc cyc
3 s2 —r% — 4Rr 3 M) /R\3
_ 2 _ .2 2 _
E(S — 1% —4Rr) - 257,72 = 152,72 (s*—r“—4Rr)*—1 < (—) = RHD
3 2 _ .2 _ R
Where (1) w2 1< (r) S
3r(s? —1r? 4Rr)2 s’r? < 4s’R3 &

s2(4R3 + 24Rr? + 613 — rs?) > 3r3(4R + r)? which follows from

r(4R + 1)? s 5 5

T R+r < 16Rr — 5r“ < s“ < 4R“ + 4Rr + 3r* (Gerretsen)

It is enough to prove that:
r(4R +1)*

. (4R3 + 24Rr? + 61° — r(4R? + 4Rr + 3r2)) >3r3(4R+1)? &

4R® —12Rr* + 12Rr + 13 > 3r2(R+1r) @ 4R?* — 12Rr* +9rr-2r: >0 &
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(R — 2r)(2R — 1)? = 0 which is true from R > 2r (Euler)

Equality holds if and only if triangle is equilateral. Remark. In same class of problem
2. In AABC the following relationship holds:

wi+w? R\
2 ‘<
w2 _<r>
a

cyc

Proposed by Marin Chirciu-Romania
Solution by proposer Denote w2 = x,w? = y,w? = z we have:

3 3 3
x+y+z=2wﬁ£2ma=12az=Z-2(sz—r2—4Rr)=E(sz—r2—4Rr)

cyc cyc cyc
1+1+1 z z sz—r2—4Rr
w2~ h2 2s2r2
cyc cyc
It follows that:
w? + w? 1 1 1
LHS = —b "¢ HJ’ —(x+y+z)<—+—+—)—1s
X y z
cyc cyc
<3 (s arr) ST RT3 a2 _apyy 1(2(R)3—RHD
=2 st =1 r 25272 452z T r - \r/
3 2 2 _ R\?
Where (1) I 1< (r) S

3r(s? —1r? —4Rr)? — 4s’r* < 4s’R?® &
2(4R3 + 24R7? + 613 — r5?) > 3r3(4R + r)? which follows from
r(4R + 1)?

—Rr iy S 16Rr—5rf<st< 4R? + 4Rt + 3r*(Gerretsen)

It is enough to prove that:
r(4R + 1)?

T (4R3 + 24Rr? + 613 — r(4R? + 4Rr + 3r2)) >3r3(4R+1)? o

4R® —12Rr* + 12Rr +r® > 3r’(R+r) @ 4R® —12Rr* +9rr-2r: >0
(R —2r)(2R — 1)? = 0 which is true from R > 2r (Euler)
Equality holds if and only if triangle is equilateral
3. In AABC the following relationship holds:
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3
hi + h? _ <R>

. —
hs r

cyc

Proposed by Marin Chirciu-Romania

Solution by proposer Denote h% = x, h} = y, h? = z we have:

3 3 3
x+y+z=2h5£2mﬁ=12a2=Z-2(sz—r2—4Rr)=E(sz—r2—4Rr)

cyc cyc cyc

1 1 1 z s—r —4Rr
X y z h2 25212

cyc

It follows that:

h2+h2 y+z 1 1 1
LHS = || 1_[—=(x+y+z)<—+—+—)—1s
X Xy z
cyc cyc

3 sz—r2—4Rr_ 3 22 gpr 1(2RS—RHD
25272 45292 (s =7 —4Rr)" —1 < (?) B

3 2 _ .2 _ Rr\3
Where (1) " 1< (r) s
3r(s? —r? 4Rr)2 45s’r? < 4s’R3* &
s2(4R3 + 24Rr?* + 613 — r5?) > 3r3(4R + r)? which follows from

r(4R + r)? , 5 5 5
“R+r < 16Rr — 5r° < s* < 4R" + 4Rr + 3r“(Gerretsen)
It is enough to prove that:
r(4R + 1)?

T (4R3 + 24Rr? + 613 — r(4R? + 4Rr + 3r2)) >3r3(4R+1)? o

4R® —12Rr* + 12Rr +1r®* > 31r*(R+1r) @ 4R* — 12Rr* + 9rr-2r: >0
(R —2r)(2R — 1)? > 0 which is true from R > 2r (Euler)
Equality holds if and only if triangle is equilateral.

4. In AABC the following relationship holds:
2

r;+1r: /R 2R
[5G
rs r r

cyc
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Proposed by Marin Chirciu-Romania

Solution by proposer Denote 12 = x,12 = y,r? = z we have:

x+y+z=Zrﬁ=(4R+r)2—

cyc

1 1 1 s>-2r2-8Rr
x z r2 5272
cyc

1
y
It follows that:

rb+rc yt+z 1 1 1
LHS = 1_[ —1_[ p —(x+y+z)( +;+—)—1S

z
cyc

s2 —2r% — 8Rr

=[(4R + 1)* — 25?] - 52 -1=
[(4R + 1)% — 25%] - (s* — 2r? — 8RY)
1 [(4R +1)* @

=r2 2 —Zl( 2 27' —SRT)_

M 1| (4R +1)?
< —|————-2|(4R?* + 4R 3r2 —2r*> —8Rr) =
< Z|r@aRT 2 ( + 4Rr + 3r T T)

R+r1

:r—12(§—1>(4R2 4Rr+r2)—1—r1<)(2R E—1=

= (— — 1) (— — 1) — 1 = RHS where, (1) it follows from

r(4R + 1)* , 5 5 5
“R+r < 16Rr — 5r° < s° < 4R" + 4Rr + 3r“(Gerretsen)

Equality holds if and only if triangle is equilateral.
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