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ABOUT A RMM IDENTITY-IV

By Marin Chirciu — Romania
1) In AABC the following relationship holds:

Z \/(rb —r:)zrt —-1) - \/1E (2:2 B 1)

Proposed by Marin Chirciu — Romania
Solution Denoting with S the sum from enunciation, we have

2
T,—T 3
§=<ij—ﬂm—ﬂ>_
T.—T
Z(rb—r)(n—r)”ij—r)(ra—ﬂj(ra

= -1)
Ta—T 1
=Z(rb—r)(rc—r)+22ra—r

We prove that following lemmas:

Lemma 1.

2) In AABC the following relationship holds:

Z —r 8R2 r? — 52
(rp — T) (re— T)

2Rr?
Proof. Usingr, =

s—a
S S
Tq—T —a s 1 a? 8R%+r2—5?
we obtain Z (rp—r)(re—1) Z (ﬁ_g (ﬁ_g) 4 Z (s—a)? 2R1?2
which follows from Z( 7 = Z(SRZ:ZTZ_SZ)
Lemma 2.
3) In AABC the following relationship holds:
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Z 1 s2 + 1% — 8Rr
r,—1 4Rr?

s2+712-8Rr ,
Tz which follows from

Proof.

Using 1, = i we obtamZ— =Y ——= -Zﬂ =

s—a

s—a  S?+r%-—8Rr , . , .
Y. — = —— . Let’s get back to the main problem. Using the Lemmas above, we obtain:

a 4RT
2 _ 8R2 +7r2-s2 ) s2+r2—8Rr _ 1(2R 2
S _Z(rb—r)(rc S k7 T2 e _R(r 1) - From
2 _1(2R _ — L (2R _
S = - ( - 1) it follows from S = f( 1)
Remark.

If we replace 1, with h, we propose:

4) In AABC the following relationship holds:

\/iﬁ (2 - %) = Z (h, —hr)zhr -1) " \/1_(2:2 B 1)

Proposed by Marin Chirciu — Romania

Solution Denoting with S the sum from enunciation, we have:

2
. h, —r _ h, —1
’ ‘(ijb—r)(hc—r)) o= ek
h.—r _ h,—r 1
+ZZJ h —r)(h —r)J(ha—r)(hb—r)‘Z(hb—r)(hc—r)”Zha—r

We prove the following lemmas:

Lemma 1.
5) In AABC the following relationship holds:
2 h,—r _ s%(s* +2r* — 12Rr) + r*(12R* + 4Rr + 1?)
(hy — 1) (h -7) 2Rrs?(s? + r2 + 2Rr)
Proof. Using h, = — we obtain:
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hgy—1 %—g 1 bc(b + ¢)
Z(hb—r)(hc—r)=Z(§_§)(§_§)=;Za(a+b)(a+c):
b s/\c s

2(c2 2 2 2 2

s“(s“+2r“—12Rr)+r“(12R“+4Rr+1r .

_ ) ), which follows from
2R712(s2+124+2RT)

» bc(b+c)  s?(s?+2r2-12Rr)+r%(12R?+4Rr+72)
ala+b)(a+c) 2Rr(s2471242Rr) ’

Lemma 2.

6) In AABC the following inequality holds:
Z 1 2(s*—71°—Rr)
h,—71 s2+712+2Rr

S 1 1 1ws—a  s’4+r2—gRrr
Usingr, = — we obtain ), — = ), ——< = =), — = ——— which follows from
9 Ta s—a Zra—r X s S TZ a 4Rr2 ' f f

Proof.

s—a s

s—a  S?*+r%—8Rr , . , .
Y. — = —— . Let’s get back to the main problem. Using the above Lemmas, we obtain:

a 4Rr
h,—r 1
52=Z - +zz =
(hy =7)(he —1) hg—r

_ 5%(s®+2r? —12Rr) + r*(12R? + 4Rr +1?) ) 2(s*—r?—Rr) _

B 2Rr?(s? + r? + 2Rr) + s2+1r2+2Rr
B Z hgy—r1 _ s%(s®>+2r* —8Rr) +r*(2R —1)?
(hy —r)(h,—71) 2Rr2(s?2 4+ r? + 2Rr)
RHS inequality

s?(s2+2r2—8Rr)+r?(2R-1)?
2Rr2(s%2+1r2+42Rr)

Using S% = the inequality is equivalent with:

-1
r

2Rr?(s? +1r? + 2Rr) R
s%(s? + 4Rr — 8R?) < (2R — r)?(4Rr + 12)

s?(s?+2r?—8Rr) +r*2(2R—1)*> 1 /2R z
< ( )@

We distinguish the following cases:
Case 1). If (s® + 4Rr — 8R?) < 0, the inequality is obvious.
Case 2). If (s* + 4Rr — 8R?) > 0, using Gerretsen’s inequality s> < 4R?* + 4Rr + 3%, it
suffice to prove that:
(4R?> + 4Rr + 37%)(4R?> + 4Rr + 3r? + 4Rr —8R?*) < 2R —1)?(4Rr+1r¥) &

3 ABOUT A RMM IDENTITY-IV




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
© 4R? — 11R*r?2 —9Rr?> —2r* >0 o (R — 2r)(4R® + 8R?*r + 5Rr? +r3) > 0,

obviously from Eule’s R > 2r. Equality holds if and only if the triangle is equilateral.
LHS

s2(s?2+2r2—=8Rr)+1r?2(2R—-1)%? 4 7\2
= —(2 - —) S
2Rr?(s? +r? + 2Rr) R R

& s%(s%R* — r(4R® + 30R?r — 32Rr? + 81%)) + r?(2R — r)?(R* — 16Rr —12) = 0
Using Gerretsen’s inequality s> > 16Rr — 572 and the observation that
(s2R? — r(4R® + 30R?*r — 32Rr? + 8r%)) > 0, it suffices to prove that:
(16Rr — 5r%)((16Rr — 5r%)R? — r(4R® + 30R?*r — 32Rr? + 8r%)) +
+12(2R —1r)?(R?* — 16Rr —1?) = 0 © 49R* — 172R3r + 180R?*r? — 68Rr3 + 8r* > 0
& (R — 2r)(49R3 — 74R%*r + 32Rr? — 4r3) > 0, obviously from Euler’s inequality
R = 2r. Equality holds if and only if the triangle is equilateral.

Remark.

Ta—T hq—1 . . . i

Between the sums Y, FE— Yo and Y, Y e the relationship can be written:

7) In AABC the following relationship holds:
2 st =2 [orne.
(hy —7r)(he—1) (rp —r)(r.—1)
Proposed by Marin Chirciu — Romania

Solution

. hg—1 1 (2R . Ta—T _ i Q .
Usmg Z \’ (hp—1)(hc—T1) = \/_E (T 1) and Z \l (rp—7)(re-1) - \/E( r 1)
we obtain the conclusion.

Equality holds if and only if the triangle is equilateral.

Reference:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

a ABOUT A RMM IDENTITY-IV




