T,

RMM - Cyclic InequalitiesyMarathor 601 - 700

ROMANIAN MATHEMATICAL MAGAZINE

Founding Editor

DANIEL SITARU

Available online ISSN-L 2501-0099

www.ssmrmh.ro



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Proposed by
Daniel Sitaru — Romania,Rahim Shahbazov-Baku-Azerbaijan

George Apostolopoulos—Messolonghi-Greece,Nguyen Van Canh-
Ben Tre-Vietnam,Florica Anastase-Romania,George Florin Serban-

Romania,Marin Chirciu-Romania,Jalil Hajimir-Toronto-Canada
Octavian Stroe-Romania,Daniel Vacaru-Romania,Rajeev Rastogi-

India,Hung Nguyen Viet-Hanoi-Vietnam,Pavlos Trifon-Greece

Hoang Le Nhat Tung-Hanoi-Vietnam,Seyran Ibrahimov-Maasilli-

Azerbaijan, Adil Abdullayev-Baku-Azerbaijan

1 RMM-CYCLIC INEQUALITIES MARATHON 601-700




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solutions by

Daniel Sitaru-Romania, Tran Hong-Dong Thap-Vietnam,Rahim Shahbazov-
Baku-Azerbaijan, Florica Anastase-Romania,Adrian Popa-Romania,George
Florin Serban-Romania,Michael Sterghiou-Greece,Soumitra Mandal-
Chandahar Nagore-India,Marian Ursdarescu-Romania,Sudhir Jha-Kolkata-
India, Abner Chinga Bazo-Lima-Peru,Sanong Huayrerai-Nakon Pathom-
Thailand,Ravi Prakash-New Delhi-India,Daoudi Abdessattar-Sbiba-Tunisia
Khanh Hung Vu-Ho Chi Minh-Vietnam,Soumava Chakraborty-Kolkata-India
Abdallah El Farissi-Algerie, Khaled Abd Imouti-Damascus-Syria,Pavlos Trifon-
Greece, Abdul Aziz-Semarang-Indonesia,Marian Dinca-Romania, Tri Vuduc-
Vietnam,Abdul Hannan-Tezpur-India, Ram Vijay Singh Rathmore-India
Rovsen Pirguliyev-Sumgait-Azerbaijan, Santos Martins Junior-Brusels-Belgium

Rustam Tahmazov-Azerbaijan

2 RMM-CYCLIC INEQUALITIES MARATHON 601-700




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

601. If x,y,z > 0 then:

2xy N 2xz N 2yz <1+ 8xyz
(x+y)? (x+2)? +2?>" 2 x+y)y+2)(z+x)

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Tran Hong-Dong Thap-Vietnam

2xy N 2xz N 2yz <1+ 8xyz
(x+y)? (x+2? ¥+2?*" 2 (x+y»@+2)(z+x)

—4xy —4xz —4yz —16xyz

T A st S LAl e e e R
S A CE e e o
x-y)? (x-2? (y-27° 2x(y-2)7%+2y(x—2)*+2z(x—y)*
Gty Groztroz @+ +DE D =0
y—2?%/ 1 2x
£ (y+z)2(y+z_ (x+y)(x+z)> =

y-2? (x—»x-2)
@Zw((yﬂ)z'(x+y>(y+z>(z+x>)2"
GO -DE-D) G-NG-DE-2)
GOt GINOIDEin >
x—Ny-2)(z-0\
‘:’<(x+y)(y+z)(z+x)> 20

Which is true.Equality x =y = z. Let: x = a; y = b; z = ¢ = (*) is true. Proved.

602.If a,b,c > 0,abc = 1 then:

4b2+c2+4cz+a2+4a2+b2< b
a (o
2a 2b 2c

Proposed by George Apostolopoulos-Messolonghi-Greece
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Solution 1 by Rahim Shahbazov-Baku-Azerbaijan

+|b2+c%2 +[c?+a? *|a’® + b?
b? + c? _ bc(b? + ¢%) _ 8bc(b? + ¢?) _ 4(2bc)(b?* + ¢?) - (b +c)* (=12
2a 2 16 16 - 16
LHS<b+c+c+a+a+b
-2 2 2
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

=a+b+c

. X z
Fora,b,c > 0,abc = 1weglvea=;,b=§,c=;.

Consider:

4b2+cz+4 c2+a2+4 a?+b% 4 b3c+bc3+4 c3a+a3c+4 a3b+ab3<0
2a 2b 2c 2 2 2~
+b2+c2 b+c
<
2 2

b3c+bc3 b*+4b3c+6b%c2+4bc3 +c*

Iif 2 = 16

3 3) < b* + c* + 6b2c? by e
4(b°c + bc®) < b* + ¢* + 6b“c (:)4(c+b)§cz+b2+6

2 2

< + +6

xy z* xy)? z*
+6<:>4<Z—Z+ )s(y) +

xy) =z 7 (xy)?

)

NN
RIN|N[<
+
NI[<[RIN
RIN|N[<
NI[<[RIN

& 4((xy)3z% + z%xy) < (xy)* + 28 + 62*(xy)?
& 3(z% — xy)(Z*xy — (xy)?2%) < (22 — xy)(2° — (xy)?)
& 3(z% — xy)(2%xy) < (2% — xy)?(z* + z*xy + (xy)?) true.

4|bZ+c2 _ b+
C S ZC

2 2 2 2 2 2
So,i/bﬂ +4\/”“ +4\/“+” <a+b+c

Then:

and analogs.

2a 2b 2c
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603.If a, b, c > 0 then:

b+c c+a a+b
+ +
a b c

1 1 1
>2- (ab+bc+ca)(ﬁ+ﬁ+c—2)
When does equality holds?
Proposed by Nguyen Van Canh-Vietnam

Solution by Tran Hong-Dong Thap-Vietnam

b+c c+a+a+b

1 1 1
p + b p 22-\/(ab+bc+ca)(?+ﬁ+c—z)(:>

b+c c+a a+hb\? 1
( + + ) =>4 Zab-Z— =S
a b c a?

cyc cyc

(ab(a+ b) + bc(b + ¢) + calc + a)) = 4Za-2a2b2 &

cyc cyc
Z:azb2 (a + b)? + 2abc Za(a+b)(a+ ) |=4 z:a3b3 + abcz ab(a + b)
cyc cyc cyc cyc

Which is true because:

Zaﬁb2 (a+ b)? —42 a3b? = Zaﬂb2 (@a—b)2 >0

cyc cyc cyc

2abc (Z a(a+ b)(a+ c)> — 4abcz ab(a+ b) =

cyc cyc
= 2abc(Xcyc a3 + 3abc — Yecycab(a + b)) = 0 true by Schur’s inequality.
Proved. Equality fora = b = c.

604. If ay, a,, ...,a, > 0 then:

n

1+ai n %Z?=1ai
[[(teir™)=2([ ]

i:l i:1

Proposed by Florica Anastase-Romania
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Solution 1 by Tran Hong-Dong Thap-Vietnam

We have inequality: 1 + a'+**'** > 2% va > 0

n 1+q; n n Am—-Gm ajtaz+--+a
L+a; . . a; + az + -+ @\ttt
H (1 +a, " ) > H(Za;“) > znﬂa;“ > 2"< 12 ")
n
i=1 i=1 i=1
Am—-Gm
aj+az+-+a aitazt--tay
> 2"(Vay-a; - .. ay) . "=2"a; a;- .. a,) n = RHS
Proved.
Solution 2 by proposer
Benoulli
i -
1+, %=1+ +a-D"% = 1+a?-
1+a1+ai 1+a? Am;Gm - 1+a1+ai =
1+a ™ >21+a" 2 24% - 1_[<1+ai i )z znna;’i e (19)
i=1 i=1

We must show:

n n %Z?:l a; n 1 n n
1_[ a?i = (1_[ ai) « Z a;log(a;) = n (Z ai) (Z log(ai)) true,
i=1

i=1 i=1 i=1 i=1
Cebyshev inequalities for sequences (a;);>1, (10g(a;)) isqmwe(2")

From (1), (2") we have:

n n

1on
1+a, T4 n2i=10i
[[(1+a™)22(] [a)

i=1 i=1

605.If a, b, c > 0 then:

a3 + b3+ ¢3 a b c
+ 36 ( + +
a+b b+c cH+a
Proposed by Rahim Shahbazov-Baku-Azerbaijan

>
abc ) =57

Solution by Tran Hong-Dong Thap-Vietnam

CBS

a b c _ a? n b2 n c2 g (a+b+c)?
a+b  b+c c+a a%+ab  b2+bc  c*+ca — a?+b%+c2+ab+bc+ca
3,53, .3 3,13, .3 ( )2 @
a’+b°+c a b c a’+b°+c a+b+c o
+36(-+ ) 2 +36 — = S
abc a+b b+c c+a abc a“+b=+c4“+ab+bc+ca
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Let:p=a+b+c,q=ab+ bc+ca;r =abc

3 —3pq+3r 2
(1)=>p pq +36-—P  >357
r P —2q+q

2_3 2
PW”~34) | 5. P >54
p

But:(a+b+c)(ab+bc+ca)29abc:~pq29r=>r£2—q

9p(p* -3 z 2
PP ~30) 4. P 254
rq P’ —q
9(p* -3
(2)@u+36<1+ ~ )254
q p°—q
9(p% -3 “—3q_ 4
a  pr-q- qa p*—q
P’ 4q 20,2 2 2
Tt g2t e PP -0+ 254" — @)

& (p* —3q)? = 0 > (2) is true= (1) is true.Proved. Equality= a = b = c.

606. If x,y,z > 0 then:

x(x+z)+ y(y+x)+ z(z+y)+ 8xyz
yy+z) [z(z+x) [|x(x+Yy) (x+y)(y+Z)(Z+x)

Proposed by Rahim Shahbazov-Baku-Azerbaijan
Solution by Tran Hong-Dong Thap-Vietnam

Let: a = / f f
z+x x+y

2 _

a , c?
y+z z+x x+y

1 N 1 N 1
1+a?2 1+b%2 1+ c?
= 3AXYZ acute such that: ab = cosZ; bc = cosX; ca = cosY. Hence

=2 = 2a?b?*c? + a?b? + b%c® + c*a®* =1

7 RMM-CYCLIC INEQUALITIES MARATHON 601-700
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x(x+ 2) y(y + x) z(z+y) 8xyz
jy(y+z)+jz<z+x) +jx(x+y)+(x+y)(y+z)(z+x)24
E+B+£+8(abc)2>4(:>
b ¢ a -

€Y

cosY cosZ cosX -~
+ 8cosXcosYcosZ > 4

cosX + cosY + cosZ
cosY N cosZ N cosX 9(cos*X + cos?Y + cos?*Z)
cosX cosY cosZ~ (cosX + cosY + cosZ)?

0<cosX+cosY+ cosZsE

- 29(cos®X + cos?Y + cos*Z)
> ~
2)

= 4(cos*X + cos?Y + cos*Z) = 4(1 — 2cosXcosYcosZ) = (*) is true.Proved.

607.1f a,b,c > 0 prove:
@+a+1DBB2+b+1)B(E+c+1)V3
<1
ela. e2b . e2c
Proposed by Daniel Sitaru-Romania

Solution 1 by Adrian Popa-Romania
a,b,c>0

(@+a+1D3B2+b+ 13 +c+ 13
<le&e

eza . ezb . eZC

1_[(a2 +a+1)B < 1_[ e (%)

cyc cyc

ﬁZlog(uz+a+1) SZZa

cyc cyc

Let: f:(0,0) - R; f(x) =V3log(x®> + x + 1) — 2x

, —2x% + (2V3-2)x+V3 -2
flo= (x2+x-|—)1
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f'(x) < 0,vx = 0 then

{f(({)i 0 = f(x) <0,vx > 0=>V3log(x* +x+1) < 2x

V3log(a? +a+1) <2a
V3log(b? 4+ b+ 1) < 2b = (%)
V3log(c* +c+1) < 2c

Solution 2 by Tran Hong-Dong Thap-Vietnam
First, we prove: . 2e?* > 2 + 4x + 4x* (1)
AVBRE+ D@ +x+1D)VB 1< (B3+V3)x+V3 (2)
Proof:
Let: p(x) = (3+V3)x +V3 —V3(2x + D(x® +x+ 1DV3 1L x >0

x=20

@' (x) =232 +x+ 1)V 14+ V3(V3-1)2x+ 1?2 +x+ 1) 2-V3-3 30

Then @(x) 7 on [0,0) = @(x) = @(0) = 0=(2) true

Let: g(x) = 2(2e** —2x* —2x—1),x >0
gx)=2R2e*-4x-2)=4€*-2x-1)=>0
Then g(x) 7 on [0,) = g(x) = g(0) = 0 = (1)true
Now, we must show that: e2* > (x2 + x + 1)3,vx >0 (3)
Let: p(x) =e?* — (x* +x + 1)3,vx > 0
@' (x) =2e** —\3(2x+1) (x% + x + 1)V3-1
>4x*(1-V3)x+2-V3>0,vx >0
@(x) = ¢(0) = 0=(3) true. Hence: (a® + a + 1)V3 < 2@

l_I(a2 +a+1)8< nez“

cyc cyc
Equality fora=b=c=0

608. In AABC the following relationship holds:

(Ba+b+c)? (a+3b+c)? (a+b+3c)2<19-(a2+b2+c2)+26-(ab+bc+ca)
2a+b+2c 2a+2b+c a+2b+2c — 3-(a+b+0c)

Proposed by George Florin Serban-Romania
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Solution by Rahim Shahbazov-Baku-Azerbaijan

( (b_2y+22—3x
_ -5
2a+b+c=x 2x + 2z — 3y
<a+2b+c=y:>{c:T
a+b+2c=z 2x+2y-3z
\ \a = 5
Inequality becomes:

(x+y—z)2+(y+z—x)2+(x+z—y)2<23(x2+y2+zz)—14(xy+yz+zx)
x y z - 3(x+y+2)

— 7)2 a2 a2
=2 +y+2(z—x)+(z ad +z+2(x—y)+(x ZY)

x+2(y—2)+

23(x% + y* + z%) — 14(xy + yz + zx)
3x+y+2z)

(y—2)?% (z-x)?% (x—y)?* 20x*+y*+2z*>—xy—yz—zx)
+ + <
x 3(x+y+2z)

y z
z -2 _\ 100 -2)°
x 3(x+y+2z)

cyc cyc

> 025y 520

cyc

z( _ 22 7x—3y—32>0
y 3x(x+y+z)

cyc
7x—3y—3z=5(a+c—b) >0
609.If a, b, c > 0O then:

(3a+2b+c+6)(3b+2c+a+6)(36+2a+b+6)>
(a+1)(b+1)(c+1) .

Proposed by Daniel Sitaru-Romania

216

Solution 1 by George Florin Serban-Romania

Denote:a+1=x;b+1=y;,c+1=2zxy,z>0=>

Bx+2y+z2)(x+3y+22)2x+y+ 32) -
xXyz -

216

10 RMM-CYCLIC INEQUALITIES MARATHON 601-700
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Am-Gm

3x+2y+z=x+x+x+y+y+z > 6-3Yx3y’z
Am-Gm

x+3y+2z=x+y+y+y+z+z > 6-3xy3z2
Am-Gm

2x+y+3z=x+x+y+z+z+z > 6-3xyz3
n(3x+2y+z) > 63 - {/x0y626 = 216xyz
cyc

[I(3x+ 2y +2) > 2
xXyz

16

Equality fora =b = ¢
Solution 2 by Tran Hong-Dong Thap-Vietnam
Denote:a+1=x;b+1=y;,c+1=2z;x,y,z>0=>

a=x—-1,b=y—1,c=z-1

[MBx—1)+2(y-1)+z—-1+6]
xyz

& 1_[(3x +2y+2z) = 216xyz...(*)

cyc

> 216

Inequality &

Am-Gm
3x+2y+z=x+x+x+y+y+z > 6-3Yx3y’z
Am-Gm
x+3y+2z=x+y+y+y+z+z > 6-3xy3z2
Am—-Gm

2x+y+3z=x+x+y+z+z+z > 6-3x2yz3

[Jex+2y+22 (6 Y2522 (6 Yxro2) (6 Yoyed)

cyc
=216 3/x6y626 = 216xyz

Equality fora = b = ¢
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c > 0, we get

(3a+2b+c+6)(3b+Zc+a+6)(3c+2a+b+6)>
(a+1DB+1)(c+1) -

11 RMM-CYCLIC INEQUALITIES MARATHON 601-700
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(YBa+3)Bb+3)Bc+3)+3/Ra+2)2b+2)2c+2) + Y@+ Db + D(c + 1))3
= @+ Db+ D+ 1)

(3i/(a T DB+ Dc+D+2 @+ Db+ D+ D +3la+ DB+ D(c+ 1))3
(a+1D)Mb+1)(c+1)

3
B (63J(a+ Db+ 1)(c+ 1)) _216(a+1D(b+1D(c+1) 16
 (a+1DB+D(c+1) 0 (a+DB+D(c+1)

610. If x,y,z > 0 then:

1 1 1 x? + y? + 72
(x+y+z)<;+;+—)29-

z Xy +yz+zx

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution 1 by Tran Hong-Dong Thap-Vietnam

1 1 1 x2 +y? + z2
(x+y+z)(—+—+—)29- "

Xy z Xy +yz+zx

1 1 1 x2+y% + 22
(x+y+z)<—+—+—>—929- - " 9

X'y z Xy +yz+zx

(y—z)2+(z—x)2 +(x—y)2 - Ix-»*+ G -2*+(z-%?
yz zx Xy _2-\/xy+yz+zx(\/x2+y2+zz+\/xy+yz+zx)

1 9
z — (x—y)?%20
xy 2-\/xy+yz+zx(\/x2+y2+zz+\/xy+yz+zx)

cyc

(x—y)?2=0

Z(Z-\/xy+yz+zx(\/x2+y2+zZ+\/xy+yz+zx)—9xy)
xy-Z-\/xy+yz+zx(\/x2+y2+zz+\/xy+yz+zx)

cyc
Z[Z'\/xy+yz+zx(\/x2 + y?% + z2 +,/xy+yz+zx) —9ch]-(x—y)2 >0
cyc

Let: S = ¥y [2 Jxy+yz+ zx(\/x2 +y2+z2+ [xy+yz +zx) — 9xy] (x —y)?

12 RMM-CYCLIC INEQUALITIES MARATHON 601-700




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
S, =2 xy+yz+zx(\/x2 +y2 + 22+ xy+yz+zx)—9xy

Sy=2-,/xy+yz+zx(\/x2+y2+zz+ xy+yz+zx)—9zx
S, =2- xy+yz+zx(\/x2+y2+zz+ xy+yz+zx)—9yz

Now, we have: \/x2 + y? + 22 > \[xy + yz + zx

Sy+S,+8,212(xy +yz+2zx) — 9(xy + yz + zx) = 3(xy + yz + zx) = 0; ()
5:Sy + 8,8, + 5,8, = 12t* — 36(xy + yz + zx) + 81(x?y? + y?z* + z°x%) = (1),

t= 1/xy+yz+zx(\/xZ + y? + 72 +,/xy+yz+zx) >0
3
P()=0=1 =5 (xy+yz+zx) = @) 2 ¢(to)

3 3
12- 2 (xy +yz + zx)* — 36 Sy +yz+ zx)* + 81(x%y? + y*z* + z%x%)

=27(xy + yz + zx)? — 54(xy + yz + zx)? + 81(x%y? + y?z% + z%x?)
>27(xy+yz+zx)? —54(xy + yz + zx)> + 27(xy + yz + zx)* = 0 =
5.8y + 5,5, +8,5:,=0; ()
From (%), (xx) = § > 0.Proved.
Equalitys x =y = z.
Solution 2 by Michael Sterghiou-Greece

Let: (p,q,v) = X x, X xy,[1x).
Wlog we can assume p = 3 due to (1) being homogeneous.

WithY x* = p> —2q=9-2q (1) reducesto:q® —9(9 —2q)r* = f(r) >0 (2)
Now f(r) is decreasing function of r therefore it suffices to show (2) for maximum r.
Acording to V.Cirtoaje theorem, and assuming Wlog z < y < z ,then ,r becomes
maximal wherey = z.

Insuchcasey < 1,x =3 — 2y,q = y*> + 2y(3 — 2y),r = y*(3 — 2y) and (2) becomes
after some computation —27(y — 1)?>y3 (8y3 — 24y* +23y-8)>0 (3)

h(y)
Now h(y) can be written 8(y® —3y?> +3y—-1)—y=(y—-1)3-y<0,y<1

And (3) is clearly positive or zero fory = 1.

13 RMM-CYCLIC INEQUALITIES MARATHON 601-700
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Equality for x =y = z = 1. Done!

611.Ifx,y,z> 0,x + y+z = 1,n = 2 then:

X y z 3

+ + <
Jnx+y Jny+z Vvnz+x (n+l1

Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

LHS-chc nx+ ZCyC\/_<1’nx+ ) V X+y+t+z: \/nx+y ny+z nz+x

x y z
= + +
nx+y mny+z nz+x

Put o=+ Y 4 2 <3 o

nx+y ny+z nz+x n+l

m+Dx(ny+z)(nz+x)+ynx+y)(nz+x) + z(nx + y)(ny + z)]

<3mx+y(ny+z)(nz+x) &
(n? = 2n)(x%y + y?z + z%x) + 2n — 1) (xy? + yz? + zx?) > (3n? — Dxyz; ()

Because:n>2=n*-2n>0,2n—-1>3

Am—-Gm
(n? = 2n)(x%y + y*z + 22x) S 3(n?—2n)Y(xyz)3 = 3(n? — 2n)xyz; (1)
Am—-Gm

Cn-1D)(xy*+yz2+2zx2) = 32n-1)3(xyz)3 = 2n - Dxyz; (2)

1)+(2
ZZ (02 - 20)(aPy + Yz + 2%0) + (20— D)(xy? + y2* + 2x%) = 3(n? — 2n)xyz

= (x) true.

:><D<—=>LHS<\/_< f Proved.

Equalityes x=y=z=1
Solution 2 by Michael-Stergiou-Greece

3
nx+ n+1

cyc

(1)

14 RMM-CYCLIC INEQUALITIES MARATHON 601-700
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" xZ 3
(1) can be rewritten as 3.y, /m < /m (2)

By concativity of f(t) = \/t on (0, )

]er’l:en (&)2 1 -
. 3 -—72. [9_ = |2
LHS < 3 ER 3 n,1™ \/n+1
33 3'3

612.If a, b, c > 0 then:

< a b c ) a? + b?% + c?

3
- + > -
a+b b+c c+a/.ab+ bc+ca 2

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Soumitra Mandal-Chandahar Nagore-india

a2+b2+czz a a2+b2+czz a?
ab+bc+calia+b . ab+bc+calia?+ab
cyc cyc
Berg,gmm a? + b2 + c2 (a+ b +c)? _x+2y |x
- ab+bc+ca a?+b%2+c2+ab+bc+ca x+y |y

Wherex = a?> + b> + ¢.,y =ab+ bc+ caandx > y

We need to prove: %\E > ; S 4x(x+2y)2 2 9y(x + y)? &
2 2 2 2 3 2, _ 2 _ gy3
4x(x° +4xy +4y°) 2 9y(x* + 2xy + y°) @ 4x°> + Tx°y - 2xy“* - 9y° > 0 &
(x — y)(4x% + 11xy + 9y?) = 0, which is truex —y = 0

a a?+b2+c2
a+b ab+bc+ca

Z cyc

613. If x4, x5, ..., x, > 0 then:

3
> E.Proved.

n n n

1
2 E —| |x]- < x]- Xn+1 = X1
| X+ X411 I_I
i=1 j=1 j=1
Jj#i Jj#i

Proposed by Marin Chirciu-Romania
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Solution by Tran Hong-Dong Thap-Vietnam

n n
1
23 | s ]
| X Xir g

Jj#i

(xe:; o Xn X1X3 ... Xp X1X2 ...xn_l)
X1 +x2 x2+X3 xn+x1

1 1 1
=2X1{Xy ... X ( + + ) =
172 x1(x1 +x2)  x2(x2 +x3)  x,(x, +xq)

2 Cgsz1<1+1)<2 1+1<1)_2<3+1)
2x1(x1+x2)_ 4 le x1+x2 4 le 4 x1+x2 N 16x1 16x2

and analogs.

1(/3 1 3 1
>0 < 4x1X5 ... Xy 16 (x—1+x—2)+<x_2+x_3)+...+

n 1 n
=4x,Xx; .. x”<16z ) 16x1x2"'x"Zx_,-=Z l_[xi

614.1f x,y,z,t >, xyzt = 1 then:
x+1 y*+1 z2+1 t*+1
5 T3 t5 T3 =
x*»+3 y>+3 z2+3 t>+3
Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Tran Hong-Dong Thap-Vietnam

x2+1< 2 )
%
x35+3 x+3

o2(x*+3)-(x+3)x*+1)=0
2x5 —x3—3x2—-x+32>0

(x — 1)2(x +1)(2x% + 2x + 3) = 0 true for x > 0 = (x) is true.

1 1 1 1
LHS = Loye 53 < Seyery = 250er =2 (st e t ot o) = 29

! + ! + ! + <1
= (=4
x+3 y+3 z+3 t+3
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Z(x +3)+3)z+3)<x+3)y+3)(z+3)(t+3) o
cyc

t=1
xyzt + 2(xyz + xyt + xzt + yzt) + 3(xy + xz + xt + yz + yt + zt) > 27 &=

2(xyz+ xyt + xzt + yzt) + 3(xy + xz + xt + yz + yt + zt) > 26 (**)
Am-Gm
2(xyz + xyt + xzt + yzt) > 2- 45 (xyzt): =8 (1)

Am—-Gm
~

3(xy+xz+xt+yz+yt+zt) = 3-63(xyzt)} =18 (2)

(1)+(2) , .
—— (*x) is true.Proved. Equality> x =y =z=t=1

615.1f a,b,c > 0,abc = 1 then:

a’ + b* + c? N 3(a+b+c)
ab + bc+ca (ab+ bc+ ca)? —

Proposed by George Apostolopoulos—Messolonghi-Greece
Solution 1 by Adrian Popa-Romania

a? + b? + ¢? 3(a+b+c)
>2&
ab + bc + ca (ab + bc + ca)?

(a? + b? + ¢*)(ab + bc + ca) + 3abc = 2(ab + bc + ca)?

ab + b3c+ c2a+ a3c+ b3a + b > 2(a?b? + b*c? + c?a?)

a2+b2+c2+a2+b2+c2>2+2+2
c a b b c a c¢¢ b? a2

a2+b2+b2+cz+a2+c2AméGmZab+Zbc+an_ 2+Z N 2
c a b - ¢ a b ¢ b?2 a2

Solution 2 by Tran Hong-Dong Thap-Vietnam

For a,b,c > 0 we have:

Am—-Gm

ab(a? + b?) + bc(b? + ¢2) + ac(a® + c?) = 2(a?b® + b%c? + c2a?) (%)
Let:p=a+b+c,q=ab+ bc+ca;r =abc
(*)= p*q + 3pr = 4q°

Because: abc = 1, we have
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2, p2, .2
a“+b“+c 3(a+b+c
{ ) =2
ab+bc+ca = (ab+bc+ca)?

a? + b?% + ¢? +3abc(a+b+c)
ab + bc+ca (ab+ bc + ca)? —

(a? + b?> + ¢*)(ab + bc + ca) + 3abc(a+ b + ¢) > 2(ab + bc + ca)? &
(p? — 2q)q + 3rp = 2q* © p*q + 3pr = 4q* true by (*)
Proved. Equality a=b=c=1
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b,c > 0,abc = 1 we have

a’ + b? + ¢? 3(at+tb+c)
ab + bc+ca (ab + bc + ca)?

ab + b3c + c3a + a®c + b3a + ¢3b + a’bc + ab?*c + abc? +2(a+ b + ¢)
a?b? + b2%c? + c?a? + 2(a%bc + ab?c + abc?)
2(a?b® + b?c* + c*a’) +4(a+b+c)
a’b? + b%c? + c2a?+2(a+b+c)

616.1fa,b,c > 0,ab + bc + ca > 3 then:

<3+2>(b3+2)<3+2>>125
T3 3)\¢ T3)=27

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution 1 by Michael Sterghiou-Greece

(a2 +3) (B +3) (¢ +3) 257 @)
Let: (p,q,v) = QO a,)ab,[]a).Asq = 3 thenp = 3.

Assume r > 1 then

sl (55 +3+3) 2 (e =r (3 ey

A
2 2 g

=r-l'[[(%+%+%+§)+§] = r-]’[%whichit’ssufficestobezlzi:or

r-[[(4a+1) > 1250r64r + 4p + 16q + 1 > 125 which holdsasr > 1,p > 3,

q = 3.Assume nowr < 1.
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Expanding (1) we get: 13 +§Z a3b3 +§Za3 +% > % )

But: Y a®b3 = q® — 3pqr + 3r?
Ya®=p3—-3pq+3r
So, (2) becomes: 4p3 — 18pqr — 12pq + 6q3 + 9r3 + 18r% + 12r — 39 = f(r)
f() =3[(3r+2)? —6pq] <0as (3r+2)? <25and 6pq > 54 (r < 1) hence f |
and f(r) = f(1),r<1
f(1) = 4p* + 6q° — 30pq = 2[2p® + 34° — 15pq]
=2[2(p* + q* +27) — 54 + q* — 15pq] >
2[18pq + q®> — 15pq — 54] > 2[q® — 3pq — 54] = 0
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b,c > 0 and ab + bc + ca = 3 we have
Ra®+1)2p*+1)R2E+1)=(@+a3+1D)B3+b3+1)(A+c3+1)
> (ab + bc + ca)® > 27:(ab + bc + ca) > 3

Hence i/(2a3 + 1)(2b3 + 1)(2¢3 + 1) = 3 and
(a®+ 1)+ 1) +1)(B+1)(c2+1)(a®+1)
=@h+ad+b3+1)B3SE+bP+S+1D(Ba+cA+a3+1)
> ((ab)? + (bc)? + (ca)?)3® = (ab + bc + ca)3: (ab + bc + ca) = 64
Hence: (a® + 1)(b® +1)(c®*+1) > 8

V@+ DB+ 1)(c3+1)>2

V@+ D)3 +1)(c3+1)+V2a2+1)2h +1)(2c3+1) =5

(V@ + D@ + D(@ + D) + V2a® + DD + D2 + 1))3 > 125

((a3 +1) + (2a® + 1)) ((b3 +1) + (2b% + 1)) ((c3 +1) + (263 + 1)) > 125

(3a® +2)(3b%3 +2)(3c® +2) > 125

(3a® +2)(3b% +2)(3c% + 2) - 125
27 - 27

(a3 N 2) <b3 N 2) <c3 N Z) - 125
3 3 3/ 27
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617.1f a, b, c > 0 then:

1 1 1
(a 5t ) (9 + a?b? + b*c?* + c*a?) > 36

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Rahim Shahbazov-Baku-Azerbaijan
1 1
( 5t )(9 + a?b? + b%*c* + c?a?) > 36 (1)
x241>2x,Vx>0
9 + a’b? + b%c* + c?a® = (a®b* + 1) + (b*c* + 1) + (c*a®> +1) + 6
1
> 2(ab+bc+ca+3)(=g

1 1
( +b+ )(ab+bc+ca+3)>18 (2)

ab bc ca 1 1 1
LHS=2(a+b+c)+—+—+—+3<—+—+—)
c a b a b c

x=a+b+c

9
>3(a+b+c)+3- > 18 ——x +— >6<:>(x 3)2>0.

a+b+c
Equality for a = b = ¢ = 1. Proved.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

1 1
(a+ »t )(9 + a’b* + b*c* + c*a®)

1 1 1 ) ) b?c? 5 5 cza? 5 5 a’b?
9<a+ +C>+ab + ac” + + a*b + bc +T+a c + b“c +

1 1 1 1 1 1 1 1 1

( +— +—+ab2)+<—+—+—+a2c)+(—+—+—+a2b)
a b c a b c a b c
111 N (1 1 1 . 11 1
( +—+bc)+< +—=+b ) < +—+—+ac)
a b c a a b c

b c
N +1+1+ b?c? N 1+1+1+c2a2 N 1+1+1+a2b2
b a b c b b c

4|A 4/b 4|C
26-4+4<f_+f+ﬁ>:
b c a

Equality fora = b = c = 1.
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Solution 3 by Marian Ursdrescu-Romania

From x* + y* + z* > xy + yz + zx we have:
a’b? + b%c* + c2a® > abc(a + b + ¢) = 3abcVabc =
a’b? + b%c? + c?a® > 3/ a*b*c*

We must show that: G + % + %) (9 + 3Va*b*c*) > 36

(ab + bc + ca) (3 + Y a4b4c4) >12abc (1)

But: ab + bc + ca > 3Va?b%cZ  (2)

4
3+ Vatbtc* =1+1+1+ Va*b*c* >4 fi/ at*b*ct = 4Vabc (3)
From (1)+(2) we have: (ab + bc + ca)(3 + ¥ a*b*ct) > 12Va3b3¢3 = 12abc
Solution 4 by Michael Sterghiou-Greece
Let: (p,q,v) = X a,) ab,[] a).We have:
1_4qg 2p2 _ 2
Za—r,Zab =q° — 2pr
So, (1) reduces to: q3 + 9q — 2pqr — 367 > 0.
As q* = 3pr itis enough that:
q-3pr +9q — 2pqr —36r 2 00r9q —pqr —36 >0 (2)
But: q > 3372, p = 33/ so (2) reduces to:

OVrZ(¥r® — 4%/ + 3) = 0 0r 9¥72(¥r — 1)* (V7% + 237 + 3) > 0 which holds.Done!

618. Let x,y,z > 0. Prove:
3+y3+23— (x+y+2z)=2log(xyz)
Proposed by Jalil Hajimir-Toronto-Canada
Solution 1 by Daniel Sitaru-Romania
f:(0,0) > R, f(x) = x3 —x—2logx

f'(x)=3x2—1_;:(x_1)(3x2+3x+2)

X
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sgnf'(x) =sgn(x—1,min f(x) =f(1)=0- f(x) =0
x3—x—2logx>0 (x3—x>2logx
y3 —y—2logy > 0-<y3—y=>2logy—
z3—z—-2logz=>0 z3 —z>2logz

>x3+y3+23 - (x+y+2z)=2logx+2logy + 2logz = 2log(xyz)
Equality holds forx =y =z = 1.
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Foralla > 0,wehavea® —a+1>a’+1ea*—a>—a+1>0
aA?a-1D)-(a-1D=((@-1D@a-1)=((a-1D%*@a+1)=>0
Hence e % > a?> & e > e* - a? & log(e®’) = log(e® - a?)
a® > a + loga?; t > logt —increasing.
Hence for x,y,z > 0,we have x3 + y3 + z3 — (x + y + z) = 2log(xyz)
3 +y3+23>2log(xyz) +x+y+z
Iffloge* + loge”’ + loge” > (logx® + loge*) + (logy® + loge”) +
+(logz?* + loge?) = log(e* - x*) + log(e” - y*) + log(e? - z*) and is true,

2,

3
because: e* > e* - x?; 2

e’ > e’ y?; e >e? z
619.1fa,b,c,n > 0, (a? — na + n®*)(b?> —nb +n?*)(c* —nc+n?) =1
then:
a’b? + b%c? + c?a® + n* < %
Proposed by Marin Chirciu, Octavian Stroe-Romania
Solution by Serban Florin George-Romania
(x—1D*>20vxeRex*—4x3+6x>—-4x+1>0 o
(x*—2x3+3x2—2x+ 1)+ (-2x3+3x2—2x) =0
(2 —x+1D)?+ (=223 +3x2-2x+1)=>x*+1

a\? a 1
2(x2—x+1)22x4+1:>1_[(a2—na+n2)=1:>1_[<(E) —;+1>=$

cyc cyc
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1
iz
H( e L GHDOHDE D R+ Dy Ay D)
e 2:2-2 16

Denote:2 = x;2 = y;£ =z [Ige(x® —x+ 1) =

r+xt+1+ DMy +xt+yr + 1)
- 16
(2 + ()2 + 12+ 1) (D)2 + () + (D)2 (D)% + 12
16
YA A1) 1 Teex®yi+1

- 16 né — 4

4 a’b? 4
— = E 7 +1:>—22 Ea2b2+n4
n n n

cyc cyc

620.I1f x,y,z > 0,x +y + z = 1 then:

CBS(x

n(x3 +y3 +z3)+1>(3+ )(x +y2+20),u>6

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

Because:x +y+z=1
u(x3 +y3 +z3)+1>(3+ )(x +y*+2) o
()
Bu(3+ Y3 +2) +3(x+y+23 S 9+ X +y2 +228)(x +y + 2)
Lettp=x+y+zq=xy+yz+zx;r = xyz
(x) & 3u@®—3pq+31) +3p> 2 9+ WP’ - 29)p &
2(u—3)p3+ (18 — 7wW)pq + 9ur > 0

Schurrs

S PAIP) | o1 > apg - P = 9ur > dupa — up?

We need to prove:
2(u—-3)p*+(18-7p) + 4upq —pup* =20 © (u—6)p* + 3(6 — Wpq = 0
& W-6)-p-(P*-39)=0
Which is true because: u > 6 = u—6=>0
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(a+ b +c)? > 3(ab + bc + ca) = p? > 3q. Proved.

621.If x,y,z = 2 then:

2 1 3x2+x+4

1 1 1

=1= +2S2<—+—+—)
x+1 (x+1)(x*+2)
cyc

Xy z
cyc
Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam

1 1 1 . .
For x,y,z>2 and ot o) t-3= 1. We may write Inequality as:

3x2+x+4 N 3y2+y+4 N 3z22+z+4 N
x+1D*+2) (+1DO*+2) (z+1D)(x*+2)

1 1 1 1 1 1
+2( + + )sz(—+—+—);
x+1 y+1 z+1 X Yy z
Z 3x2+x+4 N 2 <2(1+1+1)
U d — — —-
x+1D)x*+2) x+1)7 \x y z/)’
2x*+3x2+x+8 2
-y SRR
(x+1)(x*+2) x

Hence, we must show that:

2x4+3x2+x+8<2 (vx>2)
x+ D +2) —x - F=

o x2x*+3x2+x+8) <2(x+1)(x* +2)
o2xt—-3x3 - a2 —4x+4200 x-2)2x3+x2+x-2)=0

Which is true because:
x=22 -5x—-220;2x3+x*+x-2>16+4+2-2=20>0
Similary:
2y*+3y*+y+8
y+DO*+2)

2z +32°+z+8
(z+1)(z*+2)

— (%) is true. Proved.

IA

; (Vy=2)

NIN <IN

IA

; (Vz>=2)
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622.If a, b, c > 0 then:

(Zeye@b) (Zoyep) (o) (Bor i)
(Beye Va)(Zoye Va?) ~ (3., a2b?) (Zeye #)

Proposed by Daniel Sitaru-Romania

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c > 0,wegivea = x3,b = y3,c = 23

(Zeex9?) (Eeye goya) _ (B03) (Boez?)
(chc x) (ZC}’C xz) (chc(xy) ) <chc (x_y)6)

(Zeyex3)?) (Zeye o) Eeye@®) (Zeye i5) = Beye ¥) Zeye ) (Zeyer) (Zeye )

Hence
(ch C(xy)g) (ﬁcyc ;) (ZC}’C (xy )6) (lz':[cyc z6) = (chc x) (chc xz) (ch ch: ) (lz_:lzzizgz)
Hence
(Zeye(e)®) (Beye ¥*) (Beyex3)®) (Zeye x) 2 (Zeye 1) (Zeye x) (Zeye 23) (Zeye(x3)7)
Hence

Yeye XY ) (Zeye(x3)?) (Beye x)(Zeye x? 4 2
( y)(3 y )( );E, )-<3nx><3nx>2

cyc cyc

(o) (S ) (32) (51

therefore is true, because

1 1 1 1
3 3,2
3252?2@:’2;22@:2@ ZZ"”

cyc cyc cyc cyc cyc cyc
And
3 2
= = = X = xy?z3
z x3 z z x3 z x2y z( y) y*
cyc cyc cyc cyc cyc cyc
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Similarly

chc x3 = chc ny and chc x3 = chc x%z

Solution 2 by Sudhir Jha-Kolkata-India

(S ) (Soes) _ (Zoeqrg) (o)

3o = ; (1
B EocVa) (30 atb?) (Toedy)
Hence
(chc ab) (chc a_lb) (chc aZbZ) (chc #) = (chc %) (chc W) (chc %) (chc 3\/%)
Hence

) 3 (S
S \Gee\& T \&

RYESE Ve \ (v VBP@
()l e

cyc cyc

Hence
(chc ab) (chc a) (chc a2 bz) (chc aZ) = a2b2 C2 (chc %) (chc W) (chc W) (chc 3V a2 bZ); (2)
By Chebyshev’s inequality, we have:

Z ab > (chc ‘/E)(Bchc v aZbZ); (3)

cyc

cyc

(Z a2b2> (Z a2>Am§;m3 : i/l_[ a*-3- 3\/1_[ a? = 9a%b%*c?; (5)

(Z )  Cocd@)Eoc V)

cyc cyc cyc cyc

Multiplying (3),(4),(5) we get (2) is true, then (1) is true.Proved.
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623.Ifa,b,c > 2,a + b + ¢ = 9 then:

rG)+r(Q)+r)ze
Proposed by Jalil Hajimir-Toronto-Canada
Solution by Daniel Sitaru-Romania
b
r(%) +F(E) +r(§) _

JENSEN

3 (@3 8) E 3 (E59):

cyc

2a b 2a ' b 2b ¢  2c  a
TR B te brtetetatath
= 3r Z— =3r =

—+

3

=3r(3)=3-21=6
Equality holds fora = b = c = 3.

624.1f a, b, c > 0 then:

(a? —ab + b*)® (b? — bc + c*)° N (c* — ca + a*)® - 3
(a + b)1? (b + c)1?2 (c+a)? ~ 4096

Proposed by Daniel Sitaru-Romania
Solution 1 by Abner Chinga Bazo-Lima-Peru
(a—b)? >0 © a* + b*> > 2ab © 3(a? + b?) > 6ab
4(a% + b?) — 4ab > a? + b* + 2ab < 4(a* — ab + b?) > (a + b)?
a’?—ab+b* 1 (a?—-ab+b*® 1
—_—— > 2>
(a+ b)? 4 (a + b)12 212
(a*? — ab + b?)® N (b% — bc + c?)° N (c* — ca+ a?)°® - 3
(a+ b)12 (b + c)1? (c+a)? ~ 4096
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Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

For x,y > 0, we get that:
6
4% - (x% — xy + y»)° (4(x2 —xy+ }’2)) _

(x +y)¢ - (x +y)©
_ X+ +x2+x2+y>+y> +y* +y? —xy—xy —xy — xy)°
(x +y)°
6
x+x+y+y?>
(o +x% +y% +y*)° ( ) ) (x + )"
> > > =
(x + y)12 (x + y)12 (x + y)12
Hence:
4% - (a? —ab + b*)® 4% - (b2 —bc+c*)® 4°-(c* —ca+ a?)°® S 3
(a + b)12 (b +c)12 (c +a)t? -
(a* —ab +b*)® (b*>—-bc+c*)® (*—-ca+a*)® 3 3
+ + =
(a + b)12 (b + c)12 (c+a)l2 ~ 45 4096

625.1fa,b,c > 0,u=>0,a+ b+ c + uabc = 8u + 6 then:

<1+ﬂab+g>(1+ubc+£)(1+uca+%)28(1+2u)3

Proposed by Marin Chirciu, Daniel Vacaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam

abc>0a+b+c+uabc=8u+6= uabc=8u+6—-(a+b+c)

(1+uab+g>(1+ubc+£)(1+uca+%) > 8(1 + 2p)3

& (b + ¢ + pabc)(a + ¢ + pabc)(a + b + pabc) = 8abc(1 + 2u)3
© 8u+6—a)(8u+6—b)(8u+6—c)=>8abc(1+2u)

k=8u+6
= (k—a)(k— b)(k — c¢) = 8abc(1 + 2u)3

e k®—(a+b+c)k?+ (ab + bc + ca)k — abc > 8abc(1 + 2u)3
s k¥-(a+b+o)k?+ (ab+ bc+ ca)k = abc[8(1 +2u)3 + 1]
& k3 + (nabc — 8u — 6)k* + (ab + bc + ca)k > abc[8(1 + 2u)3 + 1]
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o k3 — (8u+6)k%*+ (ab+ bc + ca)k > abc[8(1 + 2u)3 + 1 — uk?]

© (8u+6)3—(8u+6)(8u+6)%+ (8u+6)(ab+ bc+ca) >
> abc[8(1 +2u)3 + 1 — u(8u + 6)?]
< 2(4u+3)(ab+ c+ a) = abc(4u + 3)

4u+3>0 *
&= 2(ab + bc + ca) = 3abc;

Am—-Gm

8u+6=a+b+c+puabc = 33\/abc+uabc
out’+3t—Bu+6)<0o u(t—2(t*+2t+)+3(t-2)<0

t>0,u=0
@(t—z)(ut2+2ut+4u+3)SO<=#>tS2=>ach2

m—-Gm

A (+%)
So,2(ab+bc+ca) > 2-33/(abc)? = 3abc
(%) & 23/(abc)? = abc < 8(abc)? > (abc)® & 2 > abc (true), then (*) is
true.Proved.

626.1fa,b,c,d > 0,abcd = 1 then:

21+(a3+b3+c3)d>4<1 1 1 1)

atb+c -3 pTcTa

cyc
Proposed by Marin Chirciu-Romania
Solution by Tran Hong-Dong Thap-Vietnam

ab,c,d>0,abcd =1=
1+ (@ +b*+c*d _ (a®+b®+c +abo) (;)4(1 1 1)

a+b+c ~ (a+b+cabc T 9
(1) ©9(a® + b3+ c3 +abc) >4(a+ b+ c)(ab + bc + ca)

a E c

e 9(a + b3 + ) + 9abc g 4(a+ b+ c)(ab + bc + ca)
By Schur'’s Inequality:
a® + b3 + ¢ + 3abc = ab(a + b) + bc(c + b) + ca(c + a)
(a+b+c)®+9abc>4(a+ b+ c)(ab + bc + ca)

(a+b+c)3

But: a3 + b3 + 3 > 32 9@ +b3+c3)=>(a+b+c)3
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©9(@a®+ b2+ ) +9abc > (a+ b+ ) +9abc > 4(a+ b+ c)(ab + bc + ca) =

() is true = (1) is true.

Similarly:
1+B3+c2+d>»a 41 1 1
2—(—+—+—)
b+c+d 9\b ¢ d
1+ +d*+a®)d 441 1 1
2—<—+—+—)
c+d+a 9\c d a
1+@@+b3+d®d 4,1 1 1
2—(—+—+—)
a+b+d 9\a b d
:Zl+(a3+b3+c3)d>4(3+3+3+3)_4(1+1+1+1)
a+b+c “9\a b ¢ d/ 3\a b ¢ d
cyc
627.1f a, b, c > 0 then:
4 4 4 1+va 1++Vb 1++c
+ + < + +
ac+bva ab+cVb bc+aVc bc ca ab

Proposed by Florica Anastase-Romania

Solution 1 by Adrian Popa-Romania

Denote:\Ja = x,\b =y,Jc =z =
¢ 4 4 1ix 1ty 14z

AGM
x2z2 + y*x = 2xyzVx
AGM
x%y? +zy? > 2xyz.y

AGM
y*z? + x*z > 2xyz\z

2 2 ?x2+y2+ZZ+X3+y3+Z3/-ayxz
+ + < g =
2xyzx  2xyz.[ly 2xyzVz (xyz)

, g AGM
x24+x3 > 2x%x

LHS <

AGM
v +y = 2y%y
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5  AGM
72+ 73 > 27%Vz

2 22 2
We must show that: = + ~ + L < Z Vx y‘/;+zzﬁ
v oy Vz xyz xyz xyz

1 1

1 2x%2  2y*  27%
—+—+—x + +
Vx \Jly Vz7 yzvx xz[ly xyvz
yz zx xy 2x? Zy 2z*
yZ\/— zxﬁ xy\/_ yz\/— xzﬁ xyVz
x? >y > 7%
1 1

Suppose:x >y >z = xy\/zz;czﬁzyzﬁ:y;;szxﬁsw
Xy =2XZ =Yz

Applying Chebishev’s inequality:

3( 2.1 42 1 4 z2 1 >>
x? - ——t z%- >
yz/x Y zx,[y xy\z
1 1 1

+ +
yzVx  zxJly xyvz

2(x2+y2+zz)<

1 1 1
= (yz+xz+x + + =
O y) (mz p— xwz>

1 1 1
=3 +xz- +xy- ) =
( yax | my xyﬁ

x? y? z* 1 1
yz\/f-}_zx\/;-l_xyx/zz zy-_+xz zx\/_ xy\/E:
1 1 1
=\/_E+\/_}+ﬁ

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
1+\/E+1+\/B+1+\/E_ 1 1 1 Ya Vb ¢

JE— J— —_ _+_

bc ca ab ab bc bc ca ab”

- 1 1 +1+ 1 1+ 1 -
_ab /b bc \/_ ca bJa
21+«/E_|_1+\/5_|_1+«/E

bc ca ab

true,
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Because:

va vb Ve 1 1 1
> ———+
bc ca ab~ ¢\/b avJc bVa

Iffava + bVb + cc = b\/c + aVb + cVa true if we give a = x%, b = y?, ¢ = z°.

Solution 3 by Tran Hong-Dong Thap-Vietnam

For x,y > 0 we have:

(x+ )(1+1)>4=> 1Ly

—_ J— —_ —_ k%
XTYN\% y) — x+y x y’

Using (*) inequality:

4 1 1 1 b
— <t ——=—+-—;(1)
ac+ bJa  ac bJa ac ba

4 1 1 1 b
< —t——=—+-—(2)
ab+c\/3 ab C\/E ab bc

4 1 1 1 <

— < —+—=—+-—;(3
bc+avc ™ bc a\c bc ac()
From (1), (2), (3) we have:

1+va 1+vVb 1++c
< + +
c ca ab

LHS

= RHS

628. In AABC the following relationship holds:

a b c 3
+ + = u=1
a+ub+c) b+u(c+a) c+pu(a+b) 1+2u”

Proposed by Marin Chirciu-Romania

Solution 1 by Anastase Florica-Romania

a a? Bergstrom c a)z 3
- = > >
Za+u(b+c) Za2+u(ab+ac) T Ya*+2uYab  1+2u

cyc cyc

(1+Zu)(2a)2 232a2+6u2ab
Z(y—l)ZaZ zzm-nzab
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(u—D[(a—=b)?+ (b-c)®+ (c—a)?] = 0 true.

Equality holds if a = b = ¢ & AABC is equilateral.

Solution 2 by George Florin Serban-Romania

a a? Bergstrom c a)z 3
- = > >
Za+u(b+c) Za2+u(ab+ac) T Ya*+2uYab  1+2u

cyc cyc

4s*(1+2p) > BZ a? + 6[12 ab
4s% + 8s*u > 6s*> — 61* — 24Rr + 6u(s* + r* + 4Rr)
8s%u — 6s*u — 6ur? — 24uRr > 2s* — 61> — 24Rr
2s%u — 6ur? — 24uRr > 2s*> — 6r* — 24Rr

u(2s? — 612 — 24Rr) > 252 — 612 — 24Rr
We must show that: 2s*> — 61r%2 — 24Rr > 0
252 > 612 + 24Rr © s% > 3r% + 12Rr

Gerretsen

?
s > 16Rr—51r?>> 3r? + 12Rr © 4Rr > 8r* © R > 2r (Euler) > u > 1 true.

629.1f 0 < a,b,c < 1 then:

(1+ab)(1+ ac)
1+ avbc

. 3
> (1 + azbzcz)
cyc

Proposed by Florica Anastase-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

For x,y,z > 0 we have:
(1+x)(1+y)2(1+\/x_y)2<:>1+x+y+xy21+2\/x_y+xy<:>
x+y-2/xy20o (Vi—y) = 0uue.
1+201+y)(1+2)> (13+i/§) (13+i/?) (13+i/?) g

>(1-1-1+xyz)’ = (1+ fxyz)’; ()

Now,
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(14 ab)(1 + ac) - (1++Vab- ac)2

= =1+ avbc
1+ avbc 1+ avbc
1+ab)(1+ac (*) 3
ArabO 2 1+ avbe) 2 (1+ Vabre?)
1+ avbc
cyc cyc
Proved.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
For 0 < a,b,c < 1, we have the following relations
(1+ab)(1+ac)(1+ bc)(1+ ba)(1+ ca)(1+ cb) >
> (1 + avbc)(1 + bvea)(1 + cVab)(1 + aVbc)(1 + bvca)(1 + cVab)

> (1+avbe)(1+ bvea)(1 + cvab) (1 + Y/a?b2c?)
Hence

(1+ab)(1 + ac)

L+ avhe > (1 +3 azbzcz)3

cyc

630.1f x,y,z > 0,u = 0 then:

Z x* 3>x3+y3+z3
X +py?) — A+p?

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Florica Anastase-Romania

(x3)4 Radon (x3 _|_y3 + 23)4
; 3+ pyd Z @I - A+ @ YA DP

_ x3+y3+23
1+uw3
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Ifx,y,z:0,u > 0 then:
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VIR ) AN ) A\ )
x3 + py3 y3 + uz3 3 +ux3)

le y12 ZlZ

= + + =
(3 +py3)® (3 +pz’)? (27 + px®)’
2

( x6 N y6 N 26 )
My YR pzd 2+t
x3+y3+2z3 + u(x3 +y3+23)

2

( (x3 + y3 + 23)? )
3+y3+23+pu(x3+y3+23) >x3+y3+z3
B+y3+23+px3+y3+23) - (1+p)3

3
Where: (x3 + y3 + z3)3(1 + p)3 > (x3 +y3+ 23+ (3 +y3 + z3))

(P +y*+2)A+p) 2 2% +y° +2° + u(x® +y* + 2°) true.

631.I1fa,b,c > 0,abc = 1 then:

a N b N c <3
as+1 b5+1 c>+1° 2

Proposed by Jalil Hajimir-Toronto-Canada

Solution by Tran Hong-Dong Thap-Vietnam

First, for all x > 0 we need to prove:

x
x5+1 = x3+1
o (x—1)2(x*+1) =0 (- true for x > 0)

ox’+1z2x(x*+1)eox’—xt—x+1>0

Equality < x = 1. Now,

LHS = Z Z 1 ,«3
a’+1"~ a3+1 2

) N 1 1 3
3
3+1 b3+1 c3+1_2

o zZ(a3 + DB +1) <3(@® + 1B+ 1) +1)

o3a’b3+adPpP+br3cRE+cEad-ad-bp3-c2-3>0
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abc=1

S 3+apP+b3ct+cctadd-a2-pP-c2-3>0
cadhd+b3c3+ca® —a?-b3-c3>0
u=a3,v=b3,w=c3 ()
~
3 w+vw+wu > u+v+w
uvw=1
8 uwv+vw+wu> Vuvw(u+v+w)
o w+vw+wu)d >uvwu+v+w)d o —(uw - )W —vw)(uv —w?) >0

uvw=1
~

c@-—uw)@?-mwmuwr-w?)=>0 S PP-DP-1D)A-w?H=>0

Which is clearly true because:

3 3 =1

uvw = L, u,v,w > 0 - (uvw)? = u3viw3 =

Dirichlet
3 @-1D)@®-1)(W3—-1) <0.> (*+)is true. Proved.

632.1f x,y,z> 0,xy +yz+zx = 3,n € N,n > 2 then:

n 2xnt1 n Zyn+1 n 2zn+1 3

>
(y + Z)3"+1 + (Z + x)3n+1 + (x + y)3n+1 - 8

Proposed by Marin Chirciu-Romania

Solution 1 by George Florin Serban-Romania

Am—-Gm

3=xy+yz+zx > 3% xy-yz-zx=>32>3(xyz)2=>xyz<1
1 1
Let: f:(0,00) > R, f(x) = x 77, f'(x) = —%x_ﬁ_l,

1
f'(x)= %(i + 1) x>0 f — is convex.

a+b+c\ f(a)+ f(b)+ f(c) Ya
e T N CEERICY

cyc

1 1

z zxn+1 z an+1 n B z (y + Z)3n+1 n
ycC

cyc
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1 1

1 (y + Z)3n+1 n Am-Gm 3 (y + Z)31'l+1 n
52 2xnt1 = 3 2xnt1

cyc

>3-

= _
Am Gm (2 /yz)3n+1 3|g3n+1. (xyz)3"+1 n
s\ 3 3
— 3 . 3 831’1 (xvz 2n n — > —

( Cv2) ) /83 (xyz)? 8V12

Solution 2 by Tran Hong-Dong Thap-Vietnam

2xn+1
(y+Z)3"+1 (y+2)3

V
Wl

AM—-HM
x 2x > n
3 o111 — = 3 - I
(y+2) ———  y+z (}'+Z) 1+1++ 14—
(n—1)—-number (_x)
y+z
3
e
_ X n _ 2nx? _ (}E)
T (+2)3 141+ +1422 T 012 Cm-Dxiyin) S 2-Datrxytaz’
e Similary:
3
=)
+1
m 2yt (z +x

L A
(z + x)3n+1 — 2n 2mn-1y*+yz+ xy

Zz \3
n| 2zl - 2 (x + y)
(x+y)3nt1 = """ 2(n—-1)z%2 + zx + yz
xn+1
LHS = z y + Z)3n+1

x \3 y Z \3
o (y+z) . y+z+z+x+x+y)
'Cyc 2n—Dx2+xy+xz = 3.2.(n— 1) (2% + y% + 22) + (xy + yz + zx))

37 RMM-CYCLIC INEQUALITIES MARATHON 601-700




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
y z \3
n (y+z+z+x+x+y)
3 n-1D((x+y+2)?%—-2(xy+yz+2zx))+ (xy + yz + zx)

Grtehtey) a Ghtehtes)

n y+z' z+x x+y n y+z' z+x x+y A

3 n-1)((x+y+2)?%-— 6)+3 3 m—-1D)(x+y+2z?2—-6n+9 ’
Sch

o X Yy o,z _ x2 y? z2 ¢ garz (x+y+2)? _ (x+y+2)? .

* y+z  z+x  x+y - yx+xz = yz+xy xz+yz 2(xy+yz+zx) - 6 !

R/
£ %4

Let t=(x+y+2)?>3(xy+yz+2zx)=3.3=09;
We must show that:
n t3 3
=- =3
3'63((n—1)t—6n+9) 8

o 8nt3 >9.63. (n—1t—6n+9); o (t—9)(n(t—9)(t+18) + 243) > 0;
Which is clearly true because:
t>29n=>22mMeN)-t—-9=>0,n(t—9)(t+18)+243 >243 >0
Proved. Equality ifand only if x =y =z = 1.
633.If a,b,c > 0 then:

c+ 1 1 1
Y e
b(a+b+2c) a+b b+c c+a
Proposed by Daniel Sitaru-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

c++vab _
yC\/ab(a+ b+ 2c)
_ c++ab N b ++ac N a +bc
Vvab(a+b+2c) +Yac(a+c+2b) +be(b+c+ 2a)
1 1 1

Vab(a+ b +2¢c) +“ac(a+c+2b) +be(b+c+2a)
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c b a
+ + + =
vab(a+ b+ 2c) +“ac(a+c+2b) +bc(b+c+ 2a)
Q Am—-Gm 1 1 1
= - <a+b+2c+b+c+2a+a+c+2J
2c 2b 2a
a+b a+c b+c
a+b+2c a+c+2b b+c+2a
2c 2b 2a
1+a+b 1+a+c 1+b+c
a+b+2c a+c+2b b+c+2a
a+b+2c a+c+2b b+c+2a
_ a+b a+c b+c
a+b+2c a+c+2b b+c+2a
B 1 N 1 N 1
“a+b b+c c+a

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

For x,y,z > 0 we have:

z% + xy
xy(x% +y? +2z2) —

x2+y2

e (x2 + yH) (2% + xy) = xy(x® + y* + 22%)

o x2z2% + X3y + y?z% + xy3 = 23y + xy3 + 2xyz?

© x%z? + y?z% > 2xyz?

Hence:

x*+yz y* + zx 1
vZ2xE +y* +22) Y2+ 22 zx(x® + 2y + 22) =212
Hence:

7% + xy N x* +yz y: + zx
xy(x% +y? +2z2%)  yz(2x2+y? +2z2) zx(x%+2y%+ z2%)
N S
T xt+y?t y2+2z2 zZ4x?

Foralla,b,c > 0, we give: a = x*,b = y?, ¢ = z*

1 1 1

Z c++ab
\/_(a+b+2c)

+ +
a+b b+c c+a
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634. Let x,y,z € (0,), prove:
[x] +1 N [y] +1 N [z] + 1
VyE+[22] 22+ [x] x4

Proposed by Jalil Hajimir-Toronto-Canada

> 2

Solution by George Florin Serban-Romania
t—1<[t]<tVteR

z? — 1 < [z%] < 2% and analogs.

;W Z\/[% Zm Z/2+22 Z/uzz

wny HE 5w
CLx2+yr+z2

cyc 2+Zz+1 cyc

635.Ifx,y,z > 0,xyz = 1,n € N — {0} then:

2 2
x" ’ + y" + z"
yt+z Z+Xx

Proposed by Marin Chirciu-Romania

Solution 1 by Marian Ursdrescu-Romania

2 2 2 4
y+z y+z }"2|‘Z_|_1 y+z+2

xn yn Zn
We must show: + + > =
y+z+2  z+x+2  x+y+2 4

(1)
From Holder inequality we have:
xm" N y" N z" - x+y+2)"
y+z+2 z4+x+2 x+y+2 3"2-2(x+y+z+3)

; (2)

From (1),(2) we must show:

x+y+2)™
3n-2. 2(x+y+z+3)_

3
@Z(x+y+z)">3” lx+y+z+3); (3)
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b? 2 (3

2
Because xyz =1 = 3a, b, c > 0 such that x = a—,y =—,zZ=—5
bc ca ab

a? b2 c2\" a’? b* c?
2| —+—+—| 23" —4+—+—+3
<bc+ca+ab> - <bc+ca+ab+ )(:»

ad + b3 + c3\" (a3 + b3+ c3 + 3abc
2(————| =371 =

abc abc

2(a® + b3 + 3™ > 3" (abc)" 1(a® + b3 + c3) + 3"(abo)®; (4)
But (a3 + b3 + ¢3)™ > (3abc)™; (5) and (a® + b3 + ¢3)" 1 > 3" 1 (abc)™ !
= (a® + b3 + )" > 3" (abc)* 1(a® + b2 + c3); (6)
From (5),(6) we get (4) true.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Forx,y,z > 0,xyz = 1, we will receive the nexts

x+y+(/x+y+y+z+Vz+x)
3

: n|2%2 .on|2  n| 2 _ n-1,_* .n-1._Y o n-1,_Z%2
Consider x / aty /ZH +z /x+y =42 (x sty =tz Tﬂ)
X y z

\/y ps + \/Z T x + \/x T y> xn—1+yn—1+zn—123
>

>
>+2 3 >
2
2\/§< x Yy .z >2 V2(x +y + z)
Jy+z Vz+x (Jx+y) xJy+z+yJztx+z/x+y

- V2(x +y + 2)? B 3(x+y+2)
(\/x+y+\/y+z+\/z+x)(x+3¢z) \/x;y+\/y-zl_z+\/z-£x
3(x+y+2z) >3\/3(x+y+z)_

:\/3(x+y+z)_ J3(x+y+2) -
636.If a,b,c > 0 then:

xJy+z+yJz+x+zfx+y<

(xn—l + yn—l + Zn—l) (

1 N 1 N 1 _ a? + b? + c2
a+ab+b b+bc+c c+ca+a” 3a?b?c?

Proposed by Daniel Sitaru-Romania
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Solution 1 by Florica Anastase-Romania

3 1 1
b+ b > 34/ a?b? <
atab+b=sva _)a+ab+b_33\/a2b2_)

1 N 1 N 1 <1( 1 N 1 N 1 )
a+ab+b b+bc+c c+ca+a” 3\YaZpz b2 VcZa?

- 1( 1 N 1 N 1 )_ a? + b?% + ¢2
= 3\a%b? ' b2c2  c2a?) 3a2b?c?

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

For a,b,c > 0 we have:

(ac+ bc+c+ac+ab+a+ ab + bc + b)? < 27(a? + b? + ¢?)

a? + b? + c?
ac+bc+c+ac+ab+a+ab+bc+b<9- —

1cccaaabbb<az+bz+c2
a b c b a ¢
Hence

abc N abc N abc - a? + b?% + ¢2
at+tab+b b+bc+c a+ac+c™ 3

1 N 1 N 1 - a? + b?% + ¢2
a+ab+b b+bc+c c+cat+a” 3a2b?c?

637.1fa,b,c > 0,abc = 4™, n € N* then:
b2n+3 + CZn+3) + a2n+3

1
Z(n+ X L >3(2n +3)

cyc

Proposed by Marin Chirciu-Romania
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Solution by Tran Hong-Dong Thap-Vietnam

N (b+c)2"+3
Forn € N*,a,b,c > 0: b?"+3 4 ¢?n+3 > o
(n+ 1?3 +c*3) n+1 3
(b + C)Zn - 4n+1 ) (b + C)
(n+1) b2n+3+c2n+3 +1
Yeye ((b+c)2" ) > :nﬂ ‘[(@a+b)3+(b+c)+(c+a) =
n+1 8 3 n+1 8 n+1 8 n
Zma (a+b+c) = gn+1 -6-27abc =m§4

= 6(n+ 1); ()

a b o c
b+c c+a a+b

a 2n b 2n c 2n
(b+c) 2<c+a) 2(a+b)

a2n+3 b2n+3 CZn+3

Shtom  (cram  (at b
2n

Cebyshev 1 a 2n b C 2n
> —(n3 3 3 ( )
B 3(a th +C)<(b+c) * cta +(a+b) >

Suppose:a>b > c= a3 > b3 > ¢ =

1 (b Yc cta ax b) Nesbitt (7)
z3 (3abc) - £ 3Zn-1 4 > 4" 32n 1 = 3; (%)

2n+3 2n+3 2n+3
(*)+(**)=>Z(n+1)(b te ) ta =6(n+1)+3>32n+3)

(b +c)?

cyc

638.1f x,y,z > 0,xy + yz + zx = 3 then:

2x N 2y N 2z >3
(y + 2)° (z + x)5 (x+y)>> 4

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

Withx,y,z > 0,let: t = xy + yz + zx > \/3(xy + yz + zx) = 3
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2x 1 2x 1 2x Am-Hm
— . — 1 — >
+2)° (+2?% Jy+z (y+2)? ytz

> . — . =
- (y-|—z)2 L (y+Z)2 y_+Z
1+ 2x 1+ 2x
y+z
x \2
B 4x _ 4 (y + z)
(y+2)?22x+y+2z) 2x2+xy+axz
2 z \2
.o [ 2y 4G5 2z )
Similary: TS > PYETo— xty)s = 22247342y

LHS = z (y n Z)5

I O = N = 57

2x2+xy+xz 2y’ +yz+yz 2z%+2zx+zy

y z_)?
Bergstrom (y+z+z+x+x+y)

2(x2+y?2+ 22+ xy+yz+ zx)
y 2 y 2
z(y+z+z+x+x+y) Z(y+z+z+x+x+y)

T+ + 2t xy+yz+zx) (x+y+2)? -

2 2

y 72 Berg;trom

x y z x
+ + = + +
y+z z+x x+y xy+xz yz+yx zx+zy

x+y+2)? (x+y+2)?
T 2(xy+yz+zx) 6

4

2_
So, we need to prove: == > % e2t*>27(t? -3) o 2t* - 27t +81 >0

o (t2-9)Rt2-9)>0truefort >3 < t*—-9>0;2t>?-9>9>0

Proved. Equality & x =y =z = 1.
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639.1fa,b,c > 0,u < 1 then:

a b c 2abc u+3
+ + +p >
b+c c+a a+b (a+b)(b+c)(c+a) 2

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

a N b N c N 2abc >u+3
b+c c+a a+b # (a+b)(b+c)(c+a) ™ 2
a b c OWu+3 2abc
+ + = —u-
b+c c+a a+b 2 (a+b)(b+c)(c+a)

More, by Schur’s inequality:
a b c 4abc
b+c+c+a+a+b+(a+b)(b+c)(c+a)22
a b c 09 4abc
b+c+c+a+a+b = 2_(a+b)(b+c)(c+a)

From (*), (**) we need to prove:

2 4abc >u+3 . 2abc
_(a+b)(b+c)(c+a)_ 2 —# (a+b)(b+c)(c+a)
1—u (;) 5. 2abc _ 2abc
2 (a+b)(b+c)(c+a)_” (a+b)(b+c)(c+a)

Am-Gm
Fora,b,c >0= (a+b)(b+c)(c+a) = 8abc (Cesaro)

2abc 1
0< <-
(a+b)(b+c)(c+a) ™ 4

=

2abc 1
Let.t—m:>0<tSE

(1)@2t2—ut—<¥)SO@%(l—Zt)(u—(1+2t))so

Which is clearly true because:
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0<t< ;p<1=1+2t>12p=p—(1+2t)<0.Proved.

Equality holds ifa = b = c.
640.Ifa,b,c,d > 0,a+ b + c + d = 1 then:

a’+b+ad b*+c+ba c*+d+cb d*?+a+dc
+ + +
b+ c c+d d+ a a+b

Proposed by Marin Chirciu — Romania

Solution by Marian Ursarescu — Romania

a>+b+ad ala+d)+b a(l-b-c)+b a+b—(b+c)a
b+c ~  b+c b+c B b+c B

a+b , .
=, ——a and similarly = we must show:

a+b b+c c+d d+a
-ttt —4—>
b+c c+d d+a + a+b — 4 (1)

a+b+b+c+c+d+d+a_ (a + b)? N (b + c)? N (c + d)? N
b+c c+d d+a a+b (a+b)(b+c) (c+d)(b+c) (d+a)(c+d)

(d + a)? Berg;trom 4(a+b+c+d)?
+(a+b)(d+a) - (@a+b)(b+c)+(c+d)(b+c)+(d+a)(c+d)+ (a+b)(d+ a)

__4(at+b+c+d)?
" (at+b+c+d)?

641.1fa,b,c,d > 1,abcd = e* then:

e? e? e? e?
log <7) -log (F) -log (?> -log (7> 1
<

log(ab) -log(bc) - log(cd) - log(da) — 16

=4 = (1) itis true.

Proposed by Daniel Sitaru-Romania
Solution 1 by Rahim Shahbazov-Baku-Azerbaijan
abcd = e* - loga + logb + logc + logd = 4
a,b,c,d > 1 - loga,logb,logc,logd > 0
Let: x = loga,y = logh,z = logc,t = logd —

2-02-»2-22-1 _1
x+y)y+2)(z+)(t+x) ~ 16

Sx+y)yy+z2)(z+)(t+x)=4-2x)4—-2y)(4—-22)(4—-2t) >
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x+y)y+2)(z+t)(t+x) =

>z+y+t—x)(z+x+t—-y)(z+x+y—-t)(x+y+t—2)

y+z+t—x=A4A>0 2(z+t)=A+B
Z+x+t—y=B>0 2x+y)=C+D
_)
Z+x+y—-t=C>0 2(x+t)=B+D
x+y+t—z=D>0 2(y+z)=A+C

- (A+B)(C+D)(B+D)(A+C) =16ABCD true from Am-Gm.
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Ifa,b,c,d > 1,abcd = e* then:

e? e? e? e?
log (7) -log (F) -log (7) log (7) 3 i
log(ab) -log(bc) -log(cd) - log(da) — 16
16(2 — loga)(2 — logb)(2 — logc)(2 — logd) < logalogblogclogd
(4 —loga®)(4 — logh*)(4 — logc®)(4 — logd?) <
< (4 —log(ab))(4 —log(bc))(4 — log(cd))(4 — log(da)) true from
(4 —loga®)(4 — logh?) < (4 - log(ab))2
(4 —logc?)(4 — logd?) < (4 - log(cd))2
(4 — loga®)(4 — logd?) < (4 - log(ad))2
(4 —logc®)(4 — logh?*) < (4 - log(bc))2
Consider: (4 — loga?)(4 — logb?) < (4 — log(ab))2
16 — 4loga? — 4logb? + loga®logb? < 16 + log?(ab) — 8log(ab)
loga®logb? + 8logalogh < log?(ab) + 4loga® + 4logb?
4logalogb + 8(loga + logb) < (loga + logh)? + 8(loga + logh)
4logalogb < log?a + log*b + 2logaloghb
log?a + log*b > 2logaloghb

true.

1 n
642.1fa,b,c,d > e e = lim (1 + ;) _then:

n—-oo
5log(ae) - log(be) - log(ce) - log(de) > log(abcde)'®

Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam
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Fora,b,c,d>1=>x=1loga>1,y=1logh>1,z=1logc=>1,

t =logd > 1. We have:
5log(ae) - log(be) - log(ce) - log(de) > log(abcde)'® &
5[(loga + 1)(logb + 1)(logc + 1)(logd + 1)] >
> 16(loga + logb + logc + logd + 1)

5x+Dy+1D)Ez+DE+1)=16(x+y+z+t+1) o

()
5(xyzt + xyz + yzt + xyt + xzt + xy + yz + zt + xz + ty + xt) >

>11(x+y+z+1t)
Because: x,y,z,t >1=>x-1)y-1Dz-1DN(Et-1)=20&
xyzt > xyz + xzt + yzt + xyt —xy—yz—zt —xz—ty—xt +x+y+z+t—-1
5(xyzt + xyz + yzt + xyt + xzt + xy + yz + zt + xz + ty + xt) >
>5[2(xyz+yzt + xyt+xzt) + x+y+z+t—1]
So,we need to prove:

10(xyz+ yzt + xyt + xzt) > 6(x +y+z+1t) + 16

x,y,ztz1
But: xyz+yzt+xyt+xzt > x-1-1+y-1-1+z-1-1+¢t-1-1=

=x+y+tz+t=

()
10(xyz + yzt + xyt + xzt) > 10(x+y+z+t) >

>6(x+y+z+t)+16
) eo4x+y+z+t) 216 ox+y+z+t =>4

Which is true,because: x,y,z,t > 1 =>x+y+z+t > 4 = (x) is true.Proved.

643.f0 < x; < 1,i € 1,n,n € N — {0} then:

VXL Xz xy

n
1 X;
Pyt
n — x
=HVl-x \/1 — VX Xz Xy

Proposed by Rajeev Rastogi-India

Solution 1 by Adrian Popa-Romania

Let be the function f(x) = \/% x€(0,1)
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f'(x)= 2- —:f'(x) = “ (:)_ ;); > 0,vx € (0,1) = f — convexe

2(1—-x)2
From Jensen inequality, we have:

ACORD (R (OO R R AR

n n
n X1 +x+ -+ x,
1 X - AGM  \[Xqt Xyt .t Xp
n&f1—x; X tx+otx,
l=1\/ L Jl— 1 zn n 1—7Vx1'x2'...'xn

Which is true because:

xX1+x++x,

>Nx1 Xy Xy D
n \/ 1 2 n
x1+x2+---+xn
- <1—"/x1"Xy"..."X
n \/ 1 2 n
1 1
1— x1+x21-ll- T 1-"1/x1 %30 m Xy

Solution 2 by Tran Hong-Dong Thap-Vietnam

Which is true because:

RMM-CYCLIC INEQUALITIES MARATHON 601-700

49



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

n
AGM Z’.‘_ (1 —x.) n—zr.l_ X; Z’.‘_ X; AGM

||\/mﬁ i=1 o i=1 l=1_ i=1%i <

= n n

i=

n

n

n
<1- l_lxi:> 1_[1/1—xi§1—
i=1 i

i=1

n

n
s n,/l—x,-+ nxi <1
i=1

i=1
644.1f x,y,z > 0,3(xy + yz + zx) = 1 then:
27Zx3y+ 36Zx2y+62x >11
cyc cyc cyc
Proposed by Daniel Sitaru-Romania

Solution by Sanong Huayrerai-Nakon Pathom-Thailand

Forx,y,z > 0,3(xy + yz + zx) = 1 we get:
CEBYSHEV
27(x3y +y3z + 23x) + 36(x*’y + y*z+ z*x) +6(x + y+2z) >

> 27(x*+y%+2%) (xy+yz+zx) n 36(x+y+z)(xy+yz+zx)

= 3 3 +6(x+y+2)

_3(x2+y2+zz)+12(x+y+z)

1
>3-— =
3 3 +6(x+y+z)=>3 3+4+6 11

Because:3(xy +yz+zx) =1=>xy+yz+zx = %

2 2,2, 251
Sx+y+z)=z1>x+ty+z=21=>x"+y +z° >

— 3
645.1fa,b,c > 0,u = 0 then:
a3 N b3 N c3 +u+1<1+1+1>>2
a+ub b+puc c+pua 9 \ab bc ca/ ™

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam
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a3 b3 ¢  Holder (a+b+c)d
+ + > =
a+ub b+uc c+pua 3[(a+b+c)+ul(a+b+c)

B (a+b+c) _(a+b+0)?
" 31+wla+b+c)  3(1+p
1 1 1 Bergstrom 9 (a+b+c¢)%2=3(ab+bc+ca)

ab ' bc  ca = ab + bc + ca
>9. 3 = 27 =
~ (a+b+c¢)? (a+b+c)?
ZRSVRRNL IR FRE LY
9 \ab bc ca/  (a+b+c)?
LHS=Z a® +u+1<1 1 1)2(a+b+c)2+ 3(1+p) AgM
a+ ub 9 3(1+p) (a+ b + c)?

cyc

646. Let a, b, ¢ > 0 such that:

1 1 1
> 1. Prove that:
2a2+bc = 2b%2+ca  2c% +ab —

a+b+c>ab+ bc+ ca

>

ab et ca

Proposed by Hung Nguyen Viet-Hanoi-Vietnam

Solution by Tran Hong-Dong Thap-Vietnam

(b + c)? (b + ¢)?

o) =[(0)* + (59| (L 4 vBe)

(2a? + bc) (

b+c 2
2(\/fa- +\/E-\/E) = (ab + bc + ca)? =
V2
2
(b -;C) + bc
<
2a? + bc ~ (ab + bc + ca)?
Similary:
2
1 (a -;C) + ac
<
2b% + ca ~ (ab + bc + ca)?
2
1 (a -;b) + ab

<
2c¢2 +ab ~ (ab + bc + ca)?
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1 1 1
We have: >1=>
2a%+bc + 2b2+ca + 2c2+ab —

2 2 2
(a-;b) + ab —(b-;c) + bc (a-;c) + ac

>
(ab + bc + ca)? + (ab + bc + ca)? + (ab + bc + ca)? — 1

a+ b)? b + ¢)? a + c)?
( 2)+ab+( 2)+bC+( 2)

a? + b? b? + ¢ cz + a?
+ 2ab + + 2bc +

+ ac = (ab + bc + ca)?

+ 2ca > (ab + bc + ca)?

a? + b? + c® + 2ab + 2bc + 2ca = (ab + bc + ca)?
(a+ b+ c)? = (ab + bc + ca)?
a+b+c=>ab+bc+ca
647.1f a,b,c > 0,abc = 1 then:
(a1o + blO)(a9 + b9) -
; (a* + b*)(a3 + b3) —

cy
Proposed by Daniel Sitaru-Romania
Solution by Sanong Huayrerai-Nakon Pathom-Thailand

(a'® + b1%)(a® + b%) “FFLHEY
(a* + b*)(a3 + b3) ~
cyc

(a* + bY)(a® + b3)(a® + b%)(a® + b®) O (a®+ b©)?
= Z 4@ 1 ) (@ 1 b9 = Z z -

cyc cyc
ab + b6\’
(Z 2 ) (a® + b® + ¢%)?
3 3

Ifabc=1=a+b+c>3=a®+ b®+ c® > 3.Proved
648.1f a,b,c > 0; abc = 1 then:
7—6a 7—-6b 7-—6¢C
2+az+2+b2+2+c2 =1

Proposed by Jalil Hajimir-Toronto-Canada

Solution by Michael Sterghiou-Greece
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7—-6a 7—-6b 7—6¢
+ >1;(1
2+a2  2+4b%2  2+c? (1)

Let (p,q,v) = Ca,¥ ab,[[a),r = 1. By expanding (1) we get:

(7-6a)(2+b?)(2+c?)
[1(2+a?)

24p? —12pq — 34p + 5¢* — 549 + 111 >0
or6(p—q)%* + f(q) = 0 where f(q) = 18p* — 34p — q* — 54q + 111
Note that:

Zab2+2a2b=pq—3; Za2b2=q2—2p; Za2=p2—2qas

r=1

> 1 which after same computation reduces to:

f(q) is a decreasing function of q. Assuming a < b < ¢ (WLOG)

Wish p fixed f(q) becomes minimal when a = b(< 1) in which case if is enough that
f(@) = 0.

, o 1 _ 1 2 2
Wlsha—b—x,C—x—z,p—2x+x—2,q—;+x and

1
f@-f)=-—Z@x- 1)%(x® + 2x> — 15x* + 40x3 — 16x> — 36x — 18) =

_ (x-1)2

= pranl o(x), where

o(x) =x* <x2 +2x — 3) +x<40x2 —16x — 24) —12x*-12x-18<0

<0 <0

For 0 < x < 1.Hence g(x) = 0.

With equality for x = a = b = 1,c¢ = 1.Done.
649.1f a, b,c > 0,v/ab + Vbc + Vca = 12 then:
3 3
(a+b+Vab)' (b+c+bo) +(c+a+\/c_a)3 N
(a + b)? (b + ¢)? (c + a)? .

Proposed by Daniel Sitaru-Romania

81

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c > 0,"ab +Vbc + Vca = 12 we give: a = x*,b = y?, ¢ = z*
Hence we have: vab + Vbc +Vca = xy + yz + zx = 12 and
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(az+b+\/ab)3+(b+c+«/ﬁ)3+(c+a+\/a)3 _

(a + b)? (b + c)? (c+a)?

3 (x2+y%2 +xy)? (y*+z%+yz)3 N (z% + x* + zx)3
- (xz + yZ)Z (yz + 22)2 (Zz + x2)2

27
>81= T(xy+yz+zx)
12
Let’s consider:

24924 xy)°
) > sy o (2 + y2 + x9)° = Lay(a? + y2)?
(x2+y2) 4 '

4(x% + y® + (xy)3) + 12(x*y? + x5y + x2y* + x5 + x*y? + x%y*) + 24x3y3
> 27(x5y + xy°) + 24(xy)3
4(x% + %) + 24(x*y? + x%y*) = 26(xy)3 + 15(x°y + xy°)
4[x°(x - y) — ¥ (x — )] + 13[x3y* (x — y) — ¥*y3(x — ¥)]
> 11[x*y(x — y) — xy*(x — ¥)]
4(x — y)?(x* + 23y + x%y% + xy3 + y*) + 13(x — y)?(xy)?
>11(x — y)2(x? + xy + y%)
A4(x* + 3y + 2y P+ xyd +yH) > 11(x2 +axy+y);x £ y
4(x* + yH) + 6(xy)? = 7(x3y + xy?) true.Then
(y* +z* +yz)3 27 (2% + x? +zx)? 27
0P +22 -4 T @i ca
(2 +y2+xy)3 (Y2 +22+yz)3 (2% + x% + zx)3
x2 + y2)2 % + 22)2 + (22 + x2)2

27
> 81 =T(xy+yz+zx)
12

(@a+b+vab) (b+c+vbe) (c+a+vea)
(a + b)? (b + ¢)? (c + a)? -

Solution 2 by Tran Hong-Dong Thap-Vietnam

81

(a+b+\/ﬁ)3+(b+c+\/ﬁ)3+(c+a+\/a)3Ragon
(a + b)?2 (b + ¢)? (c + a)? -

2
>(2a+2b+2c+\/ab+\/ﬁ+\/ca) _ (2a+2b+2c+12)
- (2a + 2b + 2¢)? ~ (2a+2b+20)?%
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_8a+b+c+6)® 2(a+b+c+6)?
"~ 4(a+b+c)2  (a+b+c)?
Let:t =a+ b +c >+ab +Vbc ++ca =12

We need to prove:

2(a+b+c+6)3 2(t+6)3
>8le ———
(a+ b + c)? t?

2t+6)3—81t2 >0 © 2t3 —45t* + 216t +432>0 < (t —12)2(2t+3) >0

Which is true because: t > 12.Proved

650. If a, b = 0 then:

>81o2(t+6)>81t? &

3

2
(a+b)® 8a3b? (Va—+b)"  2ab
= V
8§ tTlatpy3>abvabt 2 Tatb

Proposed by Daniel Sitaru-Romania

Solution 1 by George Florin Serban-Romania

a+b 2ab
X = 2 =Ma;y=a+b=Mh;z=\/E=Mg:>
a+b 2ab\3
3 3<,3 _
x> +y’ >z +<—Z Vab+a+b)

B+y3z23+(x—z+y)3
(x+ O —xy+y*) =
>(z+x—z+y)|z2—z(x—z+y)+ (x—z+7y)?]
x+PE*—xy+y)—(z+x—z+y)[22-z(x—z+yY)+(x—z+y)?] >0
x+W[x2—xy+y* -z +z(x—z+y)+(x—z+y)?]=20,x,y>0=>x+y>0
xX*—xy+y* -z +z(x—z+y)+ (x—z+y)?=(z—x)(y —z) = 0 true by
Mp=y<Mz=z<M,=x
Solution 2 by Ravi Prakash-New Delhi-India

Let%(a + b) = A;Vab = G; 290 _ H then

at+b
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1 2ab a+b 2ab
A+H=E(a+b)+ >2 -

= — >
P 2 a+th 265A+H-26=0

Also, AH = G?>

Now,

(a+b)3 N 8a3b3
8 (a+ b)3

2 3
— abVab - (WE b, ;f;)

=A+H-G*-(A+H-G)3 =
=A3+H -G -[(A+H)?-3A+H)*G+3(A4+H)G*-G3] =
=A*+ H? - G* -
—[A% + H?® — G® + 34%H + 3AG* — -3(A+ H)’G + 3(A+ H)G?] =
=3(A+ H)?G-3(A+H)G*—-3AH(A+ H) =
=3A+H)GA+H-G-G] =0

3
(a+b)® 8a3h? ((J& —Vb) , 2ab )

> abvab
8 +(a+b)3_a ab+ 2 a+b

Solution 3 by Daoudi Abdessattar-Sbiba-Tunisia

®
b 2ab b
Let:u=%=ﬁandv=%=\/ab:>0<u <wv<1land

1+uz22v=>0<u<sv<l—-v+u

> abV
abvab + 2 PO

3
(@+b)®  8a’b? (Va-vb)" 2ab
8 ' (atby- *

o1+ v+ -v+uwiel+ud v -1 -v+u)3=>0
esB¥-A-v+uw)d-@w-u3) >0 3a€e[uv]and
0e[l—-v+u 1] > a<0;(2)suchthat:

D+(2)
LHS =3(v—u)(6* + a®) = 0.Proved.
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651.Ifa,b,c >0,a+b+c=6,0<u<4then:
a? N b? c? 12
uw+a?  u+ b? u+c2 u+4

Proposed by Marin Chirciu-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

ForO0<pu<4; Y.p— —; (1)

u+a2 - chcu+a2 4+u
We show that ( 1) is true.
62 =(a+b+c)>>3(ab+bc+ca)=ab+bc+ca<12 = Ja > ¢ > 0 such that

ab + ba + aa = 12.

1
——.50, we need to prove:

Fromaz=zc=>—2=
u+c ut+a

1 1 1 3
u+a?  p+b?  ptaZ T 4+p

;(2)
In fact, without loss of generality, assume that: a = min{a, b, a} =
(a—b)(a—a)>0>a*+ba>ab+aa+ba=12

Other,azza-asb-a:lzSBba:wlea.

From the CBS inequality: (ab + ba + aa) ( + —+ ) >9 12 (ﬁ + i + —) >9

Sa+b+a> Zaba; (*).Now,

1 N 1 2 ba — b? N ba — a? B
u+b? pu+ar ba+pu (B2+p)(ba+p) (a?+p)(ba+p)
b(a — b) a(a —b) _ (a—b)(ba® + bu— ab® —ap)

T Wrmwbatp) (@+pwbatp (@ +p)b%+ p)(ba+ p

__ @-b@b-p @

~ (a? + w(b? + w)(ba + p) =

1 2 3 (4+y)(ba+u)+2(a + w4+ p) — 3@+ p(ba + 1)
a2+u ba+u 4+pu 4+ w(a? + pw)(ba + p)

0; (because(a — b)?> > 0,ab > 4 > p)

_ (4ba +4p + bap + p?) + 2(4a® + a’p + 4p + p?) — 3(baa® + pa® + bap + p?)
4+ (a? + p)(ba + p)
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_ 4ba +12p + 8a® — 2bap — 3baa® — pa®

(4 + p)(a? + p)(ba + p)

12-2ba—-a?<0
_ pu(12 - 2ba — a?) + (4ba + 8a® — 3baa?) OSEsf

(4 + w(a? + ) (ba + p) -
_ 4(12 - 2ba — a?) + (4ba + 8a® — baa?) ab+bc+ca=12
4+ pw(a? + p)(ba + p)

4a(a+b+a—%aba) @
= > . "
(4 +w(a? + p)(ba+p) ~ 0; (from(»)

From (3),(4) result (2) is true then (1) is true.Proved.

652.Ifa,b,c > 0,a+ b+ c = 3,u2;then:

2 a? - 3
. =
£42(2p— Db+ 41 +b%) 4K
Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam
For x,y > 0 we have 4(x® + y%) < (3x* —4xy + 3y?)3 &
23x% — 108x5y + 225x*y? — 280x3y3 + 225x%y* — 108xy° + 23y° > 0 &
(x — y)*(23x% — 16xy + 23y?%) > 0 which result from (x — y)* > 0 equality for x = y
and 23x? — 16xy + 23y? > 0 true from A= 16% — 4 - 23%2 < 0.
Forx =a,y = 1weget4(a®+ 1) < (3a® — 4a + 3)3 then
V46 +1) <3a>—4a+3
Equality for a = 1.
Similarly: 4(b® + 1) < (3b> —4b +3)3and 4(c® + 1) < (3c* —4c+3)3 >

aZ 2

a
22p—1b+4(1+b) £23b°—4b+3+ (4p-2)b

cyc

2 (aZ)Z Bergstrom

a
B Z 3b2+ (4u—6)b+3 Lu3a?b? + (4u — 6)a’b + 3a?
cyc cyc
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- (a® + b? + c?)? (>) 3
~ 3(a?b? + b%c? + c?a? + a? + b%? + c?) + (4u — 6)(ba? + cb? + ac?) ~ 4u

(x) © 4u (z a* + ZZazbz) >

>3 <3 z a’b? + 32 a’ + (4u — 6)(ba? + cb? + ac2)>

4[12 a* + 8[12 a’b? > 92 a’b? + 92(12 + 3(4u — 6)(ba? + cb? + ac?)
4[12 a* + (8u — 9)2 a’b?* > 32 a’ + 3(4u — 6)(ba?® + cb? + ac?)

(4p — 6)2 a* + (8u — 12)2&21;2 + [42 at + 32 azbz]

> 32 a’ + 3(4u — 6)(ba? + cb? + ac?)

(4p—6) <Z a*+2 Z a’b? — 3(ba? + cb? + ac2)>

+3(22a4+2a2b2—32a2) o

Witha+b+c=3,u2§=>4u—620wehave:
Za4+22a2b2 — 3(ba? + cb? + ac?) =
=Za4+22a2b2—(a+b+c)(ba2+cb2+acz) =Za4+22a2b2—
—[z a’b? + abc(a+ b + ¢) + (ba® + cb3 +ac3)] =

= z a* + z a’b? — [abc(a+ b + ¢) + (ba® + cb3® + ac3)] =

€Y
= [Z a* — (ba® + cb?® + ac3)] + [Z a’b? —abc(a + b + c)] >0

We have (1) is true, because:

AM-GM
a*+a*+a*+b* = 43(a3b)*=4ba?

AM—-GM
b*+b*+b*+c* > 4y (b3c)* = 4ch?

aM-GM
ct+ct+ct+at = 4Y(Ba)t = 4ac?
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2
= 4(a* + b* + ¢*) = 4(ba3 + cb® + ac?®) = z a*— (ba® +cb3®+ac3) >0

AM—-GM 3
a’b? + b*c* + c*a®> > abcla+b+c)> z a’b? —abc(a+b+c) =0

From (1),(2)=(1) is true.

BZazzfsw-ZaZ BgZaz-Za2=(Za2)z (;)2 a*+ ) a’b?
3
(4) @Za" > ZaZb2 (true by x* + y* + z*> > xy + yz + zx)
22a4+2a2b2 > SZaz =
3(22a4+2a2b2 —BZaZ) 2o
From (4),(5) and 4u — 6 = 0 = (*x)true = (x)true.
653.1fx,y,z>0,xy+yz+zx=3,u > gthen:
pu(x? +y* +z%) + x?y*z* >3u + 1
Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

x,y,z>0,xy+yz+zx=3@%-%+%-%+%-%=1=>(EI)AABCsuchthat:
X Ay B z Cc A B Cc
—==tanz; == tan—;—==tan- = x = V3tan;y = V3tan;z = V3tan
73 anz\/§ anz\/§ an = x \/—anzy \/—anzz \/—anZ

Hence, p(x* +y* +2%) + x*y'22 2 3p+ 1, p 2 32

2
A A
3[12 tan25+ 27 (H tan5> >3u+l1e

cyc cyc

(4R + 1)? — 257 2
u- +27(;) >3u+le

SZ
3u[(4R +1)? —25?]+27r* > Bu+ 1)s* &

©)
3u(4R +1)* +27r* > (9u + 1)s?

But: s> < 2R%* + 10Rr — r? + 2(R — 2r)VR? — 2Rr

60 RMM-CYCLIC INEQUALITIES MARATHON 601-700




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Let: t = g > 2, we must show that:
3u(4t+1)2+27>0u+1) [(Zt2 +10t—1) + (2t — 4)\/¢2 — Zt] o

3u(at +1)2+27 - Ou+ 1D +10t—1) > 9u+ D2t — /2 -2t &
3u(16t2 + 8t + 1) + 27 — (9u + D22 + 10t — 1) > (9u + 1) (2t — 42 — 2t &
2(t—2)[(15u— Dt —3u—7]2209u+ Dt -2z -2t &
(t—2)[(15u— Dt —3u—7] = (9u + 1)(t — 2)V/e% — 2¢
Because:t =2=>t—2=>0
We need to prove:
(15u—1Dt—-3u—7>OQu+1D(t-2)/t2 -2t &
[(15pu — 1)t —3u—7]*> = 9u + 1)%(t* — 2t)

13
t>2 k237

A5u—-Dt-3u—-7 =2 (5u—1)-2-3u—-7=27u—-9 = 13-9=4>0¢&

(+)
(144p2 — 48p)t% + (72u% — 168u + 16)t +9u% +49 > 0 &

(+*)

(144p? — 48u)t* + 8(9u? —21u +2)t +9u> +49 > 0

Which is clearly true, because:

) 16384 13
A= —-649u—4)u+ 1) < — 7 <0; (foru > E)

Hz5=
a=144u*> —48u =48m(3u—1) > 0= (xx)true = (x)true.

654.1fa,b,c > 0;a + b + ¢ = 1 then prove:

9 a? b? c? 1

< <
136_a3+5+b3+5+c3+5_6

Proposed by Jalil Hajimir-Toronto-Canada
Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

1) Prove that the inequality:
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a? b? c? 9

&5 B+s Frs-136 D
Put: f(x) = ;x€(0,1); f'(x) = x(10 ’; ) > 0 since {x((xl30+_5?§z)>>00; (x € (0, 1)) =

f —mcreasing.

Case 1. One of three number a, b, c isn’t less than ’ E (7 — 3V5). WLOG a >

’ E (7 — 3V5) and since f —increasing result:
fla) = f( /—(7 3\/—)> 136

On the other hand, we have f(b) > 0; f(c) > 0 = f(a) + f(b) + f(c) > 1% which

a? N b? N c? - 9
a3+5 b3+5 c32+5 136

Case 2. Both three number a, b, c less than ’ E (7 - 3\/3) , which we have

a< 3’;(7—3@);17 < 3’;(7—3\/3);c< 3/;(7—3\/5)

We have:

2(x® —35x3 +25) 2 <x3 - %(7 - 3\/§)> <x3 —%(7 + 3\/§)>

(x3 + 5)3 B (x3 + 5)3

5
3, 3_Z(7-3V5)<0
Vxe(O, ;(7—3@)) since * é( )
x3—§(7+3\/§)<0

So f —convex, by Jensen Inequality, we have:

>0

ffx) =

f@)+fb)+f(e) = f (%b“) =3/ (%)

a? N b? N c? - 9
a3+5 b3+5 c32+5 136
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The inequality occurs whena = b = ¢ = %
2) Prove the inequality:
a? N b? N c? <1 @)
ai+5 b3+5 34+576’
By AM-GM inequality, we have:

B34+5=x+14+1+3>3x+3;Vx>0
On the other hand, we have: (x —1)(2x+1) <0=>2x*—-x—-1<0=>x+1>
2x%;vx < 1

x2

x3+5

S0, x3+5>6x% & <§;Vxe(0,1)=>

a? N b? N c? <a+b+c:> a? N b? N c? <1
a3+5 b3+5 c3+5 6 a3+5 b3+5 c3+576
From (1),(2) we have the thing to prove.
655. If x,y,z > 0 then:

1 1 1 3 3

\/(x+y)(y+z)-I_\/(y+z)(z+x)-l_\/(z+x)(x+y)_2 Xy +yz+zx

Proposed by Daniel Sitaru-Romania

Solution 1 by Khanh Hung Vu-Ho Chi Minh-Vietnam
1 1 1 BCS
+ + <
Ja+yo+2) JO+2)@z+x) JE+0@E+y)

< I3 1 1 1
- <(x+y)(y+z) + y+2)(z+x) + (z+x)(x+y))

(D

1 . 1 N 1 - 6(x+y+2z) _
Ja+yo+2 Jo+2@E+x) Jerox+y) JEFnNO+2E+x)’

On the other hand, we have:
Ix+y)y+2)(z+x)=9x+y+2z)(xy+yz+zx) — 9xyz
And by Cauchy inequality, we have:

9xyz = 3%[xyz - 33/x2y222 < (x + y + 2)(xy + yz + zx)
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So

Ix+y)y+2)(z+x)=29(x+y+2z2)(xy+yz+zx)— (x+y+2z)(xy+yz+ zx)
Or we have:
Ix+y)y+2)(z+x) 28(x+y+2)(xy+yz+zx) >

6(x+y+2z) 27
x+y)y+2)(z+x) " 4(xy+yz+zx) <

6(x+y+2z) <3 3 o
IO +DE+D 2 gty P

From (11),(2) we have the thing to prove:

1 1 1 3 3
JE+y)(y+2) +\/(y+z)(z+x) +\/(z+x)(x+y) wa}xy+yz+zx

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
1 1 1
+ + =
Ja+yo+2) Jo+2E+x) JEZ+o0E+y)

vz +x N JxX+y N Jy+z

= <
VaE+NO+2z+x) JE+@+2)(Ez+x) JE+0E+y)(+2)

<3 3
T2 |xy+yz+zx

x+y)(y+2)(z+x)
Xy +yz+ zx

3V3
Iff /Jx+y+ /y+z+Vz+x< > \/

Jms3f-j("+y’(y+z)(z+x)

xy+yz+zx

27
6(x+y+z)(xy+yz+zx) < T(x +y)(y+2)(z+x)
8(x+y+2)(xy+yz+2zx) <9(x+y)(y+2)(z+x)
8(x%y + y*z + z%x + x*z + z*y + y*x + 3xyz) <
< 9(x%y + y?z + z°x + x*z + 2%y + y*x + 2xyz)
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Solution 3 by Daoudi Abdessatar-Sbiba-Tunisia

1 3 3
< .
x‘y’z>oz>z\/(x+y)(x+z)_ijy+yz+zx'(l)

Letp=Yx,q=Yxy=p?>3q (1)

3\/— 3_9
OESY =) ~s<o
x2+q x2+q 4 4

3AM GMl 21 1 x2 @9

o2 12 <=

Z x2+q 4 x2+q 8 8 2 x2+q 7 4

WY
@ —_
x2+q 4

True from:

x2 CBS 2 @ 2 3
E: 2 = zp = F z2- 21
x“+q p-+q p2+p— 4

656.If a,b > 0 then:

(zm a+b><ja2+b2+J 2ab )(,/2(a2+b2)+ a+b )s(g+g)3

+
a+b 2\ab 2ab a? + b2 a+b /Z(az + b?)

Proposed by Daniel Sitaru-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

2ab
and of course: Q>A>G>H

aZ + b2 a+b
A= ,G=+Va H—

Let Q = 2 , 2
2\/ab+a+b+2 G+A+2< +b+2 (A+G)2<(a+b)2_4A2
a+b 2vab A G b AG ~— ab = G2

€Y
& 4A3% S G(A + G)?
“A>G:~2A>A+G = 4A% > (A + G)? and combined with A > G,we get : 4A3

>G(A+ G)2 = (1) istrue
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2V a + b r‘H a b

'a+b 2+/ab =p
Aoai a2+b2+ 2ab +2_Q+G+2<a+b+2®(Q+G)2<(a+b)2
gam 1 "ab aZ2+b2 "G Q “b a QG —  ab
@)
4A* .
—F@4A2Q2G(Q+G)2
/a2+b2 /a2+b2
at+b> > +Vvabe a+b-+Vvab> 5 & (a+b)? +ab—2vVab(a+b)
a? + b?
>
2

& a% +b%+ 6ab —4vab(a+b) >0 < (a+b)2—4Vab(a+b)+4ab>0
2
& (a+b—2Vab) >0 - true

aZ + b2

~a+b> ++Vab = 2A > Q + G > 4A% > (Q + G)? and combined with Q

> G,we get : 4A’Q > G(Q + G)? = (2) is true

_ a2+b2+ 2ab (;)a+b

" | 2ab a2+b2~" b a

V2(a? +b2) a+b Q+A Q*+A%? a
at+b m A Q AQ b

22 62 Q@ -AtPgz-_aAQ
o5 — > — >
QP +AZ-AQ Q2 +AZ-  AQ

Also,

IA

+

b a?+b? 2Q?
a ab G2

Bt S P ilintia JOPYINL ki
T +ArT oY AQ T Q*+A2 "~
GZ—-A
> = (3) is true

ZAQ

_\/2(a2+b2)+ a+b (:2 a
atb [2(a2 +b2) ~ b

)

b
+ —
a
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2+/ab a+b><\/a2+b2+\] 2ab ><\/2(a2+b2)

a+b+z\/ab 2ab aZ + b2 a+b

(D). (i). (iii) = <

a+b <<a+b)3p d
={p*3 (Proved)

i V2(a% + b?)

Solution 2 by Abdallah El Farissi-Algerie
)
a+b

2ab ’

2Vab

Let A = ;B =
a+b

Wehave:lSAS%;lSBS%;lsL‘g%
Let f(x) = x + % f —is positive and increasing function in [1, ©), it follows that

FOFBFC < f(3) =
<zm a+b><ja2+b2+j 2ab ><m+ a+b )<<a ,,>3

a+b+z\/ab 2ab a? + b? a+b [2(aZ + b?) E+E

657.

Va,b,c > 0,'3/8192(a% + b5)2(b5 + c5)2(c5 + a5)2 < a2 + b? + ¢2
Proposed by Jalil Hajimir-Toronto-Canada
Solution by Soumava Chakraborty-Kolkata-India

2(a®? —ab +b?»)?2 - (a*+b*) —(a—b)* =0 = 2(a® —ab + b?)? — (a* + b*)
®
=(a—b)*>0>2(a?—-ab+b??>a*+b*
®H
= 2(a? —ab +b?)?2>a* +b*

by (0)
Now,a’ + b’ = (a + b) (a4 +b* — ab(a? — ab + bz)) 2 (a

+b) (2(a? — ab + b?)? — ab(a® — ab + b?))

= (a+ b)(a? — ab + b?)(2a? — 3ab + 2b?) = (a5 + b5)”
< (a+ b)?(a®? — ab + b?)2(2a% — 3ab + 2b?)? and analogs
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= Y (@5 +b5)2(b5 + c5)2(c5 +a5)2 <

1i/(a + b)%(a? — ab + b%)2(2a2 — 3ab + 2b2)2(b + ¢)2(b2 — bc + ¢2)%(2b2 — 3bc + 2¢2)2(c + a)2(c2 — ca + a2)2(2c% — 3ca + 2a2)?
weighted
AMéGMZ(a+b)2+2(a2—ab+b2 +2a% — 3ab + 2b% + b2 — bc + ¢ + 2b% — 3bc + 2¢? + c? — ca + a% + 2¢? — 3ca + 2a?)

15

_ 14a” + 14b” + 14¢” — 6ab — 6bc — 6¢ca

15
) 2
— 14> a“—6) ab
» V(@ +b%)2(b5 + c5)2(c5 +a5)2 < Z 15 2 and - '3/8192
)
="/21321
by (1) and (2) ) )
Y14y a2 -6 ab .,
~ '3/8192(a% + b%)2(b5 + ¢5)2(c5 + a5)2 < 2 15 2 <Z aZ

?
@14Za2—62abQ15Za2

s z a’ + 62 abS 0 - true -~ '3/8192(a% + b5)2(b5 + ¢5)2(c’ + a5)2

< a% + b? + ¢ (Proved)

658.1fx,y,z > 0,x3 + y3 + z3 = 24 then:
(x°y + ¥°z + z°x) (x*y + y*z + z°x) = 576xyz
Proposed by Daniel Sitaru-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam
We have: 576 = 24% = (x3 + y3 + z3)?
Inequality becomes as:

(x°y + y°z + 25x) (x2y + y2z + z%x) = (23 + y3 + 23)% - xyz; (1)

6 6 6 Bergstrom 3 3 3\2 3 3 3\2 .

x5y+y5z+z5x:x—+y—+z— 9_ x° +y° +2z°) :(x +y° +2z°)" - xyz
Xy Z X, Y,z x?z 4+ y*x + 2%y
y z x y z x

WLOG, suppose: x >y > z. We need to prove:
Xy+y?*z+z22x>x*z+y*x+ 2’y o (x—y)(y—-2)(x—2) >0

truebyx>y>z=>x—-y=>20x—-2>20y—z>0= (1)istrue.
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Proved.

Solution 2 by Khaled Abd Imouti-Damascus-Syria

(x5y + ¥5z + 2°%) (x%y + y*z + 22x) = 576xyz &

(x5y +y°z + 25x)(Py + Y2z + 22x) = (3 + y3 + 23)% - xyz &
5 5 5e) (X472 £)> 3 34 ,3)2
(x°y+y°z+z x)<z+x+y > (23 + y3 + 23)

By using BCS Inequality, we have:

y Yy z x

( (f f@z ([) 2y D) (E4240)

Sx+y +28)2<(xPy+y°z+z x)( +X+i)

WLOG,supposexSySzthen:—+—+—S—+X+§.So,
3y2 4 Y. 2
@WB+y +2)2<(PPy+y°z+z x) o +y

659.If a, b, c > 1 then prove:

a? b? c*
+ + .

(b+c)< += +log(bc)> (c+a)( += +log(ca)) (a+b)( +b+log(ab)) 4

w

Proposed by Pavlos Trifon-Greece

Solution by proposer

Let be the function: f:[1,0) - R, f(x) = % +logx, f'® >0=f 7 [1,0)

Applying Chebyshev’s Inequality for (a, b); (% + loga,% + logb) we get:

1 1 1
(a+b)< +loga+b+logb><2< ( +loga)+b(z+logb)>=

=2(2 +loga® + logh®) <2(2+a*—1+b"—1) =2(a" + b)) =
c¢ 1 c¢

> _.
= b
(a+b)( +Il)+log(ab)) 2 a®+b

Equality holds when a = b = 1. Similarly:
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a? 1 a?
> .
)“2 bb + ¢

(b+c) <% + % + log(bc)

bb
ct+a?®

bb

»1,
(c+a) (%+‘—1l+log(ca)) 2

So, we get:

a® 1 c¢ b? a® Nesbitt 1 3
- + + > o=
a®+ bt cc+a* pb 4 cc 2 2

1. 1 2
cyc (b + ¢) pTet log(bc)
Equality holds whena =b =c=1
660.If a,b > 0 then:

3la3 + b3 4|a* + b* 5 a5+b5<a5+b5
2 2 2 ~ a? + b?

Proposed by Daniel Sitaru-Romania

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b > 0 we have:

1 1 1
3la3 + b3 +la*+b* 5|a®+b% [(a®+b3\3 (a*+Db*\* [a®+b>\S
2 . Z . Z _< 2 ) .< Z > .< Z >
20 15 12
ad + b3\60 (a* 4+ b*\60 (a5 + pS\60 q° + b®
2 2 2 a? + b?
(az+b2)6°-(a3+b3)2°-(a4+b4)15-(a5+b5)12 =2Y . (@® + b%)* &

(aZ + b2)60 . (aS + bS)ZO . (a4 + b4)15 < 24-7 . (a5 + b5)48 P

+ b?)(a® + b%)
2

) 20
(@% + b5 - (a3 + b3)20 - (q* + bH)15 < 247 l(a l (a5 + b%)?® o

(aZ + b2)40 . (a4 + b4)15 < 227 . (a5 + b5)28 P
(@ + b1 - (a* + bH)15 < 227 (a5 n b5)28 PN

(22(a* + bH2)10 - (a* + p*)15 < 227. (a5 n b5)28 PN
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28

(a*+bH5<2-(a®+ b5)4 &
2-(a®+ b5)4 <2-(a+ b5)4 (true).

Solution 2 Pavlos Trifon-Greece

Let A, = "/an;bn = A3 < A4 < As;(power means).
a’® + b>

—_— s

a? + b?

A3<a5+b5 5a5+b5<3a5+b5
o &
>~ a? + b2 2 7 | a?+b?

A3'A4'A5 S

5

a®+b%\° [a’+b° b=1
( 2 ) < (m) (=4 (az + bZ)S < 8(a5 + bs)z ?:>

1\° 1,2
2, = 5, 4 5 10 2
(a +a2) S8(a +a5> S @+1)<8@’+1) o
(a*+1)°<(1+1DA+1DA+1D(a' +1)(a'® + 1)(Holder).
661.If x,y,z > 0 then:

1 1 1 xy+yz+zx 9
5+ 5+ >+ > —
(x+1) y+1) (z+1) 8 8

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
Solution 1 by Tran Hong-Dong Thap-Vietnam

For x,y > 0 we have:

(\/(xy)2+12)< (;)2+12>B§S<Jx_-\/§+1-1> =x+1*e

1
2 = X
(x+1)% 7 (xy +1) (§+1)

(xy+1)(§+1)2(x+1)2<:) o

1 - y
x+1)2 " A+xy)x+y)
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Similarly:
1 > X - 1 4 1 > x+y _ 1 ()
+1? " A+x)x+y) +1)2 +D2" A+xy)(x+y) 1+xy
Similarly:
1 1 1
(y+1)2+(z+1)2 = 1+yz; 2)
1 1 1
3)

(x+1)2+(z+1)221+zx;

From (1),(2),(3) we have:

2( ! + ! + ! )2 ! + ! + 1 =
(x+1)2 (y+1)?2 (z+1)2 1+xy 1+yz 1+2zx
1 1 1 1 1 1 1

(x+1)2+(y+1)2+(z+1)22§<1+xy+1+yz+1+zx>

On the other hand, we have:

1 1 1 Bergstrom (1414 1)2 9
+ + > =
1+xy 1+yz 1+2zx 3+xy+yz+zx 3+xy+yz+zx
Therefore,
1 1 1 Xy +yz+zx
+ + + =
x+1)2 (y+1)?2 (z+1)? 8
9
> +xy+yz+zx=
23+ xy+yz+ zx) 8
_ 9 xy+yz+zx+3 3AM;GM
- 2(3+xy+yz+zx) 8 8 -
AM-GM 9 xy+yz+zx+3 3_2 9 3 9
- 23 +xy + yz + zx) 8 8 “J16 8 8

Solution 2 by Abdul Aziz-Semarang-Indonesia

- 1 4 1 - 1
x+1)2 (y+1)?2 1+xy

(xy—1D?*+xy(x—y)?=>0

Similarly:
1 N 1 - 1
y+1)?2 (z+1)2  1+yz
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1 1 1

(x+ 1)2 (z+ 1)2 1+ zx
Applying AM-GM inequality, we get:

1 1 1 1+xy 1 1+ xy AM-6M 1
—( + ) = + > =
2\(x+1)2  (y+1)? 8 2(1 +xy) 8 2
1 1 1 1+yz 1 1+yzAam-6m 1
=] + ) > + >
2\(y+1)2 (z+1)2 8 2(1+yz) 8 2
1( 1 N 1 >+1+zx> 1 +1+zxAM;GM1
2\(z+1)2 (x+1)2 8 T 2(1+2zx) 8 -2

Adding up three inequalities, we get:
1 4 1 4 1 4 Xy +yz+zx
(x+1)?2 (y+1?2 (z+1)? 8
1 1 1 Xy +yz+zx
+ +
x+1)? (y+1)?2 (z+1)? 8
Equality holds whenx =y =z = 1.

662.1f x,y,z > 0,xy + yz + zx = 3 then:
13(x? + y* + z%) + 27x%*y*z* > 66
Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

>0,xy+ + 3<:>x y_l_y z+zx 1>
X, ¥,z Xy +yz+zx = S T A T -
V3 V3 3 V3 V3 B
X A,y _ B .z _ c
AAABC such that: 5= tan_; &= tan_; A tan: =

A B c
X = \/§tan2;y = \/§tan5;z = \/§tan5
Hence,

13(x? + y? + z%) + 27x*y*z> > 66 ©

2
A A
13-32tan2§+27-27-<ntan§> > 66 &

cyc cyc
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2

A A
132tan25+27-9- ntani >22 &

cyc cyc

(4R + 1)% — 257
13- a
s

But: s* < 2R* + 10Rr —r? + 2(R — 2r)VR? — 2Rr

Let: t = g > 2, we must show that:

2

r (*)
+27-9 (;) > 22  13(4R +1)? + 24312 > 48s?

13(4t + 1)% + 243 > 48 [(th + 10t — 1) + (2t — 4)/t? — Zt] <

13(16£2 + 8t + 1) + 243 — (962 + 480t — 48) > 48(2t — 4)/t2 — 2t &
112¢% — 376t + 304 > 48 - 2(t — 2)J/ 1?2t ©
(t—2)(14t — 9) = 12(t — 2)\/t? — 2t
Because:t > 2 = t — 2 > 0. We need to prove:
14t — 9 > 12/t2 - 2t © (14t - 9)* > 122(t* - 9) &
52t? + 36t + 81 > 0 true for t > 2 = () is true.Proved.
663.1fx,y,z > 0,x3 + y3 + z3 = 24 then:
(x°y + ¥°z + z°x) (x*y + y*z + z°x) = 576xyz
Proposed by Daniel Sitaru-Romania
Solution by Tran Hong-Dong Thap-Vietnam
We have: 576 = 24% = (x3 + y3 + z3)?
Inequality becomes:

(x5y + y°z + 25x) (x%y + y?z + z%x) = (23 + y3 + 2%)2xyz; (1)

6 6 6 32 32 32
x° y° z°  (x)"  (y°)" | (2°)° Bergstrom
x5y+y5z+25x=?+y+?= x y Z =
y z «x y z x
- P +y*+2°)2 (2 +y+2°)%xyx
- X, Y.Z o x2z+xy?+yz?
y z «x

WLOG, suppose: x >y > z. We need to prove:
X2y + y*z + 2°x > x*z + xy* + yz* &
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x—y)(x—2z)(y—2z)=20truebyx>2y>z=>x-y=>20x-2z>20y—-2z>0

= (1) is true. Proved.

664. If x,y,z > 0 prove that:

x+y)(y+2z)(z+x) 1/ x y Z
—+—( + + )
8xyz 2 3\y+z z+x x+Yy

Proposed by Alex Szoros-Romania

Solution 1 by Marian Dinca-Romania

x+y)y+2)(z+x) (x+y+2)(xy+yz+2zx)—xyz
8xyz B 8xyz B

V4

1/ x y z 1 X y z
—( + + )=—< +1)+(—+1)+<—+1)—3]=
3\y+z z+x x+Yy 3l\y+z zZ+x x+y

1 1
+ + )—1
xX+y y+z z+x

_1( . )(1+1+1) 1
g TYTOy y 8

_1
—§@+y+@(

So, we have:
1 11 1, 1_1 1 1 1
§<x+y”><;+;+;)‘§25 gty >(x+y+y+z+z+x)‘1‘:’
1 11 1, 3_1 1 1 1
§<x+y+z>(;+;+;) g=zxtyt ><x+y+y+z+z+x)‘:’
1 1 1 1 1 1
(x+y+z)<x+y+z) +3=>= (x+y+z)<x+y+y+z+z+x)@
1 1 1 8/ 1 1 1
—+—+—+—z—( bt ); €Y
x 'y z x+y+z 3\x+y y+z z+x

And use the well-known inequality:

ro0+ 100+ 1@ +£ (2 3) 2 5 (1 (552 +r (35 41 (550))s

for any convex function.

Let f(t) = % t > 0, following inequality (1)

Consequence of Tiberiu Popoviciu’s inequality
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£OO) +£O0) + £ + 37 (B22) 2 2 (£ (52) + £ (55) + £ (22))
andfCO+f +f@ = f () +F(5D) +F(5)
Then f(x) + f(¥) + f(2) + 3f (“2) + 2(f () + f ) + f(2)) =
> 4 (f (2)+r(E5)+f (”")) and obtain (+).

Solution 2 by Tran Hong-Dong Thap-Vietnam

b+ca>0y_a+cb>0 _a+bc>0:>

Leta=x+y;b=x+z,c=x+y=>x=

b+c>aa+c—b>0;a+b>c=3IAABC such that AB = c; BC = a;CA = a.

Inequality becomes as:

abc >1+1<b+c—a+a+c—b+a+b—c>
Z 4= =
8(b+c—a)(a+c—b)(a+b—C)_2 3 2a 2b 2c
2 2 2
4Rrs 1 1<s—a s—b S—C)
> —+4 =
8sr2 — 2 3\ a b c
R >1_|_1 sZ—BRr+r2_ .Zs—a_sz—BRr+r2
2r— 2 3 4Rr "\ a 4Rr

cyc
6R? > 6Rr + s> — 8Rr + 12 © 6R> + 2Rr — % > 5%; (1)
But: s* < 4R? + 4Rr + 3r% (Gerretsen)
We need to prove:
4R> + 4Rr +3r> <6R*>+2Rr —r* © R*—Rr-2r’ >0 &
(R—2r)(R+r1r)=0truebyR > 2r (Euler) = (1) true. Proved.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

For x,y,z > 0, we have:

(x+y)(y+z)(z+x) 1 1( X N y z )@

=+ +
8xyz 2 3\y+z z+x x+Yy

y Z y X y z
3( += + + + +—= +2)>12+8( + + )(:)
y z y y+z z+x x+Yy
z X z
3( +y+ + +—- +y)>6+8( + Y + )@
y z 'y y+z z+x x+Yy
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X'y z x z Yy X X y y z z

3(§+_+_+_+§+_>26+8<E+4_++_+ +—+ )

—t—+—| &
zZ x z X z 4x 4z 4x 4y
x zZ x z

3(—+X+—+—+—+X)26+2< + - ++y+y+ + )

y z X zZ Yy X y X y

x z x
_+y_|_ + = .|_y+ > 6,Vx,y,z > 0 (true).
y x x z y

665.If a, b, c > 0 such that abc = 1 and n > 0 then prove:

1 N 1 N 1 - 4 ( 1 N 1 N 1 )
nat+a nb2+b nci+c n+1\a?2+b%2+2 b2+4+c2+2 c2+4+a2+2

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

Because: a,b,c > 0,abc = 1 we have:
2

1
Z 1 Z (E) X (bo)? Bergstrom _ (ab + be + ca)?

na?+a 1 Lin+bc ~ 3n+(ab+ bc+ca)
cyc cycn+a cyc

; (1)

a’+b*+2=(a*+1)+b*+1) > 2a+2b=2(a+b);(and analogs) =

z 1 <1 1 Bergitrom11 (1+1)_1<1+1+1>_
a’?+b2+2 " 2Lia+b ~ 2 4 a b/ 4\a b B

cyc cyc cyc
_ 1 ab+bc+caab£=1 ab + bc + ca

4 abc

=

4
Z <ab+bc+ca
n+1Zua?2+b2+2"~ n+1

cyc

;(2)
AM-GM
Lett =ab+bc+ca > 33/(abc)?=3.
From (1),(2) we need to prove:
£2

>
3n+t n+1
nt(t—3) > 0truebyt > 3,n = 0. Proved.

em+Dt!>3nt+t? ent?>3nte

666.If a,b,c,d > 0 such that abcd = 16 and n € N then prove that:

a2n+1 + b2n+1 + c2n+1 + d2n+1
Zn
Proposed by Marin Chirciu-Romania

avb+c+b"Ve+d+cVd+a+dVa+b <

Solution by Tran Hong-Dong Thap-Vietnam
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BCS
aVbtc+bVerd+cVdra+dVa+th < jZ(an)Z -Z(a+ b) =

cyc cyc
= \/ZZ a’n - 2 a

cyc cyc

1 2n
a2n+1 + b2n+1 + C2n+1 + d2n+1 chc(aZn . a) Cheb};hevrs Z . chca . chca
n - 2n = 2n
a2n+1 + b2n+1 + c2n+1 + d2n+1 Chebyshev's chc aZn . chca
2n - 2n+2

AM-GM

Lett =\/2 Yeye @™ Yeped 2 \/2-4-4w/(abcd)2"-44\/abc =

=\/2-4“ 162" - 4316 =+/2-4-22n-4-2 =2 - 42" = 2043

t2
2.2n+2

We need to prove: t < ot?-2"3t>0o t(t—2"3) > 0trueby t > 2™*3,

667.I1f a,b,c > 0 such that abc = 8 and n € N then prove:

a2n+1 + b2n+1 + C2n+1
2n

Proposed by Marin Chirciu-Romania

a*vb+c+b"Vc+a+c"Va+b <

Solution 1 by Tran Hong-Dong Thap-Vietnam

Forn € N,a, b,c > 0 we have:

aVb T c+beTa+cWath < @)+ (bE + ()2 J2(@a+b+¢) =

=2(a+ b + c)(a®" + b?" + c2m); (1)

a2n+1 + b2n+1 + C2n+1 aZn -a+ bzn -b + CZn -c Chebyshev's
2n B 2n =

- %(azn +b* + ) (a+b+c) (@ + b+ c*)(a+b+c)

- 2n 3-2m (2)

AM-GM s Z »
Lett =+/2(a+ b+ c)(a?" + b2n + ¢2n) > 2 -33Vabc- 33/ (abc)?" =3 - 2"
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From (1),(2) we need to prove:

t2

2.3.21m 4 tz 2 2 - 3 : Znt [—3 t(t —_ 3 . 2n+1) 2 Otrue fort 2 3 . 2n+1.

t<

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c > 0,abc = 8,n € N we have:

aVb+c+b™c+a+c™Wa+b=a2(b+c)+/b(c+a)+c(a+b) <

< /3(a2*(b + c) + b2*(c + a) + c?*(a + b)) < /6(a?*1 + p2n+1 4 c2nil) <
2n+1 2n+1 2n+1
< a +b2n +c ) Iff
(a2n+1 + b2n+1 + c2n+1)2
22n

(a+ b+ )1
3Zn+D-1

6(a2n+1 + b2n+1 + c2n+1) <

6 - 22n < a2n+1 + b2n+1 + C2n+1 o6 - ZZn <

6-2"-3"< (a+b+ )1 o 2"1. 31 < (g + b + ¢)?*™*! true from

abc=8=>a+b+c=>6.

668.1f a,b,c > 0,a* + b? + ¢* = 3, u > 1 then:

1 N 1 N 1 - 27
u+a? pu+b? pu+c?” 1+wpw(a+b+c)?

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

For pu > 1 we have:

1 N 1 N 1 < 27
u+a? pu+b? pu+c2” 1+w(a+b+c)?

( 1 1)+< 1 1)+( 1 1>+3< 27

u+a? pu u+bz u u+c: uw pu- (1+p(a+b+c)?
a? N b? N c? N 27u -
u+a? pu+b? pu+c?2 A1+w(a+b+c)?—

3; (1)

a? N b2 N c? Bergstrom (a + b+ C)Z a2+b2_+c2=3
u+a? pu+b%2 pu+c2 T 3u+a?+b?+c? B
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B (a+b+c)? B (a+b+c)? o
~p(at+b2+c?)+at+b2+c2 (u+1)(a?+ b2+ c?)’ 2)

27 B 9-3u at+pt+c2=3 9u(a® +b® +c?) 3)
A+w(a+b+c)? A+wa+b+c)? =~  (A+wla+b+o?’

Letx=a*+b*+c%y=(a+b+c)*) 3x=>y>0)

From (2),(3) we need to prove:

y N 9ux
(p+Dx (u+1y

Y2+9x2+ (9u—9x* = 6xy+ Bu—-3)xy &
¥Y-3x)2+3u-1DBx*-xy) 20

>3 y2+9ux?>3(u+xy o

(y —3x)% + 3x(u — 1)(3x — y) = 0 which is true because:
u=21=>u—-1203x>2y=3x-y=>20=3x(u—1)Bx—y) = 0;
(y —3x)? > 0 = (1) is true. Proved.
669.If a,b,c > 0;m,n € N* then prove:
a*+b* b*"+c" c"+a" nom

n-m n-m
(Dn>m: am+bm+bm+cm+cm+am2(ab) 2 +(bc) 2 + (ca)

.. a®+b" b"+c* c"+a n-m n-m n-m
(ihn < m: am+bm+bm+cm+cm+ams(ab) + (bc) 2 + (ca)

Proposed by Pavlos Trifon-Greece

Solution by proposer

n+mmn-m
2 72

(D (n, 0),( ); (by Murihead) =

0 0 n+rm n—-m n-m n+m
a b’ +a’h">a 2 b 2 +a 2 b 2

a"+b”2(ab)%-(am+bm):>
a" + b" n-m p" + c" n-m " +a" n-m
anrpm > () P g 2 (b0 2 G = (ca) 2
a*+b"* b"+c"* " +a" n-m r—m n-m
am+bm+bm+cm+cm+am2(ab) + (bc) 2 + (ca)
n+m m-n

(i) (m,()),( =

) ; (by Murihead) =
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n+rm m-—-n m—-n n+m
a™ b’ +a’b™>a 2z b 2 +a 2 b 2
m —n
a™+ b™ > (ab) 2 - (a™+ b") >
a™ + b™ b m-n p™ + c™ b m-n ¢c™ 4+ q™ m-n
—2=(a 2 = (bc) 2 ; = (ca) 2
a™ + b (ab) b™ + c (be) c" + a” (ca)
a™ + b b™ + c" c + at n-m n-m n-m

gty t o gn S (@) Z +(bo) Z +(ca) 2
670.1f a,b,c > 0,abc(a + b + ¢)3 = 27 then:
(a+b)(b+c)(ct+a)=8
Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
Solution 1 by Tran Hong-Dong Thap-Vietnam

aM—6M (a + b + ¢)3 (atb+0)°

= 3 < . 3:
27 =abc(a+ b+ c) < 27 (a+b+c) 7
(a+b+c)°®>27>>a+b+c=>3
(ab + bc + ca)?> > 3abc(a+b+c) =3 27 (a+b+c)= 3
a cTear =Jsabcla = arbro? @ = atb+o?
9
=>ab+b > —
ab+ c+ca_ab+bc+ca
Now, (a+ b)(b+ c)(c+a) = (a+ b + c)(ab + bc + ca) — abc =
27 9(a+b+c 27
=(a+b+c)(ab + bc+ ca) — > ( )

(a+b+c¢)2® a+b+c _(a+b+c)3:

9 27 a+b+c=3 9 27 g
= S — > —_——_—=
(a+b+c)3?® 33

Solution 2 by Tri Vuduc-Vietnam
(a+b)(b+c)(c+a)=8<=9(a+b)(b+c)(c+a)=72
Use9(a+ b)(b+c)(c+a)=8(a+b+c)(ab + bc+ ca) =
(a+ b+ c)(ab + bc + ca) = 9; (») is true, because:
abc(a+b+c)® =27 =27abc(a+b+c)3=27%>
(a+b+0)°®=27"=>a+b+c=3

81 RMM-CYCLIC INEQUALITIES MARATHON 601-700




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
3abc(a+ b+ )3

ASS =
(ab + bc + ca)* = 3abc(a+b +¢) (@+b+c)?

(a+b+c) =

27

=3 '—(a Th o2 = (¥)true.

671.1f x,y,z > 0,§+§+§= 3, > 0 then:

(ux + D) (uy + 1) (uz+1) < (ux + y)(uy + z)(uz + x)

Proposed by Marin Chirciu-Romania
Solution 1 by Marian Ursdrescu-Romania

Let:%za; =b;%=c:>a+b+c=3.

<=

We must show that:

1 1 1
GrIG)GC+)=G5)GE+o) G+
abc(p+ a)(p+ b)(u+ c) < (ub + a)(uc + b)(pa + ¢); (1)

From Huygens inequality, we have:

s 3
(m+a)(u+b)(u+c) = (i/u3abc + \/abc) =Y

(u+a)(u+b)(u+c) = abc(1 + p)3; (2)
From (1),(2) we must show that:
H+a+bp+o<@+piep+a@+b(p+o <1+mpm@3)
But:

3u+a+b+c 3u+3
3 3

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Jp+a)(p+b)(p+c) < = u+1= (3)is true.

Forx,y,z>0,u20and%+§+§=3:xy+yz+zx=3xyz

1)x2y+yzz+zzx2 3xyz=xy+yZ+ZXiff§+§+§2 3 (true)

2)xyz > 1; (3233 )

xyz
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2 2 2, > (xz+zy+yx)(x+y+2z) _ 3xyz(x+y+2z) _
3)x“z+z°y +y“x > 3 3

=xyzx+y+z)>2x+y+z;(xyz=>1)
(ux+D(uy+D(puz+1) = pxyz+ p?>(xy+yz+zx) + u(x +y+2z) +1
(ux+y)(uy + z)(uz + x) =
= w3xyz + p*(x%y + y*z + z%x) + u(x*z + z*y + y*x) + xyz
Hence
(ux+ D(uy + D(uz + 1) < (ux + y)(uy + 2)(uz + x)
672.1fa,b,c > 0,a + b + ¢ = 3 then:

1
6(\/E+x/5+\/2)+;

a 2
2 —
7bc +/2(b* +c*) 3

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam

For a,b > 0 we have:
2(a* + b*) < (3a* — 4ab + 3b*)? & (a — b)*(7a* —10ab + 7b*) > 0 &
(a — b)*[7(a — b)? + 4ab] = O true fora,b > 0
Equality if a = b. Similarly:
2(b* + ¢*) < (3b% — 4bc + 3¢?)?
2(c* + a*) < (3¢* — 4ca + 3a?)?

a a a
S S E S SR
7bc + [2(b* + ¢%) o 3b% — 4bc + 3c* + 7bc 3(b% + bc + c?)

cyc cyc

a a’ Bergstrom
03 = z 2 2~ z 2 z =
b“ + bc + ¢ ab“ + abc + ac

cyc cyc

N (a+ b+ c)? _ (a+b+c)? B
~ab(a+b)+bc(b+c)+ca(c+a)+3abc (a+b+c)(ab+ bc+ca)

3
= Therefore,

O, >0 >1.Q. —1 3 = 1
1=""2=3"8 "3 ab+bc+ca ab+bc+ca

Other, using AM-GM we have:
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3
Ja+va+a?>3'|(Va)ya =3a= 2va+a® > 3a; (1)
Similarly:

2Vb + b% > 3b; (2)
2v/c + ¢ > 3a; (3)

From (1),(2),(3) we have:
2(Va+Vb++ve)+a*+b*+c*23(a+b+c) &
2(Wa+Vb++vec)+(a+b+c)>—2(ab+bc+ca)=>3(a+b+c) e
2(Wa+Vb++c)+32-2(ab+bc+ca)=>3;(~a+b+c=3) o

Ja++vVb++c=ab+bc+ca

So,
1 1 1 AM—-GM
= = > — - >
LHS 9(\/E+\/3+\/E)+Ql_9(ab+bc+ca)+ab+bc+ca >
> 2 1( b + bc + ca) 1 _2
=% ]g\@ CTeY b+bctca 3

Equality holds if and only ifa = b = ¢ = 1.
673.I1fa; > 0,i € 1,n,n € N,n > 2 then:

n n 3
a.
(n—1)2@-1 ( a,-) Z — | < n< al-2>
i i i=1

n—-1
i=1 i=1 2 i
n
j=14;
Jj#i

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
Solution by Tran Hong-Dong Thap-Vietnam

With a; > 0,(i=1,2,..,n,n € N,n > 2). By AM- GM we have:

n-1 ,
[ ] Z]n=1’l¢] a] 2 (n - 1). ?Zl,j?vti a]
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n
e L EOAL

2

(n—1)2@-D (H ai> .
i=1

(n _ 1)2(11—1) n n
< m(l:[al> (Zl Qa;

674.1fa,b,c > 0,a’b? + b*c? + c*a? = 12abc then:

3 a 3 b 3 [ 3
/ + + / > —
4a + bc 4b + ca 4c+ab — 2

Proposed by Daniel Sitaru-Romania
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Solution 1 by George Florin Serban-Romania

ab bc ca
2b2+b2c2+caz—12abc:>—+7+7=12
Letx—ab —bc

_7:>x+y+2—12
;\Ma+bc z / +£ ;\/44-3;

1
Let be the function: f: (0,») - R, f(x) = \/_ = (x + 4) 3 —convex.

() 3

1 4 7
F)=-3a+4) 3 ()= g(x +4)3>0
From Jensen Inequality, we have:

f<x+y+2><f(x)+f(y)+f(z)®
3 = 3

3

N| W

1 1
= =4 0
23\/4+x 3 V4 +x
cye 4 §chcx ye

Solution 2 by Tran Hong-Dong Thap-Vietnam

AM GM 3 3 abc
’ 2.2 ’ 202
s 4abc + b?*c L 4abc + b?*c ]‘[cyc V4abc + b%c2

Other,
AM—GM 4abc + b?c?
1_[ m =3 H(4abc + bzcz) < ZC}'C( : ) _
cyc cye
_12abc + Yy b*c?  12abc + 12abc

3 3 = 8abc

3| abc 3
> = -
Therefore, (L > 3 sabe = 2

,I4abc + b2c2 -
cyc
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675.1f x,y,z > 1 then:

H(x + 1) + 8xyz ﬂ(x +3)>16 H(Bx +1)

cyc cyc cyc
Proposed by Daniel Sitaru-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam
x,yz>21=>x+3,y+3,z+3 24:1_[(x+3) >4-4-4
cyc

So, we must show that:

4 (ﬂ(x +1)+ 8xyz> > 1_[(3;\: +1) o

cyc cyc
49xyz+xy+yz+zx+x+y+z+1) > 27xyz+9(xy+yz+zx)+3(x+y+2z)+1)
9xyz>5(xy+yz+zx)—(x+y+z)—3 &
9xyz+ (x+y+2z)+3=>5xy+yz+zx)

Letf(z) = (9xy+1-5(x+y)z+x+y—5xy+3;(z=>1)
9xy+1-5(x+y)=9x—-5)y+1-5x>(9x—-5)1+1—-5x=
=4x+1-5>4-1+1-5=0;(x,y > 1)
f(2)7[1,0)=2f(2)2f(1)=4x-1)(y—1)=0,vx,y>1
f(z) 20=>9%yz+(x+y+2)+3=>5(xy+yz+zx)vx,y>1

Solution 2 by Michael Sterghiou-Greece

<1_[(x +1) + 8xyz> H(x +3)>16 1_[(3;\: +1);(1)

cyc cyc cyc
Let (p,q,7) = (Zeye X, Teye XY, [eye X)
After some computation (p = 3,q = 3,r > 1) then (1) becomes:
9p? + 12pq + 82pr — 12p + 3q* + 28qr — 114q — 188r + 9% + 11 > 0; (2)
As Yoy X% = p? — 2¢; Yoy X*y* = q* — 2pr. Note that pr > q.

Assume WLOG x = max{x,y, z}:

87 RMM-CYCLIC INEQUALITIES MARATHON 601-700




ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(x+y+2xyz>x(x+y+z)=x*+xy+zx>yz+xy+zx=q

Now, we can write (2) as:
5(p?>—3q) +4p(p —3) +3q(q—3) + 12q(p — 3) + 54(pr — q) + r(28q + 28p —
188)r + 972 + 11 > 0 which reduces to:
28r(p + q — 6) — 201 + 9r% + 11 > 0 as all terms are positive or zero.
Given thatp + q > 2\/ﬁ > 6+/r; (pq = 9r) the last inequality reduces to:

(Vr —1)(9¥72 + 177r — 11Jr — 11) = 0 for r > 1. Done!
Equality forp=3,r=1,q=3x=y=z=1.
Solution 3 by Michael Sterghiou-Greece

<1_[(x +1) + 8xyz> H(x +3)>16 n(sx +1);(1)

cyc cyc cyc

Let f(x,¥,2) = ([Teyc(x + 1) + 8xy2) [Teyc(x + 3) — 16 [1yc(3x + 1)

%: (H(x+3)> 9yz+y+z+1)+(y+3)(z+3) (H(x+ 1) +8xyz>

cyc cyc

— 4833y +1)(3z+1)
*f
m=2(y+3)(z+3)(9yz+y+z+1) >0
of

Hence _~ 7 with fixed y, z: f "(x) 7 then

f(x)=f'(1) =2(23y%z* + 72y%z + 9y* + 72yz® + 12yz — 36y + 92> — 36z + 3) =
g(y) with z —fixed.

Now, g'(y) > 0; (x,y > 1) = g(y) > g(1); (z = 1) and therefore f'(x) > 0 or
f(x) > f(1) = 8[(52%* + 16z + 3)y* + 4(4z> — 5z — 3)y + 92> — 12z + 1] = h(y)
Again %h”(y) =10z2+32z+6>0and h'(y) = h'(1) > 0
So,h(y) > h(1)=8(z—1)(3z+1)>0and f(x) = 0.

Equality for x =y = z = 1. Done!

Solution 4 by Pavlos Trifon-Greece
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(ﬂ(x +1) + 8xyz> H(x +3) > 16 1_[(3x +1) e

cyc cyc cyc

l_l(x +1) H(x +3)+ 8xyzl_[(x +3)>16 H(Bx +1) o

cyc cyc cyc cyc

H(x+ D(x +3) +81_[x(x+3) > 161_[(3x+ Do

cyc cyc cyc

1_[(x2 +4x+3) + 81_[(x2 +3x) > 161_[(33: +1) &

cyc cyc cyc
1—[ x> +4x+3 +81_[ x% 4+ 3x P
3x+1 3x+1 /)
cyc cyc

3x2+2x-5
9x2+6x+1’

x%+4x+3

Let: f(x) = 22 p1(x) =

S @) =0,f'(x) >0,Yx>1= fm = f(1) =2

x2+3x

X 1, gmin = g(1) = 1. Therefore,

And g(x) =

cyc cyc
Equality holds for x =y =z = 1.
676.1f a,b > 0 then:

a? + b% / 2ab +b a+b a? + b?
156 [CH 0 (200 o o by 27<_+r+ e )

Proposed by Daniel Sitaru-Romania

4

Solution 1 by Michael Sterghiou-Greece

4

a? + b% /2ab a+ b\’ 2ab a+b a? + b?
) < - .
256/ 2 (a+b+\/ab+ 2 ) _z7<a+b+\/ab+ > +’ > ),(1)
Let: t = /azzbza du—ﬂ+\/ +a+b

Then (1) becomes:
256tud —27(t+uw)* <0 o —(u—3t)2(27u® + 14ut + 3t>) <0
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Which is true for u,t > 0. Done!

Solution 2 by Soumava Chakraborty-Kolkata-India

a? + b2 a+b 2ab
Let > = Q, 2 =A,\/ab=G,a—+b=Hand “Q=2A=>G=H:-3Q

>A+G+H=m(say)

a? + b?% / 2ab a+b\>
Now, 256 ( +vab + )
2 a+b 2

4

[ 0)
a+b a? + b2 P
<27 (a y? +Vab + > ) & 256Qm3 <27(Q + m)*

Now,4.3Q.m < (3Q + m)? (equality when 3Q = m) = 12Qm < (3Q + m)?

?

256m? 256m? -
< .(3Q +m)2<27(Q + m)*

=12 .
Qm—p—<"13

? ?
& 81(Q + m)* S 64m2(3Q + m)? © 9(Q + m)2>8m(3Q + m)
? ?
& 9Q2 +9m? + 18Qm S 24Qm + 8m? < 9Q% + m?2 — 6Qm >0
?

& (3Q — m)? S0 - true (equality when 3Q = m < a = b) = 256Qm?3
<27(Q + m)* = (i) is true

/a2+b2 2ab + b3 a+b /a2+b2
= 256 > (a +Vab +—) 327<—+\/ + > )

(equality when a = b) (Proved)

4

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

a2 + b% / 2ab a+ b3 2ab a+b a? + b?
256 ( +\/ab+—) <2722 4 Vab + +
2 a+b 2 a+b 2 2
a? + b% / 2ab a+ b3
256 ( + Vab + ) <
2 a+b 2

4
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a? + b2 (Zab +\/—+a+b)
< 44 +
2 3
2ab a+b a? + b?
< +Vab + +
a+b 2 2
4 4
2ab a+b a? + b? 2ab a+b a? + b2
+Vab + + < +Vab + +
a+b 2 2 a+b 2 2
2ab a+b a2+ b%z 2ab a+b a? + b?
+Vab + < ++Vab + +
a+ 2 a+b 2 2

677.1fa; > 0,i = 1,n,n € N,n > 2 then prove:

z (Zm a]) (n 11 1)" ' (Zn: ai)

i=1

4

1-n

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

Solution by Florica Anastase-Romania

n

Z a; Chebishev's 1 i = 1 Radon
_— > —- a;: E —= =

n = i n =
i=1 (Ziziay) n 4 (Zixia))

Radon1 (1+1+4--+ 1)1 1 z": nntl
2 JE—_— [ a; - =
n (Z?=1(Zi¢i a]))n n =1 ' [(n - 1) Z?:l ai]n

1-n
n \n 1 n \"
=7 '(2;’=1ai)"-1‘(n—1) <Z")

678.1f a,b,c,d > 0 then:

3%(abcd)? Z

cyc

<4 2
J(b+c+d)3 = Za

cyc

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
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Solution by Tran Hong-Dong Thap-Vietnam

By AM-GM inequality, we have:

b+c+d=>3Vbcd (and analogs)
= (b+c+d)? >33 bcd (and analogs)

= /(b +c+d)3 >33 bcd (and analogs)

” Zm = Zﬁg j(z @) (Y 5520)

cyc

5 ) <([Eo i -5 (S -

Ya )’ 2\ _ C@?Ea?)? Ga'size’ 3(5a?)? | (Xa?)’
~ 36 <abcd> (Za ) ~ 3%(abcd)? = 36(abcd)?  35(abcd)?

4
m> <3 (z az)3 <4 (Z a2)3 (true)

Because: 4(Y a®)? — 3 a?)3 = X a®)? > 0,va, b,c > 0.

= 3%(abcd)? (

cyc

679.1f x,y,z > 0,xyz = 1 then:

1 N 1 N 1 >3
x>(y+z) y(z+x) z°(x+y) 2

Proposed by Rajeev Rastogi-India
Solution 1 by Abdul Hannan-Tezpur-India

Let x = i y = %, zZ= l then abc = 1 and the desired inequality becomes:
z z 5bc 3
1 1 b+c 2
cyc b C cyc cyc

This is true, because:

AM-GM
at Chebyshevs 1 3 a Nesbitt b 3 3
_ > R
D5 327 | 2ae) = wbez=3

cyc cyc cyc
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Solution 2 by Florica Anastase-Romania

2 e > By Nty serasrom (Seyexy?) =y
x3(y + 2) y+z 1,1 - 2y 1
cyc cyc cyc y 'z cyex
_ (chcxzyz)(chc xzyz) AM;GM 3xy23\/ xyz(chc nyZ) _
2 chc Xy B 2 chc Xy
_3Ceyex’y?) 3
2 chc Xy 2

cyc cyc cyc

= (Z x2y2> > ny & %Z(xy—xz)2 >0

Solution 3 by Ram Vijay Singh Rathmore-India

x,y,Z2>0;,xyz=1

3 GM-HM 3
Jaysa+ N+ aEen 2 .

Yeye S 12

@z 1 - 3
@+ Yax+yy+2(z+x)

cyc

GM—-AM
Also, x +Y)(y +2)(z+x) = 2/xy-2./yz-2/zx=8
Therefore,
Z 1 3
- 2 —
x5(y+z) 2

cyc
Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

Forx,y,z > 0 and xyz = 1 we have:

1 is 1
1 1 1 5 75
+ + Sy B A AR
x3(y+z) y5(z+x) z°(x+y) y+z z+x x+y
1.1 1)°
(z+;+;) .3
~33-2(x+y+2) " 2
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1 5 2

<+1+1> >3*(x+y+ (1+1+1) >3(x+y+
o(—+—+- eS(—+—+-
ctyt) 2FEHyE e (LHorg) 23ty +2)
l+1+12x+y+z=1+£+£=2(x+y+z)true,because
x y z yz zZx Xy
x*y? +y2z2 + 2°x* > xy*z+ yz*x + zx’y = x+y+z
Solution 5 by Abner Chinga Bazo-Lima-Peru
2
1 2 (l) 1 2
1 1 O ) B I )
+ = + + >
x5(y+z) yS5(z+x) z°(x+y) xy+xz zy+xy xz+yz
1,1, 1\?
(?+37+z_2) xyz=1
> —

T 2(xy+yz+ zx)

2
LS SE >(%+%+%) _
x3(y+2z) y5(z+x) z°(x+y)  2(xy+yz+ zx)
X+ y+z\2
_ ( xXyz ) _ (x + y + z)? 3
_Z(xy+yz+zx)_Z(xy+yz+zx)25
1 1 1 3

x5(y+z)+y5(z+x)+zs(x+y) ZE
680.1fa,b,c > 0,abc < 1,2 >0,n € N,n > 2 then:

1 1 1 3
+ + =
a*(b+ Ac) b"(c+Ada) c*(a+A4b)  1+1

Proposed by Marin Chirciu-Romania

Solution by Tran Hong-Dong Thap-Vietnam
Forx,y,z> 0,A > 0 (A — fixed) we have:

X y z 3
z+1y+x+lz+y+lx21+/1; 1
Proof:
x Yy .z :z x? Berg;t""" (x+y+ 2)? .3
z+Adly x+1Az y+Ax xz+Ax AQ+D)(xy+yz+zx) 1+4

cyc
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(Because (x+y+2)?=>30(xy+yz+ zx)) = (1) —true.
Now, if n = 2 then:
lzbc

1
1 1 1 Z a a 2 bc 3
+ + =y —2 > >
a’?(b+ Ac) b%(c+ Aa) c*(a+ Ab) ab + Aac ab+Aac — 1+2

cyc cyc

(Because:in (1)choose x = bc,y = ca,z = ab)

Ifn>3neNand0 < abc <1 = Ja = ¢ > 0 such that aba = 1.

1 n-1 1
p— —=ba n-1 r
Y i L L+ D
a*(b + Ac) a*(b + Aa) ab + Aaa ab + Aaa

cyc cyc cyc cyc

Holder (ab + ba + aa)™ ! 1 (ab + ba + aa)™ ! ® 3
~ 3n3.(1+A)(ab+ba+aa) 1+A 3"3-(ab+tba+aa) ~ 1+21

(2) © (ab + ba + aa)™ ! > 3" %(ab + ba + aa)
Which is clearly true, because: t = ab + ba + aa > 33aba = 3
t"1>3"2t s t(t"2-3"2)>0truebyt >3 > t"% >3"2

Equality holds if and only ift =3 & a = b = ¢ = a = 1. Proved.

681.1f x,y,z: 0 suchthat xyz =1andn € N,n > 2 then:

1 N 1 N 1 - 3
x+1D* (y+1)" (z+1)n  2n

Proposed by Marin Chirciu-Romania
Solution by Tran Hong-Dong Thap-Vietnam

Lemma: If ay, a;, ..., a, € (0,00),n > 3 such that [ a;a; - ...- a,, = p > vn — 1 then:
1 1 1 n

Ata)? Ata?  Atat  A+p?

In (1) choosing:n =3,p=1,a; = x,a;, =y,a3 = z,xyz=1

1 1 1 3

TarDE A DE G 12 A

Now, by AM-GM inequality, we have:

(1)

(2)
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t 1 1, +1>n( 1 )2(1)"‘2_ 1 n
x+ D" (x+ 1) ' 2n 2n=" \xrnn) \20) T+ 1)z 272

(n—2)times

R 2 N n-—2 - 1 n 3
(x+1Dm 2 "~ (x+1)2 2n2 3)
Similarly:
2 4 n—2 - 1 n @
+D" 20 " (y+1? 2n%
2 4 n—2 - 1 n (5)
(z+1)r 2 T (z+1)?2 2n2
From (3) + (4) + (5) we have:
2 4 2 4 2 +3(n—2)> n < 1 N 1 N 1 )>
x+1D)" (y+1)" (z+1)" 2 T 2n2\(x+1)2 (y+1)2 (z+1)2)
@ n 3 3n
> —_—
- 2n—2 4 2n
2 2 2 3n 3(n—2) 3-2
= + + =5 - =
x+1)" (y+1D" (z+1)"  2n 2n 2n

11 13
x+D" G+D" (z+1Dn - 2n

682.If a,b,c > 0 then:

4 )2 243
)

(a3+b3+c3)2-< L,
abc (a+b)(b+c)(c+ a)
Proposed by Pavlos Trifon-Greece

Solution by Michael Sterghiou-Greece

; (1

1 4 2 243
(a3+b3+c3)2-( ) Z

abc + (a+b)(b+c)(c+ a)
(1) —is homogeneous so WLOG let P = ). a,

q= Zab,r = abc,q < 3(by AM — GM)

cyc

2
1 4) 224-3
4

1
(1) becomes: (9 — 2q)3 (; 5 3q-r
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(as [leyc(a + b) = pq — r = 3q — r) which reduces by AM-GM to the stronger

2
inequality: (9 — 2q)? (33 fﬁ) - ? > 0or

4(9 —2q)%* - 27Y[r*(3g - M2 = 0; (2)

Now,

f(r) = r%(3q — r) is increasing function of r, (f'(r) = 3r(2qg — 1) > 0) andr < g\/g.

s 2
So, (2) reduces to 4(9 — 2q)3 — 3q* (%\/g) > 0.

Now, g(q) = f is increasing function of q for q < 3.

So, it is enough that:

4(9 —2q)® —3-93/(9 — 1)2 > 0 which reduces to q < 3, true. Done!

bc ca

3
683.I1fa,b,c > 0, o b)Z + Bro)? + - Zthen.

(a+b)2 a+b
BN R 1.
a+b

cyc cyc

Proposed by Daniel Sitaru-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

ab bc ca

3 .
For a,b,c >0 and @ib) + TYPD + CraZ 7 Inequality becomes as:

Vab (a + b)? ab a+b
16Za+b+ ab Zlﬁzm”Zﬁ'(”

Hence, we must that:

16 \/ab+(a+b)2>16 ab +4a+b_
‘a+b ab ~—  (a+b)? " ab'
16v u? 16v?* 4u
S —+=2 2+—;(:.u=a+b;v=\/ab;uZZv>O)
u v u v
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& 16uv® + u* > 16v* + 4vud = u* — 16v* — 4uv(w? — 4v?) > 0;

e (U? + 4v)(U? — %) — 4uv(u? — %) > 0 © (u? — 4v*)(U? + 4v? — 4uv) > 0;
oW -4Hu-2v)!>20e (u—-2v)3(u+2v) > 0;
Which is trueby: u > 2v > 0
= (1) true. Proved. Equality  u=2v& a=b=c=1.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
16<J_ Vbc \/E>>16<\/E(a+b) Vbe(b + ¢) \/a(c+a)>2

a+b+b+c c+a) (a+ b)? + (b + c)? + (c + a)?
- 16 2( ab N bc N ca
- (a+b)2 (b+c)? (c+ a)?

(a+b)*> 4(a+b)
+ > © 4ab + (a+ b)? > 4(a + b)Vab
< 4(a+ b)Vab = 4(a + b)Vab(true)
Similarly:
b+c)? 4+ +a)® _ 4(c+
4Jr( )2( C)’ 4+(C a)Z(C a)
bc vbc ca Vea

Hence

(a+b)2 a+b
162 12+4z
a+b

cyc cyc cyc

)—32 3—24
= i

684.f0 <m < a; <M,i € 1,n,n € N,n > 2 then:

Proposed by Seyran Ibrahimov-Masilli-Azerbaijan

Solution 1 by Michael Sterghiou-Greece

. M
ZJZJT :_1(%+E)‘ @
fo

f(t) = Vtis concave on (0, )

~
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n
> e
l

i=1

Jensen pZ
2)>LHSy, < n- |——<
(2) W = M S

m v AM_GM 1/m M
Butﬁ+; > 2=>E(E+;)Zlandfrom(3)

Since LHS () < it follows that:

n
Vn-1

n

St

n 2
Jj#i

Solution 2 by Florica Anastase-Romania

LetS =)} ,a;
From Cauchy-Schwartz Inequality we have:

(a1 + a; + -+ an_l)z
n-—1

ai+ai+-+ai >
.o i
(az + as + -+ an)z

a;+a5+-+ak>= 1

( a, <an n—1

S—a,

a avn—1
1 e

S—a1

\ \/a%+a§+---+aﬁ

a a @ n
(O )

S—-a;, S—a, S—a,

M:

1l
[y

i

Z] 1a
Jj#i
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<a1 a, - a, )< S N S - S -
S—a; S—a, S—a,/) S—a; S—a, S—a,
(n_l)(Sflal-I_szaz—'_m S‘—lnan)_;::-l_;:zz “'+§:Z:
Sf1a1+sf2a2+...+S‘_l”angn_1=>(1)true.
But%+%AM£GM2=>%(%+%)21; 2)

From (1), (2) it follows that:

n

a; n m M
=29 1<M+E)

2 —
ll:l\/z;;la2 n

685. If a, b, c > 0 then prove:
b*+c%2 c*+a?> a*+ b?
& T T8 ©

Proposed by Jalil Hajimir-Toronto-Canada

Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaijan
Using AM-GM inequality, we have: b* + ¢*> > 2b?c,c* + a® > 2c%a,a* + b? > 2a®b

And x + y + z > 3%/xyz. Hence,

b*+c2 c*+a* a*+b*? 2b%c 2c’a 2a?b 3(2b%c 2c%a 2a’b
a3 + b3 + c3 2a3+b3+c3 23 a3 b3 3 =6

Solution 2 by Florica Anastase-Romania

b*+c*? c*+a® a*+b* [(b* ¢t at ¢ a® b?\ am
& T e \@pte)tleteta) =
AGM 3 4AGM
> 33abc +; > 6
Vabc

Solution 3 by Khaled Abd Imouti-Damascus-Syria

b*+c? c¢*+a®* a*+b?a6m _3|bt+ 2 ¢t +a? a*+ b2
a3+b3+c323a3'b3'c3
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_ 3 Vb* + ) (c* + aP)(at + b?) Agm , Y8a?b - b?c-c?a
B = abc B

abc

6Va3h3c3

abc

Solution 5 by Abdallah El Farissi-Bechar-Algerie

b*+c* c*+a* a*+b* b*
+ + ettt ottt 2
b3 c3 a c3

AGM 6\/b‘l c* a* ¢ a? b2

a3

> 6 [— = —
a3 b3 ¢3 a3 b3 3

686.1fx,y,z > 0,Vx +./y +Vz = 2,1 > 0 then:
Z Va3 +/y3 .2
x+A/xy+y A+2
Proposed by Marin Chirciu-Romania

cyc

Solution 1 by Soumitra Mandal-Chandar Nagore-india
Leta=+x,b=./yc=vVz=a+b+c=2.5o,
Z Va3 +/y3 3 Z a®+b®
cycx+/1\/x_y+y_ Lia* + dab + b a
a’+ Aab + b* — (A+ 1)ab _

= b) -
z(“ +b) a? + Aab + b2
cyc

2(a+b A+1 ab b o
— - >

(@a+b+¢)—(A+ )Za2+/1ab+b2(a+ ) >

cyc

(;)4- A+1 2(a+b+c)=4 4-/1+1— 4
- 1t+2 “\¢ ©= A+2 A+1
EquaIityhoIdsfora=b=c=§<:)x=y=z=g

(x): Weighted AM-GM

a2+/1ab+b2>,1+2\/2 b b2 1 -
A+1+1 — a® - (ab) A+2 a?+ Aab + b2
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Solution 2 by Florica Anastase-Romania
Leta=+x,b=y,c=vVz=>a+b+c=2.50,
z Va3 +.y3 z a®+b®
Cycx+/1\/x_y+y_ Cyca2+/1ab+b2 -

_Z( b a’+ Aab+b* — (A + ab _
L aZ + Aab + b? -

cyc

ab(a+ b) AGm
:z(a+b)_(/l+1)2(a2 + b2) + Aab =

cyc cyc

—4—(a+1)zab(“+b) —(A+1)2(§ig)=

(A+2)ab
cyc
_4(1 /1+1)_ 4
B A+2) 2+2
Equalityholdsforazb=c:§<:)x=y=z=§.

Solution 3 by Abdul Hannan-Tezpur india
Leta=+x,b= [y c=Vz=>a+b+c=2

We will prove that:
Z a® + b3 2(a+b+0) Z a® + b3 a+b
> = >
a? + Aab + b? A+2 a? + Aab + b? A+2
cyc cyc

cyc
It is enough to prove that:

a3 + b3 a+b
& (A+2)(a? — ab + b?) > a* + Aab + b?

>
a’?+Aab+b? ~ A+2
(1 + 1)(a — b)? > 0 which is true.

Equality holds fora = b = ¢ =§<:) X=y=2z= g.
Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand
SRR z(ﬂﬂ (7 o + %)
Cycx+l\/x_y+y x+A[xy+y

cyc
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N YRty 2

—Li212+14) A+2
cyc

x—/xy+y 1
Where, P = WD (and analogs)

687.1f x,y,z>0andn > 2,k <4,2n + 3k = 16 then:

x+y)y+2)(z+x)
Xyz

X Z
k(L)

+
y+z z+x x+Yy
Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

6 —2n . x+y)y+2)(z+x)
= (i) e

16 — 2n X y z
>n+( )t ot )
3 y+z z+x x+y

1
2n+3k=16 >k =
xyz

+ + + 16
@(x V(y+2z)(z x)__( x Y . Z)
xyz 3\y+z z+x x+y

(2 X y z (fi)
in|(5)(Fot ) -1] S0
3/\y+z z+x x+y

x+y)y+2)(z+x) 16/ x y z
Now, ——< + + )
xXyz 3\y+z z+x x+Yy

(Z X y z
r2((B) (L)1) 20
3/\y+z z+x x+Yy

+ + +
@(x Yy +2z)(z x)_4< x LY . Z)
xXyz y+z z+x x+Yy

(iii)

> 2

Lety+z=a,z+x=bandx+y =candsincea+b>c,b+c>aandc+a>Db

~a,b,care sides of atriangle whose

circumradius, inradius and semi — perimeter = R,r,s (say)and - 2 2 X

=a+b+c=Zs=>Zx=s
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4Rrs s—a
“x=s—ay=s—bandz=s-c - (iii) & — —42 > 2
sr a

4s(s® + 4Rr + 1?)
>0
4Rrs

4R +10r s? + 4Rr + r? 4R%? + 10Rr — s* — 4Rr — r?
— >0 >0 o s?
r Rr Rr

< 4R? + 6Rr — 1?
& (s —4R?> —4Rr — 31r*) —2r(R—2r) < 0 > true
Gerretsen Euler

ws?2—4R?—4Rr—3r* < Oand-2r(R-2r) < 0

< —+10 -
T

=14

= (iii) is true
(x+y)(y+2)(z+x) 16( X N y N z )
h y+z z+x x+y

xXyz 3
(2 X y z
r2((5) (ot =) -1 20
3/\y+z z+x x+Yy
:>(x+y)(y+z)(z+x) 16( x y N z )
xXyz 3\y+z z+x x+Yy

2 X y z
> 2 ((Z) (2 )
3/)\y+z z+x x+Yy
A 2 X y z
s-n((§) (et At ) - 1
3/\y+z z+x x+y

@((E>( X + Y + z )—1>(n—2)é0—>truez-n22

3/\y+z z+x x+Yy
2 x y z Nesbitt 2 3
and(—)( + + )—1 = (—)(—)—1=0
3/\y+z z+x x+Yy 3/\2
(x+y)(y+2)(z+x) 16( X N y N z )
N xXyz 3\y+z z+x x+y

> (2)( 2 s L)1) 5 () = () is true (Proved
>-n 3) Uizt zvx T xey ii i) is true (Proved)

Solution 2 by Michael Sterghiou-Greece
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X + +z)(Zz+x X V4
(x+y)(y+2)( )2n+k< LY ); 1)
xXyz y+z z+x x+Yy

Leta=-——b=-2,c =Land(p,q,r) = a,) ab,abc)

y+z zZ+x
x+y
p = Z >6r—1_[ ; —2+Z —)—2+p28
cyc cyc cyc
(1):>r>n+16_2k.21: Eg_ﬁg
- 3 r 3 r

cyc
2.a_q)_1.4 .
0rr+n(3 . 1) 5 .20 (2)
Nesbitt
q _ x 3
BUt; = chc chcy+z = 2
Hence, 2.4 = 1and (2) reduces to the stronger inequality:

2 16
r+2-—-g—2—— 2>0n>2
3 r 3 r
r2—2r—4q>0; (3)
From the 3-rd degree Schur’s we have:

3+or (r 2)3+9r
4p 4(r-2)

(r-2)3+9r

p
<
q r-2

>0

and (2) becomes the stronger r* — 2r —

Therefore,

(r-8)(2r-1)
r—2

688.Ifa,b,c > 0,a + b + ¢ = 3 then prove:

> 0 which is true for r > 8. Done!

1<a+b+b+c+c+a> a3+b3+c3+2abc>2
6 \(ab)? (bc)? (ca)? 5 -

Proposed by Pavlos Trifon-Greece

Solution by Abdul Hannan-Tezpur-india

a+bAGM1 (a+b)(b+c)(c+a) AGMm13| 8abc 1 2 1 4a6m
IS FYCTIE PEE
6 a?p? a*b*ct 2 |a*b*c* ~ 2 abc  abc

AGM
>

= (a-i—:l;—+c)3=1; (1)
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On the other hand,

a3+b3+c3+2abc_5abc+a3+b3+c3—3abc_
5 B 5 B

=1 +1—10(a+b+c)[(a—b)2 +b-0*+(c—-a)?1=1; (2)
From (1),(2) we obtain the desired resullt.
Equality holds whena = b = c = 1.
689.1f m,n,p,q € N;m,n,p,q = 4 then:
4"(4"+1)+4™4™+1)+4P(4P +1) + 4949+ 1) = 4mnpqgq(mnpq + 1)
Proposed by Daniel Sitaru-Romania

Solution by Ravi Prakash-New Delhi-India
Let f(x) = x%,x >e;logf(x) = ilogx

% = xlz (1 —-1logx) < 0,Vx > e the f — strictly decreasing on [e, ).

1 1
Hence, If x > 4, then 4% > xx = 4* > x* Vx > 4 > 4%* + 4% > 8 + x*
Therefore, 4" (4" + 1) + 4™(4™+1) +4P(4P + 1)+ 4949+ 1) >
>n®+mP+pP+q®+nt+mt+pt gt

> 4/n8m8p8q8 + 41/ n*mip*q* = 4mnpq(mnpq + 1)

690. Find x, y, z, t natural numbers such that:

34 + H(Zx F DRy + 12z +1) = 2 H(Zx +1)

cyc cyc
Proposed by Daniel Sitaru-Romania

Solution by Santos Martins Junior-Brusels-Belgium
Leta=2x+2,b=2y+1,c=2z+1,d =2t + 1, where a, b, c,d are all odds
natural numbers. Let P = abcd, where P is odd.
Let’s consider x,y,z,t > 1 then we have that a,b,c,d > 3; (1), implying P > 81; (2)
Equation becomes as: 34 + abc + bcd + cda + dab = 2abcd
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34+P(1+1+1+1> 2 o31=p(1 <1+1+1+1)
1= —F—F—F === = SRR (U
a b ¢ d P a b ¢ d

LetM——+ + += L then34 =P2-M) o P = 3‘;{

I =

<§ <§ % implying M < - (3)

B“IH

Also, from (1) % %
12

Now, using (2): P = % = 23‘;’, =81 M=>— > > = whlch contradicts (3) then
no solution in natural numbers for xX,y,zt=>1.
Assume two of x,y,z,t equals to 0, say x =y = 0;
Keeping the same notation, the impliesa = b = 1.
Then equation becomes: 34 +c+cd + cd +d = 2cd < 34 + ¢ + d = 0 no solution
for natural numbers.
Hence, we can at most have one of the x,y,z,t equalsto 0,say x =0 = a = 1.
Equation becomes: 34 + bc + bcd + cd + bd = 2bcd
< 34+ bc+cd+db = bcd
& 34+cd=b(cd— (c+d)) @Mzb;(@
cd—(c+d)
Weputb=2y+1,c=2z+1,d=2t+1

. 34—(2z+1)(2t+1) _
Hence (4) becomes: (2z+1)(2t+1)-(2z+1+2t+1) 2y +1

18+z+¢
4zt — 1
Sincey > 1,wehave18+z+t=4zt—1 19+ z+t = 4zt; (6)

=1y;(5)

From (5): forz = 1; % = yonly fort = 2 yielding y = 3 and for t = 3 yielding
y=2>=(yzt)=(3,12),(2,1,3)

From (5): for z = 2; ﬂ = y:only for t = 1yielding y = 3 and for t = 3 yielding
y=1=(y,z,t) = (3,2,1),(1,2,3)

= y:only for t = 1yielding y = 2 and for t = 2 yielding

From (5): for z = 3; pvar)
y=1= (0,2t =(231),(13,2)
Ifz = 4 from (6): 23 + t > 16t only for t = 1 but (z,t) = (4,1) does not satisfy (5).

Ifz =5 from (6): 24 + t > 20t only for t = 1 but (z,t) = (5,1) does not satisfy (5).
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Ifz = 6 from (6): 25 + t > 24t only for t = 1 but (z,t) = (6, 1) does not satisfy (5)

Ifz =17 from (6): 26 + t > 28t impossible. Solutions:
(xl yl Z’ t) E {(01 3’ 11 2)’ (0’ 21 1’ 3)1 (01 3’ 2) 1)’ (O’ 1) 2’ 3)) (0) 2’ 3’ 1)) (O’ 1’ 3) 2)}

691. If x,y,z > 0 then:

x+y)(y+2z)(z+x) 1
8xyz 21-|_<(x+y)2_(x+y+2z)2

). =%
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Soumava Chakraborty-Kolkata-India

Lety+z=a,z+x=b,x+y=candthena+b>cb+c>aandc+a>b
= a,b,c are sides of atriangle with

semiperimeter, circumradius, inradius = s,R,r respectively (say) and

'-‘22x=za=23=>Zx=s:-x=s—a,y=s—b

d (x+y)(y+z)(z+x) abc  4Rrs
anagz=s-c¢- 8xyz ~8[I(s—a) 8rs
_R 1 1 ,
T2 +<(x+y)2_(x+y+22)2)'(x_y)
B 1 1 (x+y)(y+2)(z+x)
_1+<c_2 (a+b)2)( a= by - 8xyz
1
21+((x+y)2_(x+y+22)2>'(x_y)2

R 1 1 (a+ b)? - c?
*m 12 (@ G @ )2=(W><"—W

; 4s(s — c¢)(a — b)?
2r - cZ(a + b)?
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., B . (A+ B C 2 C
sin+ ssin (—) COS+- SCOS“ = C
F—2 )= 2 Z_ 2 — 4Rcos? =
A B A B .C (i) 2
cos» COs% C0S5 COS 5 COS» IR

A
smz

Now,r,+r,=s

@
. T4 + 71, = 4Rcos? >

chy® 1 1
Now, (a + b)?> > 32Rrcos*’= = 8r(r,+1) = 8rzs( + )
’ - 2 @b s—a s—b
c
=8(5—a)(s—b)(s—c)(s_a)(s_b)=4c(a+b—c)
S ((a+b)?+4c® —4c(a+b)=0 (a+b—2c)>=>0->true-~a+bhb
C C - C
> 4V2Rrcos— = 4Rcos - cos > 4V2Rrcos -
2 2 2 2
A-B _ /Zr 1 (,?R
= cos > [ ———= < —
2 R COSZA > B 2r
(@ — b)%(s — c)? (16stin2 A%Bsinz g) (16R2cos2 %sin2 %sin2 g)
Now,— o a+p?z  ~ A__,B_,C A-B _,C
rela 2¢in22 ¢in22 ¢in2 = 2 22— 2=
(16R sin® 5 sin® > sin Z) (16R €os* —5—cos 2)
1—cos22 - B 1 via (if)
=~ A-B ~_,A-B ! = 771
cos’ —; cos’ —;
R Ya-bis-0? .. . _ ,
:>§— 12> "Z(a+ b)? ~ (iii) = in order to prove (a), it suffices to prove

(a—b)*(s —c)? - 4s(s — c¢)(a — b)?
" r2(a+b)?2 ~  c%2(a+Db)?

(S_C)zg(:)(s—c)cz2431‘2=4(s—a)(s—b)(s—c)(:>cz

(=
rz

>(b+c—a)(ct+a—-b)=c*—(a—-b)? < (a-b)*=>0

x+y)(y+2)(z+x)
8xyz

- true = (a) istrue . Vx,y,z > 0,

1
(x+y)2_(x+y+22)2

>1+ ( ).(x — y)? (Proved)
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692.1f x,y,z > 0 then:

18 1_[(1 + x2) Z cos (?) >3

cyc cyc

Proposed by Daniel Sitaru-Romania

Solution by Tran Hong-Dong Thap-Vietnam

Forx,y,z>0, let: x =tana;y=tanb;z =tanc > a,b,c € [0;721)

a c
- 0<cosa;cosh;cosc <1; cos§,cos§,cos§> 0

Now,

tan 1x 1 a
18“ |(1+x2) 2cos< >>3<—>18| | 2cos—>3-
) > . > 3;
cyc cyc 8 cyc costa cyc 8
1 a 1 b 1 c
18 18 18
. — . — . —>3;(1
< ’ncosza CO88+ ’ncosza CO58+ ’ncosza COSB_S’( )
cyc cyc cyc

Because: 0 < cosa;cosb;cosc <1 — 0 < cos? a;cos? b;cosc? <1, wehave:

18 1_[ 1 cosg+18 1_[ 1 cosé+18 l_[ 1 cosE
cos?a’ 8 cosla’ 8 cosla’ 8
cyc cyc cy
>18 1 a+18 1 b+18 1 c(;)s
> .COS — .COS — .COS — >
cos?a 8 cos? b 8 cos? c 8

We need to prove (2) is true. In fact, let:

[

18 1 X

_9 x, T
.cos§— \/secx.cosg, Vx € [0,2)

¢(x) = cosZ x

1 X X
- @'(x) = =7 Usecx. (8 cosgtanx -9 sin§)

1

=— . 3secx cosf (8tanx—9tan£)
72° ' 8

8
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J Let:f(x)=(8tanx—9tan ) Vxe[ E)—>f(x)— ——2 =

cos2x 8 cos2§

64 coszg—9 cos2 x

X
8 coszﬁ.cos2 x

(Since:Vx € [0;%) - cos% >cosx>0-

2 X 2 2 X 2
cos §2cos x — 64 cos §—9cos x>0)

Therefore,

f(x) Ton [O;E) > f(x)=f(0)=0-¢'(x)

X

8 =7 520

1
=—.9\/secx (8c058tanx 9sin 3

X
72 Usecx. cosg.(Btanx—9tan

> @) 1 on [0;3) > 9(0) = 9(0) = 1

s @@)+eb)+¢e(c)>1+1+1=3 - (2)istrue— (1) is true. Proved.

693.1f x,y,z,t € (0,1) such that 3v/3(xyz + yzt + ztx + txy) = 4 then

prove:

yzt N zZtx N txy N Xyz =y
x(1—x2) y(1-y?) z(1-2%) t(1-t?>) "

Proposed by Daniel Sitaru-Romania
Solution 1 by Ravi Prakash-New Delhi-India
Let f(t) =t(1—t%),t € (0,1)
f(0) =1-3¢ =0:>t=%€ (0,1)
f'(t) = -6t
1 6
r (Tg) =5 0
Hence, f(t) —is maximum when t = i thenf(t) < f (\/%) ,Vt € (0,1)

t—t3 < 7 vt € (0,1). Therefore,
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yzt Ztx txy xXyz

-2 ya-pmta-n -3

3V3
> T(xyz + yzt + ztx + txy) = 2

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Forx,y,z,t € (0,1) such that 3v3(xyz + yzt + ztx + txy) = 4 we get:

% = xyz + yzt + ztx + txy > 41/ (xyzt)3
Hence, xyzt < %
4 x+y+z+t)3
ﬁ=xyz+yzt+ztx+txyS 42
Hence, x* + y* + z* + t* > g
yzt Ztx txy XxXyz

>

A2 yd-y) zd-25 td-5) "
- (xyz + yz + zx + txy)? -
~ 4xyzt — (x2 + y? + 22 + t?)xyzt

S (xyz+ yz + zx + txy)? + 2(x* + y? + z% + t?)xyzt > 8xyzt

Because (xyz + yz + zx + txy)? = g

O | =

2(x2 + yZ +z2 + tz)xyzt > gxyzt and xyzt <

694.1f 0 < a < b < c then prove:
_€_ a_ b
<a(a + c)>a+b (b(b + a)>b+c (c(c + b) )c+a

b(b + c) c(c+a) a(a+b)

Proposed by Pavlos Trifon-Greece

Solution 1 by Abdul Hannan-Tezpur-India

Let x = — b z=—
_b+c'y_c+a' " a+b

Now,0<a<b <c= 0<x<y<zandgiven inequality is equivalent to

B QY 1wy
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If x = z,then x = y = z and he inequality holds trivially.

Assume now that x < z.

By weighted AM-GM inequality, we obtain

=y y-x _ _
xﬁ-Z;SM+M

x . — Y which proves the desired inequality

Solution 2 by proposer

For a = b or b = cis obviously.

b
a b __c

For0<a<b<c>

b+c ct+a a+b
Let g(t) = logt —concave on (0, ) hence, for 0 < x < y < z it follows

logz — logx
logt > T(t —x) + logx, vVt € [x,z]
Fort =y we get:
logz — logx
logy > %(y —x) + logx

= (z—x)logy > (y — x)logz + (z — y)logx; (1)
(4

=2 y_2 ,__c
By (1) and for x = ¥ = z= =

c+a’ a+b

< e _b_
Gove) (eva) (aarn) =1

695. If a, b > 0 then:
a® + a*b*Vab + b° - a* + a’b? + b*
(a5 + a2b2ab + bs)z ~ (a® + abVab + b3)(a? + ab + b?)

Proposed by Daniel Sitaru-Romania

Solution 1 by Rahim Shahbazov-Baku-Azerbaijan
a’ + a*b*Vab + b° - a* + a’b? + b* _
(a5 + a?b?Vab + bs)z ~ (a3 + abVab + b3)(a? + ab + b2)’

€Y

& (a® + a*b*Vab + b°%)(a® + abVab + b*)(a® + ab + b?) >
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2
> (a* + a®b? + b*)(a® + a®?b*Vab + b°); (2)

Holder

d
(a® + a*b*Vab + b°)(a® + abvab + b®) > (a®+ a3b3 + b®)?
Hence, (a® + a3b3® + b®)?(a? + ab + b?) =

Holder
(a® + a®b3 + b®)(a® + a®b3® + b®)(a? + ab + b?) >

Holder
> (a®+ a®b3 + b®)(a* + a’b? + bH)?% =

Holder
= (a® + a3b3 + b%)(a* + a®?b? + b*)(a* + a?b?* + b*) >

Hoger (a* + a?b? + b*)(a® + a’b*Vab + b5)2 = (2) = (1) is true.
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b > 0 wegive a = x*, b = y*.
a’ + a*b*Vab + b° - a* + a’b? + b*
(a5 + a2b*Vab + bs)z ~ (a3 + abVab + b3)(a? + ab + b?)

x+ (xy)° +y"° x4+ ()t +y°
(x10 + (xy)8 + y19)2 = (x6 + (xy)3 + y©) (x* + (xy)? + y*)
@B+ () + ¥y (x® + (xy)® + yO) (x* + (xy)? +y*) =

> (x0 + (xy)8 + 102 (28 + (xy)* +¥8)
(12 + (1) + y12)2(xt + ()2 + y*) = (1 + @)t + y8) (210 + (xy)5 + y1)°
(x® + (xp)* + Y32 (12 + (1) + ¥12) > (8 + (ay)* + %) (210 + (xy)® + y10)°

(8 + @)t + yO) (20 + (@x9)5 + y19)° = (& + (xy)* + ¥ (x10 + (xy)® + y10)’

696.1f x,y > 0,xy = 1 then:

1 N 1 - 1
x+3 y+3 x%+y?

Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution 1 by Daniel Sitaru-Romania
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1 AM—GM 1 1
a=x+=- = 2[x==2-a-220,x*+—-=a*>-2
X X X

1 1 12 12 BERGSTROM (1+1)2 1
+ = + > >
x+3 y+3 x+3 y+3 x+3+y+3 " x2+y?

2, 2 2, 1 1
S4x“+y)=>2x+y+6 S 4(x +x2 2x+x+6

©4(@*-2)=za+6o
©4a’-a-14>0 (a—2)(4a+7) >0
Solution 2 by Rustam Tahmazov-Azerbaijan
1 N 1 - 1
x+3 y+3 x2+y?’
x+y+6 1
4 >
xy+3x+y)+9 x2+y?

(D)

x+y)E2+y)+6(x2+y?)=3(x+y)+10
But by AG-AM x* + y* > 2xy = 2 and 6(x* + y*) > 12
S@E+Y)EE+y) +2=>3(x+y)
ox3+x2y+xy*+y3+223(x+y)
ox3+y +2>2(x+y)

Butx3® +y3 = (x + y)(x* — xy + y*);x + y > 2,/xy = 2 hence,
2(x*+y*-1)+22>2(x+y)
©2(x*+y%) 2 (x +y)?

LHS > (x+y)?=>2(x+y)=>x+y > 2.

Solution 3 by George Florin Serban-Romania

1 N 1 1 1 N X x?
=
= =2
x+3 1_|_3 x2+l2 x+3 3x+1 x*+1
x x
x2+6x+1 x2

e >
3x24+10x+3  x*+1
oxb+6x+xt+x+6x+1>3xr+10x3 + 3x2
oxb+6x°—2x*—10x3-2x2+6x+1=>0
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& x-1)x>+7x*+5x3 —5x2—-7x—1) >0

o (x—-1)%2(x*+8x3+13x2+8x+1) > 0,Vx > 0 true.

Solution 4 by Sanong Huayreray-Nakon Pathom-Thailand

Forx,y > 0and xy = 1, we give x = %,y = ghence,

1 N 1 - 1
x+3 y+3 x2+y?
1 N 1 - 1
=3
a b = 2 2
;+t3 ~+3 (4 b
57 a*3 (5) +(@
b a _ b(b+3a)+a(a+3b) ab (ab)?
Iffa+3b b+3a  (a+3b)(b+3a) = aZ+b?2 = at+bt

& (a®? + b%*)(b? + 3ab + a* + 3ab) > ab(ab + 3a* + 3b? + 9ab)
< 3(a3b + ab?) + a* + b* > 8a?b? true.
697.1f a, b > 0 then:
(4ab)Veb . g30(a*+b?) < (ae30e + besob)‘”b
Proposed by Daniel Sitaru-Romania

Solution 1 by George Florin Serban-Romania

30a 30b Holder
ae”™ + be > o e30a. pe3ob — “+b,/e30(a2+b2)

a+b
= ae3% + be3% > (a + b) " e30(a?+0?)

(ae3% + be3°b)a+b > (a + b)*tb

e30(a?+b?) — [(a = b)z]aTJ'be3o(a2+b2) > (4ab)%b . @30(a%+b%) > (4ab)m . @30(a?+b?)
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
Fora,b > 0leta = x*, b = y>.
Lemma. Forallmme R, m>n& mm>n"

Consider (4ab)Ye - ¢30(@*+b%) < (gg30a 4 beSOb)‘H'b

2 2
4, .4 2 2\X" 1Y
(4x2y?) - 30" +7") < (x2e30%" 4 y2¢309%)
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x2 yZ
(zxy)nye30x4e30y4 < (xzesox2 + yzesoyz) (xzesox2 + yzesoyz)

(zsoxZ 2,30\ (12,30 | 12,3092
x2e30%" 4 y2e3077) (x2e30% + y2e30Y7)

(2xy)* <

e30x* g30y*
x2+y?
x* + y?

2xy

(2xy) = x230x2 4 yzesoy2

x2e30x% | yz e30y?

(ny)ny < (xz + yZ)x2+y2

698. If x,y,z > 0 then:
x y z
>
y+z Z+x Ty T y =1

5>—+y2(y* +2%) +V2(2% +x*) ==+ 2(x* +y?)
Proposed by Rahim Shahbazov-Baku-Azerbaijan

Solution by Abdul Hannan-Tezpur-india

Z X Z x2 CBS
= =
SYIZ L v GESE 207+ )

2 2
_ (2 css (522
Yxy+IV2x/x(y2+22)  Tay+JC20)Ex(? + z2))

So, it is enough to prove that;

Yy ayz (Y 20) () 207 +2)
S+ Y ay) = (Y 2x) (3 x02 +2)
D) + () +2(X ) (X )2 (Y 2x) (X x07 )
) +(Yxy) 425 04042 xyz

ZZZ:x3(y+z)+22:x2(y+z)2

2
(sz) +Zx2y2+22x2yz+22x2yz2429623'2+4Zx2yz
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(T x?)% > 33 x*y? which is true since

(a+ b+ c)?=3(ab + bc + ca)

2
699.If0<x+y+z<%then:

xcosVz + ycosvx + zcos,[y

xy+yz+zx

2x+y+z

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

11'2 T
x,y,z>Oand0<x+y+z<7then\/§,\/_,\/ze (0,5)

Let be the function f(x) = cos\x

sinVx " x) = (tanVx — V/x)cosx
2Vx f1x) = 4x

ff(x)=- >0,v\/§e(0,g),tan\/§—\/§20

Applying Jensen Inequality, we get:

xcosVz + ycosvx + zcos,[y Xy +yz + zx
x+y+z x+y+z

xcosvVz+ycosVx+zcos,[y

xy+yz+zx
cos |XXEYEHEX
x+y+z

Therefore, >x+y+z

700. If a, b, c > 0 then:

e a+b+c

o) | [+ en = (14 Vo) (14 o)

cyc

(1+

Proposed by Daniel Sitaru-Romania

Solution by Khaled Abd Imouti-Damascus-Syria

e a+b+c

(1 i) 1+ o072 (040 (1455

cyc
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) [a+eve=(+ e

cyc

& (1 + el-(arbre)) (@40 1_[(1 +em)? > (1+ Ye)

cyc

e
ea+b+c

@(1+

Let be the function: f(x) = log(1+ e*)*,x > 0, f'(x) = log(1 + €e*) + :+—ic

e*(1+x+e*+e?¥)
(1+eX)2

f'(x) =

> 0 = f —convex function, hence,

1—a—b—c+a+b+c>

f(l—(a+b+c))+f(a)+f(b)+f(c)24[( X

s

—(a+b+c)

1
log(1+ el‘(“erJ’C))1 + Z log(1+ e®)* > 4log <1 + ei)

cyc

1-(a+b+c)
log (1 + L) (1+eM?| > log(1+ Ve)
eatb+c

cyc

e a+b+c

(1 et [+ o072 (040 (14555

cyc
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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