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1101. Prove that: 

ෑ࢖࢞ࢋ൬
૛ࡲ૛࢑ା૚

(૛࢑ + ૚)૞࢑
൰

ஶ

࢑ୀ૙

= ૚૚ 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Kamel Benaicha-Algiers-Algerie 

ࡼ = ෑ࢖࢞ࢋ൬
૛ࡲ૛࢑ା૚

(૛࢑ + ૚)૞࢑൰
ஶ

࢑ୀ૙

= ൭෍࢖࢞ࢋ
૛ࡲ૛࢑ା૚

(૛࢑ + ૚)૞࢑

ஶ

࢑ୀ૙

൱ 

૛࢑ା૚ࡲ =
૚
√૞

൬࣐૛࢑ା૚ +
૚

࣐࢑ା૚൰ ⇒ ࡼ = ࢖࢞ࢋ

⎝

⎜
⎛
૛෍

൬ ࣐
√૞

൰
૛࢑ା૚

+ ቆ ૚
√૞࣐

ቇ
૛࢑ା૚

૛࢑ + ૚

ஶ

࢑ୀ૙

⎠

⎟
⎞

 

Put: 

(࢞)ࢌ =
૚
√૞

෍
࢞૛࢑ା૚ + ૚

࢞૛࢑ା૚
(૛࢑ + ૚)૞࢑

ஶ

࢑ୀ૙

= ૚ିࢎ࢔ࢇ࢚ ൬
࢞
√૞

൰+ ૚ିࢎ࢔ࢇ࢚ ൬
૚
√૞࢞

൰ 

࢞ = ࣐ ⇒ (࣐)ࢌ = ෍
൬࣐
√૞

൰
૛࢑ା૚

+ ቆ ૚
√૞࣐

ቇ
૛࢑ା૚

૛࢑ + ૚

ஶ

࢑ୀ૙

 

(࣐)ࢌ =
૚
૛

⎝

⎜
⎛
൮ࢍ࢕࢒

૚ + ࣐
√૞

૚ − ࣐
√૞

൲ + ࢍ࢕࢒

⎝

⎛
૚ + ૚

√૞࣐

૚ − ૚
√૞࣐⎠

⎞

⎠

⎟
⎞

=
૚
૛ ቆࢍ࢕࢒

√૞ + ࣐
√૞ − ࣐

∙
√૞࣐ + ૚
√૞࣐ − ૚

ቇ = 

=
૚
૛ ࢍ࢕࢒ ቆ

૟࣐+ √૞࣐૛ + √૞
૟࣐ − √૞࣐ − √૞

ቇ =
૚
૛ ቆࢍ࢕࢒

૟࣐ + √૞(࣐૛ + ૚)
૟࣐ − √૞(࣐૛ + ૚)

ቇ = 

=
૚
૛ ቆࢍ࢕࢒

૟࣐+ √૞(૛ + ࣐)
૟࣐− √૞(૛ + ࣐)

ቇ =
૚
૛ ቆࢍ࢕࢒

૟ + ૟√૞ + ૝√૞ + √૞ + ૞
૟ + ૟√૞ − ૝√૞ − √૞ − ૞

ቇ = 

=
૚
૛ ቆࢍ࢕࢒

૚૚ + ૚૚√૞
૚ + √૞

ቇ =
૚
૛  ૚૚ࢍ࢕࢒

࢖ = ൯(࣐)ࢌ൫૛࢖࢞ࢋ = (૚૚ࢍ࢕࢒)࢖࢞ࢋ = ૚૚ 
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ෑ࢖࢞ࢋ൬
૛ࡲ૛࢑ା૚

(૛࢑ + ૚)૞࢑൰
ஶ

࢑ୀ૙

= ૚૚ 

 

1102. Prove the relationship: 

න࢙࢔࢏(૛࢞)࢙࢕ࢉ૜൫(࢞࢔ࢇ࢚)ࢍ࢕࢒൯࢞ࢊ

࣊
૛

૙

= ૚ + ෍
૟(−૚)࢑(૝࢑૛ + ૜)
૚૟࢑૝ + ૝૙࢑૛ + ૢ

ஶ

࢑ୀ૚

= 

= ෍
૜࣊(૚ + (૛࢑࣊ା࣊ࢋ

૝ࢋ
૜
૛(૛࢑࣊ା࣊)

ஶ

࢑ୀ૙

=
૜
ૡ࣊෍

ૡ(−૚)࢑(૝࢑૛ + ૜)
࣊(૝࢑૛ + ૚)(૝࢑૛ + ૢ)

ஶ

࢑ୀ૚

=
૜
ૡ࣊ቆࢎࢉ࢙ࢉ

ቀ
࣊
૛
ቁ + ൬ࢎࢉ࢙ࢉ

૜࣊
૛ ൰ቇ 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Kamel Benaicha-Algiers-Algerie 

Ω = න࢙࢔࢏(૛࢞)࢙࢕ࢉ૜൫(࢞࢔ࢇ࢚)ࢍ࢕࢒൯࢞ࢊ

࣊
૛

૙

=࢚ୀ࢚࢞࢔ࢇ න
૛࢚࢙࢕ࢉ૜(࢚ࢍ࢕࢒)

(૚ + ࢚૛)૛ ࢚ࢊ
ஶ

૙

=࢚→࢚
૛
 

= න
૜࢙࢕ࢉ ቀ૚૛ ቁ࢚ࢍ࢕࢒

(૚ + ࢚)૛ ࢚ࢊ
ஶ

૙

= න
૜࢙࢕ࢉ ቀ૚૛ ቁ࢚ࢍ࢕࢒

(૚ + ࢚)૛ ࢚ࢊ
૚

૙

+ න
૜࢙࢕ࢉ ቀ૚૛ ቁ࢚ࢍ࢕࢒

(૚ + ࢚)૛ ࢚ࢊ
ஶ

૚ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
࢚ୀ૚ࢠ

= 

= ૛න
૜࢙࢕ࢉ ቀ૚૛ ቁ࢚ࢍ࢕࢒

(૚ + ࢚)૛ ࢚ࢊ
૚

૙

−ࡼ࡮ࡵ= ૛ ൤൬
૚

࢚ + ૚ − ૚൰ ૜࢙࢕ࢉ ൬
૚
૛ ൰൨૙࢚ࢍ࢕࢒

૚

− 

−૜න
૛࢚ࢍ࢕࢒൬࢔࢏࢙ ൰ ૛࢙࢕ࢉ ൬࢚ࢍ࢕࢒૛ ൰

࢚ ൬
૚

૚ + ࢚ − ૚൰࢚ࢊ
૚

૙

= 

= ૚ + ૜න
࢔࢏࢙ ൬࢚ࢍ࢕࢒૛ ൰૚ + (࢚ࢍ࢕࢒)࢙࢕ࢉ

૛
૚ + ࢚ ࢚ࢊ

૚

૙

=
ࢇ࢔࢏࢙ି(ࢇ૜)࢔࢏࢙)ୀ૚૛(ࢇ૛)࢙࢕ࢉࢇ࢔࢏࢙

 

= ૚ +
૜
૝න

࢔࢏࢙ ቀ૜૛ ቁ࢚ࢍ࢕࢒ + ࢔࢏࢙ ቀ૚૛ ቁ࢚ࢍ࢕࢒
૚ + ࢚ ࢚ࢊ

૚

૙

=
࢛ୀି࢚ࢍ࢕࢒
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= ૚ −
૜
૝න

࢔࢏࢙ ቀ૜࢛૛ ቁ + ࢔࢏࢙ ቀ࢛૛ቁ
૚ + ࢛ିࢋ ∙ ࢛ࢊ࢛ିࢋ

ஶ

૙

= 

= ૚ −
૜
૝෍

(−૚)࢔න ቆ࢙࢔࢏ ൬
૜࢛
૛ ൰ + ࢔࢏࢙ ቀ

࢛
૛
ቁቇ ࢛ࢊ࢛(ା૚࢔)ିࢋ

ஶ

૙

ஶ

ୀ૙࢔

= 

ቌ∴ න ࢞ࢊ࢞࢈ିࢋ(࢞ࢇ)࢔࢏࢙
ஶ

૙

= ख൫࢙(࢞ࢇ)࢔࢏൯ =
ࢇ

૛࢈ + ૛ࢇ
ቍ 

= ૚ −
૜
૝෍

(−૚)࢔
ஶ

ୀ૚࢔

൬
૟

૝(࢔ + ૚)૛ + ૢ +
૛

૝(࢔+ ૚)૛ + ૚൰ = 

= ૚ +
૜
૝෍

(−૚)࢔
ஶ

ୀ૚࢔

൬
૟

૝࢔૛ + ૢ +
૛

૝࢔૛ + ૚൰ = ૚ +
૜
૝෍

(−૚)࢔(૜૛࢔૛ + ૛૝)
(૝࢔૛ + ૚)(૝࢔૛ + ૢ)

ஶ

ୀ૚࢔

= 

= ૚ + ૟෍
(−૚)࢔(૝࢔૛ + ૜)

(૝࢔૛ + ૚)(૝࢔૛ + ૢ)

ஶ

ୀ૚࢔

= ૚ + ૟෍
(−૚)࢔(૝࢔૛ + ૜)
૚૟࢔૝ + ૝૙࢔૛ + ૢ

ஶ

ୀ૚࢔

=
(૚)

 

= ૚ + ૜෍
(−૚)࢔(૝࢔૛ + ૜)

(૝࢔૛ + ૚)(૝࢔૛ + ૢ)

ஶ

ୀ૚࢔

+ ૜෍
(−૚)ି࢔(૝(−࢔)૛ + ૜)

(૝(−࢔)૛ + ૚)(૝(−࢔)૛ + ૢ)

ஶ

ୀ૚ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ࢔
࢑ୀି࢔

= 

= ૜෍
(−૚)࢔(૝࢔૛ + ૜)

(૝࢔૛ + ૚)(૝࢔૛ + ૢ)

ஶ

ୀ૚࢔

+ ૜ ෍
(−૚)࢑(૝࢑૛ + ૜)

(૝࢑૛ + ૚)(૝࢑૛ + ૢ)

ି૚

࢑ୀିஶ

= 

= ૜ ෍
(−૚)࢔(૝࢔૛ + ૜)

(૝࢔૛ + ૚)(૝࢔૛ + ૢ)

ஶ

ୀିஶ࢔

=
૜࣊
ૡ ෍

ૡ(−૚)࢔(૝࢔૛ + ૜)
࣊(૝࢔૛ + ૚)(૝࢔૛ + ૢ)

ஶ

ୀିஶ࢔

;
(૛)

 

Ω = ૚ + ૟෍
(−૚)࢔(૝࢔૛ + ૜)

(૝࢔૛ + ૚)(૝࢔૛ + ૢ)

ஶ

ୀ૚࢔

 

૝࢞ + ૜
(૝࢞+ ૚)(૝࢞ + ૢ) =

࡭
૝࢞ + ૚ +

࡮
૝࢞ + ૢ…  (ࡱ)

(ࡱ) ∙ ࢞, ࢞ → ∞ ⇒ ࡭ + ࡮ = ૚ 

(ࡱ) ∙ (૝࢞+ ૚),࢞ = −
૚
૝ ⇒ ࡭ =

૚
૝ ࡮; =

૜
૝ 
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Ω = ૚ +
૜
૛෍

(−૚)࢔

૝࢔૛ + ૚

ஶ

ୀ૚࢔

+
ૢ
૛෍

(−૚)࢔

૝࢔૛ + ૢ

ஶ

ୀ૚࢔

= ૚ +
૜
ૡ෍

(−૚)࢔

૛࢔ + ቀ૚૛ቁ
૛

ஶ

ୀ૚࢔

+
ૢ
ૡ෍

(−૚)࢔

૛࢔ + ቀ૜૛ቁ
૛

ஶ

ୀ૚࢔

 

൭∴ ෍
૚ + (−૚)࢔

૛࢔ + ૛ࢇ

ஶ

ୀ૚࢔

= ૛෍
૚

૝࢔૛ + ૛ࢇ

ஶ

ୀ૚࢔

൱ 

	ቌ∴ ෍
(−૚)࢔

૛࢔ + ૛ࢇ

ஶ

ୀ૚࢔

=
૚
૛෍

૚

૛࢔ + ቀࢇ૛ቁ
૛

ஶ

ୀ૚࢔

−෍
૚

૛࢔ + ૛ࢇ

ஶ

ୀ૚࢔

ቍ 

෍	:ܜ܉ܐܜ	ܟܗܖܓ	܍܅
૚

૛࢔ + ૛ࢻ

ஶ

ୀ૚࢔

=
−(࣊ࢻ)࢚࢕ࢉ࣊ࢻ ૚

૛ࢻ૛  

෍
(−૚)࢔

૛࢔ + ቀ૚૛ቁ
૛

ஶ

ୀ૚࢔

=
૚
૛
෍

૚

૛࢔ + ቀ૚૝ቁ
૛

ஶ

ୀ૚࢔

−෍
૚

૛࢔ + ቀ૚૛ቁ
૛

ஶ

ୀ૚࢔

=
࣊
૝ ቀࢎ࢚࢕ࢉ

࣊
૝ቁ − ૚

૚
૝

− ቀࢎ࢚࢕ࢉ࣊
࣊
૛
ቁ+ ૛ 

෍
(−૚)࢔

૛࢔ + ቀ૜૛ቁ
૛

ஶ

ୀ૚࢔

=
૚
૛෍

૚

૛࢔ + ቀ૜૝ቁ
૛

ஶ

ୀ૚࢔

−෍
૚

૛࢔ + ቀ૜૛ቁ
૛

ஶ

ୀ૚࢔

= 

=
૜࣊
૝ ቀ૜࣊૝ࢎ࢚࢕ࢉ ቁ − ૚

ૢ
૝

−
૚
૜࣊ࢎ࢚࢕ࢉ൬

૜࣊
૛ ൰+

૛
ૢ 

Ω = ૚ +
૚
ૡ
൬૜࣊ࢎ࢚࢕ࢉቀ

࣊
૝
ቁ − ૚૛− ૜࣊ࢎ࢚࢕ࢉቀ

࣊
૛
ቁ + ૟ + ૜࣊ࢎ࢚࢕ࢉ൬

૜࣊
૝
൰ − ૝ − ૜࣊ࢎ࢚࢕ࢉ൬

૜࣊
૛
൰ + ૛൰ = 

= ૚ +
૚
ૡቆ૜࣊ቆࢎ࢚࢕ࢉቀ

࣊
૝ቁ + ൬ࢎ࢚࢕ࢉ

૜࣊
૝ ൰ቇ− ૜࣊ቆࢎ࢚࢕ࢉቀ

࣊
૛ቁ + ൬ࢎ࢚࢕ࢉ

૜࣊
૛ ൰ቇ − ૡቇ 

ࢎ࢚࢕ࢉ ቀ
࢞
૛
ቁ =

ቀ࢞૛ቁࢎ࢙࢕ࢉ

ࢎ࢔࢏࢙ ቀ࢞૛ቁ
=
૚ + (࢞)ࢎ࢙࢕ࢉ
(࢞)ࢎ࢔࢏࢙ =

૚
(࢞)ࢎ࢔࢏࢙ +  (࢞)ࢎ࢚࢕ࢉ

ቀࢎ࢚࢕ࢉ
࣊
૝
ቁ + ࢎ࢚࢕ࢉ ൬

૜࣊
૝ ൰ =

૚

ቀ࣊૛ቁࢎ࢔࢏࢙
+ ࢎ࢚࢕ࢉ ቀ

࣊
૛
ቁ +

૚

ቀ૜࣊૛ࢎ࢔࢏࢙ ቁ
+ ࢎ࢚࢕ࢉ ൬

૜࣊
૛ ൰ 

Ω,࢕ࡿ =
૜࣊
ૡ
ቌ

૚

ࢎ࢔࢏࢙ ቀ࣊૛ቁ
+

૚

ࢎ࢔࢏࢙ ቀ૜࣊૛ ቁ
ቍ =

૜࣊
ૡ ቆࢎࢉ࢙ࢉቀ

࣊
૛
ቁ + ൬ࢎࢉ࢙ࢉ

૜࣊
૛ ൰ቇ 
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=
૜࣊
૝
൭

૚

ࢋ
࣊
૛ − ିࢋ

࣊
૛

+
૚

ࢋ
૜࣊
૛ − ିࢋ

૜࣊
૛
൱ =

૜࣊
૝
ቌ

ିࢋ
࣊
૛

૚ − ࣊ିࢋ +
ିࢋ

૜࣊
૛

૚ − ૜࣊ିࢋ
ቍ = 

=
૜࣊
૝ ෍൬ିࢋ

࣊
૛ ∙ ࣊࢔ିࢋ + ିࢋ

૜࣊
૛ ∙ ൰࣊࢔૜ିࢋ

ஶ

ୀ૙࢔

=
૜࣊
૝ ෍൬ିࢋ

࣊
૛(૛࢔ା૚) + ିࢋ

૜࣊
૛ (૛࢔ା૚)൰

ஶ

ୀ૙࢔

= 

=
૜࣊
૝ ෍൭

૚

ࢋ
࣊
૛(૛࢔ା૚)

+
૚

ࢋ
૜࣊
૛ (૛࢔ା૚)

൱
ஶ

ୀ૙࢔

=
૜࣊
૝ ෍

૚ + ࢋ
૜࣊
૛ ି࣊૛(૛࢔ା૚)

ࢋ
૜࣊
૛ (૛࢔ା૚)

ஶ

ୀ૙࢔

=
૜࣊
૝ ෍

૚ + ା࣊࣊࢔૛ࢋ

ࢋ
૜
૛(૛࣊࢔ା࣊)

ஶ

ୀ૙࢔

								 

 

1103. Find: 

Ω = න ૚)ࢍ࢕࢒࢞ࢋ) − (࢞ିࢋ + ૚)૛࢞ࢊ
ஶ

૙

 

Proposed by Jalil Hajimir-Toronto-Canada 

Solution by Kamel Benaicha-Algiers-Algerie 

Ω = න(ࢍ࢕࢒࢞ࢋ(૚ − (࢞ିࢋ + ૚)૛࢞ࢊ
ஶ

૙

= න
૚)ࢍ࢕࢒) − (࢞ିࢋ + ૛(࢞ିࢋ

૜࢞ିࢋ ∙ ࢞ࢊ࢞ିࢋ
ஶ

૙

=࢚ୀࢋష࢞
 

= න
૚)ࢍ࢕࢒) − ࢚) + ࢚)૛

࢚૜

૚

૙

 ࢚ࢊ

(࢚)ࢌ = න
૚)ࢍ࢕࢒) − ࢚) + ࢚)૛

࢚૜ ࢚ࢊ = න
૛(૚ࢍ࢕࢒ − ࢚)

࢚૜ ࢚ࢊ + ૛න
૚)ࢍ࢕࢒ − ࢚)

࢚૛ ࢚ࢊ + න
࢚ࢊ
࢚  ࡼ࡮ࡵ=

= −
−૛(૚ࢍ࢕࢒ ࢚)

૛࢚૛ −න
૚)ࢍ࢕࢒ − ࢚)
࢚૛(૚ − ࢚) ࢚ࢊ + ૛න

૚)ࢍ࢕࢒ − ࢚)
࢚૛ ࢚ࢊ + ࢚ࢍ࢕࢒ = 

= −
૛(૚ࢍ࢕࢒ − ࢚)

૛࢚૛ −න
૚)ࢍ࢕࢒ − ࢚)

࢚૛ ࢚ࢊ −න
૚)ࢍ࢕࢒ − ࢚)
࢚(૚ − ࢚) ࢚ࢊ + ࢚ࢍ࢕࢒ = 

= −
૛(૚ࢍ࢕࢒ − ࢚)

૛࢚૛ −
૚)ࢍ࢕࢒ − ࢚)

࢚ − න
࢚ࢊ

࢚(૚ − ࢚) − න
૚)ࢍ࢕࢒ − ࢚)
࢚(૚ − ࢚) ࢚ࢊ + ࢚ࢍ࢕࢒ = 

= −
૛(૚ࢍ࢕࢒ − ࢚)

૛࢚૛ −
૚)ࢍ࢕࢒ − ࢚)

࢚ + ૚)ࢍ࢕࢒ − ࢚) + (࢚)૛࢏ࡸ +
૚
૛ ࢍ࢕࢒

૛(૚ − ࢚) + ࡯;࡯ ∈ ℝ 
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(࢚)ࢌ =
−૛(૚ࢍ࢕࢒ ࢚)

૛ ቆ
(࢚ − ૚)(࢚+ ૚)

࢚૛ ቇ + ૚)ࢍ࢕࢒ − ࢚) ൬
࢚ − ૚
࢚ ൰+ (࢚)૛࢏ࡸ +  ࡯

∴ Ω = ܕܑܔ
࢚→૚ష

࡭ (࢚)ࢌ = ܕܑܔ
࢚→૚శ

࡮ (࢚)ࢌ = ࡭  ࡮−

ܕܑܔ
࢚→૚ష

(૚ − ૛(૚ࢍ࢕࢒(࢚ − ࢚) = ܕܑܔ
࢞→૙శ

૛࢞ࢍ࢕࢒࢞ = ૝ ܕܑܔ
࢞→૙శ

൫√࢞ࢍ࢕࢒√࢞൯
૛

= ૙ = 

= ܕܑܔ
࢚→૚ష

(૚ − ૚)ࢍ࢕࢒(࢚ − ࢚) 

ܕܑܔ
࢚→૙శ

૚)ࢍ࢕࢒ − ࢚)
࢚ = −૚ ⇒ 

࡮ = ܕܑܔ
࢚→૙శ

(࢚)ࢌ = ܕܑܔ
࢚→૙శ

ቈ
૛(૚ࢍ࢕࢒ − ࢚)

૛ ቆ
(࢚ − ૚)(࢚+ ૚)

࢚૛ ቇ + ૚)ࢍ࢕࢒ − ࢚) ൬
࢚ − ૚
࢚ ൰ + ૛(࢚)቉࢏ࡸ = 

= −
૚
૛ + ૚ + ࡯ =

૚
૛ +  ࡯

࡭ = ܕܑܔ
࢚→૚ష

(࢚)ࢌ =
࣊૛

૟ +  ࡯

Ω = න ૚)ࢍ࢕࢒࢞ࢋ) − (࢞ିࢋ + ૚)૛࢞ࢊ
ஶ

૙

=
࣊૛

૟ −
૚
૛	 

1104. Prove that: 

න
࣊ିࢋ

ට૚ା ૜૜ࢠ√

૜ࢠ√

ஶ

૙

ࢠࢊ =
૛ૠ࣊ିࢋ

࣊૟
(࣊(࣊(࣊(૟ + ࣊) + ૛૙) + ૝૙) + ૝૙) 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Kamel Benaicha-Algiers-Algerie 

Ω = න
࣊ିࢋ

ට૚ା ૜૜ࢠ√

૜ࢠ√

ஶ

૙

 ࢠࢊ

Put: ࢚ = ඥ૚ + ૜૜ࢠ√ ⇒ ࢠ = (࢚૜ − ૚)૜ ⇒ ࢠࢊ = ૢ࢚૛(࢚૜ − ૚)૛࢚ࢊ 

Ω = ૢන ࢚૛(࢚૜ − ૚)࢚ࢊ࢚࣊ିࢋ
ஶ

૚

= ૢන (࢚૞ − ࢚૛)࢚ࢊ࢚࣊ିࢋ
ஶ

૚
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࢔ࡵ = න ࢚ࢊ࢚࣊ିࢋ࢔࢚
ஶ

૚

ࡼ࡮ࡵ=
࣊ିࢋ

࣊ +
࢔
࣊න ࢚ࢊ࢚࣊ିࢋ૚ି࢔࢚

ஶ

૚

=
࣊ିࢋ

࣊ +
࢔
࣊ ;૚ି࢔ࡵ ૙ࡵ = න ࢚ࢊ࢚࣊ିࢋ

ஶ

૚

=
࣊ିࢋ

࣊  

Ω = ૞ࡵ)ૢ −  (૛ࡵ

૞ࡵ = ൬
૚
࣊ +

૞
࣊૛ +

૛૙
࣊૜ +

૟૙
࣊૝ +

૚૛૙
࣊૞ +

૚૛૙
࣊૟ ൰ ࢋ

ି࣊ 

૛ࡵ = ൬
૚
࣊ +

૛
࣊૛ +

૛
࣊૜൰ ࢋ

ି࣊ 

Ω	:࢕ࡿ = ૢ൬
૜
࣊૛ +

૚ૡ
࣊૜ +

૟૙
࣊૝ +

૚૛૙
࣊૞ +

૚૛૙
࣊૟ ൰ ࢋ

ି࣊ =
૛ૠ࣊ିࢋ

࣊૟
(૝૙ + ૝૙࣊ + ૛૙࣊૛ + ૟࣊૜ + ࣊૝) 

=
૛ૠ࣊ିࢋ

࣊૟
(࣊(࣊૜ + ૟࣊૛ + ૛૙࣊+ ૝૙) + ૝૙) = 

=
૛ૠ࣊ିࢋ

࣊૟
(࣊(࣊(࣊૛ + ૟࣊+ ૛૙) + ૝૙) + ૝૙) = 

=
૛ૠ࣊ିࢋ

࣊૟
(࣊(࣊(࣊(૟ + ࣊) + ૛૙) + ૝૙) + ૝૙) 

න
࣊ିࢋ

ට૚ା ૜૜ࢠ√

૜ࢠ√

ஶ

૙

ࢠࢊ =
૛ૠ࣊ିࢋ

࣊૟
(࣊(࣊(࣊(૟+ ࣊) + ૛૙) + ૝૙) + ૝૙) 

1105. Solve: 

࢟(࢞) = ૚ + ૛න࢚ࢊ(࢚)࢟(࢚ି࢞)ିࢋ
࢞

૙

 

Proposed by Jalil Hajimir-Toronto-Canada 

Solution 1 by Yen Tung Chung-Taichung-Taiwan 

࢟(࢞) = ૚ + ૛න࢚ࢊ(࢚)࢟(࢚ି࢞)ିࢋ
࢞

૙

= ૚ + ૛࢞ିࢋන࢚ࢊ(࢚)࢚࢟ࢋ
࢞

૙

 

࢟ࢊ
࢞ࢊ

=
ࢊ
࢞ࢊ

ቌ૚ + ૛࢞ିࢋන࢚ࢊ(࢚)࢚࢟ࢋ
࢞

૙

ቍ = −૛࢞ିࢋන࢚ࢊ(࢚)࢚࢟ࢋ
࢞

૙

+ ૛࢟࢞ࢋ࢞ିࢋ(࢞) 

⇒
࢟ࢊ
࢞ࢊ = ૚ − ࢟(࢞) + ૛࢟(࢞) ⇒

࢟ࢊ
࢞ࢊ = ૚ + ࢟ ⇒

૚
૚ + ࢟ࢊ࢟ =  ࢞ࢊ
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න
૚

૚ + ࢟ࢊ࢟ = න࢞ࢊ + ࢑ ⇒ ૚|ࢍ࢕࢒ + ࢟| = ࢞ + ࢑ ⇒ ࢟ = ࢉ࢞ࢋ − ૚ 

Since ࢟(૙) = ૚ + ૛∫ ૙࢚ࢊ(࢚)࢟(૙ି࢚)ିࢋ
૙ = ૚ 

We have: ૚ = ࢉ − ૚ ⇒ ࢉ = ૛ ⇒ ࢟ = ૛࢞ࢋ − ૚	 

 Solution 2 by Nassim Nicholas Taleb-New York-USA 

Taking Laplace transforms on both sides 

ख࢞[࢟](࢙) = ख࢞ ൥૛න࢚ࢊ(࢚)࢟(࢚ି࢞)ିࢋ
࢞

૙

+ ૚൩ (࢙) =
૛൫ख࢞[࢟(࢞)](࢙)൯

࢙ + ૚ +
૚
࢙  

Hence: ख࢞[࢟(࢞)](࢙) = ૚ା࢙
(ି૚ା࢙)࢙

 

Inverting the Laplace Transform 

࢟(࢞) = ख࢙ି૚ ൤
࢙ + ૚

(࢙ − ૚)࢙൨
(࢞) = ૛࢞ࢋ − ૚ 

1106. Find without any software: 

න
૝ܖܑܛ ࢞ + ૛࣊

࢞ܖܑܛ + ࢞ܛܗ܋ + ࣊

࣊
૛

૙

 ࢞ࢊ

Proposed by Jalil Hajimir-Toronto-Canada 

Solution by Daniel Sitaru – Romania  

ષ = න
૝࢙࢞࢔࢏ + ૛࣊

࢞࢔࢏࢙ + ࢙࢞࢕ࢉ + ࣊

࣊
૛

૙

࢞ࢊ =⏞
࢟ୀ࣊૛ି࢞

න
૝࢙࢔࢏ ቀ࣊૛ − ࢟ቁ + ૛࣊

࢔࢏࢙ ቀ࣊૛ − ࢟ቁ + ࢙࢕ࢉ ቀ࣊૛ − ࢟ቁ + ࣊
(࢟ࢊ−) =

࢕

࣊
૛

 

= න
૝࢙࢔࢏ቀ࣊૛ − ࢟ቁ + ૛࣊

࢔࢏࢙ ቀ࣊૛ − ࢟ቁ + ቀ࣊૛࢙࢕ࢉ − ࢟ቁ + ࣊
࢟ࢊ = න

૝࢙࢟࢕ࢉ + ૛࣊
࢙࢟࢕ࢉ + ࢟࢔࢏࢙ + ࢟ࢊ࣊ =

࣊
૛

૙

࣊
૛

૙

 

= න
૝࢙࢞࢕ࢉ + ૛࣊

࢞࢔࢏࢙ + ࢙࢞࢕ࢉ + ࢞ࢊ࣊

࣊
૛

૙
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ષ + ષ = න
૝࢙࢞࢔࢏ + ૛࣊

࢞࢔࢏࢙ + ࢙࢞࢕ࢉ + ࣊

࣊
૛

૙

࢞ࢊ + න
૝࢙࢞࢕ࢉ+ ૛࣊

࢞࢔࢏࢙ + ࢙࢞࢕ࢉ + ࢞ࢊ࣊

࣊
૛

૙

 

૛ષ = න
૝࢙࢞࢔࢏ + ૛࣊ + ૝࢙࢞࢕ࢉ+ ૛࣊

࢞࢔࢏࢙ + ࢙࢞࢕ࢉ + ࣊

࣊
૛

૙

࢞ࢊ = ૝න࢞ࢊ = ૛࣊ → ષ = ࣊

࣊
૛

૙

 

 

1107. Find without any software: 

Ω = න(૝࢚࢕ࢉ૜࢞ − ૞࢚࢕ࢉ૛࢞ + ૠ࢞ࢊ࢞ࢋ(࢚࢞࢕ࢉ 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Yen Tung Chung-Taichung-Vietnam 

Ω = න(૝࢚࢕ࢉ૜࢞ − ૞࢚࢕ࢉ૛࢞+ ૠ࢞ࢊ࢞ࢋ(࢚࢞࢕ࢉ = 

= න(૝ࢉ࢙ࢉ)࢚࢞࢕ࢉ૛࢞− ૚) − ૞(ࢉ࢙ࢉ૛࢞ − ૚) + ૠ࢞ࢊ࢞ࢋ(࢚࢞࢕ࢉ = 

= ૝න࢞ࢋ ∙ ࢚࢞࢕ࢉ ∙ ࢞ࢊ	૛࢞ࢉ࢙ࢉ + ૜න࢞ࢋ ∙ ࢞ࢊ࢚࢞࢕ࢉ − ૞න࢞ࢋ ∙ ࢞ࢊ૛࢞ࢉ࢙ࢉ + ૞න࢞ࢊ࢞ࢋ = 

= ૝ ൬−
૚
૛
࢞ࢋ ∙ ૛࢞ࢉ࢙ࢉ +

૚
૛
න࢞ࢋ ∙ +൰࢞ࢊ૛࢞ࢉ࢙ࢉ ૜න࢞ࢋ ∙ ࢞ࢊ࢚࢞࢕ࢉ − ૞න࢞ࢋ ∙ ࢞ࢊ૛࢞ࢉ࢙ࢉ + ૞න ࢞ࢋ ࢞ࢊ = 

= −૛࢞ࢋ ∙ ૛࢞ࢉ࢙ࢉ + ૜න࢞ࢋ ∙ ࢞ࢊ࢚࢞࢕ࢉ − ૜න ࢞ࢋ ∙ ࢞ࢊ૛࢞ࢉ࢙ࢉ + ૞࢞ࢋ = 

= −૛࢞ࢋ(૚ + (૛࢚࢞࢕ࢉ + ૜න(࢚࢞࢕ࢉ࢞ࢋ− ࢞ࢋ ∙ ࢞ࢊ(૛࢞ࢉ࢙ࢉ + ૞࢞ࢋ = 

= −૛࢞ࢋ ∙ ૛࢚࢞࢕ࢉ + ૜࢞ࢋ ∙ +࢚࢞࢕ࢉ ૜࢞ࢋ +  where ,࡯

൜ ࢛ = ࢞ࢋ ∙ ࢞ࢉ࢙ࢉ
࢛ࢊ = ࢞ࢋ ∙ −૚)࢞ࢉ࢙ࢉ ;	࢞ࢊ(࢚࢞࢕ࢉ 	 ቄ

࢜ࢊ = ࢚࢞࢕ࢉ ∙ ࢞ࢊ	࢞ࢉ࢙ࢉ
࢜ = ࢞ࢉ࢙ࢉ−  

න࢞ࢋ ∙ ࢚࢞࢕ࢉ ∙ ࢞ࢊ૛࢞ࢉ࢙ࢉ = ࢞ࢋ− ∙ ૛࢞ࢉ࢙ࢉ + නࢉ࢙ࢉ࢞ࢋ૛࢞(૚ − ࢞ࢊ(࢚࢞࢕ࢉ = 

࢞ࢋ− ∙ +૛࢞ࢉ࢙ࢉ න࢞ࢋ ∙ ࢞ࢊ૛࢞ࢉ࢙ࢉ − න࢞ࢋ ∙ ࢚࢞࢕ࢉ ∙  ࢞ࢊ૛࢞ࢉ࢙ࢉ

න࢞ࢋ ∙ ࢚࢞࢕ࢉ ∙ ࢞ࢊ૛࢞ࢉ࢙ࢉ = −
૚
૛ࢋ

૛࢞ࢉ࢙ࢉ࢞ +
૚
૛න࢞ࢋ ∙  ࢞ࢊ૛࢞ࢉ࢙ࢉ
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Solution 2 by Khaled Abd Imouti-Damascus-Syria 

Ω = න(૝࢚࢕ࢉ૜࢞ − ૞࢚࢕ࢉ૛࢞ + ૠ࢞ࢊ࢞ࢋ(࢚࢞࢕ࢉ 

Let be the function: ࢌ(࢞) = (૝࢚࢕ࢉ૜࢞ − ૞࢚࢕ࢉ૛࢞ + ૠ࢞ࢋ(࢚࢞࢕ࢉ and  

(࢞)ࡲ = ૛࢚࢞࢕ࢉ࡭) + ࢚࢞࢕ࢉ࡮ +  ࢞ࢋ(࡯

(࢞)ᇱࡲ = [−૛࢚࢕ࢉ࡭૜࢞ + ࡭) − +૛࢚࢞࢕ࢉ(࡮ (−૛࡭ + +࢚࢞࢕ࢉ(࡮ ࡮−) + ࢞ࢋ[(࡯ = (࢞)ࢌ ⇒ 

−૛࡭ = ૝ ⇒ ࡭ = −૛;࡭ − ࡮ = −૞ ⇒ ࡮ = ૜;−࡮ + ࡯ = ૙ ⇒ ࡯ = ૜. 

So, ࡲ(࢞) = (−૛࢚࢕ࢉ૜࢞ + ૜࢚࢞࢕ࢉ+ ૜)࢞ࢋ 

Ω = න(૝࢚࢕ࢉ૜࢞ − ૞࢚࢕ࢉ૛࢞ + ૠ࢞ࢊ࢞ࢋ(࢚࢞࢕ࢉ = (−૛࢚࢕ࢉ૜࢞+ ૜࢚࢞࢕ࢉ + ૜)࢞ࢋ +  ࡯

Solution 3 by Adrian Popa-Romania 

ᇱ(࢚࢞࢕ࢉ) = −
૚

૛࢞࢔࢏࢙ = −
૛࢞࢔࢏࢙ + ૛࢙࢞࢕ࢉ

૛࢞࢔࢏࢙ = −(૚ +  (૛࢚࢞࢕ࢉ

Ω = න(૝࢚࢕ࢉ૜࢞ − ૞࢚࢕ࢉ૛࢞+ ૠ࢞ࢊ࢞ࢋ(࢚࢞࢕ࢉ = 

= න(૝࢚࢕ࢉ૜࢞+ ૝࢚࢞࢕ࢉ − ૜࢚࢕ࢉ૛࢞ − ૜ − ૛࢚࢕ࢉ૛࢞ + ૜࢚࢞࢕ࢉ + ૜)࢞ࢊ࢞ࢋ = 

= න൥(૝࢚࢕ࢉ)࢚࢞࢕ࢉ૛࢞ + ૚) − ૜(࢚࢕ࢉ૛࢞ + ૚))ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
(࢞)ᇲࢌ

࢞ࢋ + (−૛࢚࢕ࢉ૛࢞ + ૜࢚࢞࢕ࢉ+ ૜ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
(࢞)ࢌ

൩࢞ࢋ( ࢞ࢊ = 

= න൫ࢌᇱ(࢞) + ࢞ࢋ൯(࢞)ࢌ ࢞ࢊ = ࢞ࢋ(࢞)ࢌ + ࡯ = (−૛࢚࢕ࢉ૛࢞ + ૜࢚࢞࢕ࢉ + ૜)࢞ࢋ +  ࡯

Solution 4 by Gilmer Lopez-Cajamarca-Peru 

Ω = න(૝࢚࢕ࢉ૜࢞ − ૞࢚࢕ࢉ૛࢞+ ૠ࢞ࢊ࢞ࢋ(࢚࢞࢕ࢉ = 

= න(૝ࢉ࢙ࢉ)࢚࢞࢕ࢉ૛࢞ − ૚) + ૞(ࢉ࢙ࢉ૛࢞ − ૚) + ૠ࢞ࢊ࢞ࢋ(࢚࢞࢕ࢉ = 

= ૝න࢚࢞࢕ࢉ ∙ ૛࢞ࢉ࢙ࢉ ∙ ࢞ࢊ࢞ࢋ − ૝න࢚࢞࢕ࢉ ∙ ࢞ࢊ࢞ࢋ − ૞නࢉ࢙ࢉ૛࢞ ∙ ࢞ࢊ࢞ࢋ + ૞න࢞ࢊ࢞ࢋ

+ ૠන࢚࢞࢕ࢉ ∙ ࢞ࢊ࢞ࢋ = 
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= ૝න࢚࢞࢕ࢉ ∙ ૛࢞ࢉ࢙ࢉ ∙ ࢞ࢊ࢞ࢋ
ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
࢛ୀ;࢞ࢋ																							࢛ࢊୀ࢞ࢊ࢞ࢋ

࢚࢕ࢉ࢜ୀି૚૛		૛࢞;ࢉ࢙ࢉ∙࢚࢞࢕ࢉୀ࢜ࢊ
૛࢞

+ ૜ න࢚࢞࢕ࢉ ∙ ࢞ࢊ࢞ࢋ
ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

࢛ୀ;࢚࢞࢕ࢉ								࢛ࢊୀିࢉ࢙ࢉ૛࢞
࢞ࢋୀ࢜						;࢞ࢊ࢞ࢋୀ࢜ࢊ 													

− ૞නࢉ࢙ࢉ૛࢞ ∙ ࢞ࢊ࢞ࢋ + ૞න࢞ࢊ࢞ࢋ = 

= ૝ ൬−
૚
૛ࢋ

࢞ ∙ ૛࢚࢞࢕ࢉ +
૚
૛න࢚࢕ࢉ૛࢞ ∙ ൰࢞ࢊ࢞ࢋ + ૜ ൬࢚࢞࢕ࢉ ∙ ࢞ࢋ + නࢉ࢙ࢉ૛࢞ ∙ ൰࢞ࢊ࢞ࢋ

− ૞නࢉ࢙ࢉ૛࢞ ∙ ࢞ࢋ ࢞ࢊ + ૞න࢞ࢊ࢞ࢋ = 

= −૛࢞ࢋ ∙ +૛࢚࢞࢕ࢉ ૛න࢚࢕ࢉ૛࢞ ∙ ࢞ࢊ࢞ࢋ + ૜࢚࢞࢕ࢉ ∙ ࢞ࢋ + ૜නࢉ࢙ࢉ૛࢞ ∙ ࢞ࢋ ࢞ࢊ

− ૞නࢉ࢙ࢉ૛࢞ ∙ ࢞ࢊ࢞ࢋ + ૞න࢞ࢊ࢞ࢋ = 

= −૛࢞ࢋ ∙ +૛࢚࢞࢕ࢉ ૛න࢚࢕ࢉ૛࢞ ∙ ࢞ࢊ࢞ࢋ + ૜࢚࢞࢕ࢉ ∙ ࢞ࢋ − ૛නࢉ࢙ࢉ૛࢞ ∙ ࢞ࢊ࢞ࢋ + ૞න࢞ࢊ࢞ࢋ = 

= −૛࢞ࢋ ∙ ૛࢚࢞࢕ࢉ + ૛නࢉ࢙ࢉ૛࢞ ∙ ࢞ࢋ ࢞ࢊ − ૛න࢞ࢊ࢞ࢋ + ૜࢚࢞࢕ࢉ ∙ ࢞ࢋ − ૛නࢉ࢙ࢉ૛࢞ ∙ ࢞ࢊ࢞ࢋ

+ 	૞න ࢞ࢊ࢞ࢋ = −૛࢞ࢋ ∙ ૛࢚࢞࢕ࢉ + ૜࢚࢞࢕ࢉ ∙ ࢞ࢋ + ૜න࢞ࢊ࢞ࢋ = 

= −૛࢞ࢋ ∙ +૛࢚࢞࢕ࢉ ૜࢚࢞࢕ࢉ ∙ ࢞ࢋ + ૜࢞ࢋ +  ࡯

1108. For ࢔ ≥ ૚,prove that: 

න
࢔࢞√

૚ + ࢞ + ࢞૛ + ࢞૜

ஶ

૙

࢞ࢊ =
࣊
૛ ∙

૚

ቀ૚ + ࢔࢏࢙ ࣊
૛࢔ + ࢙࢕ࢉ ࣊

૛࢔ቁ
 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution 1 by Kamel Benaicha-Algiers-Algerie 

Ω(࢔) = න
࢔࢞√

૚ + ࢞ + ࢞૛ + ࢞૜

ஶ

૙

࢞ࢊ = න
࢞
૚
࢔ − ࢞

૚
ା૚࢔

૚ − ࢞૝

ஶ

૙

࢞ࢊ =࢚ୀ࢞
૝
න
࢚
૚
૝ି࢔

૜
૝ − ࢚

૚
૝ି࢔

૚
૛

૚ − ࢚ ࢚ࢊ
ஶ

૙

= 

=
૚
૝

⎝

⎜
⎜
⎛
න
࢚
૚
૝ି࢔

૜
૝ − ࢚

૚
૝ି࢔

૚
૛

૚ − ࢚ ࢚ࢊ
૚

૙

+ න
࢚
૚
૝ି࢔

૜
૝ − ࢚

૚
૝ି࢔

૚
૛

૚ − ࢚ ࢚ࢊ
ஶ

૚ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
ୀ૚࢚ࢠ ⎠

⎟
⎟
⎞

= 
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=
૚
૝
ቌන

࢚
૚
૝ି࢔

૜
૝ − ࢚

૚
૝ି࢔

૚
૛

૚ − ࢚ ࢚ࢊ
૚

૙

−න
ିࢠ

૚
૝ି࢔

૜
૝ − ିࢠ

૚
૝ି࢔

૚
૛

૚ − ࢠ ࢠࢊ
૚

૙

ቍ = 

=
૚
૝ ቆࢸ൬

૚
૝࢔ +

૚
૛൰ − ൬ࢸ

૚
૝࢔ +

૚
૝൰ ൬ࢸ−

૚
૛ −

૚
૝࢔൰ + ൬ࢸ

૜
૝ −

૚
૝࢔൰ቇ = 

=
૚
૝
൭൬ࢸ(

૚
૝࢔+

૚
૛൰ ൬ࢸ−

૚
૛ −

૚
૝࢔൰ + ቆࢸ൬

૜
૝ −

૚
૝࢔൰ ൬ࢸ−

૚
૝ +

૚
૝࢔൰ቇ

൱ 

=
࣊
૝ ቆ࢚࢕ࢉ

ቀ
࣊
૛ −

࣊
૝࢔

ቁ + ቀ࢚࢕ࢉ
࣊
૝ +

࣊
૝࢔

ቁቇ =
࣊
૝ ቆ࢚࢔ࢇ

࣊
૝࢔ + ࢔ࢇ࢚ ቀ

࣊
૝ −

࣊
૝࢔

ቁቇ = 

=
࣊
૝
ቌ࢚࢔ࢇ

࣊
૝࢔ +

૚ − ࢔ࢇ࢚ ࣊
૝࢔

૚ + ࢔ࢇ࢚ ࣊
૝࢔

ቍ =
࣊
૝
ቌ
࢔࢏࢙ ࣊

૝࢔
࢙࢕ࢉ ࣊

૝࢔
+
࢙࢕ࢉ ࣊૝࢔ − ࢔࢏࢙ ࣊

૝࢔
࢙࢕ࢉ ࣊૝࢔ + ࢔࢏࢙ ࣊

૝࢔
ቍ = 

=
࣊
૛ ∙

࢙࢕ࢉ ࣊
૝࢔࢏࢙࢔

࣊
૝࢔ + ૛࢔࢏࢙ ࣊

૝࢔ + ૛࢙࢕ࢉ ࣊
૝࢔− ࢙࢕ࢉ ࣊૝࢔ ࢔࢏࢙

࣊
૝࢔

૛࢙࢕ࢉ૛ ࣊
૝࢔ + ૛࢙࢕ࢉ ࣊૝࢔ ࢔࢏࢙

࣊
૝࢔

= 

=
࣊
૛ ∙

૚

૚ + ࢙࢕ࢉ ࣊૛࢔ + ࢔࢏࢙ ࣊
૛࢔

			 

න
࢔࢞√

૚ + ࢞ + ࢞૛ + ࢞૜

ஶ

૙

࢞ࢊ =
࣊
૛ ∙

૚

ቀ૚ + ࢔࢏࢙ ࣊
૛࢔+ ࢙࢕ࢉ ࣊૛࢔ቁ

 

 Solution 2 by Tobi Joshua-Nigeria 

ࡵ = න
࢔࢞√

૚ + ࢞ + ࢞૛ + ࢞૜

ஶ

૙

࢞ࢊ = න
࢔࢞√

(૚ + ࢞)(૚ + ࢞૛)

ஶ

૙

 ࢞ࢊ

ࡵ =
૚
૛න

࢔࢞√

૚ + ࢞ ࢞ࢊ
ஶ

૙

−
૚
૛න

࢔࢞√ (࢞ − ૚)
૚ + ࢞૛ ࢞ࢊ

ஶ

૙ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
࢟ୀ࢞૛

=
૚
૛න

࢞
૚
࢔

૚ + ࢞ࢊ࢞
ஶ

૙

−
૚
૝න

࢟
૚
૛࢔ − ࢟

૚
૛ି࢔

૚
૛

૚+ ࢟ ࢟ࢊ
ஶ

૙

= 

=
૚
૛න

࢞ቀ
૚
ା૚ቁି૚࢔

૚ + ࢞ ࢞ࢊ
ஶ

૙

−
૚
૝න

࢟ቀ
૚
૛࢔ା

૚
૛ቁି૚

૚ + ࢟ ࢟ࢊ
ஶ

૙

 

ቌ∴ න
૚ି࢓࢞

૚ + ࢞ࢊ࢞
ஶ

૙

=
࣊

(࣊࢓)࢔࢏࢙ ࢓; < 0ቍ 
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ࡵ =
࣊

૛࢙࢔࢏ ቀ࣊࢔ + ࣊ቁ
−
૚
૝
ቌ

࣊

ቀ࢔࢏࢙ ࣊૛࢔ + ࣊ቁ
−

࣊

ቀ࢔࢏࢙ ࣊૛࢔ + ࣊
૛ቁ
ቍ = 

= −
࣊

૛࢙࢔࣊࢔࢏
−
૚
૝
ቌ−

࣊

࢔࢏࢙ ࣊
૛࢔

−
࣊

࢙࢕ࢉ ࣊
૛࢔

ቍ = −
࣊

૝࢙࢕ࢉ ࣊
૛࢔࢏࢙࢔

࣊
૛࢔

+
૚
૝ ∙

࣊

࢔࢏࢙ ࣊
૛࢔

+
૚
૝ ∙

࣊

࢙࢕ࢉ ࣊
૛࢔

= 

=
࣊
૝ ∙

࢙࢕ࢉ ࣊
૛࢔ + ࢔࢏࢙ ࣊

૛࢔− ૚

࢙࢕ࢉ ࣊
૛࢔ ࢔࢏࢙

࣊
૛࢔

=
࣊
૝ ∙

ቀ࢙࢕ࢉ ࣊
૛࢔ + ࢔࢏࢙ ࣊

૛࢔ቁ
૛
− ૚

࢙࢕ࢉ ࣊૛࢔࢏࢙࢔
࣊
૛࢔ ቀ࢙࢕ࢉ

࣊
૛࢔ + ࢔࢏࢙ ࣊

૛࢔+ ૚ቁ
= 

=
࣊
૝ ∙

૛࢙࢕ࢉ ࣊
૛࢔࢏࢙࢔

࣊
૛࢔

࢔࢏࢙ ࣊
૛࢙࢕ࢉ࢔

࣊
૛࢔ ቀ࢙࢕ࢉ

࣊
૛࢔ + ࢔࢏࢙ ࣊

૛࢔+ ૚ቁ
						 

න
࢔࢞√

૚ + ࢞ + ࢞૛ + ࢞૜

ஶ

૙

࢞ࢊ =
࣊
૛ ∙

૚

ቀ૚ + ࢔࢏࢙ ࣊
૛࢔+ ࢙࢕ࢉ ࣊૛࢔ቁ

 

1109. Find without any software: 

Ω = න
૜࢞૛ + ࢞

૚ + ૟࢞(૚+ (૜࢞ࢋ + ૛ࢋ૜࢞ + ૟࢞ࢋ + ૢ࢞૛
 ࢞ࢊ

Proposed by Daniel Sitaru-Romania 

Solution 1 by Kamel Benaicha-Algiers-Algerie 

Ω = න
૜࢞૛ + ࢞

૚ + ૟࢞(૚ + (૜࢞ࢋ + ૛ࢋ૜࢞ + ૟࢞ࢋ + ૢ࢞૛ ࢞ࢊ = න
૜࢞૛ + ࢞

(૜࢞ + ૜࢞)૛ࢋ + ૛(૜࢞+ (૜࢞ࢋ + ૚࢞ࢊ 

= න
૜࢞ + ૚

(૜࢞ + ૜࢞ࢋ + ૚)૛ ∙ ࢞ࢊ࢞ = න
(૜࢞ + ૚)ିࢋ૜࢞

൫(૜࢞ + ૚)ିࢋ૜࢞ + ૚൯૛
∙  ࢞ࢊ૜࢞ିࢋ࢞

(࢚ = (૜࢞ + ૚)ିࢋ૜࢞ ⇒ ࢚ࢊ = (૜ିࢋ૜࢞ − ૜(૜࢞ + ૚)ିࢋ૜࢞)࢞ࢊ =  (࢞ࢊ૜࢞ିࢋ࢞ૢ−

Ω = −
૚
ૢන

࢚ࢊ࢚
(૚ + ࢚)૛ = −

૚
ૢ ൬ࢍ࢕࢒

(૚ + ࢚) +
૚

૚ + ࢚൰ + ࡯;࡯ ∈ ℝ 

Ω = −
૚
ૢቆࢍ࢕࢒

ቀࢋ૜࢞ + (૜࢞ + ૚)ቁ +
૜࢞ࢋ

૜࢞ࢋ + (૜࢞ + ૚) − ૜࢞ቇ +  ࡯

	Ω = න
૜࢞૛ + ࢞

૚ + ૟࢞(૚ + (૜࢞ࢋ + ૛ࢋ૜࢞ + ૟࢞ࢋ + ૢ࢞૛ ࢞ࢊ = 
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=
࢞
૜ −

૚
ૢቆࢍ࢕࢒

ቀࢋ૜࢞ + (૜࢞+ ૚)ቁ +
૜࢞ࢋ

૜࢞ࢋ + (૜࢞ + ૚)ቇ +  ࡯

 Solution 2 by Yen Tung Chung-Taichung-Taiwan 

Ω = න
૜࢞૛ + ࢞

૚ + ૟࢞(૚ + (૜࢞ࢋ + ૛ࢋ૜࢞ + ૟࢞ࢋ + ૢ࢞૛ ࢞ࢊ = 

= න
૜࢞૛ + ࢞

(૚ + ૜࢞)૛ࢋ + ૟࢞(૚ + (૜࢞ࢋ + ૢ࢞૛ ࢞ࢊ = න
૜࢞૛ + ࢞

(૚ + ૜࢞ + ૜࢞)૛ࢋ ࢞ࢊ = 

= න
(૜࢞ + ૚)ିࢋ૜࢞

൫(૚ + ૜࢞)ିࢋ૜࢞ + ૚൯૛
∙ ࢞ࢊ૜࢞ିࢋ࢞ =

࢟ୀ(૚ା૜࢞)ࢋష૜࢞ା૚
࢞ࢊష૜࢞ࢋୀିૢ࢞࢟ࢊ

න
࢟− ૚
࢟ ∙ ൬−

૚
൰࢟ࢊૢ = 

= −
૚
ૢන൬

૚
࢟ −

૚
࢟૛൰࢟ࢊ = −

૚
ૢ ࢍ࢕࢒

|࢟| −
૚
࢟ + ࡯ = 

= −
૚
ૢ หࢍ࢕࢒

(૚+ ૜࢞)ିࢋ૜࢞ + ૚ห −
૚

(૚ + ૜࢞)ିࢋ૜࢞ + ૚ + ࡯ = 

= −
૚
ૢ ࢍ࢕࢒ ቤ

૚ + ૜࢞ + ૜࢞ࢋ

૜࢞ࢋ ቤ −
૜࢞ࢋ

૚ + ૜࢞ + ૜࢞ࢋ + ࡯ = 

=
࢞
૜ −

૚
ૢ ∙

૜࢞ࢋ

૚ + ૜࢞ + ૜࢞ࢋ −
૚
ૢ ห૚ࢍ࢕࢒ + ૜࢞ + ૜࢞หࢋ +  ࡯

 Solution 3 by Remus Florin Stanca-Romania 

Ω = න
૜࢞૛ + ࢞

૚ + ૟࢞(૚ + (૜࢞ࢋ + ૛ࢋ૜࢞ + ૟࢞ࢋ + ૢ࢞૛ ࢞ࢊ = 

= න
૜࢞૛ + ࢞

(૜࢞ + ૚)૛ + ૜࢞ࢋ) + ૜࢞)૛ − ૢ࢞૛ + ૛ࢋ૜࢞ ࢞ࢊ = 

= න
૜࢞૛ + ࢞

(૜࢞+ ૚)૛ + ૜࢞ࢋ) + ૜࢞)૛ + ૛ࢋ૜࢞ + ૟࢞ − ૢ࢞૛ − ૟࢞− ૚ + ૚ ࢞ࢊ = 

= න
૜࢞૛ + ࢞

૜࢞ࢋ) + ૜࢞)૛ + ૛(ࢋ૜࢞ + ૜࢞) + ૚࢞ࢊ = න
૜࢞૛ + ࢞

૜࢞ࢋ) + ૜࢞ + ૚)૛ ࢞ࢊ = 

= න
૜࢞ࢋ)࢞ + ૜࢞ + ૚)− ૜࢞ࢋ࢞

૜࢞ࢋ) + ૜࢞ + ૚)૛ ࢞ࢊ = න
࢞

૜࢞ࢋ + ૜࢞ + ૚࢞ࢊ − න
૜࢞ࢋ࢞

૜࢞ࢋ) + ૜࢞ + ૚)૛ ࢞ࢊ ; (૚) 

	න
૜࢞ࢋ࢞

૜࢞ࢋ) + ૜࢞ + ૚)૛ ࢞ࢊ =
૚
ૢන

૜࢞ࢋ)ᇱ(૜࢞ࢋ) + ૜࢞ + ૚) − ૜࢞ࢋ૜࢞(૜ࢋ + ૜)
૜࢞ࢋ) + ૜࢞ + ૚)૛ ࢞ࢊ = 
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=
૚
ૢ ∙

૜࢞ࢋ

૜࢞ࢋ + ૜࢞ + ૚ ; (૛) 

න
࢞

૜࢞ࢋ + ૜࢞ + ૚࢞ࢊ = න
૚
૜ ૜࢞ࢋ) + ૜࢞ + ૚) − ૚

ૢ (૜ࢋ૜࢞ + ૜)
૜࢞ࢋ + ૜࢞ + ૚ ࢞ࢊ

=
࢞
૜ −

૚
ૢ ࢍ࢕࢒

૜࢞ࢋ) + ૜࢞ + ૚); (૜) 

From (1),(2),(3) we get: 

Ω =
࢞
૜ −

૚
ૢ ࢍ࢕࢒

૜࢞ࢋ) + ૜࢞ + ૚) −
૚
ૢ ∙

૜࢞ࢋ

૜࢞ࢋ + ૜࢞ + ૚ +  ࡯

1110. Find: 

Ω = න
࢔࢞࢔࢏࢙√

൫√࢙࢔࢞࢔࢏ + ࢔࢙࢕ࢉ√ ࢞൯
૛࢔ା૚ ࢔,࢞ࢊ ∈ ℕ,࢔ ≥ ૛ 

Proposed by Jalil Hajimir-Toronto-Canada 

Solution by Abner Chinga Bazo-Lima-Peru 

Ω = න
࢔࢞࢔࢏࢙√

൫√࢙࢔࢞࢔࢏ + ࢔࢙࢕ࢉ√ ࢞൯
૛࢔ା૚ ࢞ࢊ = න

࢔࢞࢔࢏࢙√ ∙ ൫√࢙࢔࢞ࢉࢋ ൯
૛࢔ା૚

൫√࢙࢔࢞࢔࢏ + ࢔࢙࢕ࢉ√ ࢞൯
૛࢔ା૚

∙ ൫√࢙࢔࢞ࢉࢋ ൯
૛࢔ା૚ ࢞ࢊ = 

= න
࢔࢞࢔ࢇ࢚√ ∙ ૛࢞ࢉࢋ࢙

൫√࢚࢔࢞࢔ࢇ + ૚൯
૛࢔ା૚ ࢞ࢊ =

࢔࢞࢔ࢇ࢚√ ୀ࢛
࢛ࢊష૚࢔࢛࢔ୀ࢞ࢊ૛࢞ࢉࢋ࢙ න࢔

࢔࢛

(࢛+ ૚)૛࢔ା૚ ࢛ࢊ =࢛ା૚ୀ࢚
 

= න
(࢚ − ૚)࢔

࢚૛࢔ା૚ ࢚ࢊ = න
∑ ൫࢑࢔൯࢚

࢔࢑(૚−)࢑ି࢔
࢑ୀ૙

࢚૛࢔ା૚ ࢚ࢊ = 

= න
૚

࢚૛࢔ା૚
ቂቀ
࢔
૙
ቁ ࢔࢚ − ቀ

࢔
૚
ቁ ૚ି࢔࢚ + ቀ

࢔
૛
ቁ ૛ି࢔࢚ − ቀ

࢔
૜
ቁ ૜ି࢔࢚ + ⋯+ (−૚)࢑ ቀ

࢔
࢔
ቁቃ ࢚ࢊ = 

= නቂቀ
࢔
૙
ቁ ૚ି࢔ି࢚ − ቀ

࢔
૚
ቁ ૛ି࢔ି࢚ + ቀ

࢔
૛
ቁ ૜ି࢔ି࢚ − ቀ

࢔
૜
ቁ ૝ି࢔ି࢚ + ⋯+ (−૚)࢑ ቀ

࢔
࢔
ቁ ࢚ି૛ି࢔૚ቃ࢚ࢊ = 

= ቈቀ
࢔
૙
ቁ
࢔ି࢚

࢔ − ቀ
࢔
૚
ቁ
૚ି࢔ି࢚

+࢔ ૚ + ቀ
࢔
૛
ቁ
૛ି࢔ି࢚

+࢔ ૛ −
ቀ
࢔
૜
ቁ
૜ି࢔ି࢚

+࢔ ૜ + ⋯+ (−૚)࢑ ቀ
࢔
࢔
ቁ
࢚ି૛࢔

૛࢔ ቉ +  ࡯
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1111. Find without any software: 

Ω = න ࢔࢏࢙ ቀ࢞ −
࣊
૝
ቁඥ(૚ + ૚)(࢞࢔࢏࢙ + ࢞ࢊ(࢙࢞࢕ࢉ

࣊
૝

૙

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Abner Chinga Bazo-Lima-Peru 

Ω = න࢙࢔࢏ ቀ࢞ −
࣊
૝
ቁඥ(૚ + ૚)(࢞࢔࢏࢙ + ࢞ࢊ(࢙࢞࢕ࢉ

࣊
૝

૙

= 

= න࢙࢔࢏ ቀ࢞ −
࣊
૝
ቁට૝࢙࢔࢏૛ ቀ

࢞
૛ +

࣊
૝
ቁ ૛࢙࢕ࢉ

࢞
૛࢞ࢊ

࣊
૝

૙

= න࢙࢔࢏ቀ࢞ −
࣊
૝
ቁ૛࢙࢔࢏ ቀ

࢞
૛ +

࣊
૝
ቁ ࢙࢕ࢉ

࢞
૛࢞ࢊ

࣊
૝

૙

= 

= න࢙࢔࢏ ቀ࢞ −
࣊
૝
ቁ ቀ࢙࢔࢏ ቀ࢞ +

࣊
૝
ቁ + ࢔࢏࢙

࣊
૝
ቁ࢞ࢊ

࣊
૝

૙

= 

= න ቂ࢙࢔࢏ቀ࢞ −
࣊
૝
ቁ ቀ࢞࢔࢏࢙ +

࣊
૝
ቁ + ቀ࢞࢔࢏࢙ −

࣊
૝
ቁ ࢔࢏࢙

࣊
૝
ቃ࢞ࢊ

࣊
૝

૙

= 

= −
૚
૛න

ቂ࢙࢕ࢉ૛࢞ − ࢙࢕ࢉ
࣊
૛ + ࢙࢞࢕ࢉ − ࢙࢕ࢉ ቀ

࣊
૛ − ࢞ቁቃ ࢞ࢊ

࣊
૝

૙

= 

= −
૚
૛න

+૛࢙࢞࢕ࢉ) −࢙࢞࢕ࢉ ࢞ࢊ(࢞࢔࢏࢙

࣊
૝

૙

= −
૚
૛ ൤
૚
૛ ૛࢞࢔࢏࢙ + ࢞࢔࢏࢙ + ൨࢙࢞࢕ࢉ

૙

࣊
૝

= −
૚
૝ ൫૛√૛ − ૚൯ 

Solution 2 by Abner Chinga Bazo-Lima-Peru 

Ω = න࢙࢔࢏ ቀ࢞ −
࣊
૝
ቁඥ(૚ + ૚)(࢞࢔࢏࢙ + ࢞ࢊ(࢙࢞࢕ࢉ

࣊
૝

૙

= 
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න࢙࢔࢏ቀ࢞ −
࣊
૝
ቁට૝࢙࢔࢏૛ ቀ

࢞
૛ +

࣊
૝
ቁ ૛࢙࢕ࢉ

࢞
૛࢞ࢊ

࣊
૝

૙

= න࢙࢔࢏ ቀ࢞ −
࣊
૝
ቁ૛࢙࢔࢏ቀ

࢞
૛ +

࣊
૝
ቁ ࢙࢕ࢉ

࢞
૛ ࢞ࢊ

࣊
૝

૙

= 

= න࢙࢔࢏ ቀ࢞ −
࣊
૝
ቁ ቀ࢙࢔࢏ ቀ࢞ +

࣊
૝
ቁ + ࢔࢏࢙

࣊
૝
ቁ࢞ࢊ

࣊
૝

૙

= 

= න ቂ࢙࢔࢏ቀ࢞ −
࣊
૝
ቁ ቀ࢞࢔࢏࢙ +

࣊
૝
ቁ + ቀ࢞࢔࢏࢙ −

࣊
૝
ቁ ࢔࢏࢙

࣊
૝
ቃ࢞ࢊ

࣊
૝

૙

= 

= න ቂ࢙࢔࢏ ቀ࢞ −
࣊
૝
ቁ ቀ࢙࢞࢕ࢉ −

࣊
૝
ቁ + ቀ࢞࢔࢏࢙ −

࣊
૝
ቁ ࢔࢏࢙

࣊
૝
ቃ࢞ࢊ

࣊
૝

૙

= 

= න࢙࢔࢏ቀ࢞ −
࣊
૝
ቁࢊ ቆ࢙࢔࢏ ቀ࢞ −

࣊
૝
ቁቇ

࣊
૝

૙

+ ࢔࢏࢙
࣊
૝ න ࢔࢏࢙ ቀ࢞ −

࣊
૝
ቁࢊ ቀ࢞ −

࣊
૝
ቁ

࣊
૝

૙

= 

=
૚
૛ ࢔࢏࢙

૛ ቀ࢞ −
࣊
૝
ቁቚ
૙

࣊
૝ −

√૛
૛ ࢙࢕ࢉ ቀ࢞ −

࣊
૝
ቁቚ
૙

࣊
૝ = −

૚
૝ ൫૛√૛ − ૚൯ 

 Solution 3 by Igor Soposki-Skopje-Macedonia 

Ω = න࢙࢔࢏ቀ࢞ −
࣊
૝
ቁඥ(૚ + ૚)(࢞࢔࢏࢙ + ࢞ࢊ(࢙࢞࢕ࢉ

࣊
૝

૙

=
࢞ି࣊૝ୀ࢚

 

= න࢙࢚࢔࢏ඨ(૚ + ࢔࢏࢙ ቀ࢚ +
࣊
૝
ቁቆ૚ + ࢙࢕ࢉ ቀ࢚ +

࣊
૝
ቁቇ࢚ࢊ

૙

ି࣊૝

= 

= න࢙࢚࢔࢏ඩቌ૚ +
√૛
૛

࢚࢔࢏࢙) + ቍቌ૚(࢚࢙࢕ࢉ +
√૛
૛

࢚࢙࢕ࢉ) − ቍ(࢚࢔࢏࢙
૙

ି࣊૝

࢚ࢊ = 

= න࢙࢚࢔࢏ඨ
૚
૛ + √૛࢚࢙࢕ࢉ + ૛࢚࢙࢕ࢉ

૙

ି࣊૝

࢚ࢊ = න࢙࢚࢔࢏ඨ൬࢚࢙࢕ࢉ +
૚
√૛

൰
૛૙

ି࣊૝

࢚ࢊ = 
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= න࢙࢚࢔࢏ ൬࢚࢙࢕ࢉ+
૚
√૛

൰࢚ࢊ
૙

ି࣊૝

=࢛ୀ࢚࢙࢕ࢉ− න൬࢛ +
૚
√૛

൰
૚

√૛
૛

࢛ࢊ = 

= −ቈ
࢚૛

૛ +
࢚
√૛

቉
√૛
૛

૚

=
૚
૝ −

૚
√૛

 

:ࢌ .1112 (૙,∞) → ℝ,ࢌ −continuous, ࢌ(࢞)− ૜܏ܗܔ ࢞ = ૝ − ૜܏ܗܔ൫૞ࢌ ࢞൯,∀࢞ > 0. 

Find: 

Ω = න(ࢌ(࢞) − ૛) ∙ ࢞܏ܗܔ ૚૞
૜

૛

 ࢞ࢊ

Proposed by Daniel Sitaru-Romania 

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam 

(࢞)ࢌ − ૜܏ܗܔ ࢞ = ૝ − ૜܏ܗܔ൫૞ࢌ ࢞൯; 			(૚) 

Put ࢌ(࢞) = (࢞)ࢍ + ૛ + ૚૞܏ܗܔ ࢞, we have 

૜܏ܗܔ൫૞ࢌ ࢞൯ = ૜܏ܗܔ൫૞ࢍ ࢞൯ + ૛ + ૜܏ܗܔ૚૞൫૞܏ܗܔ ࢞൯ = ૜܏ܗܔ൫૞ࢍ ࢞൯ + ૛ + ૜܏ܗܔ ࢞ ∙ ૚૞܏ܗܔ ૞ = 

= ૜܏ܗܔ൫૞ࢍ ࢞൯ + ૛ + ૜܏ܗܔ ࢞ (૚ − ૚૞܏ܗܔ ૜) 

So, the equation (1) is equivalent to: 

(࢞)ࢍ + ૛ + ૚૞܏ܗܔ ࢞ − ૜܏ܗܔ ࢞ = ૝ − ૜܏ܗܔ൫૞ࢍ ࢞൯ − ૛ − ૜܏ܗܔ ࢞ (૚ − ૚૞܏ܗܔ ૜) 

Or: ࢍ(࢞) + ૛ + ૜܏ܗܔ ࢞ ૚૞܏ܗܔ) ૜ − ૚) = ૝ − ૜܏ܗܔ൫૞ࢍ ࢞൯ − ૛ + ૜܏ܗܔ ࢞ ૚૞܏ܗܔ) ૜ − ૚) ⇒ 

(࢞)ࢍ = ૜܏ܗܔ൫૞ࢍ− ࢞൯; 		(૛) 

Sobstitute ࢞ → ૜܏ܗܔ૞ ࢞, we have the functional equation (2) equivalent to: 

૞܏ܗܔ൫૜ࢍ ࢞൯ = (࢞)ࢍ− ⇒ (࢞)ࢍ = ૞܏ܗܔ൫૜ࢍ− ࢞൯; 		(૜) 

Substitute ࢞ → ૜܏ܗܔ૞ ࢞,	 we have the functional equation (3) equivalent to: 

૞܏ܗܔ൫૜ࢍ ࢞൯ = ૞܏ܗܔ൫૜ࢍ− ૜∙܏ܗܔ૞ ࢞൯; 			(૝) 

From (3),(4) we have:  ࢍ(࢞) = (−૚)૛	ࢍ൫૜܏ܗܔ૞ ૜∙܏ܗܔ૞ ࢞൯ 

Similarly, we have: 

(࢞)ࢍ = (−૚)૚ࢍ൫૜܏ܗܔ૞ ࢞൯ = (−૚)૛ࢍ൫૜܏ܗܔ૞ ૜∙܏ܗܔ૞ ࢞൯ = (−૚)૜ࢍቀ૜܏ܗܔ ૜૞
૛ ૞܏ܗܔ∙ ࢞ቁ = ⋯ = 
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= (−૚)૛ࢍ࢔ ቀ૜܏ܗܔ ૜૞
૛࢔ష૚ ૞܏ܗܔ∙ ࢞ቁ ࢔∀; ≥ ૚ 

So, we have: ࢍ(࢞) = ܏ܗܔቀ૜ࢍ ૜૞
૛࢔ష૚ ૞܏ܗܔ∙ ࢞ቁ 

Given ࢔ → ∞, we have ࢍ(࢞) =  (૚)ࢍ

Substitute ࢞ = ૚ in (2), we have ࢍ(૚) = (૚)ࢍ− ⇒ (૚)ࢍ = ૙ ⇒ (࢞)ࢌ = ૛ + ૚૞܏ܗܔ ࢞ 

So, we have: 

Ω = න(ࢌ(࢞)− ૛) ∙ ࢞܏ܗܔ ૚૞
૜

૛

࢞ࢊ = න(૛ + ૚૞܏ܗܔ ࢞ − ૛) ∙ ࢞܏ܗܔ ૚૞
૜

૛

࢞ࢊ = 

= න܏ܗܔ૚૞ ࢞ ∙ ࢞܏ܗܔ ૚૞
૜

૛

࢞ࢊ = ૚ 

1113. Find without any software: 

Ω = න
൫√࢞૞࢔࢏࢙ ൯ ∙ ൫૞√࢞૞࢔࢏࢙ ൯ ∙ ൫૞√࢞૞࢔࢏࢙ ൯

√࢞૝૞

࣊૞
૛૝૜

࣊૞
૚૙૛૝

 ࢞ࢊ

Proposed by Daniel Sitaru-Romania 

Solution 1 by Abner Chinga Bazo-Lima-Peru 

Ω = න
൫√࢞૞࢔࢏࢙ ൯ ∙ ൫૞√࢞૞࢔࢏࢙ ൯ ∙ ൫૞√࢞૞࢔࢏࢙ ൯

√࢞૝૞

࣊૞
૛૝૜

࣊૞
૚૙૛૝

࢞ࢊ =
√࢞૞ ୀ࢚

૞ න ࢚࢔࢏࢙ ∙ ૜࢚࢔࢏࢙ ∙ ૞࢚࢔࢏࢙

࣊
૜

࣊
૝

࢚ࢊ = 

=
૞
૛න

૛࢚࢙࢕ࢉ) − ૞࢚࢔࢏࢙(૝࢚࢙࢕ࢉ

࣊
૜

࣊
૝

࢚ࢊ =
૞
૝න(࢙࢔࢏ૠ࢚ + ૜࢚࢔࢏࢙ − ࢚ૢ࢔࢏࢙ − (࢚࢔࢏࢙

࣊
૜

࣊
૝

࢚ࢊ = 

=
૞
૝ ൤−

ૠ࢚࢙࢕ࢉ
ૠ −

૜࢚࢙࢕ࢉ
૜ +

࢚ૢ࢙࢕ࢉ
ૢ + ൨࢚࢙࣊࢕ࢉ

૝

࣊
૜

=
૞
૛૞૛ ൫૝૚ − ૝૚√૛൯ =

૛૙૞
૛૞૛൫૚ − √૛൯ 

 Solution 2 by Timson Azeez Folorunsho-Lagos-Nigeria 
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Ω = න
൫√࢞૞࢔࢏࢙ ൯ ∙ ൫૞√࢞૞࢔࢏࢙ ൯ ∙ ൫૞√࢞૞࢔࢏࢙ ൯

√࢞૝૞

࣊૞
૛૝૜

࣊૞
૚૙૛૝

࢞ࢊ =
√࢞૞ ୀ࢟

૞න ࢟࢔࢏࢙ ∙ ૜࢟࢔࢏࢙ ∙ ૞࢟࢔࢏࢙

࣊
૜

࣊
૝

࢟ࢊ = 

= ૞න ൬
૛࢙࢟࢕ࢉ − ૡ࢙࢟࢕ࢉ

૛ ൰࢙࢟࢔࢏

࣊
૜

࣊
૝

࢟ࢊ =
૞
૛ න

࢟࢔࢏૛࢙࢙࢟࢕ࢉ) − (࢟࢔࢏ૡ࢙࢙࢟࢕ࢉ

࣊
૜

࣊
૝

࢟ࢊ = 

=
૞
૛ න

૜࢟࢔࢏࢙ − ࢟࢔࢏࢙ − ࢟ૢ࢔࢏࢙ + ૠ࢟࢔࢏࢙
૛ ࢟ࢊ

࣊
૜

࣊
૝

=
૞
૝න

૜࢟࢔࢏࢙) − ࢟࢔࢏࢙ − ࢟ૢ࢔࢏࢙ + ࢟ࢊ(ૠ࢟࢔࢏࢙

࣊
૜

࣊
૝

 

=
૞
૝ ൤−

ૠ࢚࢙࢕ࢉ
ૠ −

૜࢚࢙࢕ࢉ
૜ +

࢚ૢ࢙࢕ࢉ
ૢ + ൨࢚࢙࣊࢕ࢉ

૝

࣊
૜

=
૞
૝ቆ

૝૚
૟૜ −

૝૚√૛
૟૜ ቇ =

૛૙૞ − ૛૙૞√૛
૛૞૛  

 

1114. Find a closed form: 

Ω(ࢇ) = න
࢞૜

(࢞૝ − ࢞૛ + ૚)(࢞ࢇ + ૚)
࢞ࢊ

ஶ

૙

ࢇ, > 0 

Proposed by Vasile Mircea Popa-Romania 

Solution by Kamel Benaicha-Algiers-Algerie 

࢞૜

(࢞૝ − ࢞૛ + ૚)(࢞ࢇ + ૚) =
࡭

࢞ࢇ + ૚ +
૜࢞࡮ + ૛࢞࡯ + ࢞ࡰ + ࡱ

࢞૝ − ࢞૛ + ૚ ; 			(૚) 

(૚) ∙ ࢞ࢇ) + ૚),࢞ = −
૚
ࢇ ⇒ ࡭ = −

ࢇ
૝ࢇ − ૛ࢇ + ૚ 

(૚) ∙ ࢞,࢞ → ∞ ⇒
࡭
ࢇ + ࡮ = ૙ ⇒ ࡮ =

૚
૝ࢇ − ૛ࢇ + ૚ 

࢞ = ૙ ⇒ ࡱ = ࡭− =
ࢇ

૝ࢇ − ૛ࢇ + ૚ 

࢞ = ૚ ⇒ ࡮ + ࡯ + +ࡰ ࡱ +
࡭

૚ + ࢇ =
૚

૚ + ࢇ ⇒ 

࡯ + ࡰ =
૚

૚ + ࢇ ቆ૚−
(૚ + ૛(ࢇ

૝ࢇ − ૛ࢇ + ૚ +
ࢇ

૝ࢇ − ૛ࢇ + ૚ቇ =
૝ࢇ − ૛ࢇ૛ + ૚

(૚ + ૝ࢇ)(ࢇ − ૛ࢇ + ૚) 
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࢞ = ૚ ⇒ ࡮− + −࡯ +ࡰ ࡱ +
࡭

૚ − ࢇ = −
૚

૚ + ࢇ ⇒ 

࡯ ࡰ− =
૚

૚ − ቆ−૚ࢇ +
(૚ − ૛(ࢇ

૝ࢇ − ૛ࢇ + ૚ +
ࢇ

૝ࢇ − ૛ࢇ + ૚ቇ = −
૝ࢇ − ૛ࢇ૛ + ૚

(૚ − ૝ࢇ)(ࢇ − ૛ࢇ + ૚) 

൞
+࡯ ࡰࢇ = −

ࢇ
૝ࢇ − ૛ࢇ + ૚

+࡯ࢇ ࡰ =
૛ࢇ − ૛ࢇ

૝ࢇ − ૛ࢇ + ૚

⇒

⎩
⎨

⎧ ࡯ =
૛ࢇ)ࢇ − ૚)
૝ࢇ − ૛ࢇ + ૚

ࡰ = −
૛ࢇ

૝ࢇ − ૛ࢇ + ૚

 

Ω(ࢇ) =
૚

૝ࢇ − ૛ࢇ + ૚න
࢞ࢇ−
૚ + ࢞ࢇ ࢞ࢊ

ஶ

૙

+
૚

૝(ࢇ૝ − ૛ࢇ + ૚)න
૝࢞૜ − ૛࢞
࢞૝ − ࢞૛ + ૚࢞ࢊ

ஶ

૙

+ 

+
૛ࢇ)ࢇ − ૚)
૝ࢇ − ૛ࢇ + ૚න

࢞૛

࢞૝ − ࢞૛ + ૚࢞ࢊ
ஶ

૙ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
࢚ୀ૚/࢞

+
(૚ − ૛ࢇ૛)

૛(ࢇ૝ − ૛ࢇ + ૚)න
࢞

࢞૝ − ࢞૛ + ૚࢞ࢊ
ஶ

૙ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
ୀ࢞૛ࢠ

+ 

+
ࢇ

૝ࢇ − ૛ࢇ + ૚න
૚

࢞૝ − ࢞૛ + ૚࢞ࢊ
ஶ

૙

= 

=
૚

૝ࢇ − ૛ࢇ + ૚
ቌ−ࢇࢍ࢕࢒ + ૜නࢇ

૚ + ࢚૛

૚ + ࢚૟ ࢚ࢊ
ஶ

૙

+
૚ − ૛ࢇ૛

૝ න
ࢠࢊ

૛ࢠ − +ࢠ ૚

ஶ

૙

ቍ = 

=
૚

૝ࢇ − ૛ࢇ + ૚
൮−ࢇࢍ࢕࢒ +

૜ࢇ

૟ න
࢛ି

૞
૟ + ࢛ି

૚
૛

૚ + ࢛ ࢛ࢊ
ஶ

૙

+
૚ − ૛ࢇ૛

૝ න
ࢠࢊ

ቀࢠ − ૚
૛ቁ

૛
+ ૜
૝

ஶ

૙

൲ = 

=
૚

૝ࢇ − ૛ࢇ + ૚
ቌ−ࢇࢍ࢕࢒+

૜࣊ࢇ
૟

ቌ
૚

૞࣊૟࢔࢏࢙
+

૚

૛࣊࢔࢏࢙
ቍ +

૚ − ૛ࢇ૛

૛√૜
૚ି࢔ࢇ࢚ ൬

૛ࢠ
√૜

−
૚
√૜

൰ฬ
૙

ஶ

ቍ = 

=
૚

૝ࢇ − ૛ࢇ + ૚
൭−ࢇࢍ࢕࢒ +

૜࣊ࢇ
૛ +

૚ − ૛ࢇ૛

૛√૜
ቀ
࣊
૛ −

࣊
૟
ቁ൱ = 

=
૚

૝ࢇ − ૛ࢇ + ૚ቆ−ࢇࢍ࢕࢒ + ቆ
૜ࢇ

૛ +
૚ − ૛ࢇ૛

૛√૜
ቇ࣊ቇ 

Ω(ࢇ) = න
࢞૜

(࢞૝ − ࢞૛ + ૚)(࢞ࢇ + ૚)࢞ࢊ
ஶ

૙

=
૜√૜ࢇ૜ − ૝ࢇ૛ + ૛
૟√૜(ࢇ૝ − ૛ࢇ + ૚)

∙ ࣊ −
ࢇࢍ࢕࢒

૝ࢇ − ૛ࢇ + ૚ 
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1115. Evaluate the following integral in a closed form: 

නቌන
૚൫√࢞૝ି࢔ࢇ࢚ ൯
࢞࢟ + ૚

∙
࢞ࢊ
࢞

ஶ

૙

ቍ࢟ࢊ
૚

૙

 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution 1 by Kamel Benaicha-Algiers-Algeria 

Ω = නቌන
૚൫√࢞૝ି࢔ࢇ࢚ ൯
࢞࢟ + ૚ ∙

࢞ࢊ
࢞

ஶ

૙

ቍ࢟ࢊ
૚

૙

=
࢚ୀ √࢞૝

૝නන
૚࢚ି࢔ࢇ࢚

࢚(૚ + ࢚࢟૝)

ஶ

૙

࢟ࢊ࢚ࢊ
૚

૙

= 

= නቌ
࣊
૛ ࢍ࢕࢒ ൬

૚
࢟൰ − න

(૝࢚)ࢍ࢕࢒ − ૚)ࢍ࢕࢒ + ࢚࢟૝)
૚ + ࢚૛ ࢚ࢊ

ஶ

૙

ቍ࢟ࢊ
૚

૙

= 

=
࣊
૛ + නන

૚)ࢍ࢕࢒ + ࢚࢟૝)
૚ + ࢚૛ ࢟ࢊ࢚ࢊ

ஶ

૙

૚

૙

=
࣊
૛ + න

(૚+ ࢚૝)ࢍ࢕࢒(૚ + ࢚૝) − ࢚૝

(૚ + ࢚૛)࢚૝

ஶ

૙

࢚ࢊ = 

= න
(૚ + ࢚૝)ࢍ࢕࢒(૚+ ࢚૝)

(૚ + ࢚૛)࢚૝

ஶ

૙

࢚ࢊ =
ୀࢠ ૚

࢚૛ ૚
૛න

(૚ + ૚)ࢍ࢕࢒)(૛ࢠ + (૛ࢠ − ૛ࢠࢍ࢕࢒)
(૚ + ࢠ√(ࢠ

ࢠࢊ
ஶ

૙

= 

=
૚
૛න

(૚ + ૚)ࢍ࢕࢒)(૛ࢠ + (૛ࢠ

(૚ + ࢠ(ࢠ
૞
૛

ࢠࢊ
ஶ

૙

 

:࢚࢛ࡼ (ࢻ)ࡵ =
૚
૛න

(૚ + ૚)ࢍ࢕࢒(૛ࢠ + (૛ࢠࢻ

(૚ + ࢠ(ࢠ
૞
૛

ࢠࢊ
ஶ

૙

 

(ࢻ)ᇱࡵ =
૚
૛න

૚ + ૛ࢠ

(૚ + ૚)(ࢠ + ࢠ(૛ࢠࢻ
૚
૛
ࢠࢊ

ஶ

૙

= 

=
૚

૛(૚ + න(ࢻ ቆ
૚ + ૛ࢠ

(૚ + ࢠ√(ࢠ
+

(૚ − −ࢻ)(ࢠ ૚ + ૚ + ૛ࢠࢻ

(૚ + ࢠ√(૛ࢠࢻ
ቇࢠࢊ

ஶ

૙

= 

=
૚

૛(૚ + න(ࢻ ቆ
૚ + ࢠ
ࢠ√

+
−૛ࢠ

(૚ + ࢠ√(ࢠ
+
૚ − ࢠ
ࢠ√

+
(૚ − ࢻ)(ࢠ − ૚)

(૚ + ࢠ√(૛ࢠࢻ
ቇࢠࢊ

ஶ

૙

= 
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=
૚

૛(૚+ න(ࢻ ቆ
૛
ࢠ√

+
−૛ࢠ

(૚ + ࢠ√(ࢠ
+

(૚− ࢻ)(ࢠ − ૚)
(૚ + ࢠ√(૛ࢠࢻ

ቇࢠࢊ
ஶ

૙

= 

=
૚

૛(૚ + න(ࢻ ቆ
૛

(૚ + ࢠ√(ࢠ
− (૚ − (ࢻ ∙

૚ − ࢠ
(૚ + ࢠ√(૛ࢠࢻ

ቇࢠࢊ
ஶ

૙

=
࢛ୀ√ࢠ

 

=
૚

૛(૚ + ቌ૝න(ࢻ
࢛ࢊ

૚ + ࢛૛

ஶ

૙

− ૛(૚ − න(ࢻ
૚− ࢛૛

૚ + ૛࢛ࢻ ࢛ࢊ
ஶ

૙

ቍ =࢚ୀ࢛ࢻ૝
 

=
૚

૚ + ࢻ

⎝

⎜
⎛
࣊−

૚
૝ (૚ − ିࢻ(ࢻ

૚
૝න

࢚ି
૜
૝ − ࢚ି

૚
૝

ࢻ√
૚ + ࢚

ஶ

૙
⎠

⎟
⎞

 

Ω = ૛ࢍ࢕࢒࣊ −
࣊
૛√૛

න
(૚ − ࢻ√൫(ࢻ − ૚൯ିࢻ

૜
૝

૚ + ࢻ ࢻࢊ
૚

૙

= 

= ૛ࢍ࢕࢒࣊ −
࣊
૛√૛

න
ିࢻ

૜
૝൫√ࢻ − +ࢻ√ࢻ ࢻ − ૚൯(૚ − (ࢻ

૚ − ૛ࢻ ࢻࢊ
૚

૙

=࢚ୀࢻ
૛
 

= ૛ࢍ࢕࢒࣊ −
࣊
૝√૛

න
࢚ି

ૠ
ૡ ൬࢚

૚
૝ − ࢚

૜
૝ + ࢚

૚
૛ − ૚൰ ൬૚ − ࢚

૚
૛൰

૚ − ࢚ ࢚ࢊ
૚

૙

= 

= ૛ࢍ࢕࢒࣊ −
࣊
૝√૛

න
࢚ି

૞
ૡ − ࢚ି

૚
ૡ + ࢚ି

૜
ૡ − ࢚ି

ૠ
ૡ − ࢚ି

૚
ૡ + ࢚

૜
ૡ − ࢚

૚
ૡ + ࢚ି

૜
ૡ

૚ − ࢚ ࢚ࢊ
૚

૙

= 

= ૛ࢍ࢕࢒࣊ −
࣊
૝√૛

න
࢚ି

૞
ૡ − ૛࢚ି

૚
ૡ + ૛࢚ି

૜
ૡ − ࢚ି

ૠ
ૡ + ࢚

૜
ૡ − ࢚

૚
ૡ

૚ − ࢚ ࢚ࢊ
૚

૙

= 

= ૛ࢍ࢕࢒࣊ −
࣊
૝√૛

ቌࢸ൬
૚
ૡ൰ − ൬ࢸ

૜
ૡ൰+ ૛൭ࢸ൬

ૠ
ૡ൰ − ൬ࢸ

૞
ૡ൰
൱ + ൬ࢸ

૚
ૡ + ૚൰ − ൬ࢸ

૜
ૡ + ૚൰ቍ = 

= ૛ࢍ࢕࢒࣊ −
࣊
૛√૛

൬ࢸ ൬
૚
ૡ൰ − ൬ࢸ

૜
ૡ൰ − ൬ࢸ

૚
૛ +

૚
ૡ൰ + ൬ࢸ

૚
૛ +

૜
ૡ൰+

ૡ
૜൰ = 

= ૛ࢍ࢕࢒࣊ −
࣊
૛√૛

ቆ૛√૛ࢍ࢕࢒ቆ
૛ − √૛
૛ + √૛

ቇ +
ૡ
૜ቇ = 
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= ૛ࢍ࢕࢒࣊ − ቆࢍ࢕࢒࣊
૛ − √૛
૛ + √૛

ቇ −
૝࣊
૛√૛

= ૛࣊ࢍ࢕࢒൫૛ + √૛൯ −
૝࣊
૛√૛

 

 Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

නቌන
૚൫√࢞૝ି࢔ࢇ࢚ ൯
࢞࢟ + ૚ ∙

࢞ࢊ
࢞

ஶ

૙

ቍ࢟ࢊ
૚

૙

=
ୀࢠ √࢞૝

૝නන
ࢠ૚ି࢔ࢇ࢚

૚)ࢠ + (૝ࢠ࢟

ஶ

૙

࢟ࢊࢠࢊ
૚

૙

= 

= ૝නቌන
ࢠ૚ି࢔ࢇ࢚

૚)ࢠ + (૝ࢠ࢟

ஶ

૙

࢟ࢊቍࢠࢊ
૚

૙

= ૝න
૚࢞ି࢔ࢇ࢚ ∙ ૚)ࢍ࢕࢒ + ࢞૝)

࢞૞ ࢞ࢊ
ஶ

૙

 ࡼ࡮ࡵ=

= ቈ૝ ቆ࢞ࢍ࢕࢒ −
(૚ + ࢞૝)ࢍ࢕࢒(૚ + ࢞૝)

૝࢞૝ ቇ ૚࢞቉ି࢔ࢇ࢚
૙

ஶ

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ୀ૙

− ૝න
࢞ࢍ࢕࢒
૚ + ࢞૛ ࢞ࢊ

ஶ

૙ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
ୀ૙

+ 

+න
(૚+ ࢞૝)ࢍ࢕࢒(૚ + ࢞૝)

࢞૝(૚ + ࢞૛) ࢞ࢊ
ஶ

૙

= න ൬
૚
࢞૝ −

૚
࢞૛ +

૛
૚ + ࢞૛൰ ࢍ࢕࢒

(૚ + ࢞૝)࢞ࢊ =
ஶ

૙

 

= ࣊ቆ
√૛
૜ − √૛ቇ + ૛න න

࢞૝

(૚ + ࢞૛)(૚ + ࢞ࢊ࢓ࢊ(૝࢞࢓
૚

૙

ஶ

૙

= 

= −
࣊√૛
૜ + ૛න න

૚
+࢓ ૚ቆ

૚
૚ + ࢞૛ +

૚ − ࢞૛

࢓ + ࢞૝ቇ࢓ࢊ࢞ࢊ
૚

૙

ஶ

૙

= 

= −
࣊√૛
૜ + ૛න

૚
࢓ + ૚ ቆ

࣊
૛√૛√࢓૜૝ −

࣊
૛√૛√࢓૝ +

࣊
૛ቇ࢓ࢊ

૚

૙

= 

= ࣊ቌ−
૛√૛
૜ + ૛ࢍ࢕࢒ + ૛√૛න

૚ ૛࢓−

૚ + ૝࢓ ࢓ࢊ
૚

૙

ቍ = ࣊ቌ−
૛√૛
૜ + ૛ࢍ࢕࢒ + ૛ࢎ࢚࢕ࢉࢍ࢘ࢇ൫√૛൯ቍ 

නቌන
૚൫√࢞૝ି࢔ࢇ࢚ ൯
࢞࢟ + ૚ ∙

࢞ࢊ
࢞

ஶ

૙

ቍ࢟ࢊ
૚

૙

= ࣊ቆࢍ࢕࢒൫૟ + ૝√૛൯ −
૛√૛
૜ ቇ 

	:ࢋ࢚࢕ࡺ න
+૚)ࢍ࢕࢒ ࢞)

࢞૚ି࢖ ࢞ࢊ
ஶ

૙

=
࣊

(࣊࢖)࢔࢏࢙࢖ ,−૚ < (࢖)ܴ݁ < 0 
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1116. Find: 

Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒

࢞૛ + ૜࢞ + ૛࢞ࢊ
૛

૚

ࢇ, ≥ ૚ 

Proposed by Radu Diaconu-Romania 

Solution 1 by Kamel Benaicha-Algiers-Algerie 

࢞૛ + ૜࢞ + ૛ = ൬࢞ +
૜
૛൰

૛

−
૚
૝ = (࢞ + ૚)(࢞ + ૛) 

Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒

࢞૛ + ૜࢞ + ૛࢞ࢊ
૛

૚

= න൬ࢇࢍ࢕࢒
૚

࢞ + ૚ −
૚

࢞ + ૛൰࢞ࢊ
૛

૚

+ න
࢞ࢍ࢕࢒
࢞+ ૚࢞ࢊ

૛

૚

− න
࢞ࢍ࢕࢒
࢞ + ૛࢞ࢊ

૛

૚

= 

= ࢇࢍ࢕࢒ ∙ ൬ࢍ࢕࢒
ૢ
ૡ൰ + ૛ࢍ࢕࢒ ∙ ൬ࢍ࢕࢒

૜
૝൰ −න

࢞)ࢍ࢕࢒ + ૚)
࢞ ࢞ࢊ

૛

૚ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
࢚ୀ૚࢞

+ න
૛)ࢍ࢕࢒ + ࢞)

࢞ ࢞ࢊ
૛

૚

= 

= ࢇࢍ࢕࢒ ∙ ࢍ࢕࢒ ൬
ૢ
ૡ൰ + ૛ࢍ࢕࢒ ∙ ࢍ࢕࢒ ൬

૜
૝൰ +

૚
૛ ࢍ࢕࢒

૛૛ − න
+૚)ࢍ࢕࢒ ࢚)

࢚ ࢚ࢊ
૚

૚
૛

+ න
ࢍ࢕࢒ ቀ૚ + ࢞

૛ቁ
࢞ ࢞ࢊ

૛

૚

= 

= ൬ࢍ࢕࢒
૜
૝൰ ∙ ࢍ࢕࢒

(૛ࢇ) + ࢇࢍ࢕࢒ ∙ ࢍ࢕࢒ ൬
૜
૛൰ +

૛૛ࢍ࢕࢒
૛ + 

+ቆ࢏ࡸ૛(−૚) − ૛࢏ࡸ ൬−
૚
૛൰ − ૛(−૚)࢏ࡸ + ૛࢏ࡸ ൬−

૚
૛൰ቇ = 

= ࢍ࢕࢒ ൬
૜
૝൰ ∙ ࢍ࢕࢒

(૛ࢇ) + ࢇࢍ࢕࢒ ∙ ࢍ࢕࢒ ൬
૜
૛൰+

૛૛ࢍ࢕࢒
૛  

 Solution 2 by Khanh Hung Vu-Ho Chi Minh-Vietnam 

Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒

࢞૛ + ૜࢞ + ૛࢞ࢊ
૛

૚

= න
ࢇࢍ࢕࢒

࢞૛ + ૜࢞ + ૛࢞ࢊ
૛

૚ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
૚ࡼ

+ න
࢞ࢍ࢕࢒

࢞૛ + ૜࢞ + ૛࢞ࢊ
૛

૚ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
૛ࡼ

= 

We have: 

૚ࡼ = න
ࢇࢍ࢕࢒

࢞૛ + ૜࢞ + ૛࢞ࢊ
૛

૚

= න൬ࢇࢍ࢕࢒
૚

࢞ + ૚ −
૚

࢞ + ૛൰࢞ࢊ
૚

૙

= ࢇࢍ࢕࢒ ∙ ࢍ࢕࢒ ൬
࢞ + ૚
࢞ + ૛൰ฬ૚

૛

= 
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= ࢇࢍ࢕࢒ ∙ ൬ࢍ࢕࢒
૜
૝ − ࢍ࢕࢒

૛
૜൰ = ࢇࢍ࢕࢒ ∙ ࢍ࢕࢒

ૢ
ૡ 

And on the other hand, we have: 

૛ࡼ = න
࢞ࢍ࢕࢒

࢞૛ + ૜࢞ + ૛࢞ࢊ
૛

૚

= න൬
૚

࢞ + ૚ −
૚

࢞ + ૛൰ ࢞ࢍ࢕࢒
૛

૚

࢞ࢊ = න࢞ࢍ࢕࢒ ∙ ቆࢍ࢕࢒ ൬
࢞ + ૚
࢞ + ૛൰ቇ

ᇱ

࢞ࢊ
૛

૚

= 

= ࢞ࢍ࢕࢒ ∙ ቆࢍ࢕࢒ ൬
࢞ + ૚
࢞ + ૛൰ቇቤ

૚

૛

− න
+࢞)ࢍ࢕࢒ ૚) − ࢞)ࢍ࢕࢒ + ૛)

࢞ ࢞ࢊ
૛

૚

= 

= ૛ࢍ࢕࢒ ∙ ࢍ࢕࢒
૜
૝ − න

࢞)ࢍ࢕࢒ + ૚)
࢞ ࢞ࢊ

૛

૚ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
૜ࡼ

+ න
࢞)ࢍ࢕࢒ + ૛)

࢞ ࢞ࢊ
૛

૚ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
૝ࡼ

 

૜ࡼ = න
࢞)ࢍ࢕࢒ + ૚)

࢞ ࢞ࢊ
૛

૚

=࢞ୀି࢚ න
૚)ࢍ࢕࢒ − ࢚)

−࢚ ∙ (࢚ࢊ−)
ି૛

ି૚

= න −
૚)ࢍ࢕࢒ − ࢚)

࢚ ࢚ࢊ
ି૚

ି૛

= ૛(࢚)|ି૛ି૚࢏ࡸ = 

= −૛(−૚)࢏ࡸ  ૛(−૛)࢏ࡸ

૝ࡼ = න
࢞)ࢍ࢕࢒ + ૛)

࢞ ࢞ࢊ
૛

૚

= න
+࢞)ࢍ࢕࢒ ૛) − ૛ࢍ࢕࢒ + ૛ࢍ࢕࢒

࢞ ࢞ࢊ
૛

૚

= න
ࢍ࢕࢒ ቀ࢞૛ + ૚ቁ + ૛ࢍ࢕࢒

࢞ ࢞ࢊ
૛

૚

 

=
૚
૛න

ࢍ࢕࢒ ቀ࢞૛ + ૚ቁ
࢞
૛

࢞ࢊ
૛

૚

+ න
૛ࢍ࢕࢒
࢞ ࢞ࢊ

૛

૚

= න
࢚)ࢍ࢕࢒ + ૚)

࢚ ࢚ࢊ
૚

૚
૛

+ න
૛ࢍ࢕࢒
࢞ ࢞ࢊ

૛

૚

= 

= ૛(−࢚)|૚࢏ࡸ−
૛

૚ + ૛ࢍ࢕࢒ ∙ ૚૛|࢞ࢍ࢕࢒ = ૛(−૚)࢏ࡸ + ૛࢏ࡸ ൬−
૚
૛൰ +  ૛૛ࢍ࢕࢒

So, we have: 

૛ࡼ = ૛ࢍ࢕࢒ ∙ ࢍ࢕࢒
૜
૝ − ૛(−૚)࢏ࡸ + ૛(−૛)࢏ࡸ − ૛(−૚)࢏ࡸ + ૛࢏ࡸ ൬−

૚
૛൰ + ૛૛ࢍ࢕࢒ = 

= ૛(−૛)࢏ࡸ + ૛࢏ࡸ ൬−
૚
૛൰ − ૛࢏ࡸ૛(−૚) + ૛ࢍ࢕࢒ ∙ ࢍ࢕࢒

૜
૛ = 

= ૛(−૛)࢏ࡸ + ૛࢏ࡸ ൬−
૚
૛൰ +

࣊૛

૟ + ૛ࢍ࢕࢒ ∙ ࢍ࢕࢒
૜
૛ 

Ω(ࢇ) = ࢇࢍ࢕࢒ ∙ ࢍ࢕࢒
ૢ
ૡ + ૛(−૛)࢏ࡸ + ૛࢏ࡸ ൬−

૚
૛൰ +

࣊૛

૟ + ૛ࢍ࢕࢒ ∙ ࢍ࢕࢒
૜
૛ = 
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= ࢇࢍ࢕࢒ ∙ ࢍ࢕࢒
ૢ
ૡ −

૛૛ࢍ࢕࢒
૛ + ૛ࢍ࢕࢒ ∙ ࢍ࢕࢒

૜
૛ 

Solution 3 by Zaharia Burghelea-Romania 

Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒

࢞૛ + ૜࢞ + ૛࢞ࢊ
૛

૚

=
࢞→૛࢞ න

ࢍ࢕࢒ ቀ૛࢞ࢇ ቁ
࢞૛ + ૜࢞ + ૛ ࢞ࢊ

૛

૚

 

૛Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒ + ࢍ࢕࢒ ቀ૛࢞ࢇ ቁ

࢞૛ + ૜࢞ + ૛ ࢞ࢊ
૛

૚

= න(૛ࢇ૛)ࢍ࢕࢒
૚

(࢞ + ૚)(࢞ + ૛)࢞ࢊ
૛

૚

 

Ω(ࢇ) =
(૛ࢇ૛)ࢍ࢕࢒

૛ ∙ ࢍ࢕࢒ ൬
࢞ + ૚
࢞ + ૛൰ฬ૚

૛

=
(૛ࢇ૛)ࢍ࢕࢒

૛ ∙ ࢍ࢕࢒ ൬
ૢ
ૡ൰ ࢇ, ≥ ૚ 

1117. Prove that: 

න
૛࢞࢔࢏࢙ ∙ ૝࢞ࢉࢋ࢙
࢞࢔ࢇ૛࢚࣊ࢋ − ૚

࣊
૛

૙

࢞ࢊ = ૛න
૛࢞࢔࢏࢙ ∙ ૝࢞ࢉࢋ࢙
࢞࢔ࢇ૛࢚࣊ࢋ + ૚

࣊
૛

૙

࢞ࢊ =
૚
૚૛ 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Kamel Benaicha-Algiers-Algerie 

Put ࢚ = ࢞	࢔ࢇ࢚ ⇒ ࢞ࢊ = ࢚ࢊ
૚ା࢚૛

, ૝࢞ࢉࢋ࢙ = (૚ + ࢚૛)૛; ૛࢞࢔࢏࢙ = ૛√૚ − ૛࢙࢞࢕ࢉ ∙ ࢙࢞࢕ࢉ = ૛࢚
૚ା࢚૛

 

Ω૚ = න
૛࢞࢔࢏࢙ ∙ ૝࢞ࢉࢋ࢙
࢞࢔ࢇ૛࢚࣊ࢋ − ૚

࣊
૛

૙

࢞ࢊ = ૛න
࢚ࢊ࢚

૛࢚࣊ࢋ − ૚

ஶ

૙

=૛࢚࣊ୀࢠ ૚
૛࣊૛න

ࢠ
ࢠࢋ − ૚

ஶ

૙

ࢠࢊ =
Г(૛)(૛)ࣀ
૛࣊૛ =

૚
૚૛ 

With the same way, we get: 

Ω૛ = ૛න
૛࢞࢔࢏࢙ ∙ ૝࢞ࢉࢋ࢙
࢞࢔ࢇ૛࢚࣊ࢋ + ૚

࣊
૛

૙

࢞ࢊ = න
࢚ࢊ࢚

૛࢚࣊ࢋ + ૚

ஶ

૙

=૛࢚࣊ୀࢠ ૚
࣊૛න

ࢠ
ࢠࢋ + ૚

ஶ

૙

ࢠࢊ =
Г(૛)(૛)ࣁ

࣊૛  

=
૚ − ૛૚ି૛

࣊૛ (૛)ࣀ =
૚
૚૛ 

න
૛࢞࢔࢏࢙ ∙ ૝࢞ࢉࢋ࢙
࢞࢔ࢇ૛࢚࣊ࢋ − ૚

࣊
૛

૙

࢞ࢊ = ૛න
૛࢞࢔࢏࢙ ∙ ૝࢞ࢉࢋ࢙
࢞࢔ࢇ૛࢚࣊ࢋ + ૚

࣊
૛

૙

࢞ࢊ =
૚
૚૛ 
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Note: 

න
ࢠ

ࢠࢋ − ૚

ஶ

૙

ࢠࢊ = ෍න ࢠࢊࢠ(ା૚࢔)ିࢋࢠ
ஶ

૙

ஶ

ୀ૙࢔

= ෍
૚

࢔) + ૚)૛

ஶ

ୀ૙࢔

න ࢛ࢊ࢛ିࢋ࢛
ஶ

૙

= Г(૛)(૛)ࣀ =
࣊૛

૟  

න
ࢠ

ࢠࢋ + ૚

ஶ

૙

ࢠࢊ = ෍(−૚)࢔න ࢠࢊࢠ(ା૚࢔)ିࢋࢠ
ஶ

૙

ஶ

ୀ૙࢔

= ෍
(−૚)࢔

࢔) + ૚)૛

ஶ

ୀ૙࢔

න ࢛ࢊ࢛ିࢋ࢛
ஶ

૙

= Г(૛)(૛)ࣁ =
࣊૛

૚૛ 

1118.  

(࢑)ࡾ	܎۷ = න
࢑࢏ି࢞

࢞૛ − ࢞ + ૚

ஶ

૙

 :ܜ܉ܐܜ	܍ܞܗܚܘ	ܖ܍ܐܜ	࢞ࢊ

න ࢑ࢊ(࢑)ࡾ
ஶ

૙

= ࣊ 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Kamel Benaicha-Algiers-Algerie 

(࢑)ࡾ = න
࢑࢏ି࢞

࢞૛ − ࢞ + ૚

ஶ

૙

࢞ࢊ = න
࢑࢏ି࢞ + ࢑ା૚࢏ି࢞

૚ + ࢞૜

ஶ

૙

࢞ࢊ =
૚
૜න

࢚ି
࢑ା૛࢏
૜ + ࢚ି

࢑ା૚࢏
૜

૚ + ࢚ ࢚ࢊ
ஶ

૙

= 

=
࣊
૜
൮

૚

࢔࢏࢙ ൬(࢑࢏ + ૛)࣊
૜ ൰

+
૚

࢑࢏)൬࢔࢏࢙ + ૚)࣊
૜ ൰

൲ 

We have: ∫ ࢚ࢊ
(࢈ା࢚ࢇ)࢔࢏࢙

= ૚
ࢇ
ࢍ࢕࢒ ቀቚ࢚࢔ࢇ ቀ࢚ࢇା࢈

૛
ቁቚቁ +  ࡯

න ࢑ࢊ(࢑)ࡾ
ஶ

૙

=
૚
࢏ ൤ࢍ࢕࢒ ൬ฬ࢚࢔ࢇ ൬

࢑࢏) + ૛)࣊
૟ ൰ฬ൰ + ࢍ࢕࢒ ൬ฬ࢚࢔ࢇ ൬

࢑࢏) + ૚)࣊
૟ ൰ฬ൰൨

૙

ஶ

 

൬࢔ࢇ࢚
࢑࢏) + ૛)࣊

૟ ൰ =
࢔ࢇ࢚ ቀ࢑࣊࢏૟ ቁ + ࢔ࢇ࢚ ቀ࣊૜ቁ

૚ − ࢔ࢇ࢚ ቀ࢑࣊࢏૟ ቁ ࢔ࢇ࢚ ቀ࣊૜ቁ
=

ࢎ࢔ࢇ࢚࢏ ቀ࢑࣊૟ ቁ + ૜࣊࢔ࢇ࢚
૚ − ࢎ࢔ࢇ࢚࢏ ቀ࢑࣊૟ ቁ ૜࣊࢔ࢇ࢚

 

൬࢔ࢇ࢚
࢑࢏) + ૚)࣊

૟ ൰ =
࢔ࢇ࢚ ቀ࢑࣊࢏૟ ቁ + ࢔ࢇ࢚ ቀ࣊૟ቁ

૚ − ࢔ࢇ࢚ ቀ࢑࣊࢏૟ ቁ ࢔ࢇ࢚ ቀ࣊૟ቁ
=

ࢎ࢔ࢇ࢚࢏ ቀ࢑࣊૟ ቁ + ૟࣊࢔ࢇ࢚
૚ − ࢎ࢔ࢇ࢚࢏ ቀ࢑࣊૟ ቁ ૟࣊࢔ࢇ࢚

 



 
www.ssmrmh.ro 

31 RMM-CALCULUS MARATHON 1101-1200 
 

ܕܑܔ
ஶ→࢔

࢔ࢇ࢚ ൬
࢑࢏) + ૛)࣊

૟ ൰ =
√૜ + ࢏
૚ − ૜√࢏

=
૚ − √૜
૚ − √૜

∙ ࢏ =  ࢏

ܕܑܔ
ஶ→࢔

࢔ࢇ࢚ ൬
࢑࢏) + ૚)࣊

૟ ൰ =

૚
√૜

+ ࢏

૚ − ࢏
√૜

=
૚ − ࢏

√૜
૚ − ࢏

√૜

∙ ࢏ =  ࢏

න ࢑ࢊ(࢑)ࡾ
ஶ

૙

=
૚
࢏ ቆ૛࢏ࢍ࢕࢒ − ࢍ࢕࢒ ቀቚ࢚࢔ࢇ

࣊
૜
ቚቁ − ࢍ࢕࢒ ቀቚ࢚࢔ࢇ

࣊
૟
ቚቁቇ =

૛
࢏ ∙ ࢏ࢍ࢕࢒ =

૛
࢏ ∙
࣊
૛ ∙ ࢏ = ࣊ 

න ࢑ࢊ(࢑)ࡾ
ஶ

૙

= ࣊ 

1119. Find: 

Ω(࢔) = න
૛(૛࢔ + ૚)࢞ + ࢔૝))࢙࢕ࢉ + ૛)࢞)

࢞࢔࢏࢙ + ࢙࢞࢕ࢉ
࢞ࢊ

࣊
૛

૙

࢔, ∈ ℕ,࢔ ≥ ૚ 

Proposed by Marin Chirciu-Romania 

Solution by Rana Ranino-Setif-Algerie 

Let ࢑ = ૛࢔ + ૚,	so Ω(࢑) = ∫ ૛࢑ା࢙࢕ࢉ(૛࢑࢞)
࢙࢞࢕ࢉା࢞࢔࢏࢙

࢞ࢊ
࣊
૛
૙  and using ∫ ࢈࢞ࢊ(࢞)ࢌ

ࢇ = ∫ +ࢇ)ࢌ ࢈ − ࢈࢞ࢊ(࢞
ࢇ  

Ω(࢑) = න
૛࢑ቀ࣊૛ − ࢞ቁ + ൬૛࢑࢙࢕ࢉ ቀ࣊૛ − ࢞ቁ൰

࢞࢔࢏࢙ + ࢙࢞࢕ࢉ ࢞ࢊ

࣊
૛

૙

= න
࢑࣊− ૛࢑࣊+ ࢑࣊)࢙࢕ࢉ − ૛࢑࢞)

࢞࢔࢏࢙ + ࢙࢞࢕ࢉ ࢞ࢊ

࣊
૛

૙

 

૛Ω(࢑) = න
࢑࣊ + (૛࢑࢞)࢙࢕ࢉ + −࢑࣊)࢙࢕ࢉ ૛࢑࢞)

࢞࢔࢏࢙ + ࢙࢞࢕ࢉ ࢞ࢊ

࣊
૛

૙

 

(૛࢑࢞)࢙࢕ࢉ + −࢑࣊)࢙࢕ࢉ ૛࢑࢞) = ૛࢙࢕ࢉ ൬
࢑࣊
૛ ൰ −࢑࣊)࢙࢕ࢉ ૝࢑࢞) = ૙ 

Ω(࢑) =
࢑࣊
૛ න

࢞ࢊ
࢞࢔࢏࢙ + ࢙࢞࢕ࢉ

࣊
૛

૙

=
࢚ୀ࢚࢞࢔ࢇ૛ ࢑࣊න

࢚ࢊ
૚ + ૛࢚ − ࢚૛

૚

૙

= ࢑࣊න
࢚ࢊ

૛ − (૚ − ࢚)૛

૚

૙

= 

=
࢑࣊
√૛

∙ ૚ିࢎ࢔ࢇ࢚ ൬
૚
√૛

൰ 
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Finally: Ω(࢔) = (૛࢔ା૚)࣊
√૛

∙ ૚ିࢎ࢔ࢇ࢚ ቀ ૚
√૛
ቁ 

1120. Prove that: 

න ට࢞૛ ቀ૚ − ඥ࢞૛૜ ቁ
૜૟
∙ ࢞ࢍ࢕࢒ ∙ ࢍ࢕࢒ ቀ૚ − ඥ࢞૛૜ ቁ ࢞ࢊ

૚

૙

=
૚૞૜૛
૜ૠ૞

−
૜૛
૛૞

૛ࢍ࢕࢒ −
૜࣊૛

૚૙
 

Proposed by Abdul Mukhtar-Nigeria 

Solution by Kamel Benaicha-Algiers-Algerie 

Ω = න ට࢞૛ ቀ૚ − ඥ࢞૛૜ ቁ
૜૟
∙ ࢞ࢍ࢕࢒ ∙ ቀ૚ࢍ࢕࢒ − ඥ࢞૛૜ ቁ ࢞ࢊ

૚

૙

= 

= ቎
ࢊ
࢜ࢊ ∙

ࢊ
න࢛࢞ି૚࢛ࢊ ቀ૚ − ඥ࢞૛૜ ቁ

࢜ି૚
࢞ࢊ

૚

૙

቏

(࢛,࢜)ୀቀ૝૜,૜૛ቁ

=
࢚ୀ ඥ࢞૛૜

 

=
૜
૛
቎
ࢊ
࢜ࢊ ∙

ࢊ
න࢛ࢊ ࢚

૜࢛
૛ ି૚(૚ − ࢚)࢜ି૚࢞ࢊ

૚

૙

቏

(࢛,࢜)ୀቀ૝૜,૜૛ቁ

=
ૢ
૝
቎
ࢊ
࢜ࢊ ∙

ࢊ
࢛ࢊ ∙

Г ቀ૜࢛૛ ቁГ(࢜)

Г ቀ૜࢛૛ + ࢜ቁ
቏

(࢛,࢜)ୀቀ૝૜,૜૛ቁ

= 

=
ૢ
૝ ∙

Г ቀ૜૛ቁ Г(૛)

Г ቀ૜૛ + ૛ቁ
൭−ࢸ(૚) ൬

૜
૛ + ૛൰ + ቆࢸ൬

૜
૛൰ ൬ࢸ−

૜
૛ + ૛൰ቇ ቆࢸ(૛) ൬ࢸ−

૜
૛ + ૛൰ቇ൱ 

We know that: 

૚)(૚)ࢸ + ࢞) = −
૚
࢞૛ +  ;(࢞)(૚)ࢸ

(૚)ࢸ ൬࢞ +
૚
૛൰ = ૝ࢸ(૚)(૛࢞)−ࢸ(૚)(࢞) 

Ω =
ૢ
૝ ∙

૝
૚૞

൭−ࢸ(૚) ൬
૚
૛൰+

૝
૛૞ +

૝
ૢ + ૝ + ൬−

૛
૞ −

૛
૜൰ቆ૚ + −(૚)ࢸ

૛
૞ −

૛
૜ − ૛ ൬ࢸ−

૚
૛൰ቇ

൱ = 

=
૜
૞ ൬−ࢸ

(૚) ൬
૚
૛൰+

૚૙૜૟
૛૛૞ +

૝૜૟
૛૛૞ −

૜૛
૚૞  ૛൰ࢍ࢕࢒

But: 
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(૚)ࢸ ൬
૚
૛൰ = ෍

૚

ቀ࢔ + ૚
૛ቁ

૛

ஶ

࢑ୀ૙

= ૝෍
૚

(૛࢔ + ૚)૛

ஶ

ୀ૚࢔

= ૝ቆࣀ(૛)−
૚
૝ ࣀ

(૛)ቇ = ૜ࣀ(૛) =
࣊૛

૛  

Then: 

Ω = −
૜࣊૛

૞ +
૚
૞ −

૜૛
૞  ࢍ࢕࢒

න ට࢞૛ ቀ૚ − ඥ࢞૛૜ ቁ
૜૟
∙ ࢞ࢍ࢕࢒ ∙ ࢍ࢕࢒ ቀ૚ − ඥ࢞૛૜ ቁ࢞ࢊ

૚

૙

=
૚૞૜૛
૜ૠ૞ −

૜૛
૛૞ ૛ࢍ࢕࢒ −

૜࣊૛

૚૙  

1121. Find a closed form: 

Ω = න
࢞ ∙ ૛࢞ࢍ࢕࢒ ∙ ૛(૚ࢍ࢕࢒ − ࢞)

√૚ − ࢞
࢞ࢊ

૚

૙

 

Proposed by Abdul Mukhtar-Nigeria 

Solution by Kamel Benaicha-Algiers-Algerie 

Ω = න
࢞ ∙ ૛࢞ࢍ࢕࢒ ∙ ૛(૚ࢍ࢕࢒ − ࢞)

√૚ − ࢞
࢞ࢊ

૚

૙

= ቈ
ࣔ૛

૛ࢻ૛ࣔࢼࣔ ቆ
Г(ࢻ)Г(ࢼ)
Г(ࢻ+ ቇ቉(ࢼ

ୀቀ૛,૚૛ቁ(ࢼ,ࢻ)
 

ࣔ૛

૛ࢻࣔ ቆ
Г(ࢻ)

Г(ࢻ + ቇ(ࢼ =
ࣔ
ࢻࣔ

൭
Г(ࢻ)

Г(ࢻ+ (ࢼ ൫(ࢻ)ࢸ ࢻ)ࢸ− + ൯൱(ࢼ = 

=
Г(ࢻ)

Г(ࢻ+ (ࢼ ൫ࢻ)ࢸ−(ࢻ)ࢸ + ൯(ࢼ
૛

+ (ࢻ)(૚)ࢸ +ࢻ)(૚)ࢸ−  (ࢼ

Ω = ൥
ࣔ૛

૛ࢼࣔ
൭
Г(૛)Г(ࢼ)
Г(ࢼ+ ૛) ൫ࢸ(૛) ࢼ)ࢸ− + ૛)൯

૛
+ ࢼ)(૚)ࢸ−(૛)(૚)ࢸ+ + ૛)൱൩

ୀ૚૛ࢼ

= 

= ൥
ࣔ૛

૛ࢼࣔ
൭

૚
૚)ࢼ + (ࢼ (૚ − +ࢽ ࢼ)ࢸ + ૛))૛ + −(૛)ࣀ ૚ − +ࢼ)(૚)ࢸ ૛)൱൩

ୀ૚૛ࢼ

= 

= ൦
ࣔ૛

૛ࢼࣔ
൮

૚

ቀ૚૛ + ቁቀ૜૛ࢼ + ቁࢼ
൭૚ − +ࢽ ࢼ൬ࢸ +

૞
૛൰
൱
૛

+ (૛)ࣀ − ૚−ࢸ(૚) ൬ࢼ +
૞
૛൰
൲൪

ୀ૙ࢼ

 

Using: (ࢼ)ࢌ = (૙)ࢌ + ࢼᇱ(૙)ࢌ + ᇲ(૙)ࢌ
૛
૛ࢼ =  (૛ࢼ)࢕
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૚

ቀ૚૛ + ቁቀ૜૛ࢼ + ቁࢼ
=
૝
૜ −

૜૛
ૢ ࢼ +

૛૙ૡ
૛ ૛ࢼ +  (૛ࢼ)࢕

൭૚ − ࢽ + ࢼ൬ࢸ +
૞
૛൰
൱
૛

= ൭૚ − +ࢽ ൬ࢸ
૞
૛൰ − (૚)ࢸ ൬

૞
૛൰ࢼ + ૛ࢸ(૛) ൬

૞
૛൰ࢼ

૛ + ൱(૛ࢼ)࢕
૛

= 

= ൭૚ − +ࢽ ൬ࢸ
૞
૛൰
൱
૛

+ ൬
ૡ૙
ૢ − ࣊૛	൰ ൬૚ − ࢽ (૚)ࢸ− ൬

૞
૛൰ࢼ൰+ ቆ

૝૙
ૢ +

࣊૛

૛ ቇ
૛

૛ࢼ +  (૛ࢼ)࢕

(૚)ࢸ ൬ࢼ +
૞
૛൰ = (૚)ࢸ ൬

૞
૛൰ + (૛)ࢸ ൬

૞
૛൰ࢼ + (૜)ࢸ ൬

૞
૛൰ࢼ

૛ +  (૛ࢼ)࢕

൬࢞ࢸ +
૚
૛൰ = ૛ࢸ(૛࢞) (࢞)ࢸ− − ૛ࢍ࢕࢒૛ 

(૚)ࢸ ൬࢞ +
૚
૛൰ = ૝ࢸ(૚)(૛࢞)−ࢸ(૚)(࢞) 

(૛)ࢸ ൬࢞ +
૚
૛൰ = ૟ࢸ(૛)(૛࢞)−ࢸ(૛)(࢞) 

൬ࢸ
૚
૛൰ = ࢽ− − ૛ࢍ࢕࢒૛,ࢸ(૚) ൬

૚
૛൰ = ૜ࣀ(૛) =

࣊૛

૛ (૛)ࢸ, ൬
૚
૛൰ = −૚૝ࣀ(૜) 

We get: 

Ω૛૛૝
૜ ૛ࢍ࢕࢒(૜)ࣀ −

૚૝૞૟
ૢ (૜)ࣀ +

૝૟૞ૢ૛
ૡ૚ +

૚૟૟૝
૛ૠ ૛૛ࢍ࢕࢒ −

ૡ૞ૠ૟
૛ૠ ૛ࢍ࢕࢒ −

૛࣊૝

૜ +
૚૛ૡ
ૢ ࣊૛ࢍ࢕࢒૛ −

૛૜૜૟
ૡ૚ ࣊૛ 

 

1122. In ∆࡯࡮࡭ the following relationship holds: 

૚
ࢇ࢝

න
࢞࢔࢏࢙
࢞

ࢇ࢝

ࢇࢎ

࢞ࢊ +
૚
࢈࢝

න
࢞࢔࢏࢙
࢞

࢈࢝

࢈ࢎ

࢞ࢊ +
૚
ࢉ࢝

න
࢞࢔࢏࢙
࢞

ࢉ࢝

ࢉࢎ

࢞ࢊ ≤
ࡾ − ૛࢘
+ࡾ)࢘ ࢘)

 

Proposed by Mokhtar Khassani-Mostaganem-Algerie 

Solution by Daniel Sitaru – Romania  

෍
૚
ࢉ࢟ࢉࢇ࢝

≥
૜

ࡾ + ࢉ࢏࢜ࢋ࢙࢕࢒࢏ࡹ)	࢘ − ૚ૢૢ૙) 

෍
૚
ࢇ࢝

න
࢞࢔࢏࢙
࢞

ࢇ࢝

ࢇࢎ

࢞ࢊ
ࢉ࢟ࢉ

≤෍
૚
ࢇ࢝

න
૚
࢞

ࢇ࢝

ࢇࢎ

࢞ࢊ
ࢉ࢟ࢉ

= 
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= ෍
૚
ࢇ࢝

ࢇ࢝ࢍ࢕࢒) − (ࢇࢎࢍ࢕࢒
ࢉ࢟ࢉ

= 

=⏞
((ࢇ࢝,ࢇࢎ)∋ࢇࢉ)	ࢀࢂࡹ

෍
૚
ࢇ࢝

∙
ࢉ࢟ࢉ

૚
ࢇࢉ

ࢇ࢝) − (ࢇࢎ ≤෍
ࢇ࢝ − ࢇࢎ
ࢉ࢟ࢉࢇࢎࢇ࢝

= 

= ෍
૚
ࢉ࢟ࢉࢇࢎ

−෍
૚
ࢉ࢟ࢉࢇ࢝

=
૚
࢘ −

૜
ࡾ + ࢘ =

ࡾ − ૛࢘
+ࡾ)࢘ ࢘) 

Equality holds for ࢇ = ࢈ =  ࢉ

 

1123. If ࢈,ࢇ > (࢈,ࢇ)݂,0 = ∫
(૚ିࢋష࢞ࢇ)૛(࢞࢈)࢙࢕ࢉ

࢞
ஶ࢞ࢊ

૙  then for ࢈,ࢇ > ૜
૛
, prove 

that: 

ࢌ ൬√࢈ࢇ +
ࢇ + ࢈
૛ ൰ + ࢇ)ࢍ࢕࢒ + (࢈ > 1 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Dawid Bialek-Poland 

(࢈,ࢇ)ࢌ = න
(૚− (࢞࢈)࢙࢕ࢉ૛(࢞ࢇିࢋ

࢞ ࢞ࢊ
ஶ

૙

⇒
ࢊ
ࢌࢇࢊ

(࢈,ࢇ) = න
૛࢞(࢞ࢇିࢋ − (࢞࢈)࢙࢕ࢉ(࢞ࢇ૛ିࢋ

࢞ ࢞ࢊ
ஶ

૙

 

= ૛න(࢞ࢇିࢋ − ࢞ࢊ(࢞࢈)࢙࢕ࢉ(࢞ࢇ૛ିࢋ
ஶ

૙

 

The abrove integral is known as: ∫ ஶ࢞ࢊ(࢞࢈)࢙࢕ࢉ࢞ࢇିࢋ
૙ = ࢇ

૛࢈૛ାࢇ
ࢇ, > 0; (∗) 

So: 

ࢊ
ࢇࢊ ࢌ

(࢈,ࢇ) = ૛න ࢞ࢊ(࢞࢈)࢙࢕ࢉ࢞ࢇିࢋ
ஶ

૙

− ૛න ࢞ࢊ(࢞࢈)࢙࢕ࢉ࢞ࢇ૛ିࢋ
ஶ

૙

(∗)
ሳሰ 

૛ ∙
ࢇ

૛ࢇ + ૛࢈ − ૛ ∙
૛ࢇ

૝ࢇ૛ + ૛࢈ =
૛ࢇ

૛ࢇ + ૛࢈ −
૝ࢇ

૝ࢇ૛ +  ૛࢈

(࢈,ࢇ)ࢌ = ૛න
ࢇ

૛ࢇ + ૛ᇣᇧᇤᇧᇥ࢈
࢛ୀࢇ૛ା࢈૛

ࢇࢊ − ૝න
ࢇ

૝ࢇ૛ + ૛ᇣᇧᇧᇤᇧᇧᇥ࢈
૛࢈૛ାࢇୀ૝ࢠ

ࢇࢊ = න
࢛ࢊ
࢛ −

૚
૛න

ࢠࢊ
ࢠ = 
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= ࢛	ࢍ࢕࢒ −
૚
૛ ࢠ	ࢍ࢕࢒ + ࡯ =

࢛ୀࢇ૛ା࢈૛

૛࢈૛ାࢇୀ૝ࢠ ૛ࢇ)ࢍ࢕࢒ + −(૛࢈
૚
૛ ࢍ࢕࢒

(૝ࢇ૛ + (૛࢈ +  ࡯

(࢈,૙)ࢌ = ૛න(ିࢋ૙∙࢞ − ࢞ࢊ(࢞࢈)࢙࢕ࢉ(࢞∙૛∙૙ିࢋ
ஶ

૙

= ૙ ⇒ 

(࢈,૙)ࢌ = ૙૛)ࢍ࢕࢒ + (૛࢈ −
૚
૛ ࢍ࢕࢒

(૝ ∙ ૙૛ + (૛࢈ + ࡯ ⇒ ࡯ =  ࢈	ࢍ࢕࢒−

(࢈,ࢇ)ࢌ = ૛ࢇ)ࢍ࢕࢒ + (૛࢈ −
૚
૛
૛ࢇ૝)ࢍ࢕࢒ + (૛࢈ −  ࢈	ࢍ࢕࢒

ࢌ ൬√࢈ࢇ+
ࢇ + ࢈
૛ ൰+ +ࢇ)ࢍ࢕࢒ (࢈ > 1 ⇒ 

ࢍ࢕࢒ ቆ࢈ࢇ+ ൬
+ࢇ ࢈
૛ ൰

૛

ቇ −
૚
૛ ࢈ࢇቆ૝ࢍ࢕࢒ + ൬

+ࢇ ࢈
૛ ൰

૛

ቇ − ࢍ࢕࢒ ൬
ࢇ + ࢈
૛ ൰ + +ࢇ)ࢍ࢕࢒ (࢈ > 1 

ࢍ࢕࢒ ቆ࢈ࢇ+ ൬
+ࢇ ࢈
૛ ൰

૛

ቇ −
૚
૛ ࢈ࢇቆ૝ࢍ࢕࢒ + ൬

ࢇ + ࢈
૛ ൰

૛

ቇ + ࢍ࢕࢒ ቆ
૛

ࢇ + ࢈ ∙
+ࢇ) ቇ(࢈ > 1 

Let: ࢇ = ࢈ > 0 then 

ࢍ࢕࢒ ቆࢇ ∙ ࢇ + ൬
ࢇ + ࢇ
૛ ൰

૛
ቇ −

૚
૛ ࢇቆ૝ࢍ࢕࢒ ∙ ࢇ + ൬

+ࢇ ࢇ
૛ ൰

૛
ቇ + ࢍ࢕࢒ ቆ

૛
ࢇ + ࢇ ∙

ࢇ) + ቇ(ࢇ > 1 

(૛ࢇ૛)ࢍ࢕࢒ −
૚
૛ࢍ࢕࢒

(૞ࢇ૛) + ૛	ࢍ࢕࢒ > 1 ⇒ ቆ݃݋݈
૝√૞
૞ ቇࢇ > ݁	݃݋݈ ⇒ 

૝√૞
૞ ࢇ > ݁ 

Note. ࢞ → ࢞	ࢍ࢕࢒ −increasing function. 

ࢇ = ࢈ > √૞ࢋ
૝

… > ૜
૛
, where ࢋ = ૛.ૠ૚ૡ… 

If the desired inequality holds for ࢇ = ࢈ = ૜
૛
⇒inequality holds for ࢇ > ܾ > ૜

૛
 and 

࢈ > ܽ > ૜
૛
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1124. Prove without softs: 

ቌන
૚࢞ି࢔࢏࢙
࣊૛ − ࢞૛

૚

૙

ቍቌන࢞ࢊ
૚࢞ି࢙࢕ࢉ
࣊૛ − ࢞૛

૚

૙

ቍ࢞ࢊ <
૚
૟૝ 

Proposed by Hasan Mammadov-Azerbaijan 

Solution by Daniel Sitaru – Romania  

ቌන
૚࢞ି࢔࢏࢙
࣊૛ − ࢞૛

૚

૙

ቍቌන࢞ࢊ
૚࢞ି࢙࢕ࢉ
࣊૛ − ࢞૛

૚

૙

ቍ࢞ࢊ ≤⏞
ࡹࡳିࡹ࡭

 

≤ ൮
૚
૛
ቌන

૚࢞ି࢔࢏࢙
࣊૛ − ࢞૛

૚

૙

࢞ࢊ + න
૚࢞ି࢙࢕ࢉ
࣊૛ − ࢞૛

૚

૙

ቍ൲࢞ࢊ

૛

= ൮
૚
૛
ቌන

૚࢞ି࢔࢏࢙ + ૚࢞ି࢙࢕ࢉ
࣊૛ − ࢞૛

૚

૙

ቍ൲࢞ࢊ

૛

 

= ൮
૚
૛
ቌන

࣊
૛

࣊૛ − ࢞૛

૚

૙

ቍ൲࢞ࢊ

૛

=
࣊૛

૚૟
ቌන

૚
࣊૛ − ࢞૛

૚

૙

ቍ࢞ࢊ

૛

= 

=
࣊૛

૚૟ ∙
૚
૝࣊૛ ∙ ࢍ࢕࢒

૛ ൬
࣊ − ૚
࣊ + ૚൰ =

૚
૟૝ ࢍ࢕࢒

૛ ൬
࣊ − ૚
࣊+ ૚൰ < 

<
૚
૟૝ ࢍ࢕࢒

૛ࢋ =
૚
૟૝ 

 1125. If ૙ < ܽ ≤ ܾ < ࣊
૛

 then: 

න
࢞࢔࢏࢙| ∙ (૛)࢔࢏࢙ ∙ … ∙ |(૛૙૚ૢ࢞)࢔࢏࢙

૛૙૚ૢ࢞࢔࢏࢙ ࢞ࢊ
࢈

ࢇ

≤ ૛૙૚ૢ! ࢈) −  (ࢇ

Poposed by Daniel Sitaru-Romania 

Solution by Remus Florin Stanca-Romania 

We prove that ࢙(࢑࢞)࢔࢏ ≤ ࢑∀,࢞࢔࢏࢑࢙ ≥ ૚,࢑ ∈ ℕ by using Mathematical Induction: 

1. The statement ࡼ(૚): ࢞࢔࢏࢙ ≤  .is true ࢞࢔࢏࢙

2. We suppose that: (࢑)ࡼ: (࢑࢞)࢔࢏࢙ ≤  is true ࢞࢔࢏࢑࢙

3. We prove that: ࢑)ࡼ + ૚): +࢑)൫࢔࢏࢙ ૚)࢞൯ ≤ (࢑+ ૚)࢙࢞࢔࢏ by using (࢑)ࡼ: 

࢑)൫࢔࢏࢙ + ૚)࢞൯ = ࢑࢞)࢔࢏࢙ + ࢞) = +࢙࢞࢕ࢉ(࢑࢞)࢔࢏࢙ ;(࢑࢞)࢙࢕ࢉ࢞࢔࢏࢙ (૚) 
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(࢑࢞)࢔࢏࢙ ≤ ࢞࢔࢏࢑࢙ ∣∙ ࢙࢞࢕ࢉ ⇒ ࢙࢞࢕ࢉ(࢑࢞)࢔࢏࢙ ≤ ࢞,࢙࢞࢕ࢉ࢞࢔࢏࢑࢙ ∈ ቀ૙,
࣊
૛
ቁ , ࢙࢞࢕ࢉ > 0	 

࢙࢞࢕ࢉ(࢑࢞)࢔࢏࢙ ≤ ࢙࢞࢕ࢉ࢞࢔࢏࢑࢙ ∣ (࢞࢔࢏࢙(࢑࢞)࢙࢕ࢉ+) ⇒ 

+࢙࢞࢕ࢉ(࢑࢞)࢔࢏࢙ ࢞࢔࢏࢙(࢑࢞)࢙࢕ࢉ ≤ ࢙࢞࢕ࢉ࢞࢔࢏࢑࢙ + ;࢞࢔࢏࢙(࢑࢞)࢙࢕ࢉ (૛) 

࢙࢞࢕ࢉ ≤ ૚ ∣∙ ࢞࢔࢏࢑࢙ > 0ቆ࢞ ∈ ቀ૙,
࣊
૛
ቁቇ ⇒ ࢙࢞࢕ࢉ࢞࢔࢏࢑࢙ ≤ ;࢞࢔࢏࢑࢙ (૜) 

(࢑࢞)࢙࢕ࢉ ≥ ૚ ∣∙ ࢞࢔࢏࢙ > 0 ⇒ ࢞࢔࢏࢙(࢑࢞)ݏ݋ܿ ≤ ;࢞࢔࢏࢙ (૝) 
(૜)ା(૝)
ሳልልልሰ ࢙࢞࢕ࢉ࢞࢔࢏࢑࢙ + ࢞࢔࢏࢙(࢑࢞)࢙࢕ࢉ ≤ (࢑+ ૚)࢙࢞࢔࢏

(૚)ା(૛)
ሳልልልሰ 

࢑)൫࢔࢏࢙ + ૚)࢞൯ ≤ (࢞ + ૚)࢙࢞࢔࢏ ⇒ (࢑࢞)࢔࢏࢙ ≤ ࢑∀,࢞࢔࢏࢑࢙ ≥ ૚,࢑ ∈ ℕ(∗) 

1. We know that: ࢙࢞࢔࢏ ≥ ࢞࢔࢏࢙ true because ࢞࢔࢏࢙− ≥ ૙,࢞ ∈ ቀ૙, ࣊
૛
ቁ 

2. We suppose that (࢑࢞)࢔࢏࢙:(࢑)ࡼ ≥  is true ࢞࢔࢏࢑࢙−

3. We suppose that ࢑)ࡼ + ૚): +࢑)൫࢔࢏࢙ ૚)࢞൯ ≥ −(࢑ + ૚)࢙࢞࢔࢏ is true by using (࢑)ࡼ: 

࢑)൫࢔࢏࢙ + ૚)࢞൯ = ࢑࢞)࢔࢏࢙ + ࢞) = +࢙࢞࢕ࢉ(࢑࢞)࢔࢏࢙ ;࢞࢔࢏࢙(࢑࢞)࢙࢕ࢉ (૞) 

(࢑࢞)࢔࢏࢙ ≥ ࢞࢔࢏࢑࢙− ∣∙ ࢙࢞࢕ࢉ > 0;ቆ࢞ ∈ ቀ૙,
࣊
૛
ቁቇ ⇒ 

࢙࢞࢕ࢉ(࢑࢞)࢔࢏࢙ ≥ ࢙࢞࢕ࢉ࢞࢔࢏࢑࢙− ∣ (࢞࢔࢏࢙(࢑࢞)࢙࢕ࢉ+) ⇒ 

+࢙࢞࢕ࢉ(࢑࢞)࢔࢏࢙ ࢞࢔࢏࢙(࢑࢞)࢙࢕ࢉ ≥ +࢙࢞࢕ࢉ࢞࢔࢏࢑࢙− ;࢞࢔࢏࢙(࢑࢞)࢙࢕ࢉ (૟) 

࢙࢞࢕ࢉ ≤ ૚ ∣∙ (࢞࢔࢏࢑࢙−) ⇒ ࢙࢞࢕ࢉ࢞࢔࢏࢑࢙− ≥ ;࢞࢔࢏࢑࢙− (ૠ) 

(࢑࢞)࢙࢕ࢉ + ૚ = ૛࢙࢕ࢉ૛ ൬
࢑࢞
૛ ൰ ≥ ૙ ⇒ (࢑࢞)࢙࢕ࢉ + ૚ ≥ ૙ ⇒ (࢑࢞)࢙࢕ࢉ ≥ −૚ ⇒ 

࢞࢔࢏࢙(࢑࢞)࢙࢕ࢉ ≥ ;࢞࢔࢏࢙− (ૡ) 

(ૠ) + (ૡ) ⇒ ࢙࢞࢕ࢉ࢞࢔࢏࢑࢙− + ࢞࢔࢏࢙(࢑࢞)࢙࢕ࢉ ≥ −(࢑ + ૚)࢙࢞࢔࢏ 
(૞)ା(૟)
ሳልልልሰ ࢑)൫࢔࢏࢙ + ૚)࢞൯ ≥ −(࢑ + ૚)࢙࢞࢔࢏;  (ࢊࢋ࢜࢕࢘࢖)

(࢑࢞)࢔࢏࢙ ≥ ࢑∀,࢞࢔࢏࢑࢙− ≥ ૚,࢑ ∈ ℕ; 	(∗∗) 

From (∗), (∗∗) we get: −࢞࢔࢏࢑࢙ ≤ (࢑࢞)࢔࢏࢙ ≤ ࢞࢔࢏࢑࢙ ⇒ |࢑࢞࢔࢏࢙| ≤ ࢞࢔࢏࢑࢙ ⇒ 

|(࢑࢞)࢔࢏࢙|
࢞࢔࢏࢙ ≤ ࢑ ⇒ ෑ

|(࢑࢞)࢔࢏࢙|
࢞࢔࢏࢙

૛૙૚ૢ

࢑ୀ૚

≤ෑ࢑
࢔

࢑ୀ૚

⇒		 

		
࢞࢔࢏࢙| ∙ (૛)࢔࢏࢙ ∙… ∙ |(૛૙૚ૢ࢞)࢔࢏࢙

૛૙૚ૢ࢞࢔࢏࢙ ≤ ૛૙૚ૢ! ⇒ 
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න
࢞࢔࢏࢙| ∙ (૛)࢔࢏࢙ ∙ … ∙ |(૛૙૚ૢ࢞)࢔࢏࢙

૛૙૚ૢ࢞࢔࢏࢙ ࢞ࢊ
࢈

ࢇ

≤ න૛૙૚ૢ!࢞ࢊ
࢈

ࢇ

= ૛૙૚ૢ! 

1126. If ࢞ ∈ [−૚,૚] then prove: 

૚
࣊
อන ቀ࢙࢚࢞࢔࢏+ ඥ૚࢏ − ࢞૛ቁ

࢔
࢚ࢊ

࣊

૙

อ ≤ ૚,࢔ ∈ ℕ,࢔ ≥ ૚ 

Proposed by Jalil Hajimir-Toronto-Canada 

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam 

૚
࣊
อන ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ

࢔
࢚ࢊ

࣊

૙

อ
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

ࡵ

≤ ૚,࢔ ∈ ℕ,࢔ ≥ ૚ 

We have: 

࡭ = නቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
࢚ࢊ

࣊

૙

= อන ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
࢚ࢊ

࣊

૙

อ +ࣂ࢙࢕ࢉ)  (ࣂ࢔࢏࢙࢏

൞
ࣂ࢙࢕ࢉ =

(࡭)ࢋࡾ
ࡵ

ࣂ࢔࢏࢙ =
(࡭)࢓ࡵ
ࡵ

 

อන ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
࢚ࢊ

࣊

૙

อ = න ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔

ࣂ࢙࢕ࢉ) − ࢚ࢊ(ࣂ࢔࢏࢙
࣊

૙

 

Since ࡵ ∈ ℝ, we have: 

อන ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
࢚ࢊ

࣊

૙

อ = න ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
࢚ࢊࣂ࢙࢕ࢉ

࣊

૙

; (૚) 

Since we have: ൫࢙࢚࢞࢔࢏ + ૚√࢏ − ࢞૛൯
࢔
ࣂ࢙࢕ࢉ ≤ ቚ൫࢙࢚࢞࢔࢏ + −૚√࢏ ࢞૛൯

࢔
 ቚࣂ࢙࢕ࢉ

On the other hand, since |ࣂ࢙࢕ࢉ| ≤ ૚, we have 

ቚቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
ቚࣂ࢙࢕ࢉ = ቚቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ

࢔
ቚ ∙ |ࣂ࢙࢕ࢉ| ≤ ඥ૚− ࢞૛࢙࢕ࢉ૛࢚ 

Thus, we have 
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න ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
࢚ࢊࣂ࢙࢕ࢉ

࣊

૙

≤ න ቚቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
࢚ࢊቚࣂ࢙࢕ࢉ

࣊

૙

≤ නඥ૚ − ࢞૛࢙࢕ࢉ૛࢚
࣊

૙

;࢚ࢊ (૛) 

From(1),(2) we have: 

อන ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
࢚ࢊ

࣊

૙

อ ≤ නඥ૚ − ࢞૛࢙࢕ࢉ૛࢚
࣊

૙

 ࢚ࢊ

On the other hand, we have: √૚ − ࢞૛࢙࢕ࢉ૛࢚ ≤ ૚,∀࢞ ∈ [−૚,૚], ࢚ ∈ [૙,࣊] so we have: 

อන ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
࢚ࢊ

࣊

૙

อ ≤ න ૚
࣊

૙

࢚ࢊ ⇒ อන ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ
࢔
࢚ࢊ

࣊

૙

อ ≤ ࣊ ⇔ 

૚
࣊
อන ቀ࢙࢚࢞࢔࢏ + ඥ૚࢏ − ࢞૛ቁ

࢔
࢚ࢊ

࣊

૙

อ ≤ ૚,࢔ ∈ ℕ,࢔ ≥ ૚ 

 

1127. If ࢈,ࢇ ≥ ૙ then: 

නቌනࢍ࢕࢒૞(࢞૛ + ࢞ + ૛)࢞ࢊ
࢚

૙

ቍ࢚ࢊ
ࢇ

૙

+ නቌන ૞(࢞૛ࢍ࢕࢒ + ࢞ + ૛)࢞ࢊ
࢚

૙

ቍ࢚ࢊ
࢈

૙

≥  ૛ࢍ࢕࢒࢈ࢇ

Proposed by Daniel Sitaru-Romania 

Solution by Khaled Imouti-Damascus-Syria 

Let be the function ࢌ: (૙,∞) → ℝ, (࢚)ࢌ = ૞(࢚૛ࢍ࢕࢒ + ࢚ + ૛), 

(࢚)ᇱࢌ =
૞(૛࢚ + ૚)
࢚૛ + ࢚ + ૛ ∙ ࢍ࢕࢒

૝(࢚૛ + ࢚ + ૛) 

(࢚)ᇱࢌ = ૙ ⇔ ࢚ = −
૚
૛ ; ࢚૛ + ࢚ + ૛ > 0 ⇒ (࢚)ᇱࢌ > ݐ∀,0 > 0 ⇒ ݂(࢚) > ݂(૙),∀࢚ > 0	 

⇒ (࢚)ࢌ > ૞૛ࢍ࢕࢒ > ;૛݃݋݈ ૛ࢍ࢕࢒) < ݐ∀,(1 > 0 

නቌනࢍ࢕࢒૞(࢞૛ + ࢞ + ૛)࢞ࢊ
࢚

૙

ቍ࢚ࢊ
ࢇ

૙

+ නቌන ૞(࢞૛ࢍ࢕࢒ + ࢞ + ૛)࢞ࢊ
࢚

૙

ቍ࢚ࢊ
࢈

૙

≥ 
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≥ න ૛ࢍ࢕࢒
ࢇ

૙

න࢞ࢊ
࢚

૙

+ නࢍ࢕࢒૛
࢈

૙

න࢞ࢊ
࢚

૙

=
࢚૛

૛ ቤ
૙

ࢇ

૛ࢍ࢕࢒ +
࢚૛

૛ቤ
૙

࢈

૛ࢍ࢕࢒

=
૛ࢇ + ૛࢈

૛ ∙ ૛ࢍ࢕࢒ ≥
ࡹࡳିࡹ࡭

 		૛ࢍ࢕࢒࢈ࢇ

1128. If ૙ < ܽ ≤ ܾ < 1, ݂: [૙, ૚] → (૙,∞), ࢌ −continuous then: 

නනනන൫ࢌ(࢞) + (࢟)ࢌ൯൫(ࢠ)ࢌ + ൯(࢚)ࢌ
࢈

ࢇ

࢚ࢊࢠࢊ࢟ࢊ࢞ࢊ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≥ ૛(࢈ − ૜(ࢇ ቌ૛න࢞ࢊ(࢞)ࢌ
࢈

ࢇ

− ૛࢈+ ૛ࢇቍ 

Proposed by Daniel Sitaru-Romania 

Solution by Adrian Popa-Romania 

නන൫ࢌ(࢞) + ࢠࢊ࢞ࢊ൯(ࢠ)ࢌ
࢈

ࢇ

࢈

ࢇ

+ නන൫ࢌ(࢟) + ࢚ࢊ࢟ࢊ൯(࢚)ࢌ
࢈

ࢇ

࢈

ࢇ

= ቌනන൫ࢌ(࢞) + ࢠࢊ࢞ࢊ൯(ࢠ)ࢌ
࢈

ࢇ

࢈

ࢇ

ቍ

૛

= 

= ቌන൫ࢌ(࢞) + ࢈)൯(ࢠ)ࢌ − ࢠࢊ(ࢇ
࢈

ࢇ

ቍ

૛

= ቌන൫ࢌ(࢞) + ࢈)൯(࢞)ࢌ − ࢞ࢊ(ࢇ
࢈

ࢇ

ቍ

૛

= 

= ૝(࢈− ࢞ࢊ(࢞)ࢌ૛ቌන(ࢇ
࢈

ࢇ

ቍ

૛

≥
(૚)

૛(࢈ − ࢞ࢊ(࢞)ࢌ૜ቌ૛න(ࢇ
࢈

ࢇ

− ૛࢈+ ૛ࢇቍ 

(૚) ⇔ ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૛

≥ ࢈) − ࢞ࢊ(࢞)ࢌන(ࢇ
࢈

ࢇ

− ࢈) − ૛(ࢇ ⇔	 

ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૛

− −࢈) ࢞ࢊ(࢞)ࢌන(ࢇ
࢈

ࢇ

+ ࢈) − ૛(ࢇ ≥
(૛)

૙ 

But: 

ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૛

− ࢈) − ࢞ࢊ(࢞)ࢌන(ࢇ
࢈

ࢇ

+ −࢈) ૛(ࢇ ≥ 
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≥ ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૛

− ૛(࢈− ࢞ࢊ(࢞)ࢌන(ࢇ
࢈

ࢇ

+ ࢈) − ૛(ࢇ = ൮න࢞ࢊ(࢞)ࢌ
࢈

ࢇ

− ࢈) − ൲(ࢇ

૛

≥ ૙ 

(૙ < ܽ ≤ ܾ < 1 ⇒ ܾ − ܽ ≥ 0) ⇒ (૛) true ⇒ (૚) true. Proved. 

 

:ࢌ .1129 [૙, ૚] → [૙,∞),ࢌ −twice derivable, ࢌᇱ(࢞) > 0, (࢞)ᇱᇱࢌ > ݔ∀,0 ∈ [0,1] 

Prove that: 

නࢌ૜(࢞)࢞ࢊ
૚

૙

+
૝
૛ૠ

≥ ቌන࢞ࢊ(࢞)ࢌ
૚

૙

ቍ

૛

 

Proposed by Rajeev Rastogi-India 

Solution 1 by Daniel Sitaru-Romania 

නࢌ૜(࢞)࢞ࢊ
૚

૙

≥⏞
࢜ࢋࢎ࢙࢟࢈ࢋ࡯ ૚

(૚ − ૙)૛
ቌන࢞ࢊ(࢞)ࢌ

૚

૙

ቍ

૜

≥ ቌන࢞ࢊ(࢞)ࢌ
૚

૙

ቍ

૛

−
૝
૛ૠ	(࢚࢕	ࢋ࢜࢕࢘࢖) 

Denote: 

න࢞ࢊ(࢞)ࢌ
૚

૙

= ࢇ > 0 

૜ࢇ ≥ ૛ࢇ −
૝
૛ૠ ↔ ૛ૠࢇ૜ + ૝ ≥ ૛ૠࢇ૛ ↔ ૛ૠࢇ૛ ൬ࢇ −

૛
૜൰ − ૛ࢇૢ + ૝ ≥ ૙ ⇔ 

૛ૠࢇ૛ ൬ࢇ −
૛
૜൰ − ࢇૢ ൬ࢇ −

૛
૜൰ − ૟ࢇ+ ૝ ≥ ૙ ⇔ 

൬ࢇ −
૛
૜൰

(૛ૠࢇ૛ − ࢇૢ − ૟) ≥ ૙ ↔ ൬ࢇ −
૛
૜൰

૛

(૛ૠࢇ + ૢ) ≥ ૙ 

Equality holds for: 

න࢞ࢊ(࢞)ࢌ
૚

૙

= ࢇ =
૛
૜ 

Solution 2 by Abdallah El Farissi-Mostaganem-Algerie 
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We have: 

න൬ࢌ(࢞) +
૚
૜൰൬ࢌ

(࢞) −
૛
૜൰

૛

࢞ࢊ
૚

૙

≥ ૙ ⇒ න൬ࢌ(࢞) +
૚
૜൰ ൬ࢌ

૛(࢞) −
૝
૜ࢌ

(࢞) +
૝
ૢ൰࢞ࢊ

૚

૙

= 

= න൬ࢌ(࢞) +
૚
૜൰ ൤൬ࢌ

૛(࢞) −
૚
૜ࢌ

(࢞) +
૚
ૢ൰ − ൬ࢌ(࢞) −

૚
૜൰൨ ࢞ࢊ

૚

૙

= 

= න൬ࢌ૜(࢞) +
૚
૛ૠ൰࢞ࢊ

૚

૙

− න൬ࢌ૛(࢞) −
૚
ૢ൰࢞ࢊ

૚

૙

≥ ૙ ⇒ 

න൬ࢌ૜(࢞) +
૚
૛ૠ൰࢞ࢊ

૚

૙

≥ න൬ࢌ૛(࢞) −
૚
ૢ൰࢞ࢊ

૚

૙

⇒ 

නࢌ૜(࢞)࢞ࢊ
૚

૙

+
૝
૛ૠ ≥ නࢌ૛(࢞)࢞ࢊ

૚

૙

≥
ࡿ࡮࡯

ቌනࢌ(࢞)
૚

૙

ቍ

૛

 

1130. If ࢇ > 0 then: 

න න|(࢞ + ࢟)(૚ − ࢞࢟)|
ࢇ

ࢇି

࢟ࢊ࢞ࢊ
ࢇ

ࢇି

≤
૛
ૢ

(૜ࢇ +  ૜)૛ࢇ

Proposed by Daniel Sitaru-Romania 

Solution by George Florin Şerban-Romania 

࢛ ∙ ࢜ ≤
࢛૛ + ࢜૛

૛ ,∀࢛,࢜ ∈ ℝ ⇔ (࢛ − ࢜)૛ ≥ ૙,∀࢛,࢜ ∈ ℝ 

න න|(࢞ + ࢟)(૚− ࢞࢟)|
ࢇ

ࢇି

࢟ࢊ࢞ࢊ
ࢇ

ࢇି

= න න|࢞ + ࢟| ∙ |૚ − ࢞࢟|
ࢇ

ࢇି

࢟ࢊ࢞ࢊ
ࢇ

ࢇି

≤ 

≤ න න
|࢞ + ࢟|૛ + |૚ − ࢞࢟|૛

૛

ࢇ

ࢇି

࢟ࢊ࢞ࢊ
ࢇ

ࢇି

= න න
࢞૛ + ࢟૛ + ૛࢞࢟ + ૚ − ૛࢞࢟+ ࢞૛࢟૛

૛

ࢇ

ࢇି

࢟ࢊ࢞ࢊ
ࢇ

ࢇି

= 

= න න
࢞૛ + ࢟૛ + ૚ + ࢞૛࢟૛

૛

ࢇ

ࢇି

࢟ࢊ࢞ࢊ
ࢇ

ࢇି

= න න
(࢞૛ + ૚)(࢟૛ + ૚)

૛

ࢇ

ࢇି

࢟ࢊ࢞ࢊ
ࢇ

ࢇି

= 
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= න૛න
࢞૛ + ࢟૛ + ૚ + ࢞૛࢟૛

૛

ࢇ

૙

࢟ࢊ࢞ࢊ
ࢇ

ࢇି

= නቆ
૜ࢇ

૜ ࢟૛ +
૜ࢇ

૜ + ૛࢟ࢇ + ࢟ࢊቇࢇ
ࢇ

ࢇି

= 

= ૛නቆ
૜ࢇ

૜ ࢟૛ +
૜ࢇ

૜ + ૛࢟ࢇ + ࢟ࢊቇࢇ
ࢇ

૙

= ૛ቆ
૟ࢇ

ૢ +
૛ࢇ૝

૜ + ૛ቇࢇ =
૛
ૢ

(૜ࢇ+  ૜)૛ࢇ

1131. If ૙ < ܽ ≤ ܾ < ࣊
૛
 then: 

නන
૜࢞࢔࢏࢙) + ૜࢙࢞࢕ࢉ)૛(࢟࢔ࢇ࢚ + (࢟࢔ࢇ࢚

૛࢞࢔࢏࢙) ∙ ࢙࢞࢕ࢉ + ૜(࢟࢔ࢇ࢚

࢈

ࢇ

࢟ࢊ࢞ࢊ
࢈

ࢇ

≥ ࢈) −  ૛(ࢇ

Proposed by Daniel Sitaru-Romania 

Solution 1 by Adrian Popa-Romania 

૜࢞࢔࢏࢙) + ૜࢙࢞࢕ࢉ)૛(࢟࢔ࢇ࢚ + (࢟࢔ࢇ࢚ ≥
࢘ࢋࢊ࢒࢕ࡴ

ቀ࢙࢔࢏૛࢞ ∙ ࢙࢞࢕ࢉ + ඥ࢚࢔ࢇ૛࢟૜ ∙ ඥ࢚࢟࢔ࢇ૜ ቁ
૜
⇔ 

૜࢞࢔࢏࢙) + ૜࢙࢞࢕ࢉ)૛(࢟࢔ࢇ࢚ + (࢟࢔ࢇ࢚ ≥ ૛࢞࢔࢏࢙) ∙ ࢙࢞࢕ࢉ + ૜(࢟࢔ࢇ࢚ ⇔ 

૜࢞࢔࢏࢙) + +૜࢙࢞࢕ࢉ)૛(࢟࢔ࢇ࢚ (࢟࢔ࢇ࢚
૛࢞࢔࢏࢙) ∙ ࢙࢞࢕ࢉ + ૜(࢟࢔ࢇ࢚ ≥ ૚ ⇔ 

නන
૜࢞࢔࢏࢙) + ૜࢙࢞࢕ࢉ)૛(࢟࢔ࢇ࢚ + (࢟࢔ࢇ࢚

૛࢞࢔࢏࢙) ∙ ࢙࢞࢕ࢉ + ૜(࢟࢔ࢇ࢚

࢈

ࢇ

࢟ࢊ࢞ࢊ
࢈

ࢇ

≥ නන૚
࢈

ࢇ

࢟ࢊ࢞ࢊ
࢈

ࢇ

= ࢈) −  ૛(ࢇ

 

Solution 2 by George Florin Şerban-Romania 

૛࢞࢔࢏࢙) ∙ +࢙࢞࢕ࢉ ૜(࢟࢔ࢇ࢚ = ࢞࢔࢏࢙) ∙ ࢞࢔࢏࢙ ∙ ࢙࢞࢕ࢉ + ඥ࢚࢟࢔ࢇ૜ ∙ ඥ࢚࢟࢔ࢇ૜ ∙ ඥ࢚࢟࢔ࢇ૜ )૜ ≤
࢘ࢋࢊ࢒࢕ࡴ

 

≤ ቀ࢙࢔࢏૜࢞ + ൫ඥ࢚࢟࢔ࢇ૜ ൯
૜
ቁ ቀ࢙࢔࢏૜࢞ + ൫ඥ࢚࢟࢔ࢇ૜ ൯

૜
ቁ ቀ࢙࢕ࢉ૜࢞ + ൫ඥ࢚࢟࢔ࢇ૜ ൯

૜
ቁ ⇔ 

૜࢞࢔࢏࢙) + ૜࢙࢞࢕ࢉ)૛(࢟࢔ࢇ࢚ + (࢟࢔ࢇ࢚ ≥ ૛࢞࢔࢏࢙) ∙ ࢙࢞࢕ࢉ + ૜(࢟࢔ࢇ࢚ ⇔ 

૜࢞࢔࢏࢙) + +૜࢙࢞࢕ࢉ)૛(࢟࢔ࢇ࢚ (࢟࢔ࢇ࢚
૛࢞࢔࢏࢙) ∙ ࢙࢞࢕ࢉ + ૜(࢟࢔ࢇ࢚ ≥ ૚ ⇔ 

නන
૜࢞࢔࢏࢙) + ૜࢙࢞࢕ࢉ)૛(࢟࢔ࢇ࢚ + (࢟࢔ࢇ࢚

૛࢞࢔࢏࢙) ∙ +࢙࢞࢕ࢉ ૜(࢟࢔ࢇ࢚

࢈

ࢇ

࢟ࢊ࢞ࢊ
࢈

ࢇ

≥ නන૚
࢈

ࢇ

࢟ࢊ࢞ࢊ
࢈

ࢇ

= ࢈) −  ૛(ࢇ
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ℝ:ࢌ .1132 → ℝ,ࢌ −continuous, ࢈,ࢇ ∈ ℝ,ࢇ ≤  :Prove that .࢈

න(ࢌૡ(࢞) + ࢞ࢊ((࢞)૛ࢌ
࢈

ࢇ

+ ࢈ − ࢇ ≥ න൫ࢌ૞(࢞) + ࢞ࢊ൯(࢞)ࢌ
࢈

ࢇ

 

Proposed by Daniel Sitaru-Romania 

Solution by Adrian Popa-Romania 

න(ࢌૡ(࢞) + ࢞ࢊ((࢞)૛ࢌ
࢈

ࢇ

+ ࢈ − ࢇ ≥ න൫ࢌ૞(࢞) + ࢞ࢊ൯(࢞)ࢌ
࢈

ࢇ

⇔ 

නቀࢌૡ(࢞) + ૛(࢞)ቁࢌ ࢞ࢊ
࢈

ࢇ

+ න࢞ࢊ(࢞)ࢌ
࢈

ࢇ

≥ නቀࢌ૞(࢞) + ቁ(࢞)ࢌ ࢞ࢊ
࢈

ࢇ

⇔ 

න(ࢌૡ(࢞) + (࢞)૛ࢌ + ૚)࢞ࢊ
࢈

ࢇ

≥ නቀࢌ૞(࢞) + ࢞ࢊቁ(࢞)ࢌ
࢈

ࢇ

⇔ 

(࢞)ૡࢌ) + (࢞)૛ࢌ + ૚) ≥ (࢞)૞ࢌ +  (࢞)ࢌ

Let be the function: ࢍ(࢟) = ࢟ૡ − ࢟૞ + ࢟૛ − ࢟ + ૚; 	൫࢟ૡ ≥ ૙,࢟૛ ≥ ૙ ⇒ ࢟ૡ + ࢟૛ ≥ ૛ห࢟૞ห൯ 

We must show that: ૛ห࢟૞ห + ૚ − ࢟૞ − ࢟ ≥ ૙ 

∴	If ࢟ < 0 ⇒ ૛ห࢟૞ห + ૚ − ࢟૞ − ࢟ ≥ ૙ is clearly true. 

∴ If ࢟ > 0 ⇒ 2ห࢟૞ห + ૚ − ࢟૞ − ࢟ = ૛࢟૞ − ࢟૞ − ࢟ + ૚ = ࢟૞ − ࢟ + ૚ 

Let be the function: ࢎ(࢟) = ࢟૞ − ࢟ + ૚;ࢎᇱ(࢟) = ૞࢟૝ − ૚ 

(࢟)ᇱࢎ = ૙ ⇔ ࢟૝ = ૚
૞
⇒ ࢟૛ = ૚

√૞
⇒ ࢟૚,૛ = − ૚

√૞૝ < 0 (contradiction with ࢟ > 0) 

and ࢟૜,૝ = ૚

√૞૝    

࢟ ૙																			
૚
√૞૝ 																																														∞ 

+ (࢟)ᇱࢎ + + + +૙ + + + + + + + + + + + 

							૚ (࢟)ࢎ ↗						↗						↗						↗					↗					↗					↗ 									∞ 

Then ࢎ(࢟) > 0. So, 

૛ห࢟૞ห + ૚ − ࢟૞ − ࢟ ≥ ૙,∀࢟ ∈ ℝ ⇒ (࢟)ࢍ = ࢟ૡ − ࢟૞ + ࢟૛ − ࢟ + ૚ > 0 ⇒ 
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(࢞)ૡࢌ) + (࢞)૛ࢌ + ૚) ≥ (࢞)૞ࢌ + (࢞)ࢌ ⇔ 

න(ࢌૡ(࢞) + ࢞ࢊ((࢞)૛ࢌ
࢈

ࢇ

+ ࢈ − ࢇ ≥ න൫ࢌ૞(࢞) + ࢞ࢊ൯(࢞)ࢌ
࢈

ࢇ

 

1133. Prove without softs: 

න࢞ࢋ૛࢞ࢊ
૚

૙

∙ න ࢞ࢊ૛࢞ିࢋ
૚

૙

< ൬
૚ + ࢋ
૛√ࢋ

൰
૛

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Khaled Abd Imouti-Damascus-Syria 

Ω = න࢞ࢋ૛࢞ࢊ
૚

૙

∙ න ࢞ࢊ૛࢞ିࢋ
૚

૙

≤
ࡹࡳିࡹ࡭ ૚

૝
ቌන ࢞ࢊ૛࢞ࢋ

૚

૙

+ න࢞ିࢋ૛࢞ࢊ
૚

૙

ቍ 

ࡵ = න࢞ࢋ૛࢞ࢊ
૚

૙

⇒ ૛ࡵ = න࢞ࢋ૛ା࢟૛࢟ࢊ࢞ࢊ
૚

૙

; 	࢘૛ = ࢞૛ + ࢟૛,࢘ࣂࢊ࢘ࢊ = ;࢟ࢊ࢞ࢊ (∗) 

૛ࡵ = න න࢘ࢋ૛ ∙

࣊
૛

૙

√૛

૙

ࣂࢊ࢘ࢊ࢘ = න
૚
૛
⎣
⎢
⎢
⎡
න ૛࢘ ∙ ࢘ࢊ૛࢘ࢋ

࣊
૛

૙ ⎦
⎥
⎥
⎤√૛

૙

ࣂࢊ =
૚
૛න

૛ࢋ) − ૚)ࣂࢊ

࣊
૛

૙

=
૛ࢋ − ૚
૛ ∙

࣊
૛ 

=
૛ࢋ)࣊ − ૚)

૝ ⇒ ࡵ =
ඥ࣊(ࢋ૛ − ૚)

૛ <
ࢋ√࣊
૛  

ࡶ = න࢞ିࢋ૛࢞ࢊ
૚

૙

, ૛ࡶ = නିࢋ൫࢞૛ା࢟૛൯࢟ࢊ࢞ࢊ
૚

૙

=
(∗)
න න࢘ିࢋ૛ ∙

࣊
૛

૙

√૛

૙

ࣂࢊ࢘ࢊ࢘ =
࣊(૚ − (૛ିࢋ

૝ ⇒ 

ࡶ =
ඥ࣊(૚ − (૛ିࢋ

૛ <
࣊
૛
ඨ૚ −

૚
૛ࢋ ⇒ ࡶ <

√࣊
૛  

Ω = න࢞ࢋ૛࢞ࢊ
૚

૙

∙ න ࢞ࢊ૛࢞ିࢋ
૚

૙

<
૚
૝ ∙

√࣊
૛

+ࢋ) ૚) <
(૚)

൬
૚ + ࢋ
૛√ࢋ

൰
૛

 

(૚) ⇔ √࣊
૛

< 1 +
૚
ࢋ
 (ࢋ࢛࢚࢘)	
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Proved. 

Solution 2 by Khaled Abd Imouti-Damascus-Syria 

∴ :ࢌ	܎۷ [࢈,ࢇ] → ࢓,[ࡹ,࢓] > 0,݂ − continuous function then 

ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍቌන
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ ≤
࢓) + ૛(ࡹ

૝ࡹ࢔ ∙ ࢈) −  ૛(ࢇ

Let be the function: ࢌ: [૙,૚] → ℝ,ࢌ(࢞) = (࢞)ᇱࢌ;૛࢞ࢋ = ૛࢞ ∙ ૛࢞ࢋ ≥ ૙ 

(૙)ࢌ = ૚, (૚)ࢌ =  ࢋ

࢞ ૙																																																																								૚ 

ᇱ(࢞) ૙ࢌ + + + + + + + + + + + + + + + + + 

						૚ (࢞)ࢌ ↗										↗										↗										↗									↗  ࢋ								

So, 

න࢞ࢋ૛࢞ࢊ
૚

૙

∙ න࢞ିࢋ૛࢞ࢊ
૚

૙

≤
(૚ + ૛(ࢋ

૝ࢋ ∙ (૚ − ૙) ⇔ 

න࢞ࢋ૛࢞ࢊ
૚

૙

∙ න ࢞ࢊ૛࢞ିࢋ
૚

૙

< ൬
૚ + ࢋ
૛√ࢋ

൰
૛

 

 Solution 3 by Rovsen Pirguliev-Sumgait-Azerbaijan 

From Chebyshev’s integral inequality: 

ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ ∙ ቌන࢞ࢊ(࢞)ࢍ
࢈

ࢇ

ቍ ≤ ࢈) − (ࢇ ∙ න ࢞ࢊ(࢞)ࢍ(࢞)ࢌ
࢈

ࢇ

 

We have: 

࢙ࢎࡸ = න࢞ࢋ૛࢞ࢊ
૚

૙

∙ න࢞ିࢋ૛࢞ࢊ
૚

૙

≤ (૚ − ૙) ∙ න࢞ࢋ૛ ∙ ࢞ࢊ૛࢞ିࢋ
૚

૙

= ࢞|૙૚ = ૚ 

It remains to prove that: 

૚ < ൬
૚ + ࢋ
૛√ࢋ

൰
૛

⇔ ૚ <
૚ + ࢋ
૛√ࢋ

⇔ ૛√ࢋ < 1 + ݁ ⇔ ࢋ√ ≤
ࡹࡳିࡹ࡭ ࢋ + ૚

૛  (ࢋ࢛࢚࢘)	

Proved. 
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1134. If ࢈,ࢇ, ࢉ > 0 then: 

න න න ቌඨ
࢞ + ૚
࢟ + ૚

૟
+ ඨ

࢟+ ૚
ࢠ + ૚

ૡ
+ ඨ

ࢠ + ૚
࢞ + ૚

૚૙
ቍࢠࢊ࢟ࢊ࢞ࢊ

૝ࢉ

ࢉ

૜࢈

࢈

૛ࢇ

ࢇ

≥ ૚૞ࢉ࢈ࢇ 

Proposed by Daniel Sitaru-Romania 

Solution by Michael Sterghiou-Greece 

න න න ቌඨ
࢞ + ૚
࢟ + ૚

૟
+ ඨ࢟ + ૚

ࢠ + ૚
ૡ

+ ඨࢠ+ ૚
࢞ + ૚

૚૙
ቍࢠࢊ࢟ࢊ࢞ࢊ

૝ࢉ

ࢉ

૜࢈

࢈

૛ࢇ

ࢇ

≥ ૚૞ࢉ࢈ࢇ; (૚) 

Let ࢞ା૚
࢟ା૚

= ࢛૛ , ࢟ା૚
ା૚ࢠ

= ࢜૛, ା૚ࢠ
࢞ା૚

= ࢚૛ then ࢀ = √࢛૜ + √࢜૝ + √࢚૞  with ࢛࢚࢜ = ૚; ,࢜,࢛;(ࢉ) ࢚ > 0 as 

࢞,࢟, ࢠ > 0 

We will minimize ࢀ(࢛,࢜, ࢚) by ࢛࢚࢜ = ૚. 

Consider the Lagranging ࡸ(࢛,࢜, ࢚, (ࣅ = ,࢜,࢛)ࢀ ࢚) − ࢚࢛࢜)ࣅ − ૚) 

For the extreme of ࢀ we need to look into the points that make the vector  

સࡸ(࢛,࢜, (ࣅ,࢚ = ૙ or ࣔࡸ
࢛ࣔ

= ࡸࣔ
ࣔ࢜

= ࡸࣔ
࢚ࣔ

= ࡸࣔ
ࣅࣔ

= ૙ or  

⎩
⎪⎪
⎨

⎪⎪
⎧

૚
૜√࢛૛૜ = ࢚࢜ࣅ = ࣅ ∙

૚
࢛

૚
૝√࢜૜૝ = ࢚࢛ࣅ = ࣅ ∙

૚
࢜

૚
૞√࢚૝૞ = ࢛࢜ࣅ = ࣅ ∙

૚
࢚

⇒ ቐ
࢛ = ૛ૠࣅ૜; 		(૛)
࢜ = ૛૞૟ࣅ૝; 		(૜)		
࢚ = ૜૚૛૞ࣅ૞; 			(૝)			

,࢛࢚࢜ = ૚ ⇒ 

࢛࢚࢜ = ૚ = ૛૚૟ ∙ ૚૙૞ ∙ ૚૛ࣅ ⇒ ࣅ = ට ૚
૛૚૟∙૚૙૞

૚૛ ࣅ	࢙ࢇ	 > 0 (from (2) for example)  

Now, (࢛૙ ,࢜૙, ࢚૙) = ൫૛ૠࣅ૜ ,૛૞૟ࣅ૝ ,૜૚૛૞ࣅ૞൯ and ࢀ(࢛૙,࢜૙, ࢚૙) = ૚૛ࣅ ≅ ૛.ૢ૜ૠ > ૞
૛
 

Hence ࢀ > ૞
૛
	 and  

න න න ࢠࢊ࢟ࢊ࢞ࢊࢀ
૝ࢉ

ࢉ

૜࢈

࢈

૛ࢇ

ࢇ

≥ න න න
૞
૛ࢠࢊ࢟ࢊ࢞ࢊ

૝ࢉ

ࢉ

૜࢈

࢈

૛ࢇ

ࢇ

=
૞
૛

(૝ࢉ − ࢈૜)(ࢉ − ࢇ૛)(࢈ − (ࢇ = ૚૞ࢉ࢈ࢇ. 

Equality for ࢇ = ࢈ = ࢉ = ૙. Done! 
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1135. Find a closed form: 

Ω = ෑࢍ࢕࢒൬૛ +
૚
࢔
൰ ࢍ࢕࢒ ൬૛ −

૚
࢔ + ૚

൰
ஶ

ୀ૚࢔

 

Proposed by Daniel Sitaru-Romania 

Solution by Samir HajAli-Damascus-Syria 

∏ (૚ + ஶ(࢔࢈
ୀ૚࢔ = ૙ ⇔ ∑ ૚)ࢍ࢕࢒ + (࢔࢈ = −∞ஶ

ୀ૚࢔ ⇔ ࢔࢈ < ∑	܌ܖ܉	1 ஶ࢔࢈
ୀ૚࢔  is diverge. 

Now, 

Ω = ෑࢍ࢕࢒൬૛ +
૚
൰࢔ ࢍ࢕࢒ ൬૛ −

૚
࢔ + ૚൰

ஶ

ୀ૚࢔

= 

= ෑ൤૚ + ࢍ࢕࢒ ൬૛ +
૚
൰࢔ ࢍ࢕࢒ ൬૛ −

૚
+࢔ ૚൰ − ૚൨

ஶ

ୀ૚࢔

 

Where ࢔࢈ = ࢍ࢕࢒ ቀ૛ + ૚
࢔
ቁ ࢍ࢕࢒ ቀ૛ − ૚

ା૚࢔
ቁ − ૚ 

So, ࢍ࢕࢒ቀ૛ + ૚
࢔
ቁ ࢍ࢕࢒ ቀ૛ − ૚

ା૚࢔
ቁ ≤ ቀ૛ࢍ࢕࢒૜ࢍ࢕࢒ − ૚

ା૚࢔
ቁ < ૜ࢍ࢕࢒૛݃݋݈ ≈ ૙.ૠ, 

࢔∀ ∈ ℕ. Therefore ࢔࢈ < 0,∀݊ ∈ ℕ,࢔ ≥ ૚ and 

∑ ቂࢍ࢕࢒ ቀ૛ + ૚
࢔
ቁ ࢍ࢕࢒ ቀ૛ − ૚

ା૚࢔
ቁ − ૚ቃஶ

ୀ૚࢔  is diverge, because 

ܕܑܔ
ஶ→࢔

൬ࢍ࢕࢒ ൬૛ +
૚
൰࢔ ࢍ࢕࢒ ൬૛ −

૚
࢔ + ૚൰ − ૚൰ = ૛૛ࢍ࢕࢒ − ૚ ≠ ૙ ⇒ 

࢔࢈ < 0 and ∑ ஶ࢔࢈
ୀ૚࢔  is diverge. 

Depending on theorywe can conclude: 

Ω = ෑࢍ࢕࢒൬૛ +
૚
൰࢔ ൬૛ࢍ࢕࢒ −

૚
࢔ + ૚൰

ஶ

ୀ૚࢔

= ૙ 

1136. Find: 

ષ = ܕܑܔ
ஶ→࢔

ቌ
࢔ ∙ ࢔૚࢔ࢇ࢚ࢉ࢘ࢇ
૛࢔ + ૚૛ +

࢔ ∙ ࢔ࢇ࢚ࢉ࢘ࢇ ૛࢔
૛࢔ + ૛૛ + ⋯+

࢔ ∙ ࢔࢔࢔ࢇ࢚ࢉ࢘ࢇ
૛࢔ + ૛࢔ ቍ 

Proposed by Adil Abdullayev-Baku-Azerbaijan 
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Solution by Daniel Sitaru – Romania  

ષ = ܕܑܔ
ஶ→࢔

෍
࢔ ∙ ࢔࢑࢔ࢇ࢚ࢉ࢘ࢇ
૛࢔ + ࢑૛

࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍
࢔ ∙ ࢔࢑࢔ࢇ࢚ࢉ࢘ࢇ

૛࢔ ቆ૚+ ቀ࢔࢑ቁ
૛
ቇ

࢔

࢑ୀ૚

= 

= ܕܑܔ
ஶ→࢔

૚
෍࢔

࢔࢑࢔ࢇ࢚ࢉ࢘ࢇ

ቆ૚+ ቀ࢔࢑ቁ
૛
ቇ

࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

૚
൬ࢌ෍࢔

࢑
൰࢔

࢔

࢑ୀ૚

:ࢌ, [૙,૚] → ℝ, (࢞)ࢌ =
࢞࢔ࢇ࢚ࢉ࢘ࢇ
૚ + ࢞૛  

࢑࢔࢞ = ࢑࢔ࣀ =
࢑
࢔ , ห|ઢ࢔|ห =

૚
࢔ → ૙ 

ષ = ܕܑܔ
ஶ→࢔

෍ࢌ൬
࢑
൰࢔

࢔

࢑ୀ૚

൬
࢑
࢔ −

࢑ − ૚
࢔ ൰ = ܕܑܔ

ஶ→࢔
෍ࢌ൫࢑࢔ࣀ൯
࢔

࢑ୀ૚

൫࢞࢑࢔ − ࢑ି૚൯࢔࢞ = 

= න࢞ࢊ(࢞)ࢌ =
૚

૙

න
࢞࢔ࢇ࢚ࢉ࢘ࢇ
૚ + ࢞૛

࢞ࢊ =
૚
૛

૛૚࢔ࢇ࢚ࢉ࢘ࢇ) − (૛૙࢔ࢇ࢚ࢉ࢘ࢇ =
࣊૛

૜૛

૚

૙

 

1137. Find a closed form: 

Ω = ෍
࢔࢞

!࢔ ∙ ൤	
!࢔
ࢋ 	൨

ஶ

ୀ૚࢔

, ࢞ ∈ [−૚, ૚), [∗]−  ࡲࡵࡳ

Proposed by Abdul Mukhtar-Nigeria 

Solution by Kamel Benaicha-Algiers-Algerie 

Ω = ෍
࢔࢞

!࢔ ∙ ൤	
!࢔
ࢋ 	൨

ஶ

ୀ૚࢔

=
૚
ࢋ ∙

࢞
૚ − ࢞ + ෍

࢔࢞

!࢔ ∙ ൜	
!࢔
ࢋ 	ൠ

ஶ

ୀ૚࢔

;࢞ ∈ [−૚,૚] 

We have: 

૚
ࢋ = ෍

(−૚)࢑

࢑!

ஶ

࢑ୀ૙

= ෍
(−૚)࢑

࢑!

࢔

࢑ୀ૙

+ ෍
(−૚)࢑

࢑!

ஶ

࢑ୀ࢔ା૚

 

For ࢑ ≤ !࢑:࢔ ∣ ∑!࢔ then ,!࢔ (ି૚)࢑

࢑!
࢔
࢑ୀ૙ ∈ ℤ 

൜
!࢔
ࢋ ൠ = ൝࢔! ෍

(−૚)࢑

࢑!

ஶ

࢑ୀ࢔ା૚

ൡ = ቐ࢔!෍
(−૚)࢔ା૚ା࢖

࢔) + ૚ + !(࢖

ஶ

ୀ૙࢖

ቑ = ቐ(−૚)࢔ା૚෍
(−૚)࢖

!࢖ ∙
!࢖!࢔

+࢔) ૚ + !(࢖

ஶ

ୀ૚࢖

ቑ 
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We know that: 

!࢖!࢔
+࢔) ૚ + !(࢖ =

Г(࢔+ ૚)Г(࢖+ ૚)
Г(࢔+ ૚ + ࢖ + ૚) = න࢚࢔(૚ − ࢚ࢊ࢖(࢚

૚

૙

 

:ܗ܁ ൜
!࢔
ࢋ ൠ = ቐ(−૚)࢔ା૚෍

(−૚)࢖

!࢖ ∙
ஶ

ୀ૚࢖

න࢚࢔(૚ − ࢚ࢊ࢖(࢚
૚

૙

ቑ = 

= ቐ(−૚)࢔ା૚ න࢚࢔෍
(࢚ − ૚)࢖

!࢖ ࢚ࢊ
ஶ

ୀ૙࢖

૚

૙

ቑ = ቐ
(−૚)࢔ା૚

ࢋ න ࢚ࢋ࢔࢚
૚

૙

 ቑ࢚ࢊ

(∴ ૙ ≤ ࢚ ≤ ૚ ⇒ ૙ ≤ ࢔࢚ ≤ ૚;૚ ≤ ࢚ࢋ ≤ ࢋ ⇒ ࢔࢚ ≤ ࢚ࢋ࢔࢚ ≤  (࢔࢚ࢋ

൬∴ ૙ <
࢔࢚

ࢋ ≤
૚
ࢋ ࢚

࢚ࢋ࢔ ≤ ࢔࢚ < 1൰ 

∴ ൜
!࢔
ࢋ ൠ =

⎩
⎪⎪
⎨

⎪⎪
⎧૚
ࢋ න࢚૛࢖ା૚࢚ࢊ࢚ࢋ, ࢔	܎ܑ ∈ ૛ℕ + ૚

૚

૙

૚ −
૚
ࢋ න࢚૛࢚ࢊ࢚ࢋ࢖, ࢔	܎ܑ ∈ ૛ℕ

૚

૙

 

࢞	ܚܗ۴ ∈ [−૚,૚],܍ܟ	܍ܞ܉ܐ: 

Ω૚ = ෍
࢞૛࢔

(૛࢔)!
ቌ૚ −

૚
නࢋ ࢚૛࢚ࢊ࢚ࢋ࢔

૚

૙

ቍ
ஶ

ୀ૚࢔

+
૚
෍ࢋ

࢞૛࢔ା૚

(૛࢔ + ૚)!
ቌන࢚૛࢔ା૚࢚ࢊ࢚ࢋ

૚

૙

ቍ
ஶ

ୀ૙࢔

= 

= −(࢞)ࢎ࢙࢕ࢉ ૚−
૚
ࢋ න

−(࢚࢞)ࢎ࢙࢕ࢉ) ૚)࢚ࢊ࢚ࢋ
૚

૙

+
૚
࢚ࢊ࢚ࢋ(࢚࢞)ࢎ࢔࢏න࢙ࢋ

૚

૙

= 

= −(࢞)ࢎ࢙࢕ࢉ ૚ −
૚
ࢎ࢙࢕ࢉන൫ࢋ

(࢚࢞)− ࢚ࢊ࢚ࢋ൯(࢚࢞)ࢎ࢔࢏࢙
૚

૙

+
૚
࢚ࢊ࢚ࢋනࢋ

૚

૙

= 

= (࢞)ࢎ࢙࢕ࢉ − ૚−
૚ି࢞ࢋ − ૚
૚)ࢋ − ࢞) +

ࢋ − ૚
ࢋ  

		Ω = ෍
࢔࢞

!࢔ ∙ ൤	
!࢔
ࢋ 	൨

ஶ

ୀ૚࢔

=
૚ି࢞ࢋ − ૚
૚)ࢋ − ࢞)−  (࢞)ࢎ࢙࢕ࢉ

Note. For ࢞ = −૚ the series is not convergent. 
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1138. Find a closed form: 

Ω = ෑቆ૚+ ൬
૚
࣊
൰
૜࢔

+ ൬
૚
࣊૛
൰
૜࢔

ቇ
ஶ

ୀ૚࢔

 

Proposed by Daniel Sitaru-Romania 

Solution by Florentin Vişescu-Romania 

Let be ࡼ = (૚ + ૜ࢇ + (૛(૜ࢇ) ቀ૚ + ૜૛ࢇ + ൫ࢇ૜૛൯
૛
ቁ ∙ … ∙ ቀ૚ + ࢔૜ࢇ + ൫ࢇ૜࢔൯

૛ቁ 

(૚ − ࡼ(૜ࢇ = (૚ − ૜)(૚ࢇ + ૜ࢇ + (૛(૜ࢇ) ቀ૚ + ૜૛ࢇ + ൫ࢇ૜૛൯
૛
ቁ ∙… ∙ ቀ૚ + ࢔૜ࢇ + ൫ࢇ૜࢔൯

૛ቁ = 

= ൫૚ − ૜૜൯ࢇ ቀ૚ + ૜૛ࢇ + ൫ࢇ૜૛൯
૛
ቁ ∙ … ∙ ቀ૚ + ࢔૜ࢇ + ൫ࢇ૜࢔൯

૛ቁ = 

⋮ 

= ൫૚ − ൯࢔૜ࢇ ቀ૚ + ࢔૜ࢇ + ൫ࢇ૜࢔൯
૛ቁ = ૚ − శ૚࢔૜ࢇ ⇒ 

ࡼ =
૚ − శ૚࢔૜ࢇ

૚ − ૜ࢇ  

Ω = ܕܑܔ
ஶ→࢔

ෑቆ૚ + ൬
૚
࣊൰

૜࢔

+ ൬
૚
࣊૛൰

૜࢔

ቇ
ஶ

ୀ૚࢔

= ܕܑܔ
ஶ→࢔

૚ − ቀ૚࣊ቁ
૜࢔శ૚

૚ − ቀ૚࣊ቁ
૜ =

࣊૜

࣊૜ − ૚ 

1139. Find without any software: 

Ω = ܕܑܔ
(࢞,࢟)→(૙,૙)

⎝

⎛ න ࢞࢔ࢇ࢚√

࣊
૜ି࢟

࣊
૟ା࢞

࢞ࢊ

⎠

⎞

⎝

⎛ න ࢚࢞࢕ࢉ√

࣊
૜ି࢟

࣊
૟ା࢞

࢞ࢊ

⎠

⎞ 

Proposed by Daniel Sitaru-Romania 

Solution by Kamel Benaicha-Algiers-Algerie 

Ω૚ = ܕܑܔ
(࢞,࢟)→(૙,૙)

න ࢞࢔ࢇ࢚√

࣊
૜ି࢟

࣊
૟ା࢞

࢞ࢊ = න√࢚࢞࢔ࢇ

࣊
૜

࣊
૟

࢞ࢊ = න
ඥ࢟

૚ + ࢟૛

√૜

૚
√૜

࢟ࢊ = ૛ න
࢛૛࢛ࢊ
૚ + ࢛૝

√૜૝

૚
√૜૝

= 
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= ૛ න
࢜ࢊ

૚ + ࢜૝

√૜૝

૚
√૜૝

⇒ ૛Ω૚ = 	૛ න
ቀ૚ + ૚

࢛૛ቁ࢛ࢊ

࢛૛ + ૚
࢛૛

√૜૝

૚
√૜૝

= ૛ න
ቀ૚ࢊ − ૚

࢛ቁ

ቀ࢛ − ૚
࢛ቁ

૛
+ ૛

√૜૝

૚
√૜૝

 

Ω૚ =
૚
√૛

൥࢚ି࢔ࢇ૚ ൭
૚
√૛

൬࢛ −
૚
࢛൰
൱൩

૚
√૜૝

√૜૝

= √૛࢚ି࢔ࢇ૚ ൭
૚
√૛

൬√૜૝ −
૚
√૜૝ ൰൱ = 

= √૛࢚ି࢔ࢇ૚ ቆ
√૜ − ૚
ඥ૛√૜

ቇ 

Ω૛ = ܕܑܔ
(࢞,࢟)→(૙,૙)

න ࢚࢞࢕ࢉ√

࣊
૜ି࢟

࣊
૟ା࢞

࢞ࢊ = න√࢚࢞࢕ࢉ

࣊
૜

࣊
૟

= න√࢚࢞࢔ࢇ

࣊
૜

࣊
૟

࢞ࢊ = Ω૚ 

Ω = Ω૚Ω૛ = ૛ቌ࢚ି࢔ࢇ૚ ቆ
√૜ − ૚
ඥ૛√૜

ቇቍ

૛

 

1140.  

Ω(࢔, ࢘) = ෍
(−૚)࢑

૜࢘ + ૜࢑ − ૛
ቀ
࢔
࢑
ቁ

࢔

࢑ୀ૙

, ࢘ ∈ ℕ, ࢘ −  ࢊࢋ࢞࢏ࢌ

(࢘)࣓	:܌ܖ۴ܑ = ܕܑܔ
ஶ→࢔

ඥΩ(࢔,࢘)࢔  

Proposed by Daniel Sitaru-Romania 

Solution 1 by Adrian Popa-Romania 

Ω(࢔, ࢘) = ෍
(−૚)࢑

૜࢘+ ૜࢑− ૛
ቀ
࢔
࢑
ቁ

࢔

࢑ୀ૙

= ෍൮න࢞૜࢘ା૜࢑ି૜࢞ࢊ
૚

૙

(−૚)࢑ ቀ
࢔
࢑
ቁ൲

࢔

࢑ୀ૙

= 

= න෍࢞૜࢘ି૜ ∙ ࢞૜࢑ ∙ (−૚)࢑ ቀ
࢔
࢑
ቁ

࢔

࢑ୀ૙

࢞ࢊ
૚

૙

= න࢞૜࢘ି૜ ∙ ෍࢞૜࢑ ∙ (−૚)࢑ ቀ
࢔
࢑
ቁ

࢔

࢑ୀ૙

࢞ࢊ
૚

૙

= 
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= න࢞૜࢘ି૜ ∙ (૚ − ࢞૜)࢞ࢊ࢔
૚

૙

=

࢞૜ୀ࢚

࢚∙ୀ૚૜࢞ࢊ
ష૛૜࢚ࢊ ૚

૜න ࢚࢘ି૚ ∙ (૚ − ࢔(࢚ ∙ ࢚ି
૛
૜࢚ࢊ

૚

૙

= 

=
૚
૜න ࢚࢘ି

૛
૜ି૚ ∙ (૚ − ࢚ࢊା૚ି૚࢔(࢚

૚

૙

=
૚
૜࡮൬࢘ −

૛
૜ ࢔, + ૚൰ =

૚
૜ ∙

Г ቀ࢘ − ૛
૜ቁ Г(࢔+ ૚)

Г ቀ࢘ + +࢔ ૚
૜ቁ

 

࣓(࢘) = ܕܑܔ
ஶ→࢔

ඥΩ(࢔,࢘)࢔ ࡭ᇲࡰି࡯= ܕܑܔ
ஶ→࢔

Ω(࢔ + ૚,࢘)
Ω(࢔,࢘) = 

= ܕܑܔ
ஶ→࢔

Г ቀ࢘ − ૛
૜ቁ Г(࢔+ ૛)

Г ቀ࢘ + ࢔ + ૝
૜ቁ

∙
Г ቀ࢘ + +࢔ ૚

૜ቁ

Г ቀ࢘ − ૛
૜ቁ Г(࢔+ ૚)

= 

= ܕܑܔ
ஶ→࢔

࢔) + ૚)! Г ቀ࢘ + +࢔ ૚
૜ቁ

ቀ࢘ + ࢔ + ૚
૜ቁ Гቀ࢘ + +࢔ ૚

૜ቁ ∙ !࢔
= ܕܑܔ

ஶ→࢔

࢔ + ૚

࢘+ ࢔ + ૚
૜

= ૚ 

 Solution 2 by Samir HajAli-Damascus-Syria 

Ω(࢔,࢘) = ෍
(−૚)࢑

૜࢘ + ૜࢑ − ૛
ቀ
࢔
࢑
ቁ

࢔

࢑ୀ૙

= ෍(−૚)࢑ ቀ
࢔
࢑
ቁ

࢔

࢑ୀ૙

න࢞૜࢘ା૜࢑ି૜
૚

૙

࢞ࢊ = 

= න෍(−૚)࢑ ቀ
࢔
࢑
ቁ

࢔

࢑ୀ૙

࢞૜࢘ି૜ ∙ ࢞૜࢑
૚

૙

࢞ࢊ = න࢞૜࢘ି૜ ∙ ෍(−૚)࢑ ቀ
࢔
࢑
ቁ

࢔

࢑ୀ૙

࢞૜࢑
૚

૙

࢞ࢊ = 

= න(࢞૜)࢘ି૚ ∙ (૚ − ࢞૜)࢔
૚

૙

࢞ࢊ =࢞
૜ୀ࢚ ૚

૜	න ࢚࢘ି૚ ∙ (૚ − ࢔(࢚ ∙ ࢚ି
૛
૜࢚ࢊ

૚

૙

= 

=
૚
૜න ࢚࢘ି

૛
૜ି૚ ∙ (૚− ࢚ࢊା૚ି૚࢔(࢚

૚

૙

=
૚
૜ ∙

Г ቀ࢘ − ૛
૜ቁ Г(࢔+ ૚)

Г ቀ࢘ + ࢔ + ૚
૜ቁ

 

࣓(࢘) = ܕܑܔ
ஶ→࢔

ඥΩ(࢔, ࢔(࢘ = ܕܑܔ
ஶ→࢔

ඩ
૚
૜ ∙

Г ቀ࢘ − ૛
૜ቁ Г(࢔+ ૚)

Г ቀ࢘+ ࢔ + ૚
૜ቁ

࢔

= 
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= ܕܑܔ
ஶ→࢔

ඩ
Гቀ࢘ − ૛

૜ቁ
૜ ∙

Г(࢔+ ૚)

Г ቀ࢘ + +࢔ ૚
૜ቁ

࢔

= ܕܑܔ
ஶඩ→࢔

Г(࢔ + ૚)

Г ቀ࢘ + ࢔ + ૚
૜ቁ

࢔ ࡭ᇲࡰି࡯=
 

= ܕܑܔ
ஶ→࢔

Г(࢔ + ૛)

Г ቀ࢘+ ࢔ + ૝
૜ቁ

∙
Г ቀ࢘ + ࢔ + ૚

૜ቁ

Г ቀ࢘ − ૛
૜ቁ Г(࢔+ ૚)

= ܕܑܔ
ஶ→࢔

࢔ + ૚

࢘ + +࢔ ૚
૜

= ૚ 

Solution 3 by Toby Joshua-Nigeria 

Ω(࢔,࢘) = ෍
(−૚)࢑

૜࢘ + ૜࢑ − ૛
ቀ
࢔
࢑
ቁ

࢔

࢑ୀ૙

= ෍(−૚)࢑
࢔

࢑ୀ૙

න࢟૜࢘ା૜࢑ି૜࢟ࢊ ቀ
࢔
࢑
ቁ

૚

૙

= 

= න࢟૜࢘ି૜࢟ࢊ
૚

૙

෍(−࢟૜)࢑
࢔

࢑ୀ૙

ቀ
࢔
࢑
ቁ = න࢟૜࢘ି૜ ∙ (૚ − ࢟૜)࢔

૚

૙

࢟ࢊ = 

=
૚
૜න࢟ቀ࢘ି

૛
૜ቁି૚ ∙ (૚ − ࢟૜)(࢔ା૚)ି૚

૚

૙

࢟ࢊ =
૚
૜࡮൬࢘ −

૛
૜ +࢔, ૚൰ = 

=
૚
૜࡮൬࢘ −

૛
૜ ࢔, + ૚൰ =

૚
૜ ∙

Г ቀ࢘ − ૛
૜ቁ Г(࢔+ ૚)

Г ቀ࢘ + ࢔ + ૚
૜ቁ

; 		(૚) 

࣓(࢘) = ܕܑܔ
ஶ→࢔

ඥΩ(࢔, ࢔(࢘ = ܕܑܔ
ஶ→࢔

ඩ
૚
૜ ∙

Г ቀ࢘ − ૛
૜ቁ Г(࢔+ ૚)

Г ቀ࢘+ ࢔ + ૚
૜ቁ

࢔

= 

= ܕܑܔ
ஶ→࢔

ඩ
Гቀ࢘ − ૛

૜ቁ
૜ ∙

Г(࢔+ ૚)

Г ቀ࢘ + +࢔ ૚
૜ቁ

࢔

= ܕܑܔ
ஶඩ→࢔

Г(࢔ + ૚)

Г ቀ࢘ + ࢔ + ૚
૜ቁ

࢔ = ܕܑܔ
ஶ→࢔

ቌ
!࢔

ቀ࢘ + ࢔ − ૛
૜ቁ !

ቍ

૚
࢔

 

Considering the asymptotic expansion of ࢔! and (࢔+ ࢞)! 

ܕܑܔ~(࢘)࣓
ஶ→࢔

࢔
ࢋ

࢘ + ࢔ − ૛
૜

ࢋ

= ܕܑܔ
ஶ→࢔

࢔

࢘+ ࢔ − ૛
૜

= ܕܑܔ
ஶ→࢔

૚
࢘
+࢔ ૚ − ૛

૜࢔
= ૚ 

1141. Find: 

Ω = ܕܑܔ
ஶ→࢔

෍൬࢙ି࢔࢏૚
૚

૛࢔√ + ૛࢑ − ૚
+ ࢔࢏࢙

࢑࣊
࢔
࢔࢏࢙

࢑࣊
૛࢔
൰

࢔

࢑ୀ૚

 

Proposed by Rajeev Rastogi-India 
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Solution 1 by Kamel Benaicha-Algiers-Algerie 

Ω = ܕܑܔ
ஶ→࢔

෍൬࢙ି࢔࢏૚
૚

૛࢔√ + ૛࢑ − ૚
+ ࢔࢏࢙

࢑࣊
࢔ ࢔࢏࢙

࢑࣊
૛࢔ ൰

࢔

࢑ୀ૚

= 

= ܕܑܔ
ஶ→࢔

෍൬࢙ି࢔࢏૚
૚

૛࢔√ + ૛࢑ − ૚
+
࢑࣊
૛࢔ ࢔࢏࢙

࢑࣊
࢔ ൰

࢔

࢑ୀ૚

 

૚
૛࢔√ + ૛࢑− ૚

=
૚
࢔
൬૚ +

૛࢑− ૚
૛࢔

൰
ି૚૛

~
૚
࢔
൬૚ −

૛࢑ − ૚
૛࢔૛

൰ 

Ω = ܕܑܔ
ஶ→࢔

૚
෍൬૚࢔ −

૛࢑ − ૚
૛࢔૛ ൰

࢔

࢑ୀ૚

+ ࣊න࢙࢞࢞ࢊ(࢞࣊)࢔࢏
૚

૙

=	 

= ܕܑܔ
ஶ→࢔

૚
࢔ቆ࢔ −

+࢔)࢔ ૚)
૛࢔૛ +

૚
ቇ࢔ + ૚ + ࣊න࢞ࢊ(࢞࣊)࢙࢕ࢉ

૚

૙

= ૛	 

Ω = ܕܑܔ
ஶ→࢔

෍൬࢙ି࢔࢏૚
૚

૛࢔√ + ૛࢑ − ૚
+ ࢔࢏࢙

࢑࣊
࢔ ࢔࢏࢙

࢑࣊
૛࢔ ൰

࢔

࢑ୀ૚

= ૛ 

Solution 2 by Florică Anastase-Romania 

ܕܑܔ
࢞→૙

૚࢞ି࢔࢏࢙
࢞ = ૚ ⇒ ࢿ∀ > ࢿ࢔∃,0 ∈ ℕ	ܐ܋ܝܛ	ܜ܉ܐܜ	࢔∀ ≥  :ܜ܍܏	܍ܟ	ࢿ࢔

૚ − ࢿ ≤
૚࢞ି࢔࢏࢙

࢞ ≤ ૚ + ࢿ ⇔ (૚ − ࢞(ࢿ ≤ ૚࢞ି࢔࢏࢙ ≤ (૚ +  ࢞(ࢿ

So, we have: 

(૚ + (ࢿ
૚

૛࢔√ + ૛࢑ − ૚
≤ ૚ି࢔࢏࢙

૚
૛࢔√ + ૛࢑ − ૚

≤ (૚ + (ࢿ
૚

૛࢔√ + ૛࢑ − ૚
 

 

(૚ − ෍(ࢿ
૚

૛࢔√ + ૛࢑ − ૚

࢔

࢑ୀ૚

≤෍࢙ି࢔࢏૚
૚

૛࢔√ + ૛࢑− ૚

࢔

࢑ୀ૚

≤ (૚ + ෍(ࢿ
૚

૛࢔√ + ૛࢑ − ૚

࢔

࢑ୀ૚

 

 

෍
૚

૛࢔√ + ૛࢑ − ૚

࢔

࢑ୀ૚

=
૚
࢔ ∙෍

૚

ට૚ + ૛࢑ − ૚
૛࢔

࢔

࢑ୀ૚

≅
૚
࢔ ∙෍ ൬૚ −

૛࢑ − ૚
૛࢔૛ ൰

࢔

࢑ୀ૚

= 
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=
૚
࢔ ∙ ቆ࢔ −

+࢔)࢔ ૚) − ૚
૛࢔૛ ቇ 

Ω = ܕܑܔ
ஶ→࢔

෍൬࢙ି࢔࢏૚
૚

૛࢔√ + ૛࢑ − ૚
+ ࢔࢏࢙

࢑࣊
࢔ ࢔࢏࢙

࢑࣊
૛࢔ ൰

࢔

࢑ୀ૚

= 

= ܕܑܔ
ஶ→࢔

෍ቌ
૚

૛࢔√ + ૛࢑ − ૚
+ ࢔࢏࢙

࢑࣊
࢔ ∙

૛࢔࢑࣊࢔࢏࢙
࢑࣊
૛࢔

∙
࢑࣊
૛࢔
ቍ

࢔

࢑ୀ૚

= 

= ܕܑܔ
ஶ→࢔

൭
૚
࢔ ∙ ቆ࢔ −

+࢔)࢔ ૚) − ૚
૛࢔૛ ቇ + ෍൬

࢑࣊
૛࢔ ∙ ࢔࢏࢙

࢑࣊
࢔ ൰

࢔

࢑ୀ૚

൱ = 

= ܕܑܔ
ஶ→࢔

൭
૚
࢔ ∙ ቆ࢔ −

+࢔)࢔ ૚) − ૚
૛࢔૛ ቇ+

૚
࢔ ∙෍ ൬

࢑࣊
࢔ ∙ ࢔࢏࢙

࢑࣊
࢔ ൰

࢔

࢑ୀ૚

൱ = 

= ܕܑܔ
ஶ→࢔

ቌ
૚
࢔ ∙ ቆ࢔ −

࢔)࢔ + ૚) − ૚
૛࢔૛ ቇ + ࣊න࢙࢞࢞ࢊ(࢞࣊)࢔࢏

૚

૙

ቍ = 

= ܕܑܔ
ஶ→࢔

૚
࢔ቆ࢔ −

+࢔)࢔ ૚)
૛࢔૛ +

૚
ቇ࢔ + ૚ + ࣊න࢞ࢊ(࢞࣊)࢙࢕ࢉ

૚

૙

= ૛	 

Ω = ܕܑܔ
ஶ→࢔

෍൬࢙ି࢔࢏૚
૚

૛࢔√ + ૛࢑ − ૚
+ ࢔࢏࢙

࢑࣊
࢔ ࢔࢏࢙

࢑࣊
૛࢔ ൰

࢔

࢑ୀ૚

= ૛ 

1142. Find: 

Ω = °૚૛૚࢙࢕ࢉ + °૚૛૛࢙࢕ࢉ + °૚૛૜࢙࢕ࢉ + ⋯+  °૚૛ૡૢ࢙࢕ࢉ

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution by Asmat Quatea-Kabul-Afganistan 

Ω = °૚૛૚࢙࢕ࢉ + °૚૛૛࢙࢕ࢉ + °૚૛૜࢙࢕ࢉ + ⋯+ °૚૛ૡૢ࢙࢕ࢉ = 

= ൫࢙࢕ࢉ૚૛૚° + ૚૛૚°൯࢔࢏࢙ + ൫࢙࢕ࢉ૚૛૛° + +૚૛૛°൯࢔࢏࢙ ⋯+ ൫࢙࢕ࢉ૚૛૝૝° + +૚૛૝૝°൯࢔࢏࢙  °૚૛૝૞࢙࢕ࢉ

(∴ ૟ࢇ	 + ૟࢈ = ࢇ) + ૟(࢈ − ૟ࢇ)࢈ࢇ+ ૝(࢈ + +ࢇ)૛࢈૛ࢇૢ ૛(࢈ − ૛ࢇ૜࢈૜) 

൜ࢇ = ૛࢞࢔࢏࢙
࢈ = ૛࢙࢞࢕ࢉ

⇒ ൝
ࢇ + ࢈ = ૚

ࢇ ∙ ࢈ =
૛૛࢞࢔࢏࢙

૝ =
૚ − ૝࢙࢞࢕ࢉ

ૡ
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૚૛࢞࢔࢏࢙ + ૚૛࢙࢞࢕ࢉ = ૚ − ૟൬
૚ − ૝࢙࢞࢕ࢉ

ૡ
൰ + ૢ ൬

૚ − ૝࢙࢞࢕ࢉ
ૡ

൰
૛

− ૛൬
૚ − ૝࢙࢞࢕ࢉ

ૡ
൰
૜

= 

=
૚૛૜ ∙ ૝࢙࢞࢕ࢉ + ૜૜ ∙ ૛૝࢙࢞࢕ࢉ + ૜૝࢙࢞࢕ࢉ + ૢૢ

૛૞૟ = 

=
૝ૢ૛ ∙ ૝࢙࢞࢕ࢉ + ૚૜૛ ∙ ૛૝࢙࢞࢕ࢉ + ૝ ∙ ૜૝࢙࢞࢕ࢉ + ૜ૢ૟

૚૙૛૝ = 

=
૝ૢ૛ ∙ ૝࢙࢞࢕ࢉ + ૚૜૛ ∙ ૛૝࢙࢞࢕ࢉ + +૚૛࢙࢞࢕ࢉ ૜ ∙ ૝࢙࢞࢕ࢉ + ૜ૢ૟

૚૙૛૝ = 

=
૝ૢ૞ ∙ ૝࢙࢞࢕ࢉ + ૚૜૛ ∙ +૛૝࢙࢞࢕ࢉ ૚૛࢙࢞࢕ࢉ + ૜ૢ૟

૚૙૛૝ = 

=
૝ૢ૞ ∙ ૝࢙࢞࢕ࢉ + ૟૟ ∙ +ૡ࢙࢞࢕ࢉ ૟૟ + ૚૛࢙࢞࢕ࢉ + ૜ૢ૟

૚૙૛૝ = 

૚૛࢞࢔࢏࢙ + ૚૛࢙࢞࢕ࢉ =
+૚૛࢙࢞࢕ࢉ ૟૟ ∙ ૡ࢙࢞࢕ࢉ + ૝ૢ૞ ∙ ૝࢙࢞࢕ࢉ + ૝૟૛

૛૚૙
 

(࢔,࢞)ࡿ = ෍࢑࢙࢞࢕ࢉ
࢔

࢑ୀ૚

= ቆ࢙࢕ࢉ
+࢔) ૚)࢞

૛ ቇ ∙
࢔࢏࢙ ቀ࢞࢔૛ ቁ

૛࢞࢔࢏࢙
 

෍(࢙࢔࢏૚૛࢞ + (૚૛࢙࢞࢕ࢉ
૝૝

࢞ୀ૚

= ෍
૚૛࢙࢞࢕ࢉ + ૟૟ ∙ ૡ࢙࢞࢕ࢉ + ૝ૢ૞ ∙ ૝࢙࢞࢕ࢉ + ૝૟૛

૛૚૙

૝૝

࢞ୀ૚

= 

=
(૚૛,૝૝)ࡿ + ૟૟ ∙ (ૡ,૝૝)ࡿ + ૝ૢ૞ ∙ (૝,૝૝)ࡿ + ૝૟૛ ∙ ૝૝

૚૙૛૝  

∴ (࢔,࢞)ࡿ = ቆ࢙࢕ࢉ
+࢔) ૚)࢞

૛ ቇ ∙
࢔࢏࢙ ቀ࢞࢔૛ ቁ

૛࢞࢔࢏࢙
 

(ૡ,૝૝)ࡿ = ࢙࢕ࢉ ൬
૝૞ ∙ ૡ
૛ ൰ ∙

ቀ૝૝࢔࢏࢙ ∙ ૡ૛ ቁ
૝࢔࢏࢙ = −૚ 

(૚૛,૝૝)ࡿ = ൬࢙࢕ࢉ
૝૞ ∙ ૚૛
૛ ൰ ∙

ቀ૝૝࢔࢏࢙ ∙ ૚૛૛ ቁ
૟࢔࢏࢙ = ૙ 

(૝,૝૝)ࡿ = ൬࢙࢕ࢉ
૝૞ ∙ ૝
૛ ൰ ∙

ቀ૝૝࢔࢏࢙ ∙ ૝૛ ቁ
૛࢔࢏࢙ = ૙ 

෍(࢙࢔࢏૚૛࢞ + (૚૛࢙࢞࢕ࢉ
૝૝

࢞ୀ૚

=
૙ + ૟૟ ∙ (−૚) + ૝ૢ૞ ∙ ૙ + ૝૟૛ ∙ ૝૝

૚૙૛૝ =
૛૙૛૟૛
૚૙૛૝  
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૛૙૛૟૛
૚૙૛૝ + °૚૛૝૞࢙࢕ࢉ =

૛૙૛૟૛
૚૙૛૝ +

૚
૟૝ =

૚૙૚૜ૢ
૞૚૛  

So, Ω = °૚૛૚࢙࢕ࢉ + °૚૛૛࢙࢕ࢉ + °૚૛૜࢙࢕ࢉ + ⋯+ °૚૛ૡૢ࢙࢕ࢉ = ૚૙૚૜ૢ
૞૚૛

 

1143. If 

ෑ൬૚ +
૚

(࣊࢑)૛ +
૚

(࣊࢑)૟൰
ஶ

࢑ୀ૚

= ࢇ࢔࢏࢙ ∙ ࢈࢔࢏࢙ ∙  :܍ܞ܉ܐ	܍ܟ	ܖ܍ܐܜ	ࢉࢎ࢔࢏࢙

૝ࢇ + ૝࢈ + ૝ࢉ = ૚ 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Kamel Benaicha-Algiers-Algerie 

Ω = ෑ൬૚ +
૚

(࣊࢑)૛ +
૚

(࣊࢑)૟൰
ஶ

࢑ୀ૚

 

Put: ࢞ = ૚
(࣊࢑)૛

⇒ Ω = ∏ (࢞૜ + ࢞ + ૚)ஶ
࢑ୀ૚  

࢞૜ + ࢞ + ૚ = (࢞ − ࢞)(ࢻ − ࢞)(ࢼ − (ࢽ = ቀ૚ࢽࢼࢻ− −
࢞
ࢻ
ቁ൬૚ −

࢞
൰ࢼ ൬૚ −

࢞
൰ࢽ = 

= ࢞૜ − +ࢻ) ࢼ + ૛࢞(ࢽ + +ࢼࢻ) ࢽࢼ + ࢞(ࢻࢽ −  ࢽࢼࢻ

∴ 	:(࡭) ൝
ࢻ + ࢼ + ࢽ = ૙

ࢼࢻ + ࢽࢼ + ࢻࢽ = ૚
ࢽࢼࢻ = −૚

 

∴ ࢞૜ + ࢞ + ૚ = ቀ૚ −
࢞
ࢻ
ቁ൬૚ −

࢞
൰൬૚ࢼ −

࢞
 ൰ࢽ

Ω,ܗ܁ = ෑ൬૚ −
૚

૛൰൬૚(࢑࣊)ࢻ −
૚

૛൰(࢑࣊)ࢼ
ஶ

࢑ୀ૚

൬૚ −
૚

 ૛൰(࢑࣊)ࢽ

We know that: 

ෑቆ૚− ቀ
࢞
࢑
ቁ
૛
ቇ

ஶ

࢑ୀ૚

=
࢞࣊࢔࢏࢙
࣊࢞  

Ω = ࢔࢏࢙ࢻ√
૚
ࢻ√

∙ ඥ࢔࢏࢙ࢼ
૚
ඥࢼ

∙ ඥ࢔࢏࢙ࢽ
૚
ࢽ√

= ඥࢽࢼࢻ ∙ ࢔࢏࢙
૚
ࢻ√

∙ ࢔࢏࢙
૚
ඥࢼ

∙ ࢔࢏࢙
૚
ࢽ√

=
ୀି૚ࢽࢼࢻ

 

=
ୀି૚ࢽࢼࢻ

࢏ ∙ ࢔࢏࢙
૚
ࢻ√

∙ ࢔࢏࢙
૚
ඥࢼ

∙ ࢔࢏࢙
૚
ࢽ√

= ࢔࢏࢙
૚
ࢻ√

∙ ࢔࢏࢙
૚
ඥࢼ

∙ ࢎ࢔࢏࢙
࢏
ࢽ√
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 So: ࢇ = ૚
ࢻ√

; ࢈ = ૚
ඥࢼ

; ࢉ = ૚

ࢽ√
 where ࢽ,ࢼ,ࢻ are solutions of ࢞૜ + ࢞ + ૚ = ૙ 

૝ࢇ + ૝࢈ + ૝ࢉ =
૚
૛ࢻ +

૚
૛ࢼ +

૚
૛ࢽ =

૛(ࢼࢻ) + ૛(ࢽࢼ) + ૛(ࢻࢽ)

૛(ࢽࢼࢻ) =
ୀି૚ࢽࢼࢻ

૛(ࢼࢻ) + ૛(ࢽࢼ) +  ૛(ࢻࢽ)

Or: ቐ
૜ࢻ + ࢻ + ૚ = ૙; 		(૚)
૜ࢼ + ࢼ + ૚ = ૙; 		(૛)
૜ࢽ + ࢽ + ૚ = ૙; 			(૜)

 

૜ࢻ)ࢻ + ࢻ + ૚) + ૜ࢼ)ࢼ + ࢼ + ૚) + ૜ࢽ)ࢽ + ࢽ + ૚) = ૙ ⇔ 

૝ࢻ + ૝ࢼ + ૝ࢽ + ૛ࢻ + ૛ࢼ + ૛ࢽ + ࢻ + ࢼ + ࢽ = ૙;  (ࡱ)			

(ࡱ) ⇔ ૝ࢻ + ૝ࢼ + ૝ࢽ + ૛ࢻ + ૛ࢼ + ૛ࢽ = ૙; ࢻ) + ࢼ + ࢽ = ૙) ⇔ 

૛ࢻ) + ૛ࢼ + ૛)૛ࢽ − ૛((ࢼࢻ)૛ + ૛(ࢽࢼ) + (૛(ࢻࢽ) + ૛ࢻ) + ૛ࢼ + (૛ࢽ = ૙ ⇔ 

ቀ(ࢻ + ࢼ + ૛(ࢽ − ૛(ࢼࢻ+ ࢽࢼ + ቁ(ࢻࢽ
૛
− ૛((ࢼࢻ)૛ + ૛(ࢽࢼ) + (૛(ࢻࢽ)

+ ቀ(ࢻ + ࢼ + ૛(ࢽ − ૛(ࢼࢻ+ ࢽࢼ + ቁ(ࢻࢽ = ૙ 

૛(ࢼࢻ + ࢽࢼ + ૛(ࢻࢽ − ૛(ࢼࢻ)) + ૛(ࢽࢼ) + (૛(ࢻࢽ) − +ࢼࢻ) ࢽࢼ + (ࢻࢽ = ૙ 

૛ − ૛(ࢼࢻ)) + ૛(ࢽࢼ) + (૛(ࢻࢽ) − ૚ = ૙;		(ࢼࢻ+ ࢽࢼ + ࢻࢽ = ૚) from (A) 

૛(ࢼࢻ) + ૛(ࢽࢼ) + ૛(ࢻࢽ) = ૚ ⇒ ૝ࢇ + ૝࢈ + ૝ࢉ = ૚ 

1144. Find without any software: 

Ω =
૚

૚ + °૟࢔ࢇ࢚ +
૚

૚ − °૞૝࢔ࢇ࢚ +
૚

૚ +  °૟૟࢔ࢇ࢚

Proposed by Adil Abdullayev-Baku-Azerbaijan 

Solution by Santos Martins Junior-Brusels-Belgium 

Let ࢇ = ࢈,°૟࢔ࢇ࢚ = ,°૞૝࢔ࢇ࢚ ࢉ =  °૟૟࢔ࢇ࢚

We have to compute: Ω = ૚
૚ାࢇ

+ ૚
૚ି࢈

+ ૚
૚ାࢉ

 

૚)࢚࢔ࢇ૟૙° = °૟૟)࢔ࢇ࢚ − ૟°) =
ࢉ − ࢇ
૚ + ࢉࢇ ⇔

ࢉ − ࢇ
૚ + ࢉࢇ = √૜; (૚) 

૛)		࢚࢔ࢇ૟૙° = °૞૝)࢔ࢇ࢚ + ૟°) =
ࢇ + ࢈
૚ − ࢉ࢈ ⇔

+ࢇ ࢈
૚ − ࢉ࢈ = √૜; 		(૛) 

૜)	࢚࢔ࢇ૟૙° = °૚૛૙࢔ࢇ࢚− = °૞૝)࢔ࢇ࢚− + ૟૟°) = −
࢈ + ࢉ
૚ − ࢉ࢈ =

+࢈ ࢉ
ࢉ࢈ − ૚ ⇒

+࢈ ࢉ
ࢉ࢈ − ૚ = √૜; 		(૜) 
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Since ࢇିࢉ
૚ାࢉࢇ

= √૜ = ࢈ାࢇ
૚ିࢉ࢈

 using the componendo rule, we have: 

ࢉ) − (ࢇ + ࢇ) + (࢈
(૚ + (ࢉࢇ + (૚ − (࢈ࢇ = √૜ ⇔

ࢉ + ࢈
૛ + ࢉࢇ − ࢈ࢇ = √૜; 		(૝) 

From (3),(4) we have: 

+࢈ ࢉ
ࢉ࢈ − ૚ =

ࢉ + ࢈
૛ + ࢉࢇ − ࢈ࢇ ⇔ ࢈ࢇ + ࢉ࢈ − ࢇࢉ = ૜; 		(૞) 

We also know the following identity: 

[(૚ − ࢖࢔ࢇ࢚) ∙ ࢗ࢔ࢇ࢚ + ࢗ࢔ࢇ࢚ ∙ ࢘࢔ࢇ࢚ + ࢘࢔ࢇ࢚ ∙ [(࢖࢔ࢇ࢚ ∙ +࢖)࢔ࢇ࢚ ࢗ + ࢘)

= ࢖࢔ࢇ࢚ + +ࢗ࢔ࢇ࢚ ࢘࢔ࢇ࢚ − ࢖࢔ࢇ࢚ ∙ ࢗ࢔ࢇ࢚ ∙ ;࢘࢔ࢇ࢚ 		(૟) 

Applying here for ࢖ = ૟°,ࢗ = ૞૝°,࢘ = ૟૟°,	and with 

+࢖)࢔ࢇ࢚ ࢗ + ࢘) = °૚૛૟࢔ࢇ࢚ = °૞૝࢔ࢇ࢚− = ;࢈− 		(ૠ) then (6) becomes as: 

[૚ − +࢈ࢇ) +ࢉ࢈ [(ࢇࢉ ∙ (࢈−) = +ࢇ) ࢈ + (ࢉ −   (ૡ)		;ࢉ࢈ࢇ

From (5),(8) we get: 

[૚ − (૜ + ૛ࢇࢉ)] ∙ (࢈−) = +ࢇ) ࢈ + (ࢉ − ࢉ࢈ࢇ ⇔ 

࢈− + ࢈ ∙ (૜ + ૛ࢇࢉ) = +ࢇ ࢈ + ࢉ − ࢉ࢈ࢇ ⇔ ૜ࢉ࢈ࢇ = +ࢇ ࢉ − ;࢈ 		(ૢ) 

For ࢇ = ࢈,°૟࢔ࢇ࢚ = ,°૞૝࢔ࢇ࢚ ࢉ =  :૟૟° we get࢔ࢇ࢚

࢈ࢇ + ࢉ࢈ − ࢇࢉ = ૜ and ࢇ + ࢉ − ࢈ = ૜ࢉ࢈ࢇ. 

Ω =
૚

૚ + ࢇ +
૚

૚ − +࢈
૚

૚ + ࢉ =
(૚ − +૚)(࢈ (ࢉ + (૚ + ૚)(ࢇ + (ࢉ + (૚ + ૚)(ࢇ − (࢈

(૚ + ૚)(ࢇ − ૚)(࢈ + (ࢉ = 

=
૜ + ૛(ࢇ + ࢉ − (࢈ − ࢈ࢇ) + ࢉ࢈ − (ࢇࢉ

૚ − +࢈ࢇ) ࢉ࢈ − (ࢇࢉ + ࢇ + ࢉ − −࢈ ࢉ࢈ࢇ =
૜ + ૟ࢉ࢈ࢇ − ૜

૚ − ૜ + ૜ࢉ࢈ࢇ − ࢉ࢈ࢇ = 

=
૜ࢉ࢈ࢇ
ࢉ࢈ࢇ − ૚ 

Also: ࢇ = °૟࢔ࢇ࢚ = °૜૟)࢔ࢇ࢚ − ૜૙°) = °૜૙࢔ࢇ࢚ି°૜૟࢔ࢇ࢚

૚ା࢚࢔ࢇ૜૟°࢚࢔ࢇ૜૙° 

࢈ = °૞૝࢔ࢇ࢚ = °૜૟࢚࢕ࢉ =
૚

 °૜૟࢔ࢇ࢚

ࢉ = °૟૟࢔ࢇ࢚ = °૜૟)࢔ࢇ࢚ + ૜૙°) =
°૜૟࢔ࢇ࢚ + °૜૙࢔ࢇ࢚

૚ −  °૜૙࢔ࢇ࢚°૜૟࢔ࢇ࢚

ࢉ࢈ࢇ =
°૛૜૟࢔ࢇ࢚ − °૛૜૙࢔ࢇ࢚

૚ − °૛૜૟࢔ࢇ࢚ ∙ °૛૜૙࢔ࢇ࢚ ∙
૚

 °૜૟࢔ࢇ࢚
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ቆ∴ °૜૙࢔ࢇ࢚ =
√૜
૜ ; °૜૟࢔ࢇ࢚	 = ට૞ − ૛√૞ቇ 

ࢉ࢈ࢇ =
૜
√૜

∙
ૠ − ૜√૞
√૞ − ૚

 

Ω =
૜ࢉ࢈ࢇ
ࢉ࢈ࢇ − ૚ 

1145. For ࢔,ࢇ ≥ ૚ .Find: 

Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒

࢞૛ + (૛࢔ + ૚)࢞ + ૛࢔ ࢞ࢊ
૛࢔

૚

 

Proposed by Marin Chirciu-Romania 

Solution 1 by Kamel Benaicha-Algiers-Algerie 

Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒

࢞૛ + (૛࢔ + ૚)࢞+ ૛࢞ࢊ࢔
૛࢔

૚

=
૚

૛࢔ − ૚
ቌන

(࢞ࢇ)ࢍ࢕࢒
૚ + ࢞ ࢞ࢊ

૛࢔

૚

− න
(࢞ࢇ)ࢍ࢕࢒
૛࢔ + ࢞ ࢞ࢊ

૛࢔

૚

ቍ 

න
࢞ࢍ࢕࢒
ࢻ + ࢞ࢊ࢞

૛࢔

૚

= − න
࢚ࢍ࢕࢒

࢚(૚ + ࢚ࢊ(࢚ࢻ
૚

૚
૛࢔

= − න൬
࢚ࢍ࢕࢒
࢚ −

࢚ࢍ࢕࢒ࢻ
૚ + ࢚ࢊ൰࢚ࢻ

૚

૚
૛࢔

= 

=
૚
૛ ࢍ࢕࢒

૛(૛࢔) + ࢍ࢕࢒(࢔૛)ࢍ࢕࢒ ቀ૚ +
ࢻ
૛࢔

ቁ − න
૚)ࢍ࢕࢒ + (࢚ࢻ

࢚ ࢚ࢊ
૚

૚
૛࢔

= 

=
૚
૛ ࢍ࢕࢒

૛(૛࢔) + ቀ૚ࢍ࢕࢒(࢔૛)ࢍ࢕࢒ +
ࢻ
૛࢔

ቁ + −(ࢻ−)૛࢏ࡸ ૛࢏ࡸ ቀ−
ࢻ
૛࢔

ቁ 

Ω(࢔,ࢇ) =
૚

૛࢔ − ૚
൭ࢍ࢕࢒(૛࢔)൬ࢍ࢕࢒ ൬૚ +

૚
૛࢔൰ − ૛൰ࢍ࢕࢒ + ૛(−૚)࢏ࡸ − ૛࢏ࡸ ൬−

૚
૛࢔൰

− (࢔૛−)૛࢏ࡸ + ૛(−૚)࢏ࡸ + ቆࢍ࢕࢒(ࢇ)ࢍ࢕࢒
(૛࢔ + ૚)૛

ૡ࢔ ቇ൱ = 

=
૚

૛࢔ − ૚
ቆࢍ࢕࢒(૛࢔)ࢍ࢕࢒൬

૚ + ૛࢔
૝࢔

൰ − ૛࢏ࡸ ൬−
૚
૛࢔

൰ − (࢔૛−)૛࢏ࡸ + ቆࢍ࢕࢒ࢇࢍ࢕࢒
(૛࢔+ ૚)૛

ૡ࢔
ቇ −

࣊૛

૟
ቇ 
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(࢔૛−)૛࢏ࡸ =
࣊૛

૚૛
− න

૚)ࢍ࢕࢒ + ࢚) − ࢚ࢍ࢕࢒
࢚

࢚ࢊ

૚

૚
૛࢔

= −
࣊૛

૟
− ૛࢏ࡸ ൬−

૚
૛࢔
൰−

૚
૛
 (࢔૛)૛ࢍ࢕࢒

Ω(࢔,ࢇ) =
૚

૛࢔ − ૚
൭
૚
૛ ࢍ࢕࢒

(૛࢔)ࢍ࢕࢒ቆ
(૛࢔+ ૚)૛

ૡ࢔
ቇ + ࢍ࢕࢒ࢇࢍ࢕࢒ ቆ

(૛࢔+ ૚)૛

ૡ࢔
ቇ൱ 

Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒

࢞૛ + (૛࢔+ ૚)࢞ + ૛࢞ࢊ࢔
૛࢔

૚

=
૚

૝࢔ − ૛ ∙ ࢍ࢕࢒ ቆ
(૛࢔ + ૚)૛

ૡ࢔
ቇ  (૛ࢇ࢔૛)ࢍ࢕࢒

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

Note that: 

න
࢞ࢍ࢕࢒

(࢞ + ࢞)(࢖ + ࢞ࢊ(ࢗ

ࢗ

࢖

=
࢖)൬ࢍ࢕࢒(ࢗ࢖)ࢍ࢕࢒ + ૛(ࢗ

૝ࢗ࢖ ൰

૛(ࢗ − (࢖ ; 		(૚) 

Now, 

Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒

࢞૛ + (૛࢔ + ૚)࢞ + ૛࢞ࢊ࢔
૛࢔

૚

= න
(࢞ࢇ)ࢍ࢕࢒

(࢞+ ૛࢔)(࢞ + ૚)࢞ࢊ
૛࢔

૚

=
࢟ୀ࢞ࢇ

 

=
࢟ୀ࢞ࢇ

න
࢞ࢍ࢕࢒

(࢞ + ૛ࢇ࢔)(࢞ + ࢞ࢊ(ࢇ
૛ࢇ࢔

ࢇ

=
(૚) ࢍ࢕࢒(૛ࢇ࢔૛)ࢍ࢕࢒ ൬(૛࢔ + ૚)૛

ૡ࢔ ൰

૛(૛࢔ − ૚)  

Solution 3 by Florică Anastase-Romania 

Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒

࢞૛ + (૛࢔ + ૚)࢞ + ૛࢞ࢊ࢔
૛࢔

૚

=
࢞ୀ૛࢞࢔ න

ࢍ࢕࢒ ቀ૛࢞ࢇ࢔ ቁ

ቀ૛࢞࢔ ቁ
૛

+ (૛࢔ + ૚)૛࢔
࢞ + ૛࢔

∙ ൬−
૛࢞ࢊ࢔
࢞૛ ൰

૚

૛࢔

= 

= න
(ࢇ࢔૛)ࢍ࢕࢒ − ࢞ࢍ࢕࢒

࢞૛ + (૛࢔ + ૚)࢞ + ૛࢞ࢊ࢔
૛࢔

૚

 

૛Ω(ࢇ) = න
(࢞ࢇ)ࢍ࢕࢒ + ࢍ࢕࢒ ቀ૛࢞ࢇ࢔ ቁ

(࢞ + ૚)(࢞ + ૛࢔) ࢞ࢊ
૛࢔

૚

= න(૛ࢇ࢔૛)ࢍ࢕࢒
૚

(࢞ + ૚)(࢞+ ૛࢞ࢊ(࢔
૛࢔

૚

= 

=
(૛ࢇ࢔૛)ࢍ࢕࢒
૛࢔ − ૚ ∙ න

(࢞ + ૛࢔) − (࢞ + ૚)
(࢞ + ૚)(࢞ + ૛࢔) ࢞ࢊ

૛࢔

૚

=
(૛ࢇ࢔૛)ࢍ࢕࢒
૛࢔ − ૚ ∙ න ൬

૚
࢞ + ૚ −

૚
࢞ + ૛࢔൰࢞ࢊ

૛࢔

૚
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Ω(ࢇ) =
(૛ࢇ࢔૛)ࢍ࢕࢒
૝࢔ − ૛ ∙ ࢍ࢕࢒ ൬

࢚ + ૚
࢚ + ૛࢔൰ฬ૚

૛࢔

 

Ω(ࢇ) =
(૛ࢇ࢔૛)ࢍ࢕࢒
૝࢔ − ૛ ∙ ࢍ࢕࢒ ቆ

(૛࢔ + ૚)૛

ૡ࢔ ቇ 

1146. Prove that: 

න
૚)ࢍ࢕࢒ + ࢞૝ + ࢞૟ + ࢞૚૙)
૚ + ૜࢞ + ૜࢞૛ + ࢞૜

࢞ࢊ
ஶ

૙

= ࣊ +
࣊√૛
૛

−
࣊√૜
૜

−
૞
૛

 

Proposed by Abdul Mukhtar-Nigeria 

Solution by Kamel Benaicha-Algiers-Algerie 

Ω = න
૚)ࢍ࢕࢒ + ࢞૝ + ࢞૟ + ࢞૚૙)
૚ + ૜࢞ + ૜࢞૛ + ࢞૜ ࢞ࢊ

ஶ

૙

= න
૚]ࢍ࢕࢒ + ࢞૝ + ࢞૟(૚ + ࢞૝)]

(૚ + ࢞)૜ ࢞ࢊ
ஶ

૙

= 

= න
૚)]ࢍ࢕࢒ + ࢞૝)(૚ + ࢞૟)]

(૚ + ࢞)૜ ࢞ࢊ
ஶ

૙

= න
૚)ࢍ࢕࢒ + ࢞૝) + ૚)ࢍ࢕࢒ + ࢞૟)

(૚ + ࢞)૜ ࢞ࢊ
ஶ

૙

 ࡼ࡮ࡵ=

= ૛න
࢞૜࢞ࢊ

(૚ + ࢞)૛(૚ + ࢞૝)

ஶ

૙

+ ૜න
࢞૞࢞ࢊ

(૚ + ࢞)૛(૚ + ࢞૟)

ஶ

૙

=
࢚ୀ૚࢞

 

= ૛න
࢚ࢊ࢚

(૚ + ࢚)૛(૚ + ࢚૝)

ஶ

૙

+ ૜න
࢚ࢊ࢚

(૚ + ࢚)૛(૚ + ࢚૟)

ஶ

૙

 

࢚
(૚ + ࢚)૛(૚ + ࢚૝) =

૚࡭
(૚ + ࢚)૛ +

૛࡭
૚ + ࢚ +

૜࢚૜࡭ + ૝࢚૛࡭ + ૞࢚࡭ + ૟࡭
૚ + ࢚૝ = 

= −
૚

૛(૚ + ࢚)૛ −
૚

૛(૚ + ࢚) +
࢚૜ − ࢚ + ૛
૛(૚ + ࢚૝)  

࢚
(૚ + ࢚)૛(૚+ ࢚૟) =

૚࡮

(૚ + ࢚)૛ +
૛࡮

૚ + ࢚ +
૜࢚૞࡮ + ૝࢚૝࡮ + ૞࢚૜࡮ + ૟࢚૛࡮ + ૠ࢚࡮ + ૡ࡮

૚ + ࢚૟ = 

= −
૚

૛(૚ + ࢚)૛ −
૚

૛(૚ + ࢚) +
૟࢚૞ − ૜࢚૝ + ૜࢚૛ − ૟࢚ + ૢ

૟(૚ + ࢚૟)  

Ω = ቌ−૚ + න
૛− ࢚
૚ + ࢚૝ ࢚ࢊ

ஶ

૙

ቍ−
૜
૛ +

૜
૛න

૜ − ૛࢚ + ࢚૛ − ࢚૝

૚ + ࢚૟ ࢚ࢊ
ஶ

૙

= 



 
www.ssmrmh.ro 

65 RMM-CALCULUS MARATHON 1101-1200 
 

= −
૞
૛

+
૚
૛
න

ିࢠ
૜
૝

૚ + ࢠ
ࢠࢊ

ஶ

૙

−
૚
૛
න

ࢠࢊ
૚ + ૛ࢠ

ஶ

૙

+
૜
૝
න

ିࢠ
૞
૟

૚+ ࢠ
ࢠࢊ

ஶ

૙

−
૚
૛
න

ିࢠ
૛
૜

૚ + ࢠ
ࢠࢊ

ஶ

૙

+
૚
૛
න

ࢠࢊ
૚ + ૛ࢠ

ஶ

૙

−
૚
૝
න

−ࢠ
૚
૟

૚ + ࢠࢊࢠ
∞

૙

 

= −
૞
૛ +

૚
૛ ∙

࣊

૜࣊૝࢔࢏࢙
+
૜
૝ ∙

࣊

૞࣊૟࢔࢏࢙
−
૚
૛ ∙

࣊

૛࣊૜࢔࢏࢙
−
૚
૝ ∙

࣊

૟࣊࢔࢏࢙
= 

= ࣊ +
࣊√૛
૛ −

࣊√૜
૜ −

૞
૛ 

1147.  

࢔∅ = ඨ૛ + ට૛ + ⋯+ √૛
ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

࢙ࢋ࢓࢏࢚ି࢔

, ࢓ࢇ =
૛࢓ + ૚

૛(࢓૛  (࢓+

࢔,࢓ࢌ = න ൬
૚

࢓ + ૚ − ࢞૛ −
૚

࢓ + ࢞૛൰ ൬
૚

࢓ + ૚ − ࢞૛ +
૚

࢓ + ࢞૛ − ൰࢓ࢇ
࢞ࢊ

√૚ − ࢞૛

૚

૚
૛∅࢔

 

Prove that:  ࢔,࢓ࢌ = ඥ૛ି∅࢔ష૛
(૝࢓ା૛)૛ି૛ି∅࢔ష૛

∙ 	૝࢓ࢇ 

Proposed by Mohamed Bouras-Fes-Morocco 

Solution by Kamel Benaicha-Algiers-Algerie 

૛࢔∅ = ૛ + ૚ି࢔∅ ⇒ ૛࢔∅ − ૛ = ;૚ି࢔∅ (૚) 

(࢞)࢓ࡵ = න൬
૚

࢓ + ૚ − ࢞૛ −
૚

࢓ + ࢞૛൰ ൬
૚

+࢓ ૚ − ࢞૛ +
૚

࢓ + ࢞૛ − ൰࢓ࢇ
࢞ࢊ

√૚ − ࢞૛
= 

= න൬
૚

࢓ + ૛࢚࢙࢕ࢉ −
૚

࢓ + ૛࢚൰࢔࢏࢙ ൬
૚

࢓ + ૛࢚࢙࢕ࢉ +
૚

+࢓ ૛࢚࢔࢏࢙ − ࢚ࢊ൰࢓ࢇ = 

= −න
૛࢓ + ૚

૛࢓ ࢓+ + ૚
૝ ࢔࢏࢙

૛૛࢚
∙

૛࢚࢙࢕ࢉ

૛࢓ + ࢓ + ૚
૝ ࢔࢏࢙

૛૛࢚
࢚ࢊ − න൬࢓ࢇ

૚
+࢓ ૛࢚࢙࢕ࢉ

−
૚

࢓ + ૛࢚࢔࢏࢙
൰࢚ࢊ 

=
࢛ୀ૚૛࢙࢔࢏૛࢚− (૛࢓ + ૚)න

࢛ࢊ
૛࢓) + ࢓ + ࢛૛)૛ + න࢓ࢇ

࢛ࢊ
૛࢓ + ࢓ + ࢛૛  

(࢛)࡭ = න
࢛ࢊ

૛࢓ + +࢓ ࢛૛ =
࢛

૛࢓ + ࢓ + ࢛૛ + ૛න
࢛૛࢛ࢊ

૛࢓) + ࢓ + ࢛૛)૛ 
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(࢛)࡭ =
࢛

૛࢓ + +࢓ ࢛૛ − ૛(࢓૛ + න(࢓
࢛૛࢛ࢊ

૛࢓) + ࢓ + ࢛૛)૛ + ૛࡭(࢛) ⇒ 

න
࢛ࢊ

૛࢓) + ࢓ + ࢛૛)૛ =
૚

૛(࢓૛ + ൬(࢓
࢛

૛࢓ + ࢓ + ࢛૛ + න
࢛ࢊ

૛࢓ + ࢓ + ࢛૛൰ 

(࢞)࢓ࡵ = −
૛࢓ + ૚

૛(࢓૛ + ൬(࢓
࢛

૛࢓ + ࢓ + ࢛૛ + න
࢛ࢊ

૛࢓ + ࢓ + ࢛૛൰+ න࢓ࢇ
࢛ࢊ

૛࢓ + +࢓ ࢛૛ = 

= −
࢛

૛࢓ + ࢓ + ࢛૛ ∙ ࢓ࢇ =
࢛ୀ࢙࢚࢙࢕ࢉ࢚࢔࢏ୀ࢞ඥ૚ି࢞૛

−
࢞√૚ − ࢞૛

૛࢓ + ࢓ + ࢞૛(૚ − ࢞૛) ∙  ࢓ࢇ

࢔,࢓ࢌ = න ൬
૚

࢓ + ૚ − ࢞૛ −
૚

࢓ + ࢞૛൰ ൬
૚

࢓ + ૚ − ࢞૛ +
૚

࢓ + ࢞૛ − ൰࢓ࢇ
࢞ࢊ

√૚ − ࢞૛

૚

૚
૛∅࢔

 

=
࢔∅
૛
ට૚ − ૛࢔∅

૝

૛࢓ + ࢓ + ቆ∅࢔૛ ට૚ − ૛࢔∅
૝ ቇ

૛ ∙ ࢓ࢇ =
−ඥ૝࢔∅ ૛࢔∅

૚૟(࢓૛ + (࢓ + ቀ∅࢔ඥ૝ − ૛ቁ࢔∅
૛ ∙ ૝࢓ࢇ 

Or ∅࢔ඥ૝ − ૛࢔∅ = ඥ૛࢔∅ + ૛ − ૛࢔∅ = ඥ૛ + ૚ି࢔∅ ∙ ඥ૛ − ૚ି࢔∅ = ට૛ + ૛ − ૚૛ି࢔∅ = 

= ඥ૛−  ૛ using (1)ି࢔∅

࢔,࢓ࢌ =
ඥ૛ − ૛ି࢔∅

૚૟(࢓૛ + (࢓ + ૛ − ૛ି࢔∅
∙ ૝࢓ࢇ =

ඥ૛ − ૛ି࢔∅
૚૟࢓૛ + ૛ ∙ ૛ ∙ ૝࢓ + ૝ − (૛ + (૛ି࢔∅ ∙ ૝࢓ࢇ = 

=
ඥ૛− ૛ି࢔∅

(૝࢓+ ૛)૛ − ૛ − ૛ି࢔∅
∙ ૝࢓ࢇ 

࢔,࢓ࢌ =
ඥ૛− ૛ି࢔∅

(૝࢓ + ૛)૛ − ૛ − ૛ି࢔∅
∙ 	૝࢓ࢇ 

 

1148. Prove that: 

න ૚ି࢔࢏࢙ ൬࢙ࢉࢋ ቀ࢚ି࢔ࢇ૚(࢙࢞࢔࢏)ቁ൰ ࢞࢔࢏࢙
࣊

૙

࢞ࢊ = ࣊ + ࢏ ቌ
૛࣊√૛࣊

Г૛ ቀ૚૝ቁ
−
Г૛ ቀ૚૝ቁ

૛√૛࣊
ቍ 

Proposed by Srinivasa Raghava-AIRMC-India 
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Solution by Tobi Joshua-Nigeria 

ࡵ = න࢙ି࢔࢏૚ ൬࢙ࢉࢋ ቀ࢚ି࢔ࢇ૚(࢙࢞࢔࢏)ቁ൰ ࢞࢔࢏࢙
࣊

૙

 ࢞ࢊ

ࡵ = න࢙ି࢔࢏૚ ቀඥ૚ + ૛࢞ቁ࢔࢏࢙ ࢞࢔࢏࢙
࣊

૙

࢞ࢊ  ࡼ࡮ࡵ=

= ࢙࢞࢕ࢉ− ∙ ૚ି࢔࢏࢙ ቀඥ૚ + ૛࢞ቁቚ࢔࢏࢙
૙

࣊
+
૚
࢏ න

૛࢙࢞࢕ࢉ
√૚ + ૛࢞࢔࢏࢙

࢞ࢊ
࣊

૙

= 

= ࣊+
૚
࢏ න

૛࢙࢞࢕ࢉ
√૚ + ૛࢞࢔࢏࢙

࢞ࢊ
࣊

૙

= ࣊− ࢏ ൥න
૛

√૚ + ૛࢞࢔࢏࢙
࢞ࢊ

࣊

૙

−නඥ૚ + ૛࢞࢔࢏࢙
࣊

૙

 ൩࢞ࢊ

Using Incomplete Elliptical Integral of second kind: 

ࡱ ቀ
ࢠ
ቁ࢓ = නඥ૚−࢔࢏࢙࢓૛࢚

ࢠ

૙

 ࢠࢊ

Using Incomplete Elliptical Integral of first kind: 

ࡲ ቀ
࢓
ࢠ
ቁ = න

ࢠࢊ
√૚ ૛࢚࢔࢏࢙࢓−

ࢠ

૙

 

ࡵ = ࣊− ࢏ ቂ૛ࡲ ቀ
࣊
−૚

ቁ − ࡱ ቀ
࣊
−૚

ቁቃ = ࣊ − (૚−)ࡷ૝]࢏ − ૛ࡱ(−૚)] = 

= ࣊− ࢏ ቎૝ቌ
Г૛ ቀ૚૝ቁ

૝√૛࣊
ቍ − ૛ቌ

࣊√૛࣊

Г૛ ቀ૚૝ቁ
+
Г૛ ቀ૚૝ቁ

૝√૛࣊
ቍ቏ = 

= ࣊− ࢏ ቎ቌ
Г૛ ቀ૚૝ቁ

√૛࣊
ቍ − ቌ

૛࣊√૛࣊

Г૛ ቀ૚૝ቁ
+
Г૛ ቀ૚૝ቁ

૛√૛࣊
ቍ቏ 

න࢙ି࢔࢏૚ ൬࢙ࢉࢋቀ࢚ି࢔ࢇ૚(࢙࢞࢔࢏)ቁ൰ ࢞࢔࢏࢙
࣊

૙

࢞ࢊ = ࣊ + ࢏ ቌ
૛࣊√૛࣊

Г૛ ቀ૚૝ቁ
−
Г૛ ቀ૚૝ቁ

૛√૛࣊
ቍ 
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1149. Find without softs: 

Ω = න
ቆට࢞࢔࢏࢙ ૚

࢙࢞࢕ࢉ + ࢞࢔ࢇ࢚ + ට ૚
−࢙࢞࢕ࢉ ቇ࢞࢔ࢇ࢚

ඥ࢙࢕ࢉ૞࢞ + ૟࢙࢞࢕ࢉ

࣊
૝

૙

 ࢞ࢊ

Proposed by Daniel Sitaru-Romania 

Solution 1 by Abdul Hannan-Tezpur-India 

Note that for ࢈,ࢇ > 0 we have, √ࢇ + ࢈√ = ට൫√ࢇ+ ൯࢈√
૛

= ඥࢇ+ ࢈ + ૛√࢈ࢇ 

Now, in the interval ቀ૙, ࣊
૝
ቁ we have: 

૚
࢙࢞࢕ࢉ + ࢞࢔ࢇ࢚ =

૚ + ࢞࢔࢏࢙
࢙࢞࢕ࢉ > 0 

૚
࢙࢞࢕ࢉ − ࢞࢔ࢇ࢚ =

૚ − ࢞࢔࢏࢙
࢙࢞࢕ࢉ > 0 

ඨ ૚
࢙࢞࢕ࢉ + +࢞࢔ࢇ࢚ ඨ ૚

࢙࢞࢕ࢉ − ࢞࢔ࢇ࢚ = 

= ඩ ૚
࢙࢞࢕ࢉ + ࢞࢔ࢇ࢚ +

૚
−࢙࢞࢕ࢉ ࢞࢔ࢇ࢚ + ૛ඨ൬

૚
+࢙࢞࢕ࢉ ൰࢞࢔ࢇ࢚ ൬

૚
࢙࢞࢕ࢉ − 	൰࢞࢔ࢇ࢚ =	 

= ඨ ૛
࢙࢞࢕ࢉ + ૛ඥ࢙ࢉࢋ૛࢞ − ૛࢞࢔ࢇ࢚ = ඨ ૛

࢙࢞࢕ࢉ + ૛ = ඨ૛
(૚ + (࢙࢞࢕ࢉ
࢙࢞࢕ࢉ  

Therefore, 

Ω = න
ቆට࢞࢔࢏࢙ ૚

࢙࢞࢕ࢉ + ࢞࢔ࢇ࢚ + ට ૚
࢙࢞࢕ࢉ − ቇ࢞࢔ࢇ࢚

ඥ࢙࢕ࢉ૞࢞+ ૟࢙࢞࢕ࢉ

࣊
૝

૙

 ࢞ࢊ

= න
࢞࢔࢏࢙ ∙ ට૛(૚ + (࢙࢞࢕ࢉ

࢙࢞࢕ࢉ
ඥ(૚+ ૞࢙࢞࢕ࢉ(࢙࢞࢕ࢉ

࣊
૝

૙

࢞ࢊ =࢛ୀ࢙࢞࢕ࢉ
√૛ න

࢛ࢊ
࢛૜

૚

૚
√૛

=
૚
√૛
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Solution 2 by Avishek Mitra-West Bengal-India 

Ω = න
ቆට࢞࢔࢏࢙ ૚

࢙࢞࢕ࢉ + ࢞࢔ࢇ࢚ + ට ૚
࢙࢞࢕ࢉ − ቇ࢞࢔ࢇ࢚

ඥ࢙࢕ࢉ૞࢞+ ૟࢙࢞࢕ࢉ

࣊
૝

૙

 ࢞ࢊ

= න

√૚ + ࢞࢔࢏࢙ + √૚ − ࢞࢔࢏࢙
࢙࢞࢕ࢉ√

࢞࢔࢏࢙

ඥ(૚ + ૞࢙࢞࢕ࢉ(࢙࢞࢕ࢉ

࣊
૝

૙

࢞ࢊ = 

= න
ቆටቀ࢙࢞࢕ࢉ૛ + ૛ቁ࢞࢔࢏࢙

૛
+ ටቀ࢙࢞࢕ࢉ૛ − ૛ቁ࢞࢔࢏࢙

૛
ቇ ࢞࢔࢏࢙

ඥ(૚ + ૟࢙࢞࢕ࢉ(࢙࢞࢕ࢉ

࣊
૝

૙

࢞ࢊ = 

= න
૛࢙࢞࢕ࢉ૛ ࢞࢔࢏࢙

ට૛࢙࢕ࢉ૛ ࢞૛ ࢙࢕ࢉ
૟࢞

࣊
૝

૙

࢞ࢊ = √૛න
࢞࢔࢏࢙
૜࢙࢞࢕ࢉ

࣊
૝

૙

࢞ࢊ = −√૛න
(࢙࢞࢕ࢉ)ࢊ
૜࢙࢞࢕ࢉ

࣊
૝

૙

=
૚
√૛

 

1150. Find without softs: 

Ω = න
૛࢞ + ૜√૚ − ࢞૛

૞(૚ − ࢞૛) + ૝࢞√૚ − ࢞૛

૚

૙

 ࢞ࢊ

Proposed by Daniel Sitaru-Romania 

Solution 1 by Yen Tung Chung-Taichung-Taiwan 

Ω = න
૛࢞ + ૜√૚ − ࢞૛

૞(૚ − ࢞૛) + ૝࢞√૚ − ࢞૛

૚

૙

࢞ࢊ =࢞ୀ࢙ࣂ࢔࢏ න
૛࢙ࣂ࢔࢏ + ૜ࣂ࢙࢕ࢉ

૞࢙࢕ࢉ૛ࣂ+ ૝࢙ࣂ࢙࢕ࢉࣂ࢔࢏ ∙ ࣂࢊࣂ࢙࢕ࢉ

࣊
૛

૙

= 

= න
૛࢙ࣂ࢔࢏ + ૜ࣂ࢙࢕ࢉ
૞ࣂ࢙࢕ࢉ+ ૝࢙ࣂࢊࣂ࢔࢏

࣊
૛

૙

=
૛૜
૝૚න

૞ࣂ࢙࢕ࢉ+ ૝࢙ࣂ࢔࢏
૞ࣂ࢙࢕ࢉ+ ૝࢙ࣂࢊࣂ࢔࢏

࣊
૛

૙

+
૛
૝૚න

૝ࣂ࢙࢕ࢉ− ૞࢙ࣂ࢔࢏
૞ࣂ࢙࢕ࢉ+ ૝࢙ࣂࢊࣂ࢔࢏

࣊
૛

૙

= 

=
૛૜
૝૚ ∙

࣊
૛ +

૛
૝૚ +ࣂ࢙࢕ࢉ૞)ࢍ࢕࢒ ૝࢙ࣂ࢔࢏)|૙

࣊
૛ =

૛૜࣊
ૡ૛ +

૛
૝૚ ࢍ࢕࢒ ൬

૝
૞൰ 

 

 Solution 2 by Hussain Reza Zadah-Afganistan 
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Ω = න
૛࢞ + ૜√૚ − ࢞૛

૞(૚ − ࢞૛) + ૝࢞√૚ − ࢞૛

૚

૙

࢞ࢊ =࢞ୀ࢙࢛࢔࢏ න
૛࢙࢛࢔࢏ + ૜࢛࢙࢕ࢉ

૞࢙࢕ࢉ૛࢛+ ૝࢙࢛ࢊ࢛࢙࢕ࢉ࢛࢔࢏

࣊
૛

૙

= 

= න
+૛࢛࢔࢏࢙ ૜࢙࢕ࢉ૛࢛
૞࢙࢕ࢉ૛࢛+ ૛࢙࢔࢏૛࢛࢛ࢊ

࣊
૛

૙

= 

=
૚
૛
⎣
⎢
⎢
⎡
න
૛࢙࢔࢏૛࢛ + ૞࢙࢕ࢉ૛࢛
૞࢙࢕ࢉ૛࢛+ ૛࢙࢔࢏૛࢛࢛ࢊ

࣊
૛

૙

+ න
૛࢛࢙࢕ࢉ

૞࢙࢕ࢉ૛࢛+ ૛࢙࢔࢏૛࢛࢛ࢊ

࣊
૛

૙ ⎦
⎥
⎥
⎤

= 

=
࣊
૝ +

૚
૛න

૛࢛࢙࢕ࢉ
૞࢙࢕ࢉ૛࢛ + ૛࢙࢔࢏૛࢛࢛ࢊ

࣊
૛

૙

= 

=
࣊
૝ +

૚
૛ ൤

૞
૝૚ ࢛+

૝
૝૚ +૛࢛࢙࢕ࢉ૞)ࢍ࢕࢒ ૛࢙࢔࢏૛࢛)൨

૙

࣊
૛

=
૛૜࣊
ૡ૛ +

૛
૝૚ ൬ࢍ࢕࢒

૝
૞൰ 

 Solution 3 by Ravi Prakash-New Delhi-India 

Ω = න
૛࢞ + ૜√૚ − ࢞૛

૞(૚ − ࢞૛) + ૝࢞√૚ − ࢞૛

૚

૙

࢞ࢊ =࢞ୀ࢙ࣂ࢔࢏ න
૛࢙ࣂ࢔࢏ + ૜ࣂ࢙࢕ࢉ

૞࢙࢕ࢉ૛ࣂ+ ૝࢙ࣂ࢙࢕ࢉࣂ࢔࢏ ∙ ࣂࢊࣂ࢙࢕ࢉ

࣊
૛

૙

 

૛࢙ࣂ࢔࢏ + ૜ࣂ࢙࢕ࢉ = +ࣂ࢙࢕ࢉ૞)ࢻ ૝࢙ࣂ࢔࢏) + ࣂ࢔࢏૞࢙−)ࢼ + ૝ࣂ࢙࢕ࢉ) 

Hence, 

൜૝ࢻ − ૞ࢼ = ૛
૞ࢻ + ૝ࢼ = ૜ ⇒ ࢻ =

૛૜
૝૚

ࢼ, =
૛
૝૚

 

Thus, 

Ω =
૛૜
૝૚ࣂ

|૙
࣊
૛ +

૛
૝૚ +ࣂ࢙࢕ࢉ૞)ࢍ࢕࢒ ૝࢙ࣂ࢔࢏)|૙

࣊
૛ =

૛૜࣊
ૡ૛ +

૛
૝૚ ࢍ࢕࢒ ൬

૝
૞൰ 

 Solution 4 by Orlando Irahola Ortega-Bolivia 

Ω = න
૛࢞ + ૜√૚ − ࢞૛

૞(૚ − ࢞૛) + ૝࢞√૚ − ࢞૛

૚

૙

࢞ࢊ = න
࢞ࢊ

√૚ − ࢞૛

૚

૙

+ න
࢞ࢊ

૝࢞ + ૞√૚ − ࢞૛

૚

૙
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૚ࡵ = න
࢞ࢊ

√૚− ࢞૛

૚

૙

=

࢞૛ୀ࢚⇒࢞ୀ√࢚

ୀ࢞ࢊ ૚
૛√࢚

࢚ࢊ ૚
૛න ࢚

૚
૛ି૚(૚ − ࢚)

૚
૛ି૚࢚ࢊ

૚

૙

=
Г૛ ቀ૚૛ቁ
Г(૚) =

࣊
૛ 

૛ࡵ = න
࢞ࢊ

૝࢞ + ૞√૚ − ࢞૛

૚

૙

=
࢞ୀ૚࢚ ࢚ࢊୀି࢞ࢊ;

࢚૛ න
࢚ࢊ

࢚(૞ඥ࢚૛ି૚ + ૝)	

ஶ

૚

= 

= න
࢚ࢊ࢚

(࢚૛ − ૚ + ૚)൫૞√࢚૛ − ૚ + ૝൯

ஶ

૚

=
ୀඥ࢚૛ି૚ࢠ

න
ࢠࢊࢠ

(૞ࢠ+ ૝)(ࢠ૛ + ૚)

ஶ

૙

 

૝૚ࡵ૛ = න
૝૚ࢠࢊࢠ

(૞ࢠ + ૝)(ࢠ૛ + ૚)

ஶ

૙

= න
૝૚ࢠ+ ૛૙ࢠ૛ + ૛૙ − ૛૙(ࢠ૛ + ૚)

(૞ࢠ + ૝)(ࢠ૛ + ૚) ࢠࢊ
ஶ

૙

= 

= න
(૛૙ࢠ૛ + ૛૞ࢠ) + (૚૟ࢠ+ ૛૙)− ૛૙(ࢠ૛ + ૚)

(૞ࢠ+ ૝)(ࢠ૛ + ૚) ࢠࢊ
ஶ

૙

= 

= න
૞ࢠ(૝ࢠ + ૞) + ૝(૝ࢠ + ૞) − ૛૙(ࢠ૛ + ૚)

(૞ࢠ+ ૝)(ࢠ૛ + ૚) ࢠࢊ
ஶ

૙

= 

= න
(૝ࢠ+ ૞)(૞ࢠ+ ૝)− ૛૙(ࢠ૛ + ૚)

(૞ࢠ+ ૝)(ࢠ૛ + ૚) ࢠࢊ
ஶ

૙

= 

= න
૝ࢠ+ ૞
૛ࢠ + ૚ ࢠࢊ

ஶ

૙

− ૛૙න
ࢠࢊ

૞ࢠ+ ૝

ஶ

૙

= ൤૛න
૛ࢠࢊࢠ
૛ࢠ + ૚ − ૛૙න

ࢠࢊ
૞ࢠ + ૝ + ૞න

ࢠࢊ
૛ࢠ + ૚൨૙

ஶ

= 

= [૛ࢠ)ࢍ࢕࢒૛ + ૚) + ૝ࢍ࢕࢒(૞ࢠ + ૝) + ૞࢚ି࢔ࢇ૚ࢠ]૙ஶ = 

= ൥ࢍ࢕࢒ቆ
૛ࢠ + ૚

૛૞ࢠ૛ + ૝૙ࢠ + ૚૟ቇ
૛

+ ૞࢚ି࢔ࢇ૚ࢠ൩
૙

ஶ

= ૝ࢍ࢕࢒ ൬
૝
૞൰+

૞࣊
૛  

૛ࡵ = ૝
૝૚
ࢍ࢕࢒ ቀ૝

૞
ቁ + ૞࣊

ૡ૛
. Therefore, 

ࡵ =
૚
૛

૚ࡵ) + (૛ࡵ =
૛૜࣊
ૡ૛ +

૛
૝૚ ൬ࢍ࢕࢒

૝
૞൰ 

 Solution 5 by Abner Chinga Bazo-Peru 

Ω = න
૛࢞ + ૜√૚ − ࢞૛

૞(૚− ࢞૛) + ૝࢞√૚ − ࢞૛

૚

૙

 ࢞ࢊ
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Let ࢞ = ૛࢟
૚ା࢟૛

࢞ࢊ, = ૛൫૚ି࢟૛൯

൫૚ା࢟૛൯
૛  ࢟ࢊ

ࡵ = න

૛ ൬ ૛࢟
૚ + ࢟૛൰+ ૜ඨ૚ − ൬ ૛࢟

૚ + ࢟૛൰
૛

૞ቆ૚ − ൬ ૛࢟
૚ + ࢟૛൰

૛
ቇ + ૝൬ ૛࢟

૚ + ࢟૛൰ඨ૚ − ൬ ૛࢟
૚ + ࢟૛൰

૛
ቆ
૛(૚− ࢟૛)
(૚ + ࢟૛)૛ቇ ࢟ࢊ	 = 

= න

૝࢟
૚ + ࢟૛ + ૜(૚ − ࢟૛)

૚ + ࢟૛

૞ ൬ ૛࢟
૚ + ࢟૛൰

૛
+ ૝ ൬ ૛࢟

૚ + ࢟૛൰ ൬
૚ − ࢟૛
૚ + ࢟૛൰

ቆ
૛(૚ − ࢟૛)
(૚ + ࢟૛)૛ቇ ࢟ࢊ	 = 

= න
૛(૜࢟૛ − ૝࢟ − ૜)

(૞࢟૛ − ૡ࢟ − ૞)(૚ + ࢟૛)࢟ࢊ = ૛න൬
૛૜ − ૛࢟

૝૚(૚ + ࢟૛) +
૚૙࢟ − ૡ

૝૚(૞࢟૛ − ૡ࢟ − ૞)൰࢟ࢊ = 

=
૛
૝૚න൬

૛૜
૚ + ࢟૛ −

૛࢟
૚ + ࢟૛ +

૚૙࢟ − ૡ
૞࢟૛ − ૡ࢟ − ૞൰࢟ࢊ = 

=
૛
૝૚ ൫૛૜࢚࢔ࢇ

ି૚࢟ − ૛࢟)ࢍ࢕࢒ + ૚) + ห૞࢟૛ࢍ࢕࢒ − ૡ࢟ − ૞ห൯ +  ࡯

Ω = න
૛࢞ + ૜√૚ − ࢞૛

૞(૚− ࢞૛) + ૝࢞√૚ − ࢞૛

૚

૙

 ࢞ࢊ

=
૛
૝૚ ൣ૛૜࢚࢔ࢇ

ି૚࢟ − ૛࢟)ࢍ࢕࢒ + ૚) + ห૞࢟૛ࢍ࢕࢒ − ૡ࢟ − ૞ห൧
૙

૚

 

=
૛૜࣊
ૡ૛ +

૛
૝૚ ࢍ࢕࢒ ൬

૝
૞൰ 

1151.  

:ࢌ	܎۷ [૙,∞) → ℝ, (࢞)ࢌ = න
૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛

࢚ࢊ
࢞

૙

 :܌ܖܑ܎	ܖ܍ܐܜ	

Ω = න࢞࢞ࢊ(࢞)ࢌ
૚

૙

 

Proposed by Alex Szoros-Romania 

Solution 1 by Florică Anastase-Romania 
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න
૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛ ࢚ࢊ

૚

૙

=࢚ୀ࢚࢛࢔ࢇ න
૚)ࢍ࢕࢒ + (࢛࢔ࢇ࢚

૚
૛࢛࢙࢕ࢉ

࣊
૝

૙

∙
࢛ࢊ

૛࢛࢙࢕ࢉ = 

= න ࢍ࢕࢒ ൬
࢛࢔࢏࢙ + ࢛࢙࢕ࢉ

࢛࢙࢕ࢉ ൰࢛ࢊ

࣊
૝

૙

= න ࢍ࢕࢒ ቎
√૛࢙࢕ࢉቀ࣊૝ − ࢛ቁ

࢛࢙࢕ࢉ
቏࢛ࢊ

࣊
૝

૙

= 

= න ࢛ࢊ૛√ࢍ࢕࢒

࣊
૝

૙

+ න ࢍ࢕࢒ ቂ࢙࢕ࢉ ቀ
࣊
૝ − ࢛ቁቃ ࢛ࢊ

࣊
૝

૙

− න ࢛ࢊ(࢛࢙࢕ࢉ)ࢍ࢕࢒

࣊
૝

૙

=; 

න ࢍ࢕࢒ ቂ࢙࢕ࢉ ቀ
࣊
૝ − ࢛ቁቃ ࢛ࢊ

࣊
૝

૙

=
࣊
૝ି࢛ୀ࢜− න ࢜ࢊ(࢙࢜࢕ࢉ)ࢍ࢕࢒

࣊
૝

૙

= ࢜ 

න
૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛ ࢚ࢊ

૚

૙

=
࣊
ૡ ૛ࢍ࢕࢒ ⇒ (૚)ࢌ =

࣊
ૡ  ૛ࢍ࢕࢒

Ω = න࢞࢞ࢊ(࢞)ࢌ
૚

૙

ࡼ࡮ࡵ=
࢞૛

૛ ቤ(࢞)ࢌ
૙

૚

−
૚
૛න࢞૛ ∙

૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

૚

૙

࢞ࢊ = 

=
૚
૛ࢌ

(૚)−
૚
૛	න

(૚ + ࢞૛ − ૚) ∙
૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

૚

૙

࢞ࢊ = 

=
࣊
૚૟ ૛ࢍ࢕࢒ −

࢞
૛ ૚)ࢍ࢕࢒ + ࢞)ቚ

૙

૚
+
૚
૛න

૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛ ࢞ࢊ

૚

૙

= 

=
࣊ − ૡ
ૡ

૛ࢍ࢕࢒ +
૚
૛

 

Solution 2 by Elli Asaad-Afganistan 

࡭ = න
૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛ ࢚ࢊ

૚

૙

=࢚ୀ࢚ࣂ࢔ࢇ න ૚)ࢍ࢕࢒ + ࣂࢊ(ࣂ࢔ࢇ࢚

࣊
૝

૙

= 

= න +ࣂ࢔࢏࢙)ࢍ࢕࢒ ࣂࢊ(ࣂ࢙࢕ࢉ

࣊
૝

૙

− න ࣂࢊ(ࣂ࢙࢕ࢉ)ࢍ࢕࢒

࣊
૝

૙

= 
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= න ࣂࢊ૛√ࢍ࢕࢒

࣊
૝

૙

+ න ࢙࢕ࢉቆࢍ࢕࢒ ቀࣂ −
࣊
૝
ቁቇࣂࢊ

࣊
૝

૙

− න ࣂࢊ(ࣂ࢙࢕ࢉ)ࢍ࢕࢒

࣊
૝

૙

=
࣊
ૡ  ૛ࢍ࢕࢒

Ω = න࢞࢞ࢊ(࢞)ࢌ
૚

૙

ࡼ࡮ࡵ=
࢞૛

૛ ቤ(࢞)ࢌ
૙

૚

−
૚
૛න࢞૛ ∙

૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

૚

૙

࢞ࢊ = 

=
૚
૛ࢌ

(૚)−
૚
૛	න

(૚ + ࢞૛ − ૚) ∙
૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

૚

૙

࢞ࢊ = 

= −(૚)ࢌ
૚
૛නࢍ࢕࢒(૚ + ࢞ࢊ(࢞

૚

૙

= ࡭ −  ;࡮

࡮ =
૚
૛න ૚)ࢍ࢕࢒ + ࢚ࢊ(࢚

૚

૙

=
૚
૛

[(૚ + ૚)ࢍ࢕࢒(࢚ + ࢚)− ࢚]૙૚ =
૚
૛ (૛ࢍ࢕࢒૛ − ૚) 

Ω = ࡭ ࡮− =
࣊− ૡ
ૡ ૛ࢍ࢕࢒ +

૚
૛ 

 Solution 3 by Praveen Kumar Kotra-India 

(࢞)ᇱࢌ =
૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛  

(૚)ࢌ = න
૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛ ࢞ࢊ

૚

૙

= =࢚ୀ࢚ࣂ࢔ࢇ න ૚)ࢍ࢕࢒ + ࣂࢊ(ࣂ࢔ࢇ࢚

࣊
૝

૙

= 

= න +ࣂ࢔࢏࢙)ࢍ࢕࢒ ࣂࢊ(ࣂ࢙࢕ࢉ

࣊
૝

૙

− න ࣂࢊ(ࣂ࢙࢕ࢉ)ࢍ࢕࢒

࣊
૝

૙

= 

= න ࣂࢊ૛√ࢍ࢕࢒

࣊
૝

૙

+ න ࢙࢕ࢉቆࢍ࢕࢒ ቀࣂ −
࣊
૝
ቁቇࣂࢊ

࣊
૝

૙

− න ࣂࢊ(ࣂ࢙࢕ࢉ)ࢍ࢕࢒

࣊
૝

૙

=
࣊
ૡ  ૛ࢍ࢕࢒

න࢞࢞ࢊ(࢞)ࢌ
૚

૙

= ࡼ࡮ࡵ=
࢞૛

૛ ቤ(࢞)ࢌ
૙

૚

−
૚
૛න࢞૛ ∙

૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

૚

૙

࢞ࢊ = 
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=
૚
૛ࢌ

(૚)−
૚
૛	න

(૚ + ࢞૛ − ૚) ∙
૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛

૚

૙

࢞ࢊ = 

=
࣊
૚૟ ૛ࢍ࢕࢒ −

࢞
૛ ૚)ࢍ࢕࢒ + ࢞)ቚ

૙

૚
+
૚
૛න

૚)ࢍ࢕࢒ + ࢞)
૚ + ࢞૛ ࢞ࢊ

૚

૙

= 

=
࣊ − ૡ
ૡ ૛ࢍ࢕࢒ +

૚
૛ 

 Solution 4 by Precious Itsuokor-Nigeria 

Ω = න࢞࢞ࢊ(࢞)ࢌ
૚

૙

= න࢞
૚

࢚

න
૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛ ࢚ࢊ࢞ࢊ

࢞

૙

࢏࢔࢏࢈࢛ࡲ= න
૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛ න࢞

૚

࢚

࢚ࢊ࢞ࢊ
૚

૙

= 

= න
૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛ ∙ ቆ

࢞૛

૛ ቇ
࢚

૚

࢚ࢊ
૚

૙

=
૚
૛න

૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛ (૚ − ࢚૛)࢞ࢊ

૚

૙

= 

=
૚
૛න

૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛ ࢚ࢊ

૚

૙

−
૚
૛න

࢚૛ࢍ࢕࢒(૚ + ࢚)
૚ + ࢚૛ ࢚ࢊ

૚

૙

= 

=
૚
૛න

૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛ ࢚ࢊ

૚

૙

−
૚
૛න൬૚ −

૚
૚ + ࢚૛൰ ࢍ࢕࢒

(૚ + ࢚ࢊ(࢚
૚

૙

= 

=
૚
૛න

૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛ ࢚ࢊ

૚

૙

−
૚
૛න ૚)ࢍ࢕࢒ + ࢚ࢊ(࢚

૚

૙

+
૚
૛න

+૚)ࢍ࢕࢒ ࢚)
૚ + ࢚૛ ࢚ࢊ

૚

૙

= 

= න
૚)ࢍ࢕࢒ + ࢚)
૚ + ࢚૛

࢚ࢊ
૚

૙

−
૚
૛
൫(૚ + ૚)ࢍ࢕࢒(࢚ + ࢚) − (૚+ ࢚)൯ฬ

૙

૚

= 

= න ૚)ࢍ࢕࢒ + ࣂࢊ(ࣂ࢔ࢇ࢚

࣊
૝

૙

− ૛ࢍ࢕࢒ +
૚
૛ = 

= න ࣂ࢔࢏࢙)ࢍ࢕࢒ + ࣂࢊ(ࣂ࢙࢕ࢉ

࣊
૝

૙

−න ࣂࢊ(ࣂ࢙࢕ࢉ)ࢍ࢕࢒

࣊
૝

૙

− ૛ࢍ࢕࢒ +
૚
૛ = 
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= න ࣂࢊ૛√ࢍ࢕࢒

࣊
૝

૙

+ න ࣂቀ࢙࢕ࢉቆࢍ࢕࢒ −
࣊
૝
ቁቇࣂࢊ

࣊
૝

૙

−න ࣂࢊ(ࣂ࢙࢕ࢉ)ࢍ࢕࢒

࣊
૝

૙

− ૛ࢍ࢕࢒ +
૚
૛ = 

=
࣊
ૡ ૛ࢍ࢕࢒ − ૛ࢍ࢕࢒ +

૚
૛ 

1152. Find without softs: 

Ω = න
૛(ૠ࢞)࢔࢏࢙ + ૛(૚૙࢞)࢙࢕ࢉ

૛࢞࢔࢏࢙
࢞ࢊ

࣊
૛

࣊
૜

 

Proposed by Daniel Sitaru-Romania 

Solution by Ravi Prakash-New Delhi-India 

Consider –࢙࢔࢏
૛(ૠ࢞)ା࢙࢔࢏૛(૚૙࢞)

૛࢞࢔࢏࢙
= (૜࢞)࢔࢏࢙(૚ૠ࢞)࢔࢏࢙

૛࢞࢔࢏࢙
= (૚ૠ࢞)࢔࢏࢙

࢞࢔࢏࢙
∙ (૜࢞)࢔࢏࢙

࢞࢔࢏࢙
 

But ࢙࢔࢏(૚ૠ࢞)
࢞࢔࢏࢙

= ࢞࢔࢏ା࢙࢞࢔࢏࢙ି(૜࢞)࢔࢏ା⋯ା࢙(૚૜࢞)࢔࢏࢙ି(૚૞࢞)࢔࢏ା࢙(૚૞࢞)࢔࢏࢙ି(૚ૠ࢞)࢔࢏࢙
࢞࢔࢏࢙

= 

= ૛࢙࢕ࢉ(૚૟࢞) + ૛࢙࢕ࢉ(૚૝࢞) + ⋯+ ૛࢙࢕ࢉ(૛࢞) + ૚ 

(૜࢞)࢔࢏࢙
࢞࢔࢏࢙ = ૛࢙࢕ࢉ(૛࢞) + ૚ 

(૚ૠ࢞)࢔࢏࢙
࢞࢔࢏࢙ ∙

(૜࢞)࢔࢏࢙
࢞࢔࢏࢙ = ૛࢙࢕ࢉ(૚ૡ࢞) + ૝࢙࢕ࢉ(૚૟࢞) + ૟෍࢙࢕ࢉ(૛࢑࢞)

ૠ

࢑ୀ૚

+ ૜ 

Thus, 

Ω = න
૛(ૠ࢞)࢔࢏࢙ + ૛(૚૙࢞)࢙࢕ࢉ

૛࢞࢔࢏࢙ ࢞ࢊ

࣊
૛

࣊
૜

 

= න ൥ࢉ࢙ࢉ૛࢞− ૜ − ૛࢙࢕ࢉ(૚ૡ࢞)− ૝࢙࢕ࢉ(૚૟࢞)− ૟෍࢙࢕ࢉ(૛࢑࢞)
ૠ

࢑ୀ૚

൩࢞ࢊ

࣊
૛

࣊
૜

 

= ൥−࢚࢞࢕ࢉ − ૜࢞−
૚
࢔࢏࢙ૢ

(૚ૡ࢞)−
૚
૝࢙࢔࢏

(૚૟࢞)− ૜෍
૚
࢔࢏࢑࢙

(૛࢑࢞)
ૠ

࢑ୀ૚

൩
࣊
૜

࣊
૛
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= −
૜࣊
૛ −

૚
√૜

+ ࣊ +
૚

(૟࣊)࢔࢏࢙ૢ +
૚
૝ ࢔࢏࢙ ൬

૚૟࣊
૜ ൰+ ૜෍

૚
࢔࢏࢑࢙ ൬

૛࢑࣊
૜ ൰

ૠ

࢑ୀ૚

 

= −
࣊
૛ +

૚
√૜

−
√૜
ૡ + ૜ ቈ

૚
૚ ∙

√૜
૛ −

૚
૛ ∙

√૜
૛ + ૙ +

૚
૝ ∙

√૜
૛ −

૚
૞ ∙

√૜
૛ +

૚
ૠ ∙

√૜
૛ ቉ 

= −
࣊
૛ − √૜൬−

૚
૜ +

૚
ૡ൰+

૜√૜
૛ ∙

ૢૠ
૚૝૙ =

૚૜૚√૜
૚૙૞ −

࣊
૛ 

1153.  

(࢓)࢔ࡵ	܎۷ = න
࢞࢔ࢍ࢕࢒
૚ + ࢓࢞

࢞ࢊ
૚

૙

࢓∀, > 0, ݊ ≥ 0;݉, ݊ ∈ ℤ	ܖ܍ܐܜ	܍ܞܗܚܘ: 

(࢓)࢔ࡵ =
૚

(૛࢓)࢔ା૚ ൤࣒
(࢔) ൬

૚+ ࢓
૛࢓

൰ − (࢔)࣒ ൬
૚
૛࢓

൰൨ 

Evaluate ࡵ૛(૛) 

Proposed by Akerele Olofin-Nigeria 

Solution by Rana Ranino-Setif-Algerie  

Set ࢞ = ିࢋ
࢚
૛࢓ 

(࢓)࢔ࡵ =
(−૚)࢔

(૛࢓)࢔ା૚න
ିࢋ࢔࢚

࢚
૛࢓

૚ + ିࢋ
࢚
૛
࢚ࢊ

ஶ

૙

=
(−૚)࢔

(૛࢓)࢔ା૚න
ିࢋ࢔࢚

࢚
૛࢓ ൬૚ − ିࢋ

࢚
૛൰

૚ + ିࢋ
࢚
૛ ൬૚ − ିࢋ

࢚
૛൰
࢚ࢊ

ஶ

૙

 

(࢓)࢔ࡵ =
(−૚)࢔

(૛࢓)࢔ା૚න
ିࢋ࢔࢚

࢚
૛࢓

૚ − ࢚ିࢋ ࢚ࢊ
ஶ

૙

−
(−૚)࢔

(૛࢓)࢔ା૚න
ିࢋ࢔࢚

૚ା࢓
૛࢓ ࢚

૚ + ࢚ିࢋ ࢚ࢊ
ஶ

૙

 

=
(−૚)࢔ା૚

(૛࢓)࢔ା૚න
ିࢋ࢔࢚

૚ା࢓
૛࢓ ࢚

૚ + ࢚ିࢋ ࢚ࢊ
ஶ

૙

−
(−૚)࢔ା૚

(૛࢓)࢔ା૚න
ିࢋ࢔࢚

࢚
૛࢓

૚ − ࢚ࢊ࢚ିࢋ
ஶ

૙

 

∴ ࣒(࢑) = (−૚)࢑ା૚න
	࢚ࢠିࢋ࢑࢚
૚ − ࢚ିࢋ ࢚ࢊ

ஶ

૙

 

(࢓)࢔ࡵ =
૚

(૛࢓)࢔ା૚ ൤࣒
(࢔) ൬

૚ + ࢓
૛࢓ ൰− (࢔)࣒ ൬

૚
૛࢓൰൨ 
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૛(૛)ࡵ =
૚
૟૝ ൤࣒

(૛) ൬
૜
૝൰ −࣒(૛) ൬

૚
૝൰൨ =

૚
૟૝ ൤࣒

(૛) ൬
૜
૝൰ −࣒(૛) ൬૚ −

૜
૝൰൨ = 

=
૚
૟૝ ∙

૛ࢊ

૛࢙ࢊ
[(࢙࣊)࢕ࢉ࣊−]

࢙ୀ૜૝
=
࣊૛

૟૝ ∙
ࢊ
࢙ࢊ

[(࢙࣊)૛ࢉ࢙ࢉ]
࢙ୀ૜૝

= 

= −
࣊૜

૜૛
[(࢙࣊)૛ࢉ࢙ࢉ(࢙࣊)࢚࢕ࢉ]

࢙ୀ૜૝
=
࣊૜

૚૟ 

න
૛࢞ࢍ࢕࢒
૚ + ࢞૛ ࢞ࢊ

૚

૙

=
࣊૜

૚૟ 

1154. Find a closed form: 

Ω =

⎝

⎜
⎛
න
࢞ࢊ࢞ࢍ࢕࢒࢞
૜࢞૝

૚

√૜
૜ ⎠

⎟
⎞

⎝

⎜
⎛
න
࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૚

√૜

√૜
૜ ⎠

⎟
⎞
ቌන

࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૜

√૜

૚

ቍ 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Timson Azeez Folorunhso-Nigeria 

࡭ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
૜࢞૝

૚

√૜
૜

=
࢟ୀ࢞૛ ૚

૝
න
࢟ࢊ࢟ࢍ࢕࢒
૜࢟૛ + ૚

૚

૚
૜

=
࢟ୀ ࢛

√૜ ૚
૝√૜

න
൫࢛ࢍ࢕࢒ − ࢛ࢊ૜൯√ࢍ࢕࢒

࢛૛ + ૚

√૜

√૜
૜

= 

=
૚
૝√૜

න
	࢛ࢍ࢕࢒
࢛૛ + ૚

√૜

√૜
૜

࢛ࢊ −
૚
૝√૜

න
૜√ࢍ࢕࢒
࢛૛ + ૚࢛ࢊ

√૜

√૜
૜

= 

=
૚
૝√૜

න
	࢛ࢍ࢕࢒
࢛૛ + ૚

√૜

√૜
૜

࢛ࢊ −
૜√ࢍ࢕࢒࣊
૚૛√૜

+
૜√ࢍ࢕࢒࣊
૛૝√૜

; 		(૚) 

࢛ →
૚
࢛ ⇒ ࡭ = −

૚
૝√૜

න
	࢛ࢍ࢕࢒
࢛૛ + ૚

√૜

√૜
૜

࢛ࢊ −
૜√ࢍ࢕࢒࣊
૚૛√૜

+
૜√ࢍ࢕࢒࣊
૛૝√૜

; 		(૛) 

૛࡭ = −
૜√ࢍ࢕࢒࣊
૚૛√૜

+
૜√ࢍ࢕࢒࣊
૛૝√૜

−
૜√ࢍ࢕࢒࣊
૚૛√૜

+
૜√ࢍ࢕࢒࣊
૛૝√૜
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࡭ = −
૜√ࢍ࢕࢒࣊
૚૛√૜

+
૜√ࢍ࢕࢒࣊
૛૝√૜

= −
૜√ࢍ࢕࢒࣊
૛૝√૜

 

࡮ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૚

√૜

√૜
૜

=
࢟ୀ࢞૛ ૚

૛න
ඥ࢟ࢍ࢕࢒
࢟૛ + ૚ ࢟ࢊ

૜

૚
૜

=
૚
૝න

࢟ࢍ࢕࢒
࢟૛ + ૚࢟ࢊ

૜

૚
૜

; 		(૚) 

࢟ →
૚
࢟ ⇒ ࡮ = −

૚
૝න

࢟ࢍ࢕࢒
࢟૛ + ૚࢟ࢊ

૜

૚
૜

⇒ ૛࡮ = ૙ ⇒ ࡮ = ૙ 

࡯ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૜

√૜

૚

=
࢟ୀ࢞૛ ૚

૛න
ඥ࢟ࢍ࢕࢒

࢟૛ + ൫√૜൯
૛ ࢟ࢊ

√૜

૚

=
૚
૝න

࢟ࢍ࢕࢒

࢟૛ + ൫√૜൯
૛ ࢟ࢊ

૜

૚

=
࢟ୀ࢛√૜

 

=
√૜
૝ න

࢛ࢊ൫࢛√૜൯ࢍ࢕࢒
૜࢛૛ + ૜

√૜

૚
√૜

=
√૜
૚૛ න

࢛ࢍ࢕࢒
࢛૛ + ૚ ࢛ࢊ

√૜

૚
√૜

+
√૜
૚૛ න

૜√ࢍ࢕࢒
࢛૛ + ૚࢛ࢊ

√૜

૚
√૜

= 

=
√૜
૚૛ න

࢛ࢍ࢕࢒
࢛૛ + ૚࢛ࢊ

√૜

૚
√૜

+
√૜
૚૛ ૜√ࢍ࢕࢒ ∙ ࢔ࢇ࢚

ି૚࢛ቤ
૚
√૜

√૜

 

࡯ =
√૜
૚૛

න
࢛ࢍ࢕࢒
࢛૛ + ૚

࢛ࢊ
√૜

૚
√૜

+
࣊√૜ࢍ࢕࢒√૜

૜૟
−
࣊√૜ࢍ࢕࢒√૜

ૠ૛
= 

=
√૜
૚૛ න

࢛ࢍ࢕࢒
࢛૛ + ૚ ࢛ࢊ

√૜

૚
√૜

+
࣊√૜ࢍ࢕࢒√૜

ૠ૛ ; 		(૚) 

࢛ →
૚
࢛ ⇒ ࡯ = −

√૜
૚૛ න

࢛ࢍ࢕࢒
࢛૛ + ૚࢛ࢊ

√૜

૚
√૜

+
࣊√૜ࢍ࢕࢒√૜

ૠ૛ ; 		(૛) 

Ω = ࡯࡮࡭ = ૙ 

 Solution 2 by Ravi Prakash-New Delhi-India 

Let: 
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૚ࡵ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
૜࢞૝

૚

√૜
૜

; ૛ࡵ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૚

√૜

√૜
૜

; ૜ࡵ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૜

√૜

૚

 

We show that ࡵ૚ = ;૜ࡵ− ૛ࡵ = ૙, ૜ࡵ = ࣊√૜ࢍ࢕࢒૜
૚૝૝

 

૛ࡵ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૚

√૜

√૜
૜

=
࢞ୀ૚࢚ න

૚
࢚ (࢚ࢍ࢕࢒−)
૚
࢚૝ + ૚

൬−
૚
࢚૛൰࢚ࢊ

√૜
૜

√૜

= 

= −
√૜
૜ න

࢚ࢍ࢕࢒࢚
࢚૝ + ૚ ࢚ࢊ

√૜

√૜
૜

= ૛ࡵ− ⇒ ૛ࡵ૛ = ૙ ⇒ ૛ࡵ = ૙ 

૚ࡵ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
૜࢞૝

૚

√૜
૜

=
࢞ୀ૚࢚ 	 න

૚
࢚ (࢚ࢍ࢕࢒−)
૜
࢚૝ + ૚

൬−
૚
࢚૛൰࢚ࢊ

૚

√૜

= −න
࢚ࢍ࢕࢒࢚
࢚૝ + ૜ ࢚ࢊ

√૜

૚

= ૜ࡵ−  

૜ࡵ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૜

√૜

૚

=
࢞૛ୀ࢚√૜ √૜

૛ න
൫√૜࢚૛૝ࢍ࢕࢒ ൯
૜࢚૛ + ૜ ࢚ࢊ

√૜

√૜
૜

=
√૜
૛૝ න

૜ࢍ࢕࢒
࢚૛ + ૚࢚ࢊ

૜

√૜
૜

+
√૜
૚૛ ૝ࡵ  

૝ࡵ = න
࢚ࢍ࢕࢒
࢚૛ + ૚࢚ࢊ

√૜

√૜
૜

=
࢟ୀ૚࢚ 	 න

(࢚ࢍ࢕࢒−)

૚ + ૚
࢚૛

൬−
૚
࢚૛൰࢚ࢊ

√૜
૜

√૜

= ૝ࡵ− ⇒ ૝ࡵ = ૙ 

૜ࡵ =
√૜
૛૝ ૜ࢍ࢕࢒

ቀ
࣊
૜ −

࣊
૟
ቁ =

࣊√૜
૚૝૝  ૜ࢍ࢕࢒

Therefore, ࡵ૚ࡵ૛ࡵ૜ = ૙ 

 Solution 3 by Adrian Popa-Romania  

૚ࡵ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
૜࢞૝

૚

√૜
૜

; ૛ࡵ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૚

√૜

√૜
૜

; ૜ࡵ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૜

√૜

૚
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૛ࡵ = න
࢞ࢊ࢞ࢍ࢕࢒࢞
࢞૝ + ૚

√૜

√૜
૜

=
࢞ୀ૚࢚ න

૚
࢚ (࢚ࢍ࢕࢒−)
૚
࢚૝ + ૚

൬−
૚
࢚૛൰࢚ࢊ

√૜
૜

√૜

= 

= −
√૜
૜ න

࢚ࢍ࢕࢒࢚
࢚૝ + ૚ ࢚ࢊ

√૜

√૜
૜

= ૛ࡵ− ⇒ ૛ࡵ૛ = ૙ ⇒ ૛ࡵ = ૙ 

Ω = ૜ࡵ૛ࡵ૚ࡵ = ૙ 

1155. Find without any software: 

Ω = න൫࢞ିࢋ +  ࢞ࢊ(࢞ࢋ)࢚࢕ࢉ൯(࢞ࢋ)࢚࢕ࢉ

Proposed by Daniel Sitaru-Romania 

Solution 1 by George Florin Şerban-Romania 

Ω = න൫࢞ିࢋ + ࢞ࢊ(࢞ࢋ)࢚࢕ࢉ൯(࢞ࢋ)࢚࢕ࢉ = නቀ(࢞ࢋ)࢚࢕ࢉ࢞ିࢋ + ࢞ࢊቁ(࢞ࢋ)૛࢚࢕ࢉ = 

= න((࢞ࢋ)࢚࢕ࢉ࢞ିࢋ + (࢞ࢋ)૛࢚࢕ࢉ + ૚ − ૚)࢞ࢊ = 

= න൬(࢞ࢋ)࢚࢕ࢉ࢞ିࢋ +
૚

࢞ࢊ൰࢞ࢋ૛࢔࢏࢙ − න࢞ࢊ = 

= නቂ−(࢞ିࢋ)ᇱ(࢞ࢋ)࢚࢕ࢉ− ൫(࢞ࢋ)࢚࢕ࢉ൯
ᇱ
ቃ࢞ିࢋ ࢞ࢊ − ࢞ = 

= (࢞ࢋ)࢚࢕ࢉ࢞ିࢋ− − ࢞ +  ࡯

 Solution 2 by Adrian Popa-Romania 

Ω = න൫࢞ିࢋ + ࢞ࢊ(࢞ࢋ)࢚࢕ࢉ൯(࢞ࢋ)࢚࢕ࢉ = න࢞ࢊ(࢞ࢋ)࢚࢕ࢉ࢞ିࢋ + න࢚࢕ࢉ૛(࢞ࢋ)࢞ࢊ 

(࢞ࢋ)૛࢚࢕ࢉ =
(࢞ࢋ)૛࢙࢕ࢉ
(࢞ࢋ)૛࢔࢏࢙ =

૚ − (࢞ࢋ)૛࢔࢏࢙
(࢞ࢋ)૛࢔࢏࢙ =

૚
−(࢞ࢋ)૛࢔࢏࢙ ૚ =

ᇱ((࢞ࢋ)࢚࢕ࢉ−)

࢞ࢋ − ૚

= ᇱ((࢞ࢋ)࢚࢕ࢉ)࢞ିࢋ− − ૚ 

Ω = න࢞ࢊ(࢞ࢋ)࢚࢕ࢉ࢞ିࢋ− න࢞ିࢋ൫(࢞ࢋ)࢚࢕ࢉ൯
ᇱ
࢞ࢊ − න࢞ࢊ = 

= න࢞ࢊ(࢞ࢋ)࢚࢕ࢉ࢞ିࢋ − ൬(࢞ࢋ)࢚࢕ࢉ࢞ିࢋ− න(࢞ିࢋ)ᇱ࢞ࢊ(࢞ࢋ)࢚࢕ࢉ൰ − ࢞ = 
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= න࢞ࢊ(࢞ࢋ)࢚࢕ࢉ࢞ିࢋ − (࢞ࢋ)࢚࢕ࢉ࢞ିࢋ − න࢞ࢊ(࢞ࢋ)࢚࢕ࢉ࢞ିࢋ − ࢞ = 

= (࢞ࢋ)࢚࢕ࢉ࢞ିࢋ− − ࢞ +  ࡯

Solution 3 by Yen Tung Chung-Taichung-Taiwan 

Ω = න൫࢞ିࢋ + ࢞ࢊ(࢞ࢋ)࢚࢕ࢉ൯(࢞ࢋ)࢚࢕ࢉ = න࢞ࢊ(࢞ࢋ)࢚࢕ࢉ࢞ିࢋ + න࢚࢕ࢉ૛(࢞ࢋ)࢞ࢊ 

൬
࢛ = ;(࢞ࢋ)࢚࢕ࢉ ࢜ࢊ																						 = ࢞ࢊ࢞ିࢋ
࢛ࢊ = ;࢞ࢊ(࢞ࢋ)૛ࢉ࢙ࢉ࢞ିࢋ− 		࢜ = ࢞ࢊ࢞ିࢋ−

൰ 

= −(࢞ࢋ)࢚࢕ࢉ࢞ିࢋ− නࢉ࢙ࢉ૛(࢞ࢋ)࢞ࢊ− න(ࢉ࢙ࢉ૛(࢞ࢋ)− ૚)࢞ࢊ = 

= (࢞ࢋ)࢚࢕ࢉ࢞ିࢋ− − ࢞ +  ࡯

1156. Find without any software: 

ષ(܉) = න࢙࢞ࢉࢋ ∙ ࢇ)ࢉࢋ࢙ − ࢇ			,	࢞ࢊ(࢞ ∈ ቀ૙,
࣊
૛
ቁ

ࢇ

૙

 

Proposed by Muhhamad Menal-Dhaka-Bangladesh 

Solution by Daniel Sitaru-Romania 

ષ(܉) = න࢙࢞ࢉࢋ ∙ ࢇ)ࢉࢋ࢙ − 	࢞ࢊ(࢞
ࢇ

૙

= නࢇࢉ࢙ࢉ
ࢇ࢔࢏࢙

࢙࢞࢕ࢉ ∙ ࢇ)࢙࢕ࢉ − ࢞)

ࢇ

૙

࢞ࢊ = 

= නࢇࢉ࢙ࢉ	
࢞)࢔࢏࢙ + ࢇ − ࢞)
࢙࢞࢕ࢉ ∙ ࢇ)࢙࢕ࢉ − ࢞)

ࢇ

૙

࢞ࢊ = නࢇࢉ࢙ࢉ	
ࢇ)࢔࢏࢙ − ࢙࢞࢕ࢉ(࢞ + −ࢇ)࢙࢕ࢉ࢞࢔࢏࢙ ࢞)

࢙࢞࢕ࢉ ∙ −ࢇ)࢙࢕ࢉ ࢞)

ࢇ

૙

࢞ࢊ = 

= ቌනࢇࢉ࢙ࢉ
ࢇ)࢔࢏࢙ − ࢞)
ࢇ)࢙࢕ࢉ − ࢞ࢊ(࢞ + න

࢞࢔࢏࢙
࢙࢞࢕ࢉ

ࢇ

૙

ࢇ

૙

ቍ࢞ࢊ = −(ࢇ࢙࢕ࢉ)࢔࢒−൫ࢇࢉ࢙ࢉ +൯(ࢇ࢙࢕ࢉ)࢔࢒ ∁= 

= ࢇࢉ࢙ࢉ ∙ (ࢇ૛ି࢙࢕ࢉ)࢔࢒ + ∁= ࢇࢉ࢙ࢉ ∙ (ࢇ૛ࢉࢋ࢙)࢔࢒ + ∁ 

1157. Fiind a closed form: 

Ω = න ࢔࢏࢙ ൬
૚

૚ + ࢞૛
൰

ஶ

ିஶ

 ࢞ࢊ

Proposed by Razi Talal Naji-Baghdad-Iraq  
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Solution by proposer 

Ω = න ࢔࢏࢙ ൬
૚

૚ + ࢞૛൰
ஶ

ିஶ

࢞ࢊ = ૛න ࢔࢏࢙ ൬
૚

૚ + ࢞૛൰
ஶ

૙

࢞ࢊ = 

= ૛න ෍
(−૚)࢔ ቀ ૚

૚ + ࢞૛ቁ
૛࢔ା૚

(૛࢔+ ૚)! ࢞ࢊ
ஶ

ୀ૙࢔

ஶ

૙

= ૛෍
(−૚)࢔

(૛࢔ + ૚)!

ஶ

ୀ૙࢔

න
૚

(૚ + ࢞૛)૛࢔ା૚ ࢞ࢊ
ஶ

૙

=࢞ୀ࢚ࣂ࢔ࢇ
 

= ૛෍
(−૚)࢔

(૛࢔+ ૚)!

ஶ

ୀ૙࢔

න
ࣂࢊ	ࣂ૛ࢉࢋ࢙

(૚+ ା૚࢔૛(ࣂ࢔ࢇ࢚

࣊
૛

૙

= ૛෍
(−૚)࢔

(૛࢔+ ૚)!

ஶ

ୀ૙࢔

න
ࣂࢊ	ࣂ૛ࢉࢋ࢙

ା૚࢔૛(ࣂ૛ࢉࢋ࢙)

࣊
૛

૙

= 

= ૛෍
(−૚)࢔

(૛࢔ + ૚)!

ஶ

ୀ૙࢔

න࢙ିࢉࢋ૝ࣂ࢔	ࣂࢊ

࣊
૛

૙

= ૛෍
(−૚)࢔

(૛࢔ + ૚)!

ஶ

ୀ૙࢔

න࢙࢕ࢉ૝࢔

࣊
૛

૙

ࣂࢊ	ࣂ = 

= ૛෍
(−૚)࢔

(૛࢔ + ૚)!

ஶ

ୀ૙࢔

න(࢙࢕ࢉ૛ࣂ)
૝࢔
૛ ࣂࢊ	

࣊
૛

૙

= ૛෍
(−૚)࢔

(૛࢔ + ૚)!

ஶ

ୀ૙࢔

න(૚ − ࣂࢊ࢔૛(ࣂ૛࢔࢏࢙

࣊
૛

૙

=࢛ୀ࢙࢔࢏૛ࣂ
 

= ૛෍
(−૚)࢔

(૛࢔ + ૚)!

ஶ

ୀ૙࢔

න(૚ − ࢛)૛࢔ ∙
૚
૛࢛

ି૚૛࢛ࢊ

√૚ − ࢛

૚

૙

= 

= ෍
(−૚)࢔

(૛࢔ + ૚)!

ஶ

ୀ૙࢔

න࢛ି
૚
૛(૚ − ࢛)૛࢔(૚ − ࢛)ି

૚
૛࢛ࢊ

૚

૙

= 

= ෍
(−૚)࢔

(૛࢔+ ૚)!

ஶ

ୀ૙࢔

න࢛
૚
૛ି૚(૚− ࢛)૛ି࢔

૚
૛࢛ࢊ

૚

૙

= 

= ෍
(−૚)࢛࢔

૚
૛

(૛࢔ + ૚)!૚૛	

ஶ

ୀ૙࢔

૚ࡲ ൤
૚
૛ − ૛࢔;

૚
૛ ;
૜
૛ ;࢛൨ฬ

૙

૚

= ૛෍
(−૚)࢔

(૛࢔ + ૚)!

ஶ

ୀ૙࢔

૚ࡲ ൤
૚
૛ − ૛࢔;

૚
૛ ;
૜
૛ ;૚൨ 

[૚;ࢉ;࢈;ࢇ]૚ࡲ =
Г(ࢉ)Г(ࢉ − ࢇ − (࢈
Г(ࢉ − (ࢉ)Г(ࢇ  

૚ࡲ ൤
૚
૛ − ૛࢔;

૚
૛ ;
૜
૛ ;૚൨ =

Г ቀ૜૛ቁ Г(૜૛ −
૚
૛ + ૛࢔ − ૚

૛)

Г ቀ૜૛ −
૚
૛ + ૛࢔ቁ Г(૚)

=
√࣊
૛ ∙

Г ቀ૛࢔ + ૚
૛ቁ

Г(૛࢔ + ૚)  
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Ω = ૛෍
(−૚)࢔

(૛࢔+ ૚)!

ஶ

ୀ૙࢔

∙
√࣊
૛ ∙

Г ቀ૛࢔+ ૚
૛ቁ

Г(૛࢔+ ૚) = √࣊෍
(−૚)࢔

(૛࢔ + ૚)!

ஶ

ୀ૙࢔

∙
Г ቀ૛࢔ + ૚

૛ቁ
Г(૛࢔+ ૚) ∙

Г ቀ૚૛ቁ

Г ቀ૚૛ቁ
 

(∴ Г(૛࢔ + ૚) = (૛࢔)!!) 

Ω = √࣊Г൬
૚
૛൰෍

(−૚)࢔

(૛࢔ + ૚)! (૛࢔)!

ஶ

ୀ૙࢔

∙
Г ቀ૛࢔ + ૚

૛ቁ

Г ቀ૚૛ቁ
= ࣊෍

(−૚)࢔ ቀ૚૛ቁ
૛࢔

(૛࢔+ ૚)! (૛࢔)!

ஶ

ୀ૙࢔

 

࢔࢓(࢔࢞) = ෑ൬࢔࢓࢓
࢞ + ࢑
࢓ ൰

࢔

૚ି࢓

࢑ୀ૙

⇒ ൬
૚
૛൰

૛࢔

= ૛૛࢔ෑቌ
૚
૛ + ࢑
૛

ቍ

࢔

૚ି࢓

࢑ୀ૙

= ૛૛࢔ ቌ
૚
૛ + ૙
૛

ቍ

࢔

ቌ
૚
૛ + ૚
૛

ቍ

࢔

 

Ω = ࣊෍
(−૚)࢔૛૛࢔ ቀ૚૝ቁ࢔

ቀ૜૝ቁ࢔
(૛࢔+ ૚)! (૛࢔)!

ஶ

ୀ૙࢔

= 

= ࣊෍
(−૚)࢔૛૛࢔ ቀ૚૝ቁ࢔

ቀ૜૝ቁ࢔
(૛࢔+ ૚)૛࢔ ∙ !࢔ (૛࢔ − ૚)‼ ૛࢔ ∙ !࢔ (૛࢔ − ૚)‼

ஶ

ୀ૙࢔

= 

= 	࣊෍
(−૚)࢔ ቀ૚૝ቁ࢔

ቀ૜૝ቁ࢔
૛૛࢔ (૛࢔ + ૚)‼

૛࢔ ∙ !࢔ (૛࢔ − ૚)‼
૛࢔ ∙ !࢔

ஶ

ୀ૙࢔

= ࣊෍
ቀ૚૝ቁ࢔

ቀ૜૝ቁ࢔
ቀ૜૛ቁ࢔

(૚)࢔ ቀ
૚
૛ቁ࢔

ஶ

ୀ૙࢔

∙
ቀ−૚૝ቁ࢔
!࢔ = 

= ૜ࡲ࣊ ൤
૚
૝

,
૜
૛

;
૜
૛

,૚,
૚
૛

;−
૚
૝
൨ 

Ω = න ൬࢔࢏࢙
૚

૚ + ࢞૛൰
ஶ

ିஶ

࢞ࢊ = ૜ࡲ࣊ ൤
૚
૝ ,
૜
૛ ;
૜
૛ ,૚,

૚
૛ ;−

૚
૝൨ ≅ ૛,ૢ૞૛૛૟૛ૠ૟૚૛૙૚૟૞૟૜૟ 

1158. If  (࢔)ࢋࡾ > 0 

(࢔)ࢁ = න න
૚+ ࢞૛

૚+ ࢟૛ ࢋ
૛ି࢞૛࢟࢔ି

ஶ

ିஶ

࢞ࢊ࢟ࢊ
ஶ

ିஶ

 

then prove the relation: ∫࢔ࢊ(࢔)ࢁ = (࢔)ࢁ + ૜࣊√࢔  

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Tobi Joshua-Nigeria 
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(࢔)ࢁ = න න
૚ + ࢞૛

૚ + ࢟૛ ࢋ
૛ି࢞૛࢟࢔ି

ஶ

ିஶ

࢞ࢊ࢟ࢊ
ஶ

ିஶ

= 

= ૝න(૚+ ࢞૛)࢞ିࢋ૛࢞ࢊ
ஶ

૙

න
࢟ࢊ૛࢟࢔ିࢋ
૚ + ࢟૛

ஶ

૙

 (ܖܗܑܜ܋ܖܝ܎	ܖ܍ܞ܍)		

= ૛න ൬࢞ି
૚
૛ + ࢞

૚
૛൰ ࢞ࢊ࢞ିࢋ

ஶ

૙

න
࢟ࢊ૛࢟࢔ିࢋ
૚ + ࢟૛

ஶ

૙

= 

= ૛ቆГ ൬
૚
૛൰ + Г ൬

૜
૛൰ቇන ࢟ࢊ૛࢟࢔ିࢋ

ஶ

૙

න ࢚ࢊ൫࢟૛ା૚൯࢚ିࢋ
ஶ

૙

= 

= ૜√࣊න ࢚ࢊ࢚ିࢋ
ஶ

૙

න ࢟ࢊ(ା࢚࢔)૛࢟ିࢋ
ஶ

૙

= ૜√࣊න ࢚ࢊ࢚ିࢋ
ஶ

૙

√࣊
૛√࢔+ ࢚

= ૜࣊න
࢚ିࢋ

૛√࢔ + ࢚
࢚ࢊ

ஶ

૙

; 		(૚) 

ቌ܍܋ܖܑܛ	න ࢞ࢊ૛࢞ࢇିࢋ
ஶ

૙

= √࣊
૛√ࢇ

ቍ	 

࢔ࢊ(࢔)ࢁන,ܟܗۼ = ૜࣊න න
࢚ିࢋ

૛√࢔ + ࢚
࢔ࢊ࢚ࢊ

ஶ

૙

= ૜࣊න න࢚ିࢋ൫√࢔+ ࢚ + ࢚ࢊ൯࡯
ஶ

૙

 ࡼ࡮ࡵ=

= ૜࣊൥−࢔√࢚ିࢋ+ ࢚ห
૙
ஶ + න

࢚ିࢋ

૛√࢔ + ࢚
࢚ࢊ

ஶ

૙

൩ = 

= ૜࣊൥√࢔ + න
࢚ିࢋ

૛√࢔ + ࢚
࢚ࢊ

ஶ

૙

൩ = ૜࣊√࢔ + ૜࣊න
࢚ିࢋ

૛√࢔ + ࢚
࢚ࢊ

ஶ

૙

= ૜࣊√࢔ +  (࢔)ࢁ

1159. Find without any software: 

ષ = න
૜࢞࢔࢏࢙

ૢ − ૛࢙࢞࢕ࢉ ࢞ࢊ
࣊

૙
 

Proposed by Jalil Hajimir-Toronto-Canada 

Solution by Daniel Sitaru-Romania 

ષ = න
૜࢞࢔࢏࢙

ૢ − ࢞ࢊ૛࢙࢞࢕ࢉ
࣊

૙
= න

૜࢞࢔࢏࢙ + ૡ࢙࢞࢔࢏ − ૡ࢙࢞࢔࢏
ૡ + ૛࢞࢔࢏࢙ ࢞ࢊ =

࣊

૙
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= න
ૡ)࢞࢔࢏࢙ + (૛࢞࢔࢏࢙

ૡ + ૛࢞࢔࢏࢙

࣊

૙

࢞ࢊ − ૡන
࢞࢔࢏࢙

ૡ + ૛࢞࢔࢏࢙

࣊

૙

࢞ࢊ = 

= න࢙࢞ࢊ࢞࢔࢏
࣊

૙

− ૡන
࢞࢔࢏࢙

ૢ − ૛࢙࢞࢕ࢉ

࣊

૙

࢞ࢊ = ૛ − ૡන
࢞ࢊᇱ(࢙࢞࢕ࢉ)
૛࢙࢞࢕ࢉ − ૢ

࣊

૙

= 

= ૛ −
ૡ
૟ ൬ࢍ࢕࢒ ฬ

࢙࣊࢕ࢉ − ૜
࢙࣊࢕ࢉ + ૜ฬ − ࢍ࢕࢒ ฬ

૙࢙࢕ࢉ − ૜
૙࢙࢕ࢉ + ૜ฬ൰ = ૛ −

૝
૜ ൬ࢍ࢕࢒૛ − ࢍ࢕࢒

૚
૛൰ = ૛ −

૝
૜  ૝ࢍ࢕࢒

 

1160. If ૙ < ܽ ≤ ܾ then: 

࢈) − ૛න(ࢇ
࢞૛࢞ࢊ
૚+ ࢞૛

࢈

ࢇ

+ −࢈) නන(ࢇ
࢟૛࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚ + ࢟૛)

࢈

ࢇ

࢈

ࢇ

+නනන
ࢠࢊ࢟ࢊ࢞ࢊ૛ࢠ

(૚+ ࢞૛)(૚+ ࢟૛)(૚+ (૛ࢠ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

+ ૜ቌඨࢍ࢕࢒
࢈
ቍࢇ ≥ ࢈) −  ૜(ࢇ

Proposed by Daniel Sitaru-Romania 

Solution 1 by George Florin Şerban-Romania 

࢈) − ૛න(ࢇ
࢞૛࢞ࢊ
૚+ ࢞૛

࢈

ࢇ

+ −࢈) නන(ࢇ
࢟૛࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚ + ࢟૛)

࢈

ࢇ

࢈

ࢇ

+නනන
ࢠࢊ࢟ࢊ࢞ࢊ૛ࢠ

(૚+ ࢞૛)(૚+ ࢟૛)(૚+ (૛ࢠ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

+ ૜ቌඨࢍ࢕࢒
࢈
ቍࢇ ≥ ࢈) −  ૜(ࢇ

࢈) − ૛න(ࢇ
(࢞૛ + ૚)࢞ࢊ
૚ + ࢞૛

࢈

ࢇ

− −࢈) ૛න(ࢇ
࢞ࢊ

૚ + ࢞૛

࢈

ࢇ

+ −࢈) නන(ࢇ
(࢟૛ + ૚)࢟ࢊ࢞ࢊ

(૚+ ࢞૛)(૚+ ࢟૛)

࢈

ࢇ

࢈

ࢇ

− −࢈) නන(ࢇ
࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚+ ࢟૛)

࢈

ࢇ

࢈

ࢇ

+ 

+නනන
൫ࢠ૛ + ૚൯ࢠࢊ࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚+ ࢟૛)(૚ + (૛ࢠ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

−නනන
ࢠࢊ࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚+ ࢟૛)(૚ + (૛ࢠ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

+
૚
ૡ ࢍ࢕࢒

૜ ൬
࢈
൰ࢇ ≥

࢈)  ૜(ࢇ−

−࢈) ૜(ࢇ − −࢈) ૛න(ࢇ
࢞ࢊ

૚ + ࢞૛

࢈

ࢇ

+ −࢈) ૛න(ࢇ
࢞ࢊ

૚ + ࢞૛

࢈

ࢇ

− ࢈) − නන(ࢇ
൫࢟૛ + ૚൯࢟ࢊ࢞ࢊ

(૚+ ࢞૛)(૚ +࢟૛)

࢈

ࢇ

࢈

ࢇ

+ 

࢈)+ − නන(ࢇ
(࢟૛ + ૚)࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚ + ࢟૛)

࢈

ࢇ

࢈

ࢇ

−නනන
ࢠࢊ࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚ + ࢟૛)(૚ + (૛ࢠ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

+
૚

ૡ
૜ࢍ࢕࢒ ቀ

࢈

ࢇ
ቁ ≥ ࢈) −  ૜(ࢇ

We must show: 

නනන
ࢠࢊ࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚ + ࢟૛)(૚ + (૛ࢠ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤
૚
ૡ ࢍ࢕࢒

૜ ൬
࢈
 ൰ࢇ

We have that: 

නනන
ࢠࢊ࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚+ ࢟૛)(૚+ (૛ࢠ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤
ࡹࡳିࡹ࡭

නනන
ࢠࢊ࢟ࢊ࢞ࢊ

(૛࢞)(૛࢟)(૛ࢠ)

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

=
૚
ૡනනන

ࢠࢊ࢟ࢊ࢞ࢊ
ࢠ࢟࢞

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ
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=
૚
ૡනන

࢟ࢊ࢞ࢊ
࢞࢟

࢈

ࢇ

࢈

ࢇ

∙ ࢈ࢇ|ࢠࢍ࢕࢒ = 

=
૚
ૡ ࢍ࢕࢒ ൬

࢈
൰නࢇ

࢞ࢊ
࢞

࢈

ࢇ

∙ ࢈ࢇ|࢟ࢍ࢕࢒ =
૚
ૡ ࢍ࢕࢒

૛ ቀ
ࢇ
࢈
ቁන

࢞ࢊ
࢞

࢈

ࢇ

=
૚
ૡ ࢍ࢕࢒

૜ ൬
࢈
	൰ࢇ

 .(ࢋ࢛࢚࢘)

Solution 2 by Adrian Popa-Romania 

૚) 	න
࢞૛࢞ࢊ
૚ + ࢞૛

࢈

ࢇ

= න
(࢞૛ + ૚ − ૚)࢞ࢊ

૚ + ࢞૛

࢈

ࢇ

= න൬૚ −
૚

૚ + ࢞૛൰࢞ࢊ
࢈

ࢇ

= ࢈) − (ࢇ − ࢈૚ି࢔ࢇ࢚) −  (ࢇ૚ି࢔ࢇ࢚

૛)	නන
࢟૛࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚ + ࢟૛)

࢈

ࢇ

࢈

ࢇ

= 	න
࢞ࢊ

૚ + ࢞૛

࢈

ࢇ

න
࢟૛࢟ࢊ
૚ + ࢟૛

࢈

ࢇ

= ቀ࢚ି࢔ࢇ૚࢞ห
ࢇ

࢈
ቁ ∙ ቀ࢟|࢈ࢇ − ૚࢟หି࢔ࢇ࢚

ࢇ

࢈
ቁ =	 

= ࢈) − ࢈૚ି࢔ࢇ࢚)(ࢇ − (ࢇ૚ି࢔ࢇ࢚ − ࢈૚ି࢔ࢇ࢚) −  ૛(ࢇ૚ି࢔ࢇ࢚

૜) 	නනන
ࢠࢊ࢟ࢊ࢞ࢊ

(૚ + ࢞૛)(૚ + ࢟૛)(૚ + (૛ࢠ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

= න
࢞ࢊ

૚ + ࢞૛

࢈

ࢇ

න
࢟૛࢟ࢊ
૚ + ࢟૛

࢈

ࢇ

න
ࢠࢊ૛ࢠ
૚ + ૛ࢠ

࢈

ࢇ

= 

= ࢈) − ࢈૚ି࢔ࢇ࢚)(ࢇ − ૛(ࢇ૚ି࢔ࢇ࢚ − ࢈૚ି࢔ࢇ࢚) −  ૜(ࢇ૚ି࢔ࢇ࢚

So, 

ࡿ = ࢈) − ૜(ࢇ − ࢈) − ࢈૚ି࢔ࢇ࢚)૛(ࢇ − (ࢇ૚ି࢔ࢇ࢚ + ࢈) − ࢈૚ି࢔ࢇ࢚)૛(ࢇ −  −(ࢇ૚ି࢔ࢇ࢚

−࢈)− −࢈૚ି࢔ࢇ࢚)(ࢇ ૛(ࢇ૚ି࢔ࢇ࢚ + ࢈) − ࢈૚ି࢔ࢇ࢚)(ࢇ − ૛(ࢇ૚ି࢔ࢇ࢚ − 

−࢈૚ି࢔ࢇ࢚)− ૜(ࢇ૚ି࢔ࢇ࢚ + ૜ࢍ࢕࢒ ቌඨ
࢈
ࢇ
ቍ ≥ ࢈) − ૜(ࢇ ⇔ 

૜ࢍ࢕࢒ ቌඨ
࢈
ࢇ
ቍ ≥ −࢈૚ି࢔ࢇ࢚) ૜(ࢇ૚ି࢔ࢇ࢚ ⇔

૚
૛ ࢍ࢕࢒ ൬

࢈
൰ࢇ ≥ −࢈૚ି࢔ࢇ࢚ ࢇ૚ି࢔ࢇ࢚ ⇔ 

࢈ࢍ࢕࢒ − ࢇࢍ࢕࢒
−࢈૚ି࢔ࢇ࢚ ࢇ૚ି࢔ࢇ࢚ ≥

(∗)
૛ 

Let be the functions: ࢌ(࢞) = (࢞)ࢍ;࢞ࢍ࢕࢒ = ࢞,૚࢞ି࢔ࢇ࢚ ∈  and applying Cauchy [࢈,ࢇ]

Theorem: ∃ࢉ ∈   :such that [࢈,ࢇ]
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−(࢈)ࢌ (ࢇ)ࢌ
(ࢇ)ࢍ−(࢈)ࢍ =

(ࢉ)ᇱࢌ
(ࢉ)ᇱࢍ =

૚
ࢉ
૚

૚ + ૛ࢉ
=
૚ + ૛ࢉ

ࢉ ≥
ࡹࡳିࡹ࡭ ૛ࢉ

ࢉ = ૛ ⇒  .ࢋ࢛࢚࢘(∗)

1161. If ૙ < ܽ ≤ ܾ ≤ ࣊
૛
 then: 

නනන(࢚࢟࢔ࢇ࢚࢞࢔ࢇ + ૚)(࢚ࢠ࢔ࢇ࢚࢟࢔ࢇ + ૚)(࢚࢞࢔ࢇ࢚ࢠ࢔ࢇ + ૚)ࢠࢊ࢟ࢊ࢞ࢊ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ ࢈࢔ࢇ࢚) −  ૜(ࢇ࢔ࢇ࢚

Proposed by Daniel Sitaru-Romania 

Solution 1 by George Florin Şerban-Romania 

ෑ(࢚࢟࢔ࢇ࢚࢞࢔ࢇ + ૚)
ࢉ࢟ࢉ

= ෑ
࢟࢔࢏࢙࢞࢔࢏࢙ + ࢙࢟࢕ࢉ࢙࢞࢕ࢉ

࢙࢟࢕ࢉ࢙࢞࢕ࢉ
ࢉ࢟ࢉ

=
∏ −࢞)࢙࢕ࢉ ࢉ࢟ࢉ(࢟

∏ ࢉ࢟ࢉ૛࢙࢞࢕ࢉ
≤

૚
∏ ࢉ࢟ࢉ૛࢙࢞࢕ࢉ

 

නනනෑ(࢚࢟࢔ࢇ࢚࢞࢔ࢇ + ૚)
ࢉ࢟ࢉ

ࢠࢊ࢟ࢊ࢞ࢊ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ ቌන
૚

࢞ࢊ૛࢙࢞࢕ࢉ
࢈

ࢇ

ቍቌන
૚

࢟ࢊ૛࢙࢟࢕ࢉ
࢈

ࢇ

ቍቌන
૚

ࢠࢊࢠ૛࢙࢕ࢉ
࢈

ࢇ

ቍ 

= ൫࢚࢈ࢇ|࢞࢔ࢇ൯
૜

= ࢈࢔ࢇ࢚) −  ૜(ࢇ࢔ࢇ࢚

 Solution 2 by Remus Florin Stanca-Romania 

∴ +࢈ࢇ) ૚)૛ ≤
ࡿ࡮࡯

૛ࢇ) + ૚)(࢈૛ + ૚) 

࢟࢔ࢇ࢚࢞࢔ࢇ࢚) + ૚)૛ ≤ ૛࢞࢔ࢇ࢚) + ૚)(࢚࢔ࢇ૛࢟ + ૚) 

ࢠ࢔ࢇ࢚࢟࢔ࢇ࢚) + ૚)૛ ≤ ૛࢟࢔ࢇ࢚) + ૚)(࢚࢔ࢇ૛ࢠ+ ૚) 

࢞࢔ࢇ࢚ࢠ࢔ࢇ࢚) + ૚)૛ ≤ ࢠ૛࢔ࢇ࢚) + ૚)(࢚࢔ࢇ૛࢞ + ૚) 

(∙)
⇒ ቌෑ(࢚࢟࢔ࢇ࢚࢞࢔ࢇ + ૚)

ࢉ࢟ࢉ

ቍ

૛

≤ ቌෑ(࢚࢔ࢇ૛࢞ + ૚)
ࢉ࢟ࢉ

ቍ

૛

⇒ 

නනනෑ(࢚࢟࢔ࢇ࢚࢞࢔ࢇ + ૚)
ࢉ࢟ࢉ

ࢠࢊ࢟ࢊ࢞ࢊ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ නනනෑ(࢚࢔ࢇ૛࢞ + ૚)
ࢉ࢟ࢉ

ࢠࢊ࢟ࢊ࢞ࢊ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

= 

= ൫࢚࢈ࢇ|࢞࢔ࢇ൯
૜

= ࢈࢔ࢇ࢚) −  ૜(ࢇ࢔ࢇ࢚
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1162. If ૛
૜

< ܽ ≤ ܾ then: 

න࢞ ∙ ࢔࢏࢙
࣊
૜࢞

࢈

ࢇ

࢞ࢊ ≥ ඥ૚+ ૛࢈ − ඥ૚ +  ૛ࢇ

Proposed by Daniel Sitaru-Romania 

Solution by Rovsen Pirguliyev-Sumgait-Azerbaijan 

Lemma: If ࢞ > 2, then ࢙࣊࢔࢏
࢞

> ૜
ඥ࢞૛ାૢ

 

࢞ > 2 ⇒ ݔߨ > 2࣊ ⇒ ࣊
࢞

> ࣊
૛

 and ࢞ < ݔ݊ܽݐ ⇒ ݊ܽݐ ࣊
࢞

> ࣊
࢞

> ૜
࢞

; 		(૚) 

Using ૚ + ૛࢞࢔ࢇ࢚ = ૚
૛࢙࢞࢕ࢉ

 we have: 

૛࢙࢞࢕ࢉ =
૚

૚ + ૛࢞࢔ࢇ࢚ <
(૚) ૚

૚ + ቀ࣊࢞ቁ
૛ <

(૚) ૚

૚ + ቀ૜࢞ቁ
૛ =

࢞૛

࢞૛ + ૢ 

૛࢞࢔࢏࢙ = ૚ − ૛࢙࢞࢕ࢉ > 1 −
࢞૛

࢞૛ + ૢ =
ૢ

࢞૛ + ૢ 

Now, take ࢞ → ૜, then  ࢙࢔࢏ ࣊
૜࢞

> ૜
ඥૢ࢞૛ାૢ

= ૚
ඥ࢞૛ା૚

; 		(૛) 

Hence,  ∫ ࢞ ∙ ࢔࢏࢙ ࣊
૜࢞

࢈
ࢇ ࢞ࢊ ≥

(૛)
∫ ࢞ ࢈∙
ࢇ

૚
ඥ࢞૛ା૚

 ࢞ࢊ

න࢞ ∙
࢈

ࢇ

૚
√࢞૛ + ૚

࢞ࢊ =
૚
૛න

૛࢞)ࢊ + ૚)
√࢞૛ + ૚

࢈

ࢇ

=
૚
૛ ∙ ૛

ඥ࢞૛ + ૚ቚ
ࢇ

࢈
= ඥ૚ + ૛࢈ − ඥ૚ +  ૛ࢇ

න࢞ ∙ ࢔࢏࢙
࣊
૜࢞

࢈

ࢇ

࢞ࢊ ≥ ඥ૚ + ૛࢈ − ඥ૚ +  ૛ࢇ

1163. If ࢌ,ࢌᇱ: (૙,∞) → (૙,∞),ࢌ −differentiable, ૙ < ܽ ≤ ܾ then: 

නන
൫ࢌ(࢞) + (࢟)ᇱࢌ(࢞)ᇱࢌ൯(࢟)ࢌ

ඥ૚+ (࢟)ࢌ(࢞)ࢌ
࢟ࢊ࢞ࢊ

࢈

ࢇ

࢈

ࢇ

≤ ࢍ࢕࢒ ൭
(࢈)ࢌ +ඥ૚+ (࢈)૛ࢌ

(ࢇ)ࢌ +ඥ૚+ (ࢇ)૛ࢌ
൱
(ࢇ)૛ࢌି(࢈)૛ࢌ

 

 Proposed by Daniel Sitaru-Romania 

Solution by Remus Florin Stanca-Romania 
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Let’s prove that: 

ࢇ + ࢈
√૚ + ࢈ࢇ

≤
ࢇ

√૚ + ૛࢈
+

࢈
√૚ + ૛ࢇ

࢈,ࢇ∀, > 0 

The inequality can be written as: 

૚
√૚ + ࢈ࢇ

≤
ࢇ

ࢇ + ࢈ ∙
૚

√૚ + ૛࢈
+

࢈
+ࢇ ࢈ ∙

૚
√૚ + ૛ࢇ

 

Let ࢍ:	(૙,∞) → (૙,∞),ࢍ(࢞) = ૚
√࢞ା૚

; ࢍࣔ
ࣔ࢞

= − ૚
૛

(࢞ + ૚)ି
૜
૛; ࣔ

૛ࢍ
ࣔ࢞૛

= ૜
૛
∙ ૚
૛

(࢞ + ૚)ି
૞
૛ ≥ ૙ 

⇒ ,convexe, then for any ࢚૚−ࢍ ࢚૛ ∈ (૙,૚), ࢚૚ + ࢚૛ = ૚ and for any ࢞૚,࢞૛ ∈  :we have ࡵ

࢚૚ࢌ(࢞૚) + ࢚૛ࢌ(࢞૛) ≥ ૚࢞૚࢚)ࢌ + ࢚૛࢞૛) 

Let ࢚૚ = ࢇ
࢈ାࢇ

; ࢚૛ = ࢈
࢈ାࢇ

 and ࢞૚ = ૛,࢞૛࢈ =  ૛ࢇ

ࢇ
+ࢇ ࢈ ∙

૚
√૚ + ૛࢈

+
࢈

+ࢇ ࢈ ∙
૚

√૚ + ૛ࢇ
≥

૚

ට૚ + +࢈૛ࢇ ૛࢈ࢇ
+ࢇ ࢈

=
૚

ට૚ + +ࢇ)࢈ࢇ (࢈
ࢇ + ࢈

=
૚

√૚ + ࢈ࢇ
 

⇒
+ࢇ ࢈
√૚ + ࢈ࢇ

≤
ࢇ

√૚ + ૛࢈
+

࢈
√૚ + ૛ࢇ

࢈,ࢇ∀, > 0 

(࢞)ࢌ + (࢟)ࢌ

ඥ૚ + (࢟)ࢌ(࢞)ࢌ
≤

(࢞)ࢌ

ඥ૚ + (࢟)૛ࢌ
+

(࢟)ࢌ

ඥ૚ + (࢞)૛ࢌ
 

(࢞)ࢌ) + (࢟)ᇱࢌ(࢞)ᇱࢌ((࢟)ࢌ
ඥ૚ + (࢟)ࢌ(࢞)ࢌ

≤
(࢟)ᇱࢌ(࢞)ᇱࢌ(࢞)ࢌ
ඥ૚ + (࢟)૛ࢌ

+
(࢟)ᇱࢌ(࢞)ᇱࢌ(࢟)ࢌ
ඥ૚ + (࢞)૛ࢌ

; 		(૜) 

૚
૛නන

૛ࢌ(࢞)ࢌᇱ(࢞)ࢌᇱ(࢟)

ඥ૚ + (࢟)૛ࢌ
࢟ࢊ࢞ࢊ

࢈

ࢇ

࢈

ࢇ

=
૚
૛න

(࢟)ᇱࢌ(࢞)૛ࢌ

ඥ૚ + (࢟)૛ࢌ
ቤ
ࢇ

࢈

࢟ࢊ
࢈

ࢇ

= 

=
૚
૛
ቀࢌ૛(࢈)− ቁ(ࢇ)૛ࢌ ൬ࢍ࢕࢒ ቀ(࢈)ࢌ + ඥ૚ + ቁ(࢈)૛ࢌ − ࢍ࢕࢒ ቀ(ࢇ)ࢌ + ඥ૚ + ቁ൰(ࢇ)૛ࢌ = 

=
૚
૛
ቀࢌ૛(࢈)− ቁ(ࢇ)૛ࢌ ൭ࢍ࢕࢒

(࢈)ࢌ + ඥ૚ + (࢈)૛ࢌ

(ࢇ)ࢌ + ඥ૚ + (ࢇ)૛ࢌ
൱ ; 		(૚) 

૚
૛නන

૛ࢌ(࢟)ࢌᇱ(࢟)ࢌᇱ(࢞)

ඥ૚ + (࢞)૛ࢌ
࢟ࢊ࢞ࢊ

࢈

ࢇ

࢈

ࢇ

=
૚
૛න

(࢞)ᇱࢌ(࢟)૛ࢌ

ඥ૚ + (࢞)૛ࢌ
ቤ
ࢇ

࢈

࢟ࢊ
࢈

ࢇ

= 

=
૚
૛
ቀࢌ૛(࢈)− ቁ(ࢇ)૛ࢌ ൬ࢍ࢕࢒ ቀ(࢈)ࢌ + ඥ૚ + ቁ(࢈)૛ࢌ − ࢍ࢕࢒ ቀ(ࢇ)ࢌ + ඥ૚ + ቁ൰(ࢇ)૛ࢌ = 
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=
૚
૛
ቀࢌ૛(࢈)− ቁ(ࢇ)૛ࢌ ൭ࢍ࢕࢒

(࢈)ࢌ + ඥ૚ + (࢈)૛ࢌ

(ࢇ)ࢌ + ඥ૚ + (ࢇ)૛ࢌ
൱ ; 		(૛) 

From (૚), (૛), (૜) it follows that: 

නන
൫ࢌ(࢞) + (࢟)ᇱࢌ(࢞)ᇱࢌ൯(࢟)ࢌ

ඥ૚ + (࢟)ࢌ(࢞)ࢌ
࢟ࢊ࢞ࢊ

࢈

ࢇ

࢈

ࢇ

≤ ൭ࢍ࢕࢒
(࢈)ࢌ + ඥ૚ + (࢈)૛ࢌ
(ࢇ)ࢌ + ඥ૚ + (ࢇ)૛ࢌ

൱
(ࢇ)૛ࢌି(࢈)૛ࢌ

 

 

1164. If ૙ < ܽ ≤ ܾ < ࣊
૛
 then: 

૛නන࢙࢕ࢉ૛࢙࢞࢕ࢉ૛࢟(૚+ ࢞࢔ࢇ࢚|(࢟࢔ࢇ࢚࢞࢔ࢇ࢚ − ࢟ࢊ࢞ࢊ|࢟࢔ࢇ࢚
࢈

ࢇ

࢈

ࢇ

≤ ࢈) −  ૛(ࢇ

Proposed by Daniel Sitaru-Romania 

Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaijan 

૛࢟(૚࢙࢕ࢉ૛࢙࢞࢕ࢉ + ࢞࢔ࢇ࢚|(࢟࢔ࢇ࢚࢞࢔ࢇ࢚ − |࢟࢔ࢇ࢚ = 

= ૛࢙࢟࢕ࢉ૛࢙࢞࢕ࢉ ൬૚ +
࢟࢔࢏࢙࢞࢔࢏࢙
൰࢙࢟࢕ࢉ࢙࢞࢕ࢉ ฬ

࢞࢔࢏࢙
࢙࢞࢕ࢉ −

࢟࢔࢏࢙
ฬ࢙࢟࢕ࢉ = 

= −࢞)࢙࢕ࢉ −࢞)࢔࢏࢙|(࢟ ࢞)࢔࢏࢙|(࢟ − ࢞)࢙࢕ࢉ(࢟ − ࢟) =
૚
૛ ૛࢔࢏࢙

(࢞ − ࢟) 

Therefore, 

૛නන࢙࢕ࢉ૛࢙࢞࢕ࢉ૛࢟(૚ + ࢞࢔ࢇ࢚|(࢟࢔ࢇ࢚࢞࢔ࢇ࢚ − ࢟ࢊ࢞ࢊ|࢟࢔ࢇ࢚
࢈

ࢇ

࢈

ࢇ

≤ 

≤ ૛නන
૚
૛࢙࢔࢏૛(࢞ − ࢟ࢊ࢞ࢊ(࢟

࢈

ࢇ

࢈

ࢇ

≤ නන࢟ࢊ࢞ࢊ
࢈

ࢇ

࢈

ࢇ

= ࢈) −  ૛(ࢇ

 Solution 2 by Khaled Abd Imouti-Damascus-Syria 

Let us prove that: 

+૛࢟(૚࢙࢕ࢉ૛࢙࢞࢕ࢉ ࢞࢔ࢇ࢚|(࢟࢔ࢇ࢚࢞࢔ࢇ࢚ − |࢟࢔ࢇ࢚ <
૚
૛ ⇔ 

࢞࢔ࢇ࢚)૛࢙࢟࢕ࢉ૛࢙࢞࢕ࢉ − ૛(࢟࢔ࢇ࢚ <
࢞࢔ࢇ࢚| − |࢟࢔ࢇ࢚

૛(૚ +  (࢟࢔ࢇ࢚࢞࢔ࢇ࢚
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Suppose ࢟ ≤ ࢞ we have: 

࢞࢔ࢇ࢚)૛࢙࢟࢕ࢉ૛࢙࢞࢕ࢉ − ૛(࢟࢔ࢇ࢚ <
࢞࢔ࢇ࢚ − ࢟࢔ࢇ࢚

૛(૚ + (࢟࢔ࢇ࢚࢞࢔ࢇ࢚ ⇔ 

૛࢙࢟࢕ࢉ૛࢙࢞࢕ࢉ ∙
−࢞)૛࢔࢏࢙ ࢟)
૛࢙࢟࢕ࢉ૛࢙࢞࢕ࢉ ≤

૚
૛ ࢔ࢇ࢚

(࢞ − ࢟) ⇔ 

࢞)࢙࢕ࢉ − ࢞)࢔࢏࢙(࢟ − ࢟) ≤
૚
૛ ⇔ −࢞)૛࢔࢏࢙ ࢟) ≤ ૚(࢚࢛࢘ࢋ).	 

Therefore, 

૛නන࢙࢕ࢉ૛࢙࢞࢕ࢉ૛࢟(૚ + ࢞࢔ࢇ࢚|(࢟࢔ࢇ࢚࢞࢔ࢇ࢚ − ࢟ࢊ࢞ࢊ|࢟࢔ࢇ࢚
࢈

ࢇ

࢈

ࢇ

≤ 

≤ ૛නන
૚
૛࢙࢔࢏૛(࢞ − ࢟ࢊ࢞ࢊ(࢟

࢈

ࢇ

࢈

ࢇ

≤ නන࢟ࢊ࢞ࢊ
࢈

ࢇ

࢈

ࢇ

= ࢈) −  ૛(ࢇ

 

1165. If ࢌ: [૙,૚] → ℝ continuous function, ࢔ ∈ ℕ,࢔ ≥ ૚ then prove: 

࢔૛ࢋ + ૛࢔නࢌ૛(࢞ࢋ)࢞ࢊ
૚

૙

≥ ૚ + ૝࢔න࢞ି࢔૚࢞ࢊ(࢞)ࢌ
ࢋ

૚

 

Proposed by Daniel Sitaru-Romania 

Solution by Florică Anastase-Romania 

න࢞ି࢔૚࢞ࢊ(࢞)ࢌ
ࢋ

૚

=
࢞ୀ࢚ࢋ⇒࢚ୀ࢞ࢍ࢕࢒

න࢚ࢊ(࢚ࢋ)ࢌ࢚࢔ࢋ
૚

૙

 

Hence, 

࢔૛ࢋ + ૛࢔නࢌ૛(࢞ࢋ)࢞ࢊ
૚

૙

≥ ૚ + ૝࢔න࢞ି࢔૚࢞ࢊ(࢞)ࢌ
ࢋ

૚

⇔ 

࢔૛ࢋ + ૛࢔නࢌ૛(࢞ࢋ)࢞ࢊ
૚

૙

≥ ૚ + ૝࢔න࢞ࢊ(࢞ࢋ)ࢌ࢞࢔ࢋ
૚

૙

⇔ 
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࢔૛ࢋ − ૚
૛࢔ − ૛න࢞ࢊ(࢞ࢋ)ࢌ࢞࢔ࢋ

૚

૙

+ නࢌ૛(࢞ࢋ)࢞ࢊ
૚

૙

≥ ૙ ⇔ 

නࢋ૛࢞ࢊ࢞࢔
૚

૙

− ૛න࢞ࢊ(࢞ࢋ)ࢌ࢞࢔ࢋ
૚

૙

+ නࢌ૛(࢞ࢋ)࢞ࢊ
૚

૙

≥ ૙ ⇔ 

නቀࢋ૛࢞࢔ − ૛(࢞ࢋ)ࢌ࢞࢔ࢋ + ቁ(࢞ࢋ)૛ࢌ ࢞ࢊ
૚

૙

≥ ૙ ⇔ 

න൫࢞࢔ࢋ − ൯(࢞ࢋ)ࢌ
૛
࢞ࢊ

૚

૙

≥ ૙ 

1166. If ૙ < ܽ ≤ ܾ,݂: (૙,∞) → (૙,∞), ࢌ −continuous then: 

නࢌ૟(࢞)࢞ࢊ
࢈

ࢇ

∙ ቌන
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

≥ ࢈) − ࢞ࢊ(࢞)ࢌቌන(ࢇ
࢈

ࢇ

ቍ

૜

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Tran Hong-Dong Thap-Vietnam 

By Cauchy-Schwartz Inequality, we have: 

ቌනቀࢌ૜(࢞)ቁ
૛
࢞ࢊ

࢈

ࢇ

ቍቌන૚૛࢞ࢊ
࢈

ࢇ

ቍ ≥ ቌනࢌ૜(࢞) ∙ ૚࢞ࢊ
࢈

ࢇ

ቍ

૛

⇔ 

ቌනቀࢌ૜(࢞)ቁ
૛
࢞ࢊ

࢈

ࢇ

ቍ ࢈) − (ࢇ ≥ ቌනࢌ૜(࢞)࢞ࢊ
࢈

ࢇ

ቍ

૛

= ቌනࢌ૜(࢞)࢞ࢊ
࢈

ࢇ

ቍቌනࢌ૜(࢞)࢞ࢊ
࢈

ࢇ

ቍ ; (૚) 

Other, by Holder’s Inequality: 

ቌනࢌ૜(࢞)࢞ࢊ
࢈

ࢇ

ቍ

૚
૜

ቌන૚
૜
૛࢞ࢊ

࢈

ࢇ

ቍ

૛
૜

≥ නࢌ(࢞) ∙ ૚࢞ࢊ
࢈

ࢇ

⇔ 

ቌනࢌ૜(࢞)࢞ࢊ
࢈

ࢇ

ቍ ࢈) − (ࢇ ≥ ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

; (૛) 
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And 

ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍቌන
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ ≥
ࡿ࡯࡮

ቌනࢌ(࢞) ∙
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૛

= −࢈) ;૛(ࢇ (૜) 

From (1),(2),(3) we have: 

නࢌ૟(࢞)࢞ࢊ
࢈

ࢇ

∙ ࢈) − ૛(ࢇ ≥ −࢈) ࢞ࢊ(࢞)૜ࢌቌන(ࢇ
࢈

ࢇ

ቍቌනࢌ૜(࢞)࢞ࢊ
࢈

ࢇ

ቍ ≥ 

≥ ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

ቌනࢌ૜(࢞)࢞ࢊ
࢈

ࢇ

ቍ ⇒ 

නࢌ૟(࢞)࢞ࢊ
࢈

ࢇ

∙ ࢈) − ૜(ࢇ ≥ ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

−࢈) ࢞ࢊ(࢞)૜ࢌන(ࢇ
࢈

ࢇ

≥ ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

 

නࢌ૟(࢞)࢞ࢊ
࢈

ࢇ

∙ ቌන
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

−࢈) ૜(ࢇ ≥ ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

∙ න
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

≥ 

≥ ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

࢈)) −  ૛)૜(ࢇ

නࢌ૟(࢞)࢞ࢊ
࢈

ࢇ

∙ ቌන
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

≥ ࢈) − ࢞ࢊ(࢞)ࢌቌන(ࢇ
࢈

ࢇ

ቍ

૜

 

 Solution 2 by Florică Anastase-Romania  

Using Means Integral Inequality: 

If ૙ < ܽ ≤ ܾ,݂: (૙,∞) → (૙,∞),ࢌ −continuous then: 

࢈ − ࢇ

∫ ૚
࢞ࢊ(࢞)ࢌ

࢈
ࢇ

≤ ࢋ
૚

ࢇି࢈ ∫ ࢈࢞ࢊ(࢞)ࢌࢍ࢕࢒
ࢇ ≤

૚
࢈ − ࢞ࢊ(࢞)ࢌනࢇ

࢈

ࢇ
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We have: 

න
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

≥
࢈) − ૛(ࢇ

∫ ࢈࢞ࢊ(࢞)ࢌ
ࢇ

⇒ ቌන
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

≥
࢈) − ૟(ࢇ

ቀ∫ ࢈࢞ࢊ(࢞)ࢌ
ࢇ ቁ

૜ ; 		(૚) 

From Bernoulli Integral Inequality: 

If ૙ < ܽ ≤ ܾ, ݊ > 1, ݂: (૙,∞) → (૙,∞),ࢌ −continuous then: 

ቌන
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

࢔

≤ −࢈) ࢞ࢊ(࢞)࢔ࢌ૚නି࢔(ࢇ
࢈

ࢇ

 

We have: 

නࢌ૟(࢞)࢞ࢊ
࢈

ࢇ

≥
૚

࢈) − ૞(ࢇ
ቌන࢞ࢊ(࢞)ࢌ

࢈

ࢇ

ቍ

૟

; (૛) 

From (1),(2) we have: 

නࢌ૟(࢞)࢞ࢊ
࢈

ࢇ

∙ ቌන
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

≥
૚

࢈) − ૞(ࢇ
ቌන࢞ࢊ(࢞)ࢌ

࢈

ࢇ

ቍ

૟

࢈) − ૟(ࢇ

ቀ∫ ࢈࢞ࢊ(࢞)ࢌ
ࢇ ቁ

૜ ⇔ 

නࢌ૟(࢞)࢞ࢊ
࢈

ࢇ

∙ ቌන
૚

࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

≥ ࢈) − ࢞ࢊ(࢞)ࢌቌන(ࢇ
࢈

ࢇ

ቍ

૜

 

1167. If ૙ < ܽ ≤ ܾ < ࣊
ૡ૙ૡ૙

 then: 

න
(૛૙૛૚࢞)࢔ࢇ࢚ ∙ (૛૙૛૛࢞)࢔ࢇ࢚ ∙ (૛૙૛૜࢞)࢔ࢇ࢚

ૡ࢚࢔ࢇ૜࢞
࢞ࢊ

࢈

ࢇ

≥ ૚૙ૢ(࢈ −  (ࢇ

Proposed by Daniel Sitaru-Romania 

Solution by Adrian Popa-Romania 

Let be the function ࢌ(࢞) = (࢞࢔)࢔ࢇ࢚ − ࢔,࢞࢔ࢇ࢚࢔ ∈ {૛૙૛૚,૛૙૛૛,૛૙૛૜},૙ < ݔ < ࣊
ૡ૙ૡ૙

 

(࢞)ᇱࢌ = (࢞࢔)࢔ࢇ࢚)࢔ − (࢞࢔)࢔ࢇ࢚)(࢞࢔ࢇ࢚ +  ;(࢞࢔ࢇ࢚

(࢞)ᇱࢌ = ૙ ⇒ ࢞ = ૙. 

(࢞)ᇱࢌ > 0 and because ࢞ → ࢞࢔ࢇ࢚ −increasing, it follows that: 
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(࢞࢔)࢔ࢇ࢚ > ݔ݊,ݔ݊ܽݐ ∈ ൬૙,
૚
૝ + ൰ࢿ , ࢿ → ૙ 

(૙)ࢌ = ૙ ⇒ (࢞)ࢌ > 0 ⇒ (࢞࢔)݊ܽݐ > ݔ݊ܽݐ݊ ⇒
(࢞)࢔ࢇ࢚
࢞࢔ࢇ࢚ > ݊. 

Therefore, 

න
(૛૙૛૚࢞)࢔ࢇ࢚ ∙ (૛૙૛૛࢞)࢔ࢇ࢚ ∙ (૛૙૛૜࢞)࢔ࢇ࢚

ૡ࢚࢔ࢇ૜࢞ ࢞ࢊ
࢈

ࢇ

≥ 

> න
૛૙૛૚ ∙ ૛૙૛૛ ∙ ૛૙૛૜

ૡ ࢞ࢊ
࢈

ࢇ

≥ න
૛૙૙૙ ∙ ૛૙૙૙ ∙ ૛૙૙૙

ૡ ࢞ࢊ
࢈

ࢇ

= ૚૙ૢ(࢈−  (ࢇ

 

1168. If ૙ < ܽ ≤ ܾ then: 

ૡනන
࢞૚૛ + ࢟૚૛

࢞૞ + ࢟૞

࢈

ࢇ

࢟ࢊ࢞ࢊ
࢈

ࢇ

≥ ࢈) − ૡ࢈)(ࢇ −  (ૡࢇ

Proposed by Daniel Sitaru-Romania 

Solution by Oyebamiji Oluwaseyi-Nigeria 

By Chebyshev’s inequality: 

൫࢞૞ + ࢟૞൯(࢞ૠ + ࢟ૠ) ≤ ૛(࢞૚૛ + ࢟૚૛) 

Hence, 

ૡනන
࢞૚૛ + ࢟૚૛

࢞૞ + ࢟૞

࢈

ࢇ

࢟ࢊ࢞ࢊ
࢈

ࢇ

≥ ૡනන
൫࢞૞ + ࢟૞൯(࢞ૠ + ࢟ૠ)

૛(࢞૞ + ࢟૞)

࢈

ࢇ

࢟ࢊ࢞ࢊ
࢈

ࢇ

= 

=
ૡ
૛නන(࢞ૠ + ࢟ૠ)࢟ࢊ

࢈

ࢇ

࢞ࢊ
࢈

ࢇ

= ૝න൭(࢈− ૠ࢞(ࢇ +
ૡ࢈ − ૡࢇ

ૡ ൱
࢈

ࢇ

࢞ࢊ =	 

= ૝(࢈− ࢞ࢊන࢞ૠ(ࢇ
࢈

ࢇ

+
૝(࢈ૡ − (ૡࢇ

ૡ න࢞ࢊ
࢈

ࢇ

=
૝(࢈ − ૡ࢈)(ࢇ − (ૡࢇ

ૡ +
૝(࢈− ૡ࢈)(ࢇ − (ૡࢇ

ૡ = 

= ࢈) − ૡ࢈)(ࢇ −  (ૡࢇ
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1169. If ૙ < ܽ ≤ ܾ then prove: 

൫(࢈)ࢌ࢘ࢋ − ൯(ࢇ)ࢌ࢘ࢋ
૛
≤
૚૟
૜
൭ࢌ࢘ࢋ ൬

૜ࢇ+ ࢈
૝ ൰ − ࢌ࢘ࢋ൱൬(ࢇ)ࢌ࢘ࢋ ൬

+ࢇ ૜࢈
૝ ൰ −  ൰(ࢇ)ࢌ࢘ࢋ

Proposed by Daniel Sitaru-Romania 

Solution by Adrian Popa-Romania 

(ࢠ)ࢌ࢘ࢋ = ૛
√࣊
∫ ࢠ૛࢚ିࢋ
૙ ࢚ࢊ −concave and increasing for all ࢠ > 0.  

Denote (ࢠ)ࢌ =  :we have (ࢠ)ࢌ࢘ࢋ

൬ࢌ
૜ࢇ + ࢈
૝ ൰ = ࢌ ൬

+ࢇ ࢇ + +ࢇ ࢈
૝ ൰ ≥

࢔ࢋ࢙࢔ࢋࡶ ૜(ࢇ)ࢌ + (࢈)ࢌ
૝  

Hence, 

൬ࢌ
૜ࢇ + ࢈
૝ ൰ − (ࢇ)ࢌ =

૜(ࢇ)ࢌ + (࢈)ࢌ
૝ − (ࢇ)ࢌ =

−(࢈)ࢌ (ࢇ)ࢌ
૝ ; 		(૚) 

ࢌ ൬
+ࢇ ૜࢈
૝ ൰ = ࢌ ൬

ࢇ + ࢈ + +࢈ ࢈
૝ ൰ ≥

࢔ࢋ࢙࢔ࢋࡶ (ࢇ)ࢌ + ૜(࢈)ࢌ
૝  

Hence, 

ࢌ ൬
ࢇ + ૜࢈
૝ ൰ − (ࢇ)ࢌ ≥

(ࢇ)ࢌ + ૜(࢈)ࢌ
૝ − (ࢇ)ࢌ =

૜൫(࢈)ࢌ− ൯(ࢇ)ࢌ
૝ ; 		(૛) 

From (1),(2) we have: 

൭ࢌ࢘ࢋ൬
૜ࢇ + ࢈
૝ ൰ − ࢌ࢘ࢋ൱൬(ࢇ)ࢌ࢘ࢋ ൬

ࢇ + ૜࢈
૝ ൰ − ൰(ࢇ)ࢌ࢘ࢋ ≥

−(࢈)ࢌ (ࢇ)ࢌ
૝ ∙

૜൫(࢈)ࢌ− ൯(ࢇ)ࢌ
૝ = 

૜
૚૟ ൫ࢌ࢘ࢋ

−(࢈)  ൯(ࢇ)ࢌ࢘ࢋ

Therefore, 

൫(࢈)ࢌ࢘ࢋ − ൯૛(ࢇ)ࢌ࢘ࢋ ≤
૚૟
૜ ൭ࢌ࢘ࢋ ൬

૜ࢇ+ ࢈
૝ ൰ − ࢌ࢘ࢋ൱൬(ࢇ)ࢌ࢘ࢋ ൬

+ࢇ ૜࢈
૝ ൰ −  ൰(ࢇ)ࢌ࢘ࢋ
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1170. If ૙ < ܽ ≤ ܾ,݂: [࢈,ࢇ] → (૙,∞),ࢌ −continuous, then: 

࢈) − ࢞ࢊ(࢞)૜ࢌቌන(ࢇ
࢈

ࢇ

ቍቌන
࢞ࢊ
(࢞)૛ࢌ

࢈

ࢇ

ቍ ≥ ቌන ටࢌ૞(࢞)૜
࢞ࢊ

࢈

ࢇ

ቍቌන
࢞ࢊ

ඥࢌ(࢞)૜

࢈

ࢇ

ቍ

૛

 

Proposed by Daniel Sitaru-Romania 

Solution by Abdul Hannan-Tezpur-India 

Let ࢍ(࢞) = ඥࢌ(࢞)૜ . Then the desired inequality is equivalent to 

−࢈) (࢞)ૢࢍቌන(ࢇ
࢈

ࢇ

ቍቌන࢞ࢊ
࢞ࢊ

(࢞)૟ࢍ

࢈

ࢇ

ቍ ≥ ቌනࢍ૞(࢞)
࢈

ࢇ

ቍቌන࢞ࢊ
࢞ࢊ
(࢞)ࢍ

࢈

ࢇ

ቍ

૛

 

This is true, because 

࢈) − (࢞)ૢࢍቌන(ࢇ
࢈

ࢇ

ቍቌන࢞ࢊ
࢞ࢊ

(࢞)૟ࢍ

࢈

ࢇ

ቍ ≥
࢜ࢋࢎ࢙࢟࢈ࢋࢎ࡯

ቌනࢍ૞(࢞)࢞ࢊ
࢈

ࢇ

ቍቌනࢍ૝(࢞)࢞ࢊ
࢈

ࢇ

ቍቌන
࢞ࢊ

(࢞)૟ࢍ

࢈

ࢇ

ቍ 

≥
ࡿ࡮࡯

ቌනࢍ૞(࢞)
࢈

ࢇ

ቍቌන࢞ࢊ
࢞ࢊ
(࢞)ࢍ

࢈

ࢇ

ቍ

૛

 

1171. Prove without any software: 

න
૝࢙࢔࢏૜࢞
૞ − ࢙࢞࢕ࢉ

࢞ࢊ
࣊

૙

> 1 

Proposed by Jalil Hajimir-Toronto-Canada 

Solution 1 by Rachid Iksi-Morocco 

ࡵ = න
૝࢙࢔࢏૜࢞
૞ − ࢙࢞࢕ࢉ

࢞ࢊ
࣊

૙

= න
૝࢙࢔࢏૜࢞
૞ − ࢙࢞࢕ࢉ

࢞ࢊ

࣊
૛

૙

+ න
૝࢙࢔࢏૜࢞
૞ − ࢙࢞࢕ࢉ

࢞ࢊ
࣊

࣊
૛

 

࢞ = ࣊ − ࢚ ⇒ න
૝࢙࢔࢏૜࢞
૞ − ࢞ࢊ࢙࢞࢕ࢉ

࣊

࣊
૛

= −න
૝࢙࢔࢏૜࢞
૞ + ࢞ࢊ࢙࢞࢕ࢉ

૙

࣊
૛

= න
૝࢙࢔࢏૜࢞
૞ + ࢞ࢊ࢙࢞࢕ࢉ

࣊
૛

૙
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ࡵ = න૝࢙࢔࢏૜࢞ ൬
૚

૞ − ࢙࢞࢕ࢉ +
૚

૞ + ࢞ࢊ൰࢙࢞࢕ࢉ

࣊
૛

૙

= න
૝૙࢙࢔࢏૜࢞
૛૞ − ࢞ࢊ૛࢙࢞࢕ࢉ

࣊
૛

૙

 

As ࢙࢞࢔࢏ ≥ ૙,∀࢞ ∈ ቂ૙, ࣊
૛
ቃ 

૛૞ − ૛࢙࢞࢕ࢉ < 25 ⇒
૜࢞࢔࢏࢙

૛૞ − ૛࢙࢞࢕ࢉ >
૜࢞࢔࢏࢙
૛૞ ⇒ ࡵ ≥

૝૙
૛૞න ࢞ࢊ૜࢞࢔࢏࢙

࣊
૛

૙

 

න࢙࢔࢏૜࢞࢞ࢊ

࣊
૛

૙

= න࢙࢞࢔࢏(૚− ࢞ࢊ(૛࢙࢞࢕ࢉ

࣊
૛

૙

= ൬−࢙࢞࢕ࢉ +
૚
૜ ࢙࢕ࢉ

૜࢞൰ฬ
૙

࣊
૛

= ૚ −
૛
૜ =

૛
૜ 

Therefore, 

ࡵ = න
૝࢙࢔࢏૜࢞
૞ − ࢞ࢊ࢙࢞࢕ࢉ

࣊

૙

≥
૝૙
૛૞ ∙

૛
૜ =

૚૟
૚૞ > 1 

Solution 2 by Ravi Prakash-New Delhi-India 

ࡵ = න
૝࢙࢔࢏૜࢞
૞ − ࢞ࢊ࢙࢞࢕ࢉ

࣊

૙

= ૝න
(૚ − ࢞࢔࢏࢙(૛࢙࢞࢕ࢉ

૞ − ࢙࢞࢕ࢉ ࢞ࢊ
࣊

૙

 

Put ૞ − ࢙࢞࢕ࢉ = ࢚, ࢞ࢊ࢞࢔࢏࢙ =  ࢚ࢊ

ࡵ = ૝න
૚ − (૞ − ࢚)૛

࢚ ࢚ࢊ
૟

૝

= ૝න൬૚૙ − ࢚ −
૛૝
࢚ ൰࢚ࢊ

૟

૝

= 

= ૝ ൤−
૚
૛

(૚૙ − ࢚)૛ − ૛૝࢚ࢍ࢕࢒൨ฬ
૝

૟

= ૝ ൬૚૙ + ૛૝ࢍ࢕࢒
૛
૜൰ 

ࡵ > 1 ⇔ 	૝ ൬૚૙ + ૛૝ࢍ࢕࢒
૛
૜൰ > 1 ⇔ ࢍ࢕࢒24 ൬

૛
૜൰ > −39 ⇔ ݃݋݈ ൬

૜
૛൰ <

૚૜
૛૝ 

As ࢍ࢕࢒(૚+ ࢞) < ݔ − ૚
૛
࢞૛ + ૚

૜
࢞૜,૙ < ݔ < 1 hence, 

൬ࢍ࢕࢒
૜
૛൰ <

૚૙
૛૝ <

૚૜
૛૝ 

 Solution 3 by Nelson Javier Villaherrera Lopez-El Salvador  

ࡵ = න
૝࢙࢔࢏૜࢞
૞ − ࢞ࢊ࢙࢞࢕ࢉ

࣊

૙

= ૝න
࢞࢔࢏૛࢙࢞࢔࢏࢙
૞ − ࢙࢞࢕ࢉ ࢞ࢊ

࣊

૙

= −૝න
(૚ − (࢞࢔࢏࢙−)(૛࢙࢞࢕ࢉ

૞ − ࢙࢞࢕ࢉ ࢞ࢊ
࣊

૙

= 

= −૝න
૚− ࢟૛

૞ − ࢟ ࢟ࢊ
ି૚

૚

= ૝න
૚ − ࢟૛

૞ − ࢟ ࢟ࢊ
૚

૙

= ૝ න
૛૞ − ૛૝ − ࢟૛

૞ − ࢟ ࢟ࢊ
૚

ି૚

= 

= ૝ න൬૞ + ࢟ −
૛૝
૞ − ࢟൰࢟ࢊ

૚

ି૚

= ૝ ቈ૞࢟ +
࢟૛

૛ + ૛૝ࢍ࢕࢒(૞ − ࢟)቉ቤ
ି૚

૚

= 
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= ૡ ൤૞ − ૚૛ࢍ࢕࢒൬
૜
૛൰൨ > 1 

1172. If ૙ < ܽ ≤ ܾ then: 

૜૛නනන(࢞ + ࢟ + ૜(ࢠ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

ࢠࢊ࢟ࢊ࢞ࢊ ≥ ૛ૠ(࢈૛ − ૛)૜ࢇ + ૚૙ૡ(࢈− ૛࢈)(ࢇ − ૜࢈)(૛ࢇ −  (૜ࢇ

Proposed by Daniel Sitaru-Romania 

Solution by Abdul Hannan-Tezpur-India 

Lemma: ∀࢞,࢟, ࢠ > 0, 4(࢞+ ࢟ + ૜(ࢠ ≥ ૛ૠ(࢞࢟ࢠ + ࢞૛࢟ + ࢟૛ࢠ+  (૛࢞ࢠ

⇒ ૜૛නනන(࢞ + ࢟ + ૜(ࢠ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

ࢠࢊ࢟ࢊ࢞ࢊ ≥ ૡනනන૛ૠ(࢞࢟ࢠ+ ࢞૛࢟ + ࢟૛ࢠ + (૛࢞ࢠ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

ࢠࢊ࢟ࢊ࢞ࢊ = 

= ૛ૠනනනૡ࢞࢟ࢠ
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

ࢠࢊ࢟ࢊ࢞ࢊ + ૜૟෍නනන૟࢞૛࢟
࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

ࢠࢊ࢟ࢊ࢞ࢊ
ࢉ࢟ࢉ

= 

= ૛ૠቌන૛࢞
࢈

ࢇ

࢟ࢊቍቌන૛࢟࢞ࢊ
࢈

ࢇ

ቍቌන૛ࢠࢊࢠ
࢈

ࢇ

ቍ + ૜૟෍ቌන૜࢞૛࢞ࢊ
࢈

ࢇ

ቍቌන૛࢟࢟ࢊ
࢈

ࢇ

ቍቌනࢠࢊ
࢈

ࢇ

ቍ
ࢉ࢟ࢉ

= 

= ૛ૠ(࢈૛ − ૛࢈)(૛ࢇ − ૛࢈)(૛ࢇ − (૛ࢇ + ૜૟෍(࢈૜ − ૛࢈)(૜ࢇ − ࢈)(૛ࢇ − (ࢇ
ࢉ࢟ࢉ

= 

= ૛ૠ(࢈૛ − ૛)૜ࢇ + ૚૙ૡ(࢈ − ૛࢈)(ࢇ − ૜࢈)(૛ࢇ −  (૜ࢇ
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1173. If ૙ < ܽ ≤ ܾ,݂: (૙,∞) → (૙,∞), ࢌ −continuous then; 

නනන
૛ࢠࢊ࢟ࢊ࢞ࢊ

(࢟)ࢌ(࢞)ࢌ + (ࢠ)૛ࢌ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ ࢈) − ቌන(ࢇ
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

ቍ

૛

 

Proposed by Daniel Sitaru-Romania 

Solution by Ali Jaffal-Lebanon 

Let ࢇ ≤ ࢞,࢟, ࢠ ≤  :then by AGM inequality we get ࢈

(࢟)ࢌ(࢞)ࢌ + (ࢠ)૛ࢌ ≥ ૛ඥࢌ(࢟)ࢌ(࢞)ࢌ૛(ࢠ) ≥ ૛(ࢠ)ࢌඥࢌ(࢞)ࢌ(࢟) 

Hence, 

૛
(࢟)ࢌ(࢞)ࢌ + (ࢠ)૛ࢌ ≤

૚
(࢟)ࢌ(࢞)ࢌඥ(ࢠ)ࢌ

 

නනන
૛ࢠࢊ࢟ࢊ࢞ࢊ

(࢟)ࢌ(࢞)ࢌ + (ࢠ)૛ࢌ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ නනන
ࢠࢊ࢟ࢊ࢞ࢊ

(࢟)ࢌ(࢞)ࢌඥ(ࢠ)ࢌ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ 

≤ න
࢞ࢊ

ඥࢌ(࢞)

࢈

ࢇ

∙ න
࢟ࢊ

ඥࢌ(࢟)

࢈

ࢇ

∙ න
ࢠࢊ
(ࢠ)ࢌ

࢈

ࢇ

= ቌන
࢞ࢊ

ඥࢌ(࢞)

࢈

ࢇ

ቍ

૛

∙ න
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

 

By Cauchy-B-S inequality we have: 

ቌන
࢞ࢊ

ඥࢌ(࢞)

࢈

ࢇ

ቍ

૛

= ቌන૚ ∙
࢞ࢊ

ඥࢌ(࢞)

࢈

ࢇ

ቍ

૛

≤ න૚࢞ࢊ
࢈

ࢇ

∙ න
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

≤ ࢈) − න(ࢇ
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

 

Therefore, 

නනන
૛ࢠࢊ࢟ࢊ࢞ࢊ

(࢟)ࢌ(࢞)ࢌ + (ࢠ)૛ࢌ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ ࢈) − ቌන(ࢇ
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

ቍቌන
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

ቍ 

නනන
૛ࢠࢊ࢟ࢊ࢞ࢊ

(࢟)ࢌ(࢞)ࢌ + (ࢠ)૛ࢌ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ ࢈) − ቌන(ࢇ
࢞ࢊ
(࢞)ࢌ

࢈

ࢇ

ቍ

૛
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1174. If ૙ < ܽ ≤ ܾ;݂, :ᇱࢌ (૙,∞) → (૙,∞), ࢌ −derivable, ࢌᇱ −continuous, 

then: 

૚ૡනනන
ࢠࢊ࢟ࢊ࢞ࢊ(ࢠ)ᇱࢌ(࢟)ᇱࢌ(࢞)ࢌ

൫ࢌ(࢟) + ૛(ࢠ)ࢌ൯൫૜ࢌ૛(࢞) + ૛ࢌ૛(࢟) + ൯(ࢠ)૛ࢌ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ ࢈) − ૛ࢍ࢕࢒(ࢇ ቆ
(࢈)ࢌ
 ቇ(ࢇ)ࢌ

Proposed by Daniel Sitaru-Romania 

Solution by Adrian Popa-Romania 

We show that: 

૚ૡࢌ(࢞)ࢌᇱ(࢟)ࢌᇱ(ࢠ)
൫ࢌ(࢟) + ૛(ࢠ)ࢌ൯൫૜ࢌ૛(࢞) + ૛ࢌ૛(࢟) + ൯(ࢠ)૛ࢌ

≤
(ࢠ)ᇱࢌ(࢟)ᇱࢌ
(ࢠ)ࢌ(࢟)ࢌ  

⇔ ૚ૡ(ࢠ)ࢌ(࢟)ࢌ(࢞)ࢌ ≤ 

≤ ૜ࢌ૛(࢞)ࢌ(࢟) + ૛ࢌ૜(࢟) + (ࢠ)૛ࢌ(࢟)ࢌ + ૟(ࢠ)ࢌ + (࢞)૛ࢌ + ૝ࢌ(ࢠ)ࢌ૛(࢟) + ૛ࢌ૛(ࢠ) 

Now, 

૜ࢌ૛(࢞)ࢌ(࢟) + ૛ࢌ૜(࢟) + (ࢠ)૛ࢌ(࢟)ࢌ + ૟(ࢠ)ࢌ + (࢞)૛ࢌ + ૝ࢌ(ࢠ)ࢌ૛(࢟) + ૛ࢌ૛(ࢠ) ≥
ࡹࡳ࡭

 

≥
ࡹࡳ࡭

૚ૡ ඥࢌ૚ૡ(࢞)ࢌ૚ૡ(࢟)ࢌ૚ૡ(ࢠ)૚ૡ = ૚ૡ(ࢠ)ࢌ(࢟)ࢌ(࢞)ࢌ 

Therefore, 

૚ૡනනන
ࢠࢊ࢟ࢊ࢞ࢊ(ࢠ)ᇱࢌ(࢟)ᇱࢌ(࢞)ࢌ

൫ࢌ(࢟) + ૛(ࢠ)ࢌ൯൫૜ࢌ૛(࢞) + ૛ࢌ૛(࢟) + ൯(ࢠ)૛ࢌ

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ

≤ −࢈) ૛ࢍ࢕࢒(ࢇ ቆ
(࢈)ࢌ
 ቇ(ࢇ)ࢌ

1175. Find: 

Ω = ܕܑܔ
ஶ→࢔

൭
૚
૛࢔

ܕܑܔ
࢞→૙

૚ − ૜࢙࢞࢕ࢉ√ ∙ ૜࢞૞࢙࢕ࢉ√ ∙ … ∙ ඥ࢙࢕ࢉ(૛࢔ − ૚)࢞૛࢔శ૚

࢞૛
൱ 

Proposed by Costel Florea-Romania 

Solution 1 by Ravi Prakash-New Delhi-India 

We shall use ࣂ࢙࢕ࢉ = ૚ − ૚
૛!
૛ࣂ +  (૝ࣂ)࢕

ܕܑܔ
࢞→૙

૚
࢞૛ ൤૚ −

(࢙࢞࢕ࢉ)
૚
૜ ∙ (૜࢙࢞࢕ࢉ)

૚
૞ ∙ … ∙ −࢔૛)࢙࢕ࢉ) ૚)࢞)

૚
૛࢔ା૚൨ = 
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= ܕܑܔ
࢞→૙

૚
࢞૛
቎૚ − ൬૚ −

૚
૛࢞

૛ + ൰(૝࢞)࢕
૚
૜
∙ ൬૚ −

ૢ
૛࢞

૛ + ൰(૝࢞)࢕
૚
૞
∙ … ∙ ቆ૚ −

(૛࢔ − ૚)૛

૛ ࢞૛ + ቇ(૝࢞)࢕

૚
૛࢔ା૚

቏ = 

= ܕܑܔ
࢞→૙

૚
࢞૛
൥૚ − ൭૚ −

૚
૛ ࢞

૛ ቊ
૚
૜ +

૜૛

૞ +
૞૛

ૠ + ⋯+
(૛࢔ − ૚)૛

૛࢔+ ૚ ቋ+ ൱൩(૝࢞)࢕ = 

=
૚
૛ቆ

૚
૜ +

૜૛

૞ +
૞૛

ૠ + ⋯+
(૛࢔ − ૚)૛

૛࢔ + ૚ ቇ 

Let ࢚࢘ = (૛࢘ି૚)૛

૛(૛࢘ା૚)
= (૛࢘ା૚ି૛)૛

૛(૛࢘ା૚)
= ૛࢘ି૚

૛
− ૛ + ૛

૛࢘ା૚
= ૚

૛
(૛࢘ − ૚)− ૚ + ૛

૛࢘ା૚
 

෍࢚࢘

࢔

࢘ୀ૚

=
૚
૛࢔

૛ − ࢔ + ૛܍ܚ܍ܐܟ,࢔࢈	࢔࢈ = ෍
૚

૛࢘ + ૚

࢔

࢘ୀ૚

 

ܕܑܔ
ஶ→࢔

૚
૛࢔ ∙෍

૚
૛࢘ + ૚

࢔

࢘ୀ૚

=
૚
૛ 

൬∴ ૙ < ࢔࢈ < ݊ ⇒ ܕܑܔ
ஶ→࢔

࢔࢈
૛࢔ = ૙൰ 

 Solution 2 by Rovsen Pirguliev-Azerbaijan 

Denote ࢔ࢇ = ܕܑܔ
࢞→૙

૚ି ૜࢙࢞࢕ࢉ√ ∙ ૜࢞૞࢙࢕ࢉ√ ∙…∙ ඥ࢙࢕ࢉ(૛ି࢔૚)࢞૛࢔శ૚

࢞૛
 then 

࢔ࢇ − ૚ି࢔ࢇ = 

= ܕܑܔ
࢞→૙

૜࢙࢞࢕ࢉ√ ∙ ૜࢞૞࢙࢕ࢉ√ ∙ … ∙ ඥ࢙࢕ࢉ(૛࢔− ૜)࢞૛࢔ష૚ ∙ ቀ૚ − ඥ࢙࢕ࢉ(૛࢔− ૚)࢞૛࢔శ૚ ቁ
࢞૛ = 

= ܕܑܔ
࢞→૙

૜࢙࢞࢕ࢉ√ ∙ ૜࢞૞࢙࢕ࢉ√ ∙ … ∙ ඥ࢙࢕ࢉ(૛࢔− ૜)࢞૛࢔ష૚ ∙ ܕܑܔ
࢞→૙

૚ − ඥ࢙࢕ࢉ(૛࢔ − ૚)࢞૛࢔శ૚

࢞૛  

ܕܑܔ
࢞→૙

૚ − ඥ࢙࢕ࢉ(૛࢔ − ૚)࢞૛࢔శ૚

࢞૛ ࡸ=
ᇲࡴ ܕܑܔ

࢞→૙

૛࢔ − ૚
૛࢔ + ૚ ∙

࢔૛)࢔࢏࢙ − ૚)࢞
ඥ(࢙࢕ࢉ(૛࢔− ૚)࢞)૛࢔૛࢔శ૚

૛࢞ = 

=
૚
૛ ∙

(૛࢔ − ૚)૛

૛࢔ + ૚ =
(૛࢔ − ૚)૛

૝࢔ + ૛  

࢔ࢇ − ૚ି࢔ࢇ =
(૛࢔ − ૚)૛

૝࢔ + ૛ = −࢔
૟࢔ − ૚
૝࢔ + ૛ ; 		(૚) 
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⎩
⎪
⎨

⎪
⎧ ૛ࢇ ૚ࢇ− = ૛ −

૚૚
૚૙

⋮

࢔ࢇ − ૚ି࢔ࢇ = ࢔ −
૟࢔ − ૚
૝࢔+ ૛

(ା)
ሳሰ ࢔ࢇ = ૚ + ૛+ ૜+. . . ࢔+ − (࢔)࡭ =

(૛ + ࢔)(࢔ − ૚)
૛

− ;(࢔)࡭ (૛) 

So, we have: 

Ω = ܕܑܔ
ஶ→࢔

࢔ࢇ
૛࢔ =

(૛)
ܕܑܔ
ஶ→࢔

(૛ + ࢔)(࢔ − ૚)
૛ − (࢔)࡭

૛࢔ =
૚
૛ 

 Solution 3 by Khaled Abd Imouti-Damascus-Syria 

ܕܑܔ
࢞→૙

(࢞)ࢍ = ܕܑܔ
࢞→૙

૚ − ૜࢙࢞࢕ࢉ√ ∙ ૜࢞૞࢙࢕ࢉ√ ∙ … ∙ ඥ࢙࢕ࢉ(૛࢔ − ૚)࢞૛࢔శ૚

࢞૛ = 

= − ܕܑܔ
࢞→૙

ቀ૚ − ૜࢙࢞࢕ࢉ√ ∙ ૜࢞૞࢙࢕ࢉ√ ∙ … ∙ ඥ࢙࢕ࢉ(૛࢔ − ૚)࢞૛࢔శ૚ ቁ
ᇱ

૛࢞ = 

= −
૚
૛ ૙→࢞ܕܑܔ

ቀ√࢙࢞࢕ࢉ૜ ∙ ૜࢞૞࢙࢕ࢉ√ ∙ … ∙ ඥ࢙࢕ࢉ(૛࢔ − ૚)࢞૛࢔శ૚ ቁ
ᇱ

࢞ = 

= −
૚
૛࢞ܕܑܔ→૙

൫√࢙࢞࢕ࢉ૜ ൯ᇱ ∙ ቀ√࢙࢕ࢉ૜࢞૞ ∙… ∙ ඥ࢙࢕ࢉ(૛࢔− ૚)࢞૛࢔శ૚ ቁ+⋯+ ቀ√࢙࢞࢕ࢉ૜ ∙ ૜࢞૞࢙࢕ࢉ√ ∙ … ∙ ඥ࢙࢕ࢉ(૛࢔− ૜)࢞૛࢔ష૚ ቁ ∙ ቀ ඥ࢙࢕ࢉ(૛࢔− ૚)࢞૛࢔శ૚ ቁ
࢞  

Hence, ܕܑܔ
࢞→૙

(࢞)ࢍ = ૚
૛
ቀ૚
૜

+ ૜૛

૞
+ ૞૛

ૠ
+ ⋯+ (૛ି࢔૚)૛

૛࢔ା૚
ቁ = 

=
૚
૛൬−૚ +

૝
૜ + ૚ +

૝
૞ + ૜ +

૝
ૠ + ⋯+ ૛࢔ − ૜ +

૝
૛࢔ + ૚൰ = 

=
૚
૛ ൬

૝
૜ +

૝
૞ +

૝
ૠ + ⋯+

૝
૛࢔ + ૚ + ૜ + ૞ + ⋯+ ૛࢔ − ૜൰ 

Ω = ܕܑܔ
ஶ→࢔

൤
૚
૛࢔૛ ൬

૝
૜ +

૝
૞ +

૝
ૠ + ⋯+

૝
૛࢔ + ૚ + ૜ + ૞ + ⋯+ ૛࢔ − ૜൰൨ = 

= ܕܑܔ
ஶ→࢔

−࢔) ૛) ∙ ૜ + ૛࢔ − ૜
૛

૛࢔૛ = ܕܑܔ
ஶ→࢔

−࢔)࢔ ૛)
૛࢔૛ =

૚
૛ 

1176. Find: 

Ω = ܕܑܔ
ஶ→࢔

ା૛࢓࢔ ∙ න ൭
૚

൫࢔ − ࢓࢞√ ൯
ା૚࢓ −

૚

൫࢔ + ࢓࢞√ ൯
ା૚൱࢓

૚

૙

;࢞ࢊ ࢓		 ∈ ℕ∗ 

Proposed by Mohamed Bouras-Morocco 



 
www.ssmrmh.ro 

105 RMM-CALCULUS MARATHON 1101-1200 
 

Solution 1 by Mokhtar Khassani-Mostaganem-Algerie 

Note that: 

(࢜,࢛)࡮ = න࢛࢜ࢗ࢖
࢛࢞ି૚(૚ − ࢞)࢜ି૚

ࢗ) + ࢖) − ା࢛࢜(࢞(ࢗ ࢞ࢊ
૚

૙

; 			(૚) 

Now, 

(࢔)࣐	:࢚ࢋࡸ = ା૛࢓࢔ ∙ න ൭
૚

൫࢔ − ࢓࢞√ ൯
ା૚࢓ −

૚

൫࢔ + ࢓࢞√ ൯
࢞ࢊା૚൱࢓

૚

૙

࢔࢞↔࢞=
 

= ࢓ ∙ ା૛නቆ࢓࢔
૚ି࢓࢞

−࢔) ା૚࢓(࢞ −
૚ି࢓࢞

+࢔) ࢞ࢊା૚ቇ࢓(࢞
૚

૙

=
(૚)

 

=
(૚)

࢓ ∙ ା૛࢓࢔ ቆ
(૚,࢓)࡮
−࢔)࢔ ૚)࢓ −

(૚,࢓)࡮
࢔)࢔ + ૚)࢓ቇ = ା૚࢓࢔ ቆ

+࢔) ૚)࢓ − ࢔) − ૚)࢓

૛࢔) − ૚)࢓ ቇ = 

= ା૚࢓࢔ ∙
൫(࢔+ ૚) − ࢔) − ૚)൯((࢔ + ૚)ି࢓૚ + +࢔) ૚)ି࢓૛(࢔− ૚) + ⋯+ −࢔) ૚)ି࢓૚)

૛࢔) − ૚)࢓  

Ω = ܕܑܔ
ஶ→࢔

ା૛࢓࢔ ∙ න ൭
૚

൫࢔ − ࢓࢞√ ൯
ା૚࢓ −

૚

൫࢔ + ࢓࢞√ ൯
ା૚൱࢓

૚

૙

࢞ࢊ = ܕܑܔ
ஶ→࢔

(࢔)࣐ = ૛࢓ 

 Solution 2 by Kamel Benaicha-Algiers-Algerie 

Ω(࢔,࢓) = න൭
૚

൫࢔ − ࢓࢞√ ൯
ା૚࢓ −

૚

൫࢔ + ࢓࢞√ ൯
࢞ࢊା૚൱࢓

૚

૙

࢓, ∈ ℕ∗ 

Ω(࢔,࢓) =
࢚ୀ ࢔࢞√

නቆ࢓
૚ି࢓࢚

࢔) − ା૚࢓(࢚ −
૚ି࢓࢚

+࢔) ࢚ࢊା૚ቇ࢓(࢚
૚

૙

 

Ω૚(࢔,࢓) = න࢓
૚ି࢓࢚

−࢔) ା૚࢓(࢚ ࢚ࢊ
૚

૙

=
૚

−࢔) ૚)࢓ − න(૚−࢓)
૛ି࢓࢚

࢔) − ࢓(࢚ ࢚ࢊ
૚

૙

 

Ω૚(࢔,࢓) =
૚

−࢔) ૚)࢓ −Ω૚(࢓−૚,࢔) 

Ω૚(࢔,࢓) =
૚

−࢔) ૚)࢓ −
૚

࢔) − ૚)ି࢓૚ − Ω૚(࢓− ૛,࢔) = 
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= ෍ (−૚)࢖ ൬
૚

−࢔) ૚)࢖ି࢓ +
૚

࢔) + ૚)࢖ି࢓൰
૛ି࢓

ୀ૙࢖

+ (−૚)࢓Ω(૚,࢔) 

= ෍(−૚)࢖ ∙
૚

−࢔) ૚)࢖ି࢓

૚ି࢓

ୀ૙࢖

+ (−૚)ି࢓૚ ൬
૚

࢔ − ૚ −
૚
 ൰࢔

Ω૛(࢔,࢓) = න࢓
૚ି࢓࢚

+࢔) ା૚࢓(࢚ ࢚ࢊ
૚

૙

=
૚

+࢔) ૚)࢓ + න(૚−࢓)
૛ି࢓࢚

࢔) + ࢓(࢚ ࢚ࢊ
૚

૙

 

Ω૚(࢔,࢓) =
૚

࢔) + ૚)࢓ + Ω૚(࢓− ૚,࢔) = ෍
૚

࢔) + ૚)࢖ି࢓

૚ି࢓

ୀ૙࢖

−
૚
࢔ = 

= ෍ ቆ
૚

+࢔) ૚)࢖ି࢓ +
(−૚)࢖

−࢔) ૚)࢖ି࢓ቇ
૚ି࢓

ୀ૙࢖

+
(−૚)࢓ − ૚

࢔ = 

=
૚

+࢔) ૚)࢓ ∙
+࢔) ૚)࢓ − ૚

࢔ −
૚

࢔) − ૚)࢓ ∙
(૚ − ࢓(࢔ − ૚

࢔ +
(−૚)࢓ − ૚

࢔  

If ࢓ = ૛࢖ we have: 

Ω(࢔,࢓) =
૚

࢔) + ૚)࢓ ∙
࢔) + ૚)࢓ − ૚

࢔ −
૚

−࢔) ૚)࢓ ∙
(૚ − ࢓(࢔ − ૚

࢔  

ܕܑܔ
ஶ→࢔

ା૛࢓࢔ ∙ 	Ω(࢔,࢓) = ܕܑܔ
ஶ→࢔

ା૚࢓࢔ ∙ ቆ
࢔) + ૚)࢓ − ૚

࢔) + ૚)࢓ −
(૚ − ࢓(࢔ − ૚

−࢔) ૚)࢓ ቇ = 

= ܕܑܔ
ஶ→࢔

൮࢔
૚

ቀ૚ − ૚
ቁ࢔

࢓ −
૚

ቀ૚ + ૚
ቁ࢔

൲࢓ =
࢞ୀ૚࢔ ܕܑܔ

࢞→૙శ

૚
(૚ − ࢓(࢞ − ૚

(૚ + ࢓(࢞
࢞ = ࢓ + ࢓ = ૛࢓ 

If ࢓ = ૛࢖+ ૚ we have: 

Ω(࢔,࢓) =
૚

࢔) + ૚)࢓ ∙
࢔) + ૚)࢓ − ૚

࢔ −
૚

࢔) − ૚)࢓ ∙
(૚ − ࢓(࢔ − ૚

࢔ −
૛
 ࢔

ܕܑܔ
ஶ→࢔

ା૛࢓࢔ ∙ 	Ω(࢔,࢓) = ܕܑܔ
ஶ→࢔

ା૚࢓࢔ ∙ ቆ
+࢔) ૚)࢓ − ૚

࢔) + ૚)࢓ −
(૚ − ࢓(࢔ − ૚

࢔) − ૚)࢓ − ૛ቇ = 

= ܕܑܔ
ஶ→࢔

൮࢔
૚

ቀ૚ − ૚
ቁ࢔

࢓ −
૚

ቀ૚ + ૚
ቁ࢔

൲࢓ =
࢞ୀ૚࢔ ܕܑܔ

࢞→૙శ

૚
(૚ − ࢓(࢞ − ૚

(૚ + ࢓(࢞
࢞ = ࢓ + ࢓ = ૛࢓ 
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So: ܕܑܔ
ஶ→࢔

ା૛࢓࢔ ∙ 	Ω(࢔,࢓) = ૛࢓ 

Ω = ܕܑܔ
ஶ→࢔

ା૛࢓࢔ ∙ න ൭
૚

൫࢔ − ࢓࢞√ ൯
ା૚࢓ −

૚

൫࢔ + ࢓࢞√ ൯
ା૚൱࢓

૚

૙

 ࢞ࢊ

1177. Find: 

Ω = ܕܑܔ
ஶ→࢔

ෑቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔ ቍ

࢔

࢑ୀ૚

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Florică Anastase-Romania 

Ω૚	ܜ܍ۺ = ෑቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

⇒ 

Ω૚ࢍ࢕࢒ = ࢍ࢕࢒ ቎ෑቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

቏ = ෍ࢍ࢕࢒ቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

; 		(૚) 

ܕܑܔ
࢞→૙

૚)ࢍ࢕࢒ + ࢞)
࢞ = ૚ ⇒ ࢿ∀ > 0: 1 − ߝ ≤

૚)ࢍ࢕࢒ + ࢞)
࢞ ≤ ૚ + ࢿ ⇔ 

(૚− ෍(ࢿ
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

࢔

࢑ୀ૚

≤ ෑቌ૚ࢍ࢕࢒ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

≤ (૚ + ෍(ࢿ
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

࢔

࢑ୀ૚

⇔ 

(૚ − (ࢿ
૚
෍࢔

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

≤෍ࢍ࢕࢒ቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

≤ (૚ + (ࢿ
૚
෍࢔

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

; (૛) 

:ࢌ [૙,૚] → ℝ,ࢌ(࢞) =
૚࢞ି࢔ࢇ࢚
૚ + ࢞૛ ; ࢑࢔࢞	 = ࢑࢔ࣈ =

࢑
࢔ , ห|∆࢔|ห =

૚
࢔ → ૙ 

ܕܑܔ
ஶ→࢔

૚
෍࢔

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍ࢌ൬
࢑
൰࢔ ൬

࢑
࢔ −

࢑ − ૚
࢔ ൰

࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍ࢌ൫࢑࢔ࣈ൯൫࢞࢑࢔ − ࢑ି૚൯࢔࢞
࢔

࢑ୀ૚

= 

= න࢞ࢊ(࢞)ࢌ
૚

૙

= න
૚࢞ି࢔ࢇ࢚
૚ + ࢞૛ ࢞ࢊ

૚

૙

=
૚
૛

૛ห(૚࢞ି࢔ࢇ࢚)
૙
૚

=
૚
૛

૛(૚૚ି࢔ࢇ࢚)) − (૛(૚૙ି࢔ࢇ࢚) =
࣊૛

૜૛ ; (૜) 
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From (2),(3) we have: 

Ω૚ࢍ࢕࢒ = ܕܑܔ
ஶ→࢔

෍ࢍ࢕࢒ቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

= ቆࢍ࢕࢒
࣊૛

૜૛ቇ 

Ω = ܕܑܔ
ஶ→࢔

ෑቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

= ࢋ
࣊૛
૜૛  

 Solution 2 by Ali Jaffal-Lebanon 

We have: ࢞ − ࢞૛

૛
≤ ૚)ࢍ࢕࢒ + ࢞) ≤ ࢞,∀࢞ ≥ ૙; 		(∗) 

࢔ࡿ	:ܜ܍ۺ = ෍ࢍ࢕࢒ቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

࢔ࡼ	܌ܖ܉	 = ෑቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

 

By (∗) we have: 

૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔ −

૚
૛ ∙

૛࢔ ቆ࢚ି࢔ࢇ૚ ቀ࢔࢑ቁቇ
૛

(࢑૛ + ૛)૛࢔ ≤ ቌ૚ࢍ࢕࢒ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ ≤
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔  

૚
෍࢔

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

−
૚
૛
⎝

⎛૚
࢔
൮
૚
෍࢔

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

൲

૛

⎠

⎞ ≤ ࢔ࡿ ≤
૚
෍࢔

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

 

ܕܑܔ
ஶ→࢔

૚
෍࢔

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

= න࢞ࢊ(࢞)ࢌ
૚

૙

= න
૚࢞ି࢔ࢇ࢚
૚ + ࢞૛ ࢞ࢊ

૚

૙

=
૚
૛

૛ห(૚࢞ି࢔ࢇ࢚)
૙
૚

=
૚
૛

૛(૚૚ି࢔ࢇ࢚)) − (૛(૚૙ି࢔ࢇ࢚) =
࣊૛

૜૛ 

ܕܑܔ
ஶ→࢔

૚
࢔
൮
૚
෍࢔

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

൲

૛

= ૙ ∙ ቌන
૚࢞ି࢔ࢇ࢚
૚ + ࢞૛ ࢞ࢊ

૚

૙

ቍ

૛

= ૙ 

ܕܑܔ
ஶ→࢔

࢔ࡿ =
࣊૛

૜૛ ⇒ ܕܑܔ
ஶ→࢔

࢔ࡼ = ࢋ
࣊૛
૜૛ 

 Solution 3 by Toby Joshua-Nigeria 



 
www.ssmrmh.ro 

109 RMM-CALCULUS MARATHON 1101-1200 
 

Ω૚ = ܕܑܔ
ஶ→࢔

෍ࢍ࢕࢒ቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍ࢍ࢕࢒൮૚ +
૚
࢔ ∙

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛ ൲

࢔

࢑ୀ૚

 

൮૚ࢍ࢕࢒ +
૚
࢔ ∙

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛ ൲~࢕൮

૚
࢔ ∙

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛ ൲ ,∀ ൬

࢑
൰࢔ ≥ ૙ 

ܕܑܔ
ஶ→࢔

෍
૚
࢔ ∙

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

=
࢞ୀ࢔࢑ න

૚࢞ି࢔ࢇ࢚
૚ + ࢞૛ ࢞ࢊ

૚

૙

= න࢚ି࢔ࢇ૚࢞ࢊ(࢚ି࢔ࢇ૚࢞)
૚

૙

࢞ࢊ = 

=
૚
૛

૛ห(૚࢞ି࢔ࢇ࢚)
૙
૚

=
࣊૛

૜૛ 

Ω = ܕܑܔ
ஶ→࢔

ෑቌ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ
࢔

࢑ୀ૚

= ࢋ
࣊૛
૜૛  

1178. Find: 

Ω = ܕܑܔ
ஶ→࢔

൭࢔൫√૝࢔ − ૚൯ − ૛෍
(−૚)࢔ା૚

࢔

ஶ

ୀ૜࢔

൱
૛࢔

 

Proposed by H.Tarverdi-Baku-Azerbaijan 

Solution by Kamel Benaicha-Algiers-Algerie 

Ω = ܕܑܔ
ஶ→࢔

൭࢔൫√૝࢔ − ૚൯ − ૛෍
(−૚)࢔ା૚

࢔

ஶ

ୀ૜࢔

൱
૛࢔

= ܕܑܔ
ஶ→࢔

൫૚ + ࢔൫√૝࢔ − ૚൯ − ૛ࢍ࢕࢒૛൯
૛࢔

= 

= ࢋ ܕܑܔ
ಮ→࢔

૛ࢍ࢕࢒࢔(૚ା࢔(૛
૛
(૛ࢍ࢕࢒૚ି૛ି࢔ =

࢞ୀ૚࢔ ࢋ ૙→࢞ܕܑܔ
૛ࢍ࢕࢒ቆ૚ା૛

૛࢞ି૚
࢞ ି૛ࢍ࢕࢒૛ቇ

࢞ = 

= ࢋ ૙→࢞ܕܑܔ
૛ቆ૛

૛࢞ି૚
࢞ ି૛ࢍ࢕࢒૛ቇ

࢞ = ૙→࢞ܕܑܔࢋ
૛(૛࢞∙૛࢞ࢍ࢕࢒૛ି૛࢞ା૚)

࢞૛ ࡸ=
ᇲࡴ

 

= ૙→࢞ܕܑܔࢋ
૝࢞∙૛࢞ࢍ࢕࢒૛૛ା૛∙૛࢞ࢍ࢕࢒૛ି૛∙૛࢞ࢍ࢕࢒૛

࢞ = ૛૛ࢍ࢕࢒૝ࢋ = ૝ࢍ࢕࢒૝  

Ω = ܕܑܔ
ஶ→࢔

൭࢔൫√૝࢔ − ૚൯ − ૛෍
(−૚)࢔ା૚

࢔

ஶ

ୀ૜࢔

൱
૛࢔

= ૝ࢍ࢕࢒૝  
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1179. If (࢔ࢇ)࢔ஹ૚ and (࢔࢈)࢔ஹ૚ are positive real sequences defined by  

࢔ࢇ = ෍
૚
࢑

࢔

࢑ୀ૚

܌ܖ܉	
ା૜࢔࢈
࢔࢈

൬
ା૚࢔࢈
ା૛࢔࢈

൰
૜

= ൬
࢔ࢇࢋ

࢔
൰
૜

࢔∀, ∈ ℕ∗ 

Then find: Ω = ܕܑܔ
ஶ→࢔

ඥ࢔࢈
૜࢔  

Proposed by D.M.Bătineţu-Giurgiu, Neculai Stanciu-Romania 

Solution by Marian Ursărescu-Romania 

Ω = ܕܑܔ
ஶ→࢔

ඥ࢔࢈
૜࢔ ⇒ Ωࢍ࢕࢒ = ܕܑܔ

ஶ→࢔
ࢍ࢕࢒ ቀ ඥ࢔࢈

૜࢔ ቁ = ܕܑܔ
ஶ→࢔

࢔࢈ࢍ࢕࢒
૜࢔ ࡿି࡯.ࡸ= ܕܑܔ

ஶ→࢔

ା૚࢔࢈ࢍ࢕࢒ − ࢔࢈ࢍ࢕࢒
࢔) + ૚)૜ − ૜࢔ = 

= ܕܑܔ
ஶ→࢔

ࢍ࢕࢒ ൬࢔࢈ା૚࢔࢈
൰

૜࢔૛ + ૜࢔ + ૚ = ܕܑܔ
ஶ→࢔

૛࢔

૜࢔૛ + ૜࢔+ ૚ ∙
ࢍ࢕࢒ ൬࢔࢈ା૚࢔࢈

൰

૛࢔ ࡿି࡯.ࡸ=
 

=
૚
૜ ∙ 	 ஶ→࢔ܕܑܔ

ࢍ࢕࢒ ൬࢔࢈ା૛࢔࢈ା૚
൰ − ࢍ࢕࢒ ൬࢔࢈ା૚࢔࢈

൰

࢔) + ૚)૛ − ૛࢔ =
૚
૜ ∙ 	 ஶ→࢔ܕܑܔ

࢔࢈ቆࢍ࢕࢒ ∙ ା૚૛࢔࢈ା૛࢔࢈ ቇ

૛࢔ + ૚ = 

=
૚
૜ ∙ 	 ஶ→࢔ܕܑܔ

࢔
૛࢔+ ૚ ∙

ࢍ࢕࢒ ቆ࢔࢈ ∙ ା૚૛࢔࢈ା૛࢔࢈ ቇ

࢔ ࡿି࡯.ࡸ= ૚
૟ ∙ 	 ஶ→࢔ܕܑܔ

ࢍ࢕࢒ ቆ࢔࢈ା૚ ∙ ା૛૛࢔࢈ା૜࢔࢈ ቇ − ࢍ࢕࢒ ቆ࢔࢈ ∙ ା૚૛࢔࢈ା૛࢔࢈ ቇ

࢔ + ૚ − ࢔ = 

=
૚
૟ ∙	 ஶ→࢔ܕܑܔ

ࢍ࢕࢒ ቆ
ା૜࢔࢈
࢔࢈

∙
ା૚૜࢔࢈

ା૛૜࢔࢈ ቇ =
૚
૟ ∙	 ஶ→࢔ܕܑܔ

ࢍ࢕࢒ ൬
࢔ࢇࢋ
࢔ ൰

૜

=
૚
૛ ∙	 ஶ→࢔ܕܑܔ

ࢍ࢕࢒ ൬
࢔ࢇࢋ
൰࢔ࢍ࢕࢒ࢋ = 

=
૚
૛ ∙	 ஶ→࢔ܕܑܔ

࢔ࢍ࢕࢒ି࢔ࢇࢋࢍ࢕࢒ =
૚
૛ ∙ ࢋ

ࢽࢍ࢕࢒ =
ࢽ
૛ ⇒ Ωࢍ࢕࢒ =

ࢽ
૛ ⇒ 

Ω = ܕܑܔ
ஶ→࢔

ඥ࢔࢈
૜࢔ =  ࢽࢋ√

1180. Find: 

ܕܑܔ
ஶ→࢔

ቆ
࢔ࢇ√ + ࢔࢈ + ࢇ√ + ࢔࢔࢈

ࢇ + ࢈
ቇ
࢔࢈࢔ࢇ࢔

࢈,ࢇ; > 1 

Proposed by Mokhtar Khassani-Mostaganem-Algerie 

Solution 1 by Adrian Popa-Romania 
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ࡸ = ܕܑܔ
ஶ→࢔

ቆ
࢔ࢇ√ + ࢔࢈ + ࢇ√ + ࢔࢔࢈

ࢇ + ࢈ ቇ
࢔࢈࢔ࢇ࢔

= ܕܑܔ
ஶ→࢔

⎝

⎜
ට૚ࢇ⎛ + ࢈

࢔ࢇ
࢔

+ ට࢈ ࢇ
࢔࢈ + ૚࢔

+ࢇ ࢈

⎠

⎟
⎞

࢔࢈࢔ࢇ࢔

= 

= ܕܑܔ
ஶ→࢔

⎣
⎢
⎢
⎢
⎢
⎡

⎝

⎜
⎛
૚ +

ට૚ࢇ + ࢈
࢔ࢇ

࢔
− +ࢇ ට࢈ ࢇ

࢔࢈ + ૚࢔ − ࢈

ࢇ + ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ࢈
ࡹ

⎠

⎟
⎞

૚
ࡹ

⎦
⎥
⎥
⎥
⎥
⎤
࢔࢈࢔ࢇ࢔ࡹ

= ࢋ ܕܑܔ
ಮ→࢔

࢔࢈࢔ࢇ࢔ࡹ  

૚ࡸ = ܕܑܔ
ஶ→࢔

࢔࢈࢔ࢇ࢔ࡹ = ܕܑܔ
ஶ→࢔

⎝

⎜
ට૚ࢇ⎛ + ࢈

࢔ࢇ
࢔

− +ࢇ ට࢈ ࢇ
࢔࢈ + ૚࢔ − ࢈

ࢇ + ࢈

⎠

⎟
⎞
࢔࢈࢔ࢇ࢔ = 

= ܕܑܔ
ஶ→࢔

⎝

⎜
ቆࢇ⎛

ට૚ + ࢈
࢔ࢇ

࢔
− ૚ቇ + ቆට࢈ ࢇ

࢔࢈ + ૚
࢔

− ૚ቇ

ࢇ + ࢈

⎠

⎟
⎞
࢔࢈࢔ࢇ࢔ = 

= ܕܑܔ
ஶ→࢔

⎝

⎛
࢈ࢇ
࢔ࢇ

ටቀ૚ + ࢈
ቁ࢔ࢇ

࢔૚ି࢔
+ ටቀ૚ + ࢈

ቁ࢔ࢇ
૛ି࢔

+ ⋯+ ૚
࢔

+
࢈ࢇ
࢔࢈

ටቀ ࢔࢈ࢇ + ૚ቁ
࢔૚ି࢔

+ ටቀ ࢔࢈ࢇ + ૚ቁ
࢔૛ି࢔

+ ⋯+ ૚
	

⎠

ࢇ࢔⎞
࢔࢈࢔

ࢇ + ࢈
= 

= ܕܑܔ
ஶ→࢔

൬
࢈
࢔ࢇ࢔ +

ࢇ
൰࢔࢈࢔

࢔࢈࢔ࢇ࢔

ࢇ + ࢈ = ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ + ା૚࢔࢈

ࢇ + ࢈ = ∞ 

Therefore, 

ܕܑܔ
ஶ→࢔

ቆ
࢔ࢇ√ + ࢔࢈ + ࢇ√ + ࢔࢔࢈

ࢇ + ࢈ ቇ
࢔࢈࢔ࢇ࢔

= ஶࢋ = ∞ 

 Solution 2 by Florentin Vişescu-Romania 

ܕܑܔ
ஶ→࢔

࢔ࢇ√ + ࢔࢈ = ܕܑܔ
ஶ→࢔

࢔ࢇ) + (࢈
૚
࢔ = ࢋ ܕܑܔ

ಮ→࢔
(࢈ା࢔ࢇ)ࢍ࢕࢒

࢔ = ࢋ
ܕܑܔ
ಮ→࢔

ቌࢇࢍ࢕࢒ା
ቀ૚ାࢍ࢕࢒ ࢈

ቁ࢔ࢇ
࢔ ቍ

= ࢇࢍ࢕࢒ࢋ =  ࢇ

ܕܑܔ
ஶ→࢔

ቆ
࢔ࢇ√ + ࢔࢈ + ࢇ√ + ࢔࢔࢈

ࢇ + ࢈ ቇ
࢔࢈࢔ࢇ࢔

= ܕܑܔ
ஶ→࢔

ቆ૚ +
࢔ࢇ√ + ࢔࢈ − ࢇ + ࢇ√ + ࢔࢔࢈ − ࢈

ࢇ + ࢈ ቇ
࢔࢈࢔ࢇ࢔

= 

= ࢋ
૚

࢈ାࢇ ಮ→࢔ܕܑܔ
൫ ࢔࢈ା࢔ࢇ√ ାࢇି ࢔࢔࢈ାࢇ√ ࢔࢈࢔ࢇ࢔൯࢈ି  
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ܕܑܔ
ஶ→࢔

൫√࢔ࢇ + ࢔࢈ − +ࢇ +ࢇ√ ࢔࢔࢈ − ࢔࢈࢔ࢇ࢔൯࢈ = 

= ܕܑܔ
ஶ→࢔

ቀࢍ࢕࢒ࢋ ࢔࢈ା࢔ࢇ√
− ࢇࢍ࢕࢒ࢋ + ࢍ࢕࢒ࢋ ࢔࢔࢈ାࢇ√

− ቁ࢈ࢍ࢕࢒ࢋ ࢔࢈࢔ࢇ࢔ = 

= ܕܑܔ
ஶ→࢔

൬ࢋ
(࢈ା࢔ࢇ)ࢍ࢕࢒

࢔ − ࢇࢍ࢕࢒ࢋ + ࢋ
(࢔࢈ାࢇ)ࢍ࢕࢒

࢔ − ࢔࢈࢔ࢇ࢔൰࢈ࢍ࢕࢒ࢋ = 

= ܕܑܔ
ஶ→࢔

࢔࢈࢔ࢇ࢔	 ቎ቌࢋ
ቀ૚ାࢍ࢕࢒ାࢇࢍ࢕࢒࢔ ࢈

ቁ࢔ࢇ
࢔ − ቍࢇࢍ࢕࢒ࢋ + ൭ࢋ

ቀ૚ାࢍ࢕࢒ା࢈ࢍ࢕࢒࢔ ࢇ
ቁ࢔࢈

࢔ − ൱቏࢈ࢍ࢕࢒ࢋ = 

= ܕܑܔ
ஶ→࢔

࢔࢈࢔ࢇ࢔	 ቎ࢇࢍ࢕࢒ࢋ ቌࢋ
ቀ૚ାࢍ࢕࢒ ࢈

ቁ࢔ࢇ
࢔ − ૚ቍ + ࢈ࢍ࢕࢒ࢋ ൭ࢋ

ቀ૚ାࢍ࢕࢒ ࢇ
ቁ࢔࢈

࢔ − ૚൱቏ = 

= ܕܑܔ
ஶ→࢔

࢔࢈࢔ࢇ࢔	 ቎ࢇ ቌࢋ
ቀ૚ାࢍ࢕࢒ ࢈

ቁ࢔ࢇ
࢔ − ૚ቍ + ࢋ൭࢈

ቀ૚ାࢍ࢕࢒ ࢇ
ቁ࢔࢈

࢔ − ૚൱቏ = 

= ܕܑܔ
ஶ→࢔

࢔࢈࢔ࢇ࢔	

⎣
⎢
⎢
⎢
⎢
⎢
⎡

ࢇ

⎝

⎜
⎜
⎜
⎛
ࢋ
ቀ૚ାࢍ࢕࢒ ࢈

ቁ࢔ࢇ
࢔ − ૚

ቀ૚ࢍ࢕࢒ + ࢈
ቁ࢔ࢇ

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ࢔
→૚

∙
ࢍ࢕࢒ ቀ૚ + ࢈

ቁ࢔ࢇ

࢔

⎠

⎟
⎟
⎟
⎞

+ ࢈

⎝

⎜
⎜
⎜
⎛
ࢋ
ቀ૚ାࢍ࢕࢒ ࢇ

ቁ࢔࢈
࢔ − ૚

ቀ૚ࢍ࢕࢒ + ࢇ
ቁ࢔࢈

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ࢔
→૚

∙
ቀ૚ࢍ࢕࢒ + ࢇ

ቁ࢔࢈

࢔

⎠

⎟
⎟
⎟
⎞

⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

= ܕܑܔ
ஶ→࢔

࢔࢈࢔ࢇ ൤ࢇ ∙ ൬૚ࢍ࢕࢒ +
࢈
൰࢔ࢇ + ࢈ ∙ ࢍ࢕࢒ ቀ૚ +

ࢇ
࢔࢈
ቁ൨ = 

= ܕܑܔ
ஶ→࢔

቎ି࢔࢈ࢇ૚ ∙ ࢍ࢕࢒ ൬૚ +
࢈
൰࢔ࢇ

࢔ࢇ
࢈

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
→૚

+ ࢈૚ି࢔ࢇ ∙ ቀ૚ࢍ࢕࢒ +
ࢇ
࢔࢈
ቁ
࢔࢈
ࢇ

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
→૚

቏ = ܕܑܔ
ஶ→࢔

૚ି࢔࢈ࢇ) + (࢈૚ି࢔ࢇ = ∞	 

Therefore, 

ܕܑܔ
ஶ→࢔

ቆ
࢔ࢇ√ + ࢔࢈ + ࢇ√ + ࢔࢔࢈

ࢇ + ࢈ ቇ
࢔࢈࢔ࢇ࢔

= ஶࢋ = ∞ 

1181. Find: 

Ω = ܕܑܔ
ஶ→࢔

ቌ
૚
࢔
෍෍෍(−૚)࢐ ∙ ൬

࢏
࢐
൰ ∙
૜࢐ି࢏

૝࢏

࢏

࢐ୀ૙

࢑

ୀ૙࢏

࢔

࢑ୀ૙

ቍ 

Proposed by Daniel Sitaru-Romania 
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Solution by Adrian Popa-Romania 

෍(−૚)࢐ ∙ ൬
࢏
࢐൰ ∙

૜࢐ି࢏

૝࢏

࢏

࢐ୀ૙

= ෍(−૚)࢐ ∙ ൬
࢏
࢐൰ ∙ ൬

૜
૝൰

࢏

∙
૚
૜࢐

࢏

࢐ୀ૙

= ൬
૜
૝൰

࢏

∙෍(−૚)࢐ ∙ ൬
࢏
࢐൰ ∙ ൬

૚
૜൰

࢏࢐

࢐ୀ૙

= 

= ൬
૜
૝൰

࢏

∙ ൬૚ −
૚
૜൰

࢏

= ൬
૜
૝൰

࢏

∙ ൬
૛
૜൰

࢏

= ൬
૚
૛൰

࢏

 

෍෍(−૚)࢐ ∙ ൬
࢏
࢐൰ ∙

૜࢐ି࢏

૝࢏

࢏

࢐ୀ૙

࢑

ୀ૙࢏

= ෍൬
૚
૛൰

࢑࢏

ୀ૙࢏

= ૚ +
૚
૛ + ൬

૚
૛൰

૛

+ ⋯+ ൬
૚
૛൰

࢑

= ૛ ቈ૚ − ൬
૚
૛൰

࢑

቉ 

෍෍෍(−૚)࢐ ∙ ൬
࢏
࢐൰ ∙

૜࢐ି࢏

૝࢏

࢏

࢐ୀ૙

࢑

ୀ૙࢏

࢔

࢑ୀ૙

= ૛෍ቈ૚ − ൬
૚
૛൰

࢑

቉
࢔

࢑ୀ૙

= ૛࢔ − ૝ ቈ૚ − ൬
૚
૛൰

࢔

቉ 

Therefore, 

Ω = ܕܑܔ
ஶ→࢔

ቌ
૚
෍෍෍(−૚)࢐࢔ ∙ ൬

࢏
࢐൰ ∙

૜࢐ି࢏

૝࢏

࢏

࢐ୀ૙

࢑

ୀ૙࢏

࢔

࢑ୀ૙

ቍ = ܕܑܔ
ஶ→࢔

૚
࢔ ቆ૛࢔ − ૝ ቈ૚ − ൬

૚
૛൰

࢔

቉ቇ = 

= ܕܑܔ
ஶ→࢔

൬૛ −
૝
൰࢔ = ૛ 

1182. Find: 

Ω = ܕܑܔ
ஶ→࢔

ඩ൭෍࢑૜ ቀ
࢔
࢑ቁ

૛࢔

࢑ୀ૚

൱൭෍࢑૛ ቀ
࢔
࢑ቁ

૛࢔

࢑ୀ૚

൱
ି૚

࢔

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Abdallah El Farissi-Bechar-Algerie 

We have for ࢑ ∈ {૚,૛, … ࢑൯࢔࢑૛൫,{࢔,
૛
≤ ࢑૜൫࢑࢔൯

૛
≤ ࢑൯࢔࢑૛൫࢔

૛
 then 

෍࢑૛ ቀ
࢔
࢑
ቁ
૛

࢔

࢑ୀ૚

≤෍࢑૜ ቀ
࢔
࢑
ቁ
૛

࢔

࢑ୀ૚

≤෍࢑࢔૛ ቀ
࢔
࢑
ቁ
૛

࢔

࢑ୀ૚

⇔ 

૚ ≤ ඩ൭෍࢑૜ ቀ
࢔
࢑
ቁ
૛࢔

࢑ୀ૚

൱൭෍࢑૛ ቀ
࢔
࢑
ቁ
૛࢔

࢑ୀ૚

൱
ି૚

࢔

≤ ࢔
૚
 ࢔
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Ω = ܕܑܔ
ஶ→࢔

ඩ൭෍࢑૜ ቀ
࢔
࢑
ቁ
૛࢔

࢑ୀ૚

൱൭෍࢑૛ ቀ
࢔
࢑
ቁ
૛࢔

࢑ୀ૚

൱
ି૚

࢔

= ૚ 

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie 

We’ll use the identity: 

ቀ
࢔
࢑
ቁ = න

(૚ + ࢔(ࢠ

࢑ା૚ࢠ ∙
ࢠࢊ
૛࣊࢏

ୀ૚|ࢠ|

 

࣐૚(࢔) = ෍࢑૛ ቀ
࢔
࢑
ቁ
૛

࢔

࢑ୀ૚

= ෍࢑૛ ቀ
࢔
࢑
ቁቀ

࢔
࢔ − ࢑

ቁ
࢔

࢑ୀ૚

= න
(૚ + ࢔(ࢠ

ା૚࢔ࢠ ෍࢑૛ ቀ
࢔
࢑
ቁ ࢑ࢠ ∙

ࢠࢊ
૛࣊࢏

࢔

࢑ୀ૚

		
ୀ૚|ࢠ|

= 

= න
(૚ + ࢔(ࢠ

ା૚࢔ࢠ
ቀࢠ࢔(૚ + ૛(૚ି࢔(ࢠ + ቁ(ࢠ࢔

ࢠࢊ
૛࣊࢏

ୀ૚|ࢠ|

= 

= ૛࢔ න
(૚ + ૛ି࢔૛(ࢠ

૚ି࢔ࢠ ∙
ࢠࢊ
૛࣊࢏

|ୀ૚ࢠ|

+ ࢔ න
(૚ + ૛ି࢔૛(ࢠ

࢔ࢠ ∙
ࢠࢊ
૛࣊࢏

ୀ૚|ࢠ|

= 

= ૛࢔ ൬
૛࢔ − ૛
࢔ − ૛ ൰ + ൬࢔

૛࢔ − ૛
−࢔ ૚ ൰ =

૝ି࢔૚࢔૛Г ቀ࢔ − ૚
૛ቁ

࢔)࣊√ − ૚)!
 

Similarly: 

࣐૛(࢔) = ෍࢑૜ ቀ
࢔
࢑
ቁ
૛

࢔

࢑ୀ૚

=
૛૛ି࢔૜࢔૛Г ቀ࢔ − ૚

૛ቁ

−࢔)࣊√ ૚)!
 

Ω = ܕܑܔ
ஶ→࢔

ඩ൭෍࢑૜ ቀ
࢔
࢑
ቁ
૛࢔

࢑ୀ૚

൱൭෍࢑૛ ቀ
࢔
࢑
ቁ
૛࢔

࢑ୀ૚

൱
ି૚

࢔

= ܕܑܔ
ஶ→࢔

ඨ
࣐૛(࢔)
࣐૚(࢔)

࢔
= ܕܑܔ

ஶ→࢔
ඨ࢔ + ૚

૛
࢔

= ૚ 

Solution 3 by Adrian Popa-Romania  

૚ࡿ = ෍࢑૛ ቀ
࢔
࢑
ቁ
૛

࢔

࢑ୀ૚

 

࢑
࢔
ቀ
࢔
࢑
ቁ = ൬

࢔ − ૚
࢑ − ૚൰ ⇒ ࢑ ቀ

࢔
࢑
ቁ = ൬࢔

࢔ − ૚
࢑ − ૚൰ ⇒ ࢑૛ ቀ

࢔
࢑
ቁ
૛

= ૛࢔ ൬
࢔ − ૚
࢑ − ૚൰

૛

⇒ 
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૚ࡿ = ෍࢑૛ ቀ
࢔
࢑
ቁ
૛

࢔

࢑ୀ૚

= ෍࢔૛ ൬
࢔ − ૚
࢑− ૚൰

૛࢔

࢑ୀ૚

= ૛࢔ ൬
૛࢔ − ૛
࢔ − ૚ ൰ =

࢔૛(૛࢔ − ૛)!
−࢔)) ૚)!)૛  

૛ࡿ = ෍࢑૜ ቀ
࢔
࢑
ቁ
૛࢔

࢑ୀ૚

= ෍࢑ ∙ ࢑૛ ቀ
࢔
࢑
ቁ
૛࢔

࢑ୀ૚

= ෍࢑ ∙ ૛࢔ ൬
࢔ − ૚
࢑ − ૚൰

૛࢔

࢑ୀ૚

= ૛෍࢑൬࢔
࢔ − ૚
࢑ − ૚൰

૛࢔

࢑ୀ૚

 

࢑
࢔
ቀ
࢔
࢑
ቁ = ൬

࢔ − ૚
࢑ − ૚൰ ⇒

࢑ − ૚
࢔ − ૚൬

࢔ − ૚
࢑ − ૚൰ = ൬

࢔ − ૛
࢑ − ૛൰ ⇒

(࢑− ૚) ൬
࢔ − ૚
࢑ − ૚൰ = −࢔) ૚) ൬

࢔ − ૛
࢑− ૛൰ 

૛ࡿ = ૛෍࢑൬࢔
࢔ − ૚
࢑ − ૚൰

૛࢔

࢑ୀ૚

= ࢑)૛෍࢔ − ૚ + ૚) ൬
࢔ − ૚
࢑ − ૚൰

૛࢔

࢑ୀ૚

= 

= ࢑)૛[෍࢔ − ૚) ൬
࢔ − ૚
࢑ − ૚൰ ൬

࢔ − ૚
࢑− ૚൰

࢔

࢑ୀ૚

+ ෍൬
࢔ − ૚
࢑ − ૚൰

૛࢔

࢑ୀ૚

= 

= ૛࢔ ൥෍(࢔− ૚) ൬
࢔ − ૛
࢑ − ૛൰ ൬

࢔ − ૚
࢑ − ૚൰

࢔

࢑ୀ૛

+ ൬
૛࢔ − ૛
−࢔ ૚ ൰

൩ = 

= −࢔)૛࢔ ૚)෍൬
−࢔ ૛
࢑ − ૛൰ ൬

࢔ − ૚
࢑ − ૚൰

࢔

࢑ୀ૛

+ ૛࢔ ൬
૛࢔ − ૛
࢔ − ૚ ൰ 

Let’s find that: 

૜ࡿ = ෍൬
−࢔ ૛
࢑− ૛൰ ൬

࢔ − ૚
࢑ − ૚൰

࢔

࢑ୀ૛

 

We have that: 

(૚ + ૛ି࢔(࢞ = ෍൬
−࢔ ૛

−࢔ ࢑ − ૛൰࢞
࢑

࢔

࢑ୀ૙

૚)	܌ܖ܉	 + ૚ି࢔(࢞ = ෍൬
−࢔ ૚

࢔ − ࢑ − ૚൰࢞
࢑

࢔

࢑ୀ૙

	 

∑ ൫ି࢔૛࢑ି૛൯൫
૚ି࢔
࢑ି૚൯

࢔
࢑ୀ૛  is the coefficient by ࢞ି࢔૛  from product (૚ + ૛ି࢔(࢞ ∙ (૚ +  ૚ି࢔(࢞

On the other hand, coefficient by ࢞ି࢔૛ from product  

(૚ + ૛ି࢔(࢞ ∙ (૚ + ૚ି࢔(࢞ = (૚ + ࢞)૛ି࢔૜ is ൫૛ି࢔૜ି࢔૛ ൯ 

Therefore, 

૜ࡿ = ෍൬
−࢔ ૛
࢑ − ૛൰ ൬

࢔ − ૚
࢑ − ૚൰

࢔

࢑ୀ૛

= ൬
૛࢔ − ૜
࢔ − ૛ ൰ 
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∑ ࢑૜൫࢑࢔൯
૛࢔

࢑ୀ૚

∑ ࢑૛൫࢑࢔൯
૛࢔

࢑ୀ૚

=
࢔)૛࢔ − ૚)൫૛ି࢔૜ି࢔૛ ൯ + ૚ି࢔૛ି࢔૛൫૛࢔ ൯

૚൯ି࢔૛ି࢔૛൫࢔
= ࢔) − ૚)

൫૛ି࢔૜ି࢔૛ ൯
൫૛ି࢔૛ି࢔૚ ൯

+ ૚ = 

=
࢔) − ૚)૛

૛࢔ − ૛ + ૚ =
+࢔ ૚
૛  

= ܕܑܔ
ஶ→࢔

ඩ൭෍࢑૜ ቀ
࢔
࢑
ቁ
૛

࢔

࢑ୀ૚

൱൭෍࢑૛ ቀ
࢔
࢑
ቁ
૛

࢔

࢑ୀ૚

൱
ି૚

࢔

= ܕܑܔ
ஶ→࢔

ඨ࢔ + ૚
૛

࢔
࡭ᇲࡰି࡯= ܕܑܔ

ஶ→࢔

+࢔ ૛
૛ ∙

૛
࢔ + ૚ 	= ૚ 

1183.  

࢔࢞ = ෍
૚

૚ +࣓࢑

૚ି࢔

࢑ୀ૚

࢔࢟, = ෍
࣓૛࢑

૚+ ࣓࢑

૚ି࢔

࢑ୀ૚

࢔࣓, = ૚,࣓ ≠ ૚,࢔ ∈ ℕ,࢔ ≥ ૜ 

Find: 

Ω = ܕܑܔ
ஶ→࢔

࢔ࡴࢋ

࢔࢞ − ࢔࢟
 

Proposed by Surjeet Singhania-India 

Solution by Adrian Popa-Romania 

࢔࢞ − ࢔࢟ = ෍
૚

૚ + ࣓࢑

૚ି࢔

࢑ୀ૚

−෍
࣓૛࢑

૚ + ࣓࢑

૚ି࢔

࢑ୀ૚

= ෍
૚−࣓૛࢑

૚ + ࣓࢑

૚ି࢔

࢑ୀ૚

= ෍൫૚ − ࣓࢑൯
૚ି࢔

࢑ୀ૚

= −࢔ ૚ −෍࣓࢑
૚ି࢔

࢑ୀ૚

= 

= ࢔ − ૚ + ࣓ ∙
૚ି࢔࣓ − ૚
࣓ − ૚ = ࢔ − ૚ −

࢔࣓ −࣓
࣓− ૚ = ࢔ − ૚ −

૚ − ࣓
࣓− ૚ =  ࢔

Therefore, 

Ω = ܕܑܔ
ஶ→࢔

࢔ࡴࢋ
࢔࢞ − ࢔࢟

= ܕܑܔ
ஶ→࢔

࢔ࡴࢋ
࢔ = ܕܑܔ

ஶ→࢔

࢔ࢍ࢕࢒ࢋ ∙ ࢽࢋ

࢔ =  ࢽࢋ

 

1184. Find: 

Ω = ܕܑܔ
ஶ→࢔

൭(૚ − ෑ(࢏
࢑૛ + ࢑ + ૚ + ࢏

ඥ(࢑૛ + ૚)(࢑૛ + ૛࢑ + ૛)

࢔

࢑ୀ૚

൱ 

Proposed by Daniel Sitaru-Romania 
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Solution by Adrian Popa-Romania 

ෑ
࢑૛ + ࢑ + ૚ + ࢏

ඥ(࢑૛ + ૚)(࢑૛ + ૛࢑ + ૛)

࢔

࢑ୀ૚

= ෑ
(࢑ + ࢑)(࢏ + ૚ − (࢏

ඥ(࢑ + ࢑)(࢏ − +࢑)(࢏ ૚ + ࢑)(࢏ + ૚ − (࢏

࢔

࢑ୀ૚

= 

= ෑඨ
(࢑+ ࢑)(࢏ + ૚ − (࢏
(࢑− ࢑)(࢏ + ૚ + (࢏

࢔

࢑ୀ૚

= ඨ
(૚ + ࢔)(࢏ + ૚ − (࢏
(૚ − ࢔)(࢏ + ૚ +  (࢏

Ω = ܕܑܔ
ஶ→࢔

ቌ(૚ − ෑ(࢏
࢑૛ + ࢑+ ૚ + ࢏

ඥ(࢑૛ + ૚)(࢑૛ + ૛࢑+ ૛)

࢔

࢑ୀ૚

ቍ = 

= ܕܑܔ
ஶ→࢔

ඨ
(૚ + +࢔)(࢏ ૚ − (࢏
(૚ − +࢔)(࢏ ૚ + (࢏ = ܕܑܔ

ஶ→࢔
ඨ૛(࢔ + ૚ − (࢏

࢔ + ૚ + ࢏ = √૛ 

1185. Find: 

Ω = ܕܑܔ
ஶ→࢔

൭
ૡ࢔

࢔૛)࢔ + ૚)૛ ∙ෑ࢙࢔࢏ ൬
࢑࣊
࢔ ൰ ∙ෑ࢙࢔࢏૛ ൬

࢑࣊
૛࢔ + ૚൰ ∙ ෑ ൬࢔࢏࢙

࢑࣊
૛࢔+ ૚൰

૛࢔

࢑ୀ࢔ା૚

࢔

࢑ୀ૚

૚ି࢔

࢑ୀ૚

൱ 

Proposed by Daniel Sitaru-Romania 

Solution by Adrian Popa-Romania 

ࡼ = ෑ࢙࢔࢏ ൬
࢑࣊
࢔ ൰

૚ି࢔

࢑ୀ૚

= ࢔࢏࢙
࣊
࢔ ∙ ࢔࢏࢙

૛࣊
࢔ ∙ … ∙ ࢔࢏࢙

࢔) − ૚)࣊
࢔  

Let be the equation: ࢞࢔ − ૚ = ૙ ⇔ ࢔࢞ = ૙࢙࢕ࢉ + ૙࢔࢏࢙࢏ ⇒ 

࢞࢑ = ࢙࢕ࢉ
૛࢑࣊
࢔ + ࢔࢏࢙࢏

૛࢑࣊
࢔ ,࢑ ∈ {૙,૚, … , ࢔) − ૚)} 

࢔࢞ − ૚ = (࢞ − ૚)(࢞ − ࢞૚)(࢞ − ࢞૛) ∙ … ∙ (࢞ − (࢔࢞ = 

= (࢞ − ૚) ൬࢞ − ࢙࢕ࢉ
૛࣊
࢔ − ࢔࢏࢙࢏

૛࣊
࢔ ൰ ∙ … ∙ ቆ࢞ − ࢙࢕ࢉ

૛(࢔− ૚)࣊
࢔ − ࢔࢏࢙࢏

૛(࢔ − ૚)࣊
࢔ ቇ ; (૚) 

But ࢞
૚ି࢔
࢞ି૚

= ૚ି࢔࢞ + ૛ି࢔࢞ + ⋯+ ࢞ + ૚; 		(૛) 

From (1),(2) and ࢞ = ૚, we get: 

࢔ = ෑ൬૚ − ࢙࢕ࢉ
૛࢑࣊
࢔ − ࢔࢏࢙࢏

૛࢑࣊
࢔ ൰

૚ି࢔

࢑ୀ૚

= ෑ൬૛࢙࢔࢏૛
࢑࣊
࢔ − ૛࢔࢏࢙࢏

࢑࣊
࢔ ࢙࢕ࢉ

࢑࣊
࢔ ൰

૚ି࢔

࢑ୀ૚

= 
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= ෑ૛࢙࢔࢏
࢑࣊
࢔

૚ି࢔

࢑ୀ૚

൬࢙࢔࢏
࢑࣊
࢔ − ࢙࢕ࢉ࢏

࢑࣊
࢔ ൰ = 

=
૛ି࢔૚

૚ି࢔࢏
∙ ࢔࢏࢙

࣊
࢔
∙ ࢔࢏࢙

૛࣊
࢔
∙… ∙ ࢔࢏࢙

−࢔) ૚)࣊
࢔

∙ෑቀ࢙࢕ࢉ
࣊
࢔

+ ࢔࢏࢙࢏
࣊
࢔
ቁ
࢑

૚ି࢔

࢑ୀ૚

= 

=
૛ି࢔૚

૚ି࢔࢏ ∙ ࡼ ∙ ቀ࢙࢕ࢉ
࣊
࢔ + ࢔࢏࢙࢏

࣊
࢔
ቁ
૚ା૛ା⋯ାି࢔૚

= 

=
૛ି࢔૚

૚ି࢔࢏ ∙ ࡼ ∙ ቆ࢙࢕ࢉ
࢔)࢔ − ૚)࣊

૛࢔ + ࢔࢏࢙࢏
࢔)࢔ − ૚)࣊

૛࢔ ቇ = 

=
૙࢙࢕ࢉ + ૙࢔࢏࢙࢏

ቀ࢙࣊࢕ࢉ૛ + ࢔࢏࢙࢏ ࣊૛ቁ
૚ି࢔ ∙ ૛

૚ି࢔ ∙ ࡼ ∙ ቆ࢙࢕ࢉ
࢔) − ૚)࣊

૛࢔ + ࢔࢏࢙࢏
−࢔) ૚)࣊

૛࢔ ቇ = 

= ቆ࢙࢕ࢉ
−࢔) ૚)࣊

૛࢔
− ࢔࢏࢙࢏

࢔) − ૚)࣊
૛࢔

ቇ ∙ ૛ି࢔૚ ∙ ࡼ ∙ ቆ࢙࢕ࢉ
࢔) − ૚)࣊

૛࢔
+ ࢔࢏࢙࢏

−࢔) ૚)࣊
૛࢔

ቇ = 

= ૛ି࢔૚ ∙  ,Hence . ࡼ

ࡼ = ෑ࢙࢔࢏൬
࢑࣊
࢔ ൰

૚ି࢔

࢑ୀ૚

= ࢔࢏࢙
࣊
࢔ ∙ ࢔࢏࢙

૛࣊
࢔ ∙ … ∙ ࢔࢏࢙

࢔) − ૚)࣊
࢔ =

࢔
૛ି࢔૚  

Therefore, 

ෑ࢙࢔࢏൬
࢑࣊
+࢔ ૚൰

࢔

࢑ୀ૚

=
࢔ + ૚
૛࢔ ⇒ෑ࢙࢔࢏૛

࢑࣊
+࢔ ૚

࢔

࢑ୀ૚

= ൭ෑ࢙࢔࢏൬
࢑࣊
࢔ + ૚൰

࢔

࢑ୀ૚

൱
૛

=
࢔) + ૚)૛

૛૛࢔  

ෑ ࢔࢏࢙ ൬
࢑࣊

૛࢔ + ૚൰
૛࢔

࢑ୀ࢔ା૚

=
∏ ࢔࢏࢙ ቀ ࢑࣊

૛࢔ + ૚ቁ
૛࢔
࢑ୀ૚

∏ ࢔࢏࢙ ቀ ࢑࣊
૛࢔ + ૚ቁ

࢔
࢑ୀ૚

=
૛࢔ + ૚
૛૛࢔
૛ࡼ

=
૛࢔+ ૚
૛૛࢔

√૛࢔+ ૚
૛࢔

=
√૛࢔ + ૚

૛࢔  

૛ࡼ = ෑ࢙࢔࢏൬
࢑࣊

૛࢔ + ૚൰
࢔

࢑ୀ૚

= ෑ࢙࢔࢏൬࣊ −
࢑࣊

૛࢔ + ૚൰
࢔

࢑ୀ૚

=
√૛࢔+ ૚

૛࢔  

Ω = ܕܑܔ
ஶ→࢔

൭
ૡ࢔

+࢔૛)࢔ ૚)૛ ∙ෑ࢙࢔࢏ ൬
࢑࣊
࢔ ൰ ∙ෑ࢙࢔࢏૛ ൬

࢑࣊
૛࢔ + ૚൰ ∙ ෑ ൬࢔࢏࢙

࢑࣊
૛࢔ + ૚൰

૛࢔

࢑ୀ࢔ା૚

࢔

࢑ୀ૚

૚ି࢔

࢑ୀ૚

൱ = 

= ܕܑܔ
ஶ→࢔

ૡ࢔

+࢔૛)࢔ ૚)૛ ∙
૛࢔
૛࢔ ∙

࢔) + ૚)૛

૛૛࢔ ∙
√૛࢔+ ૚

૛࢔ = 
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= ܕܑܔ
ஶ→࢔

૛(࢔ + ૚)૛

(૛࢔ + ૚)૛ ∙
√૛࢔ + ૚

૛࢔ = ૙ 

1186. Find: 

Ω = ܕܑܔ
ஶ→࢔

ඥ(૚ + !࢔(!࢔

࢔ ∙ !(!࢔)  

Proposed by Daniel Sitaru-Romania 

Solution by Ahmed Yackoube Chach-Lille-France 

Ω࢔ =
ඥ(૚ + !࢔(!࢔

࢔ ∙ !(!࢔) =
ඥ(࢔!)࢔!ටቀ૚ + ૚

ቁ!࢔
!࢔

!࢔૛࣊√࢔ ቀ࢔!
ࢋ ቁ

!࢔ =
ටቀ૚ + ૚

ቁ!࢔
!࢔
!࢔!࢔√ !࢔ࢋ

ା૚!࢔!࢔√૛࣊√࢔
= 

=
ටቀ૚ + ૚

ቁ!࢔
!࢔

૛࣊√࢔
ା૚!࢔ି!࢔ࢋ

૛ (!࢔)ࢍ࢕࢒  

ܕܑܔ
ஶ→࢔

ඨ൬૚ +
૚
൰!࢔

!࢔

=  ࢋ√

ܕܑܔ
ஶ→࢔

ା૚!࢔ି!࢔ࢋ
૛ (!࢔)ࢍ࢕࢒ =  ஶିࢋ

Therefore, 

Ω = ܕܑܔ
ஶ→࢔

ඥ(૚ + !࢔(!࢔

࢔ ∙ !(!࢔) = ܕܑܔ
ஶ→࢔

૚
	࢔
ට
ࢋ
૛࣊ࢋ

ିஶ = ૙ 

 

1187. Let (࢔ࢇ)࢔ஹ૚ and (࢔࢈)࢔ஹ૚ be positive real sequences such that  

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ − ࢔ࢇ
࢔ = ࢇ ∈ ℝା

∗ ܌ܖ܉ ܕܑܔ
ஶ→࢔

ା૚࢔࢈
࢔࢈࢔

= ࢈ ∈ ℝା
∗  

Find: 

Ω = ܕܑܔ
ஶ→࢔

ቆ
ା૚࢔ࢇ
ඥ࢔࢈ା૚

శ૚࢔ −
࢔ࢇ
ඥ࢔࢈
࢔

ቇ 

Proposed by D.M.Bătineţu-Giurgiu and NeculaiStanciu-Romania 
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Solution 1 by Marian Ursărescu-Romania 

Ω = ܕܑܔ
ஶ→࢔

ቆ
ା૚࢔ࢇ
ඥ࢔࢈ା૚

శ૚࢔ −
࢔ࢇ
ඥ࢔࢈
࢔ ቇ = Ω = ܕܑܔ

ஶ→࢔

࢔ࢇ
ඥ࢔࢈
࢔ ቆ

ା૚࢔ࢇ
࢔ࢇ

∙
ඥ࢔࢈
࢔

ඥ࢔࢈ା૚
శ૚࢔ − ૚ቇ = 

= ܕܑܔ
ஶ→࢔

࢔ࢇ
૛࢔ ∙

࢔
ඥ࢔࢈
࢔ ∙ ࢔ ቆ

ା૚࢔ࢇ
࢔ࢇ

∙
ඥ࢔࢈
࢔

ඥ࢔࢈ା૚
శ૚࢔ − ૚ቇ ; 		(૚) 

ܕܑܔ
ஶ→࢔

࢔ࢇ
૛࢔ ࡿି࡯= ܕܑܔ

ஶ→࢔

ା૚࢔ࢇ − ࢔ࢇ
+࢔) ૚)૛ − ૛࢔ = ܕܑܔ

ஶ→࢔

ା૚࢔ࢇ − ࢔ࢇ
࢔ ∙

࢔
૛࢔ + ૚ =

ࢇ
૛ ; 	(૛) 

ܕܑܔ
ஶ→࢔

࢔
ඥ࢔࢈
࢔ = ܕܑܔ

ஶ→࢔
ඨ
࢔࢔

࢔࢈

࢔
ࡰି࡯= ܕܑܔ

ஶ→࢔

࢔) + ૚)࢔ା૚

ା૚࢔࢈
∙
࢔࢈
࢔࢔ = ܕܑܔ

ஶ→࢔
൬૚ +

૚
൰࢔

࢔

∙
࢔ + ૚
࢔ ∙

࢔࢈࢔
ା૚࢔࢈

=
ࢋ
࢈ ; 		(૜) 

ܕܑܔ
ஶ→࢔

࢔	 ቆ
ା૚࢔ࢇ
࢔ࢇ

∙
ඥ࢔࢈
࢔

ඥ࢔࢈ା૚
శ૚࢔ − ૚ቇ = ܕܑܔ

ஶ→࢔
ࢋቌ࢔

࢔ࢇశ૚࢔ࢇቆࢍ࢕࢒
∙

ඥ࢔࢈
࢔

ඥ࢔࢈శ૚
శ૚࢔ ቇ

− ૚ቍ = 

= ܕܑܔ
ஶ→࢔

࢔

⎝

⎜
ࢋ⎛

࢔ࢇశ૚࢔ࢇቆࢍ࢕࢒
∙

ඥ࢔࢈
࢔

ඥ࢔࢈శ૚
శ૚࢔ ቇ

− ૚

࢔ࢇା૚࢔ࢇቆࢍ࢕࢒
∙ ඥ࢔࢈

࢔

ඥ࢔࢈ା૚
శ૚࢔ ቇ

⎠

⎟
⎞
ቆࢍ࢕࢒

ା૚࢔ࢇ
࢔ࢇ

∙
ඥ࢔࢈
࢔

ඥ࢔࢈ା૚
శ૚࢔ ቇ = 

= ܕܑܔ
ஶ→࢔

ቆࢍ࢕࢒࢔
ା૚࢔ࢇ
࢔ࢇ

∙
ඥ࢔࢈
࢔

ඥ࢔࢈ା૚
శ૚࢔ ቇ = ܕܑܔ

ஶ→࢔
ቆࢍ࢕࢒

ା૚࢔ࢇ
࢔ࢇ

∙
ඥ࢔࢈
࢔

ඥ࢔࢈ା૚
శ૚࢔ ቇ

࢔

= 

= ࢍ࢕࢒ ൬ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ
࢔ࢇ

൰
࢔
∙
࢔࢈
ା૚࢔࢈

∙ ඥ࢔࢈ା૚
శ૚࢔ ൰ = ܕܑܔቆࢍ࢕࢒

ஶ→࢔
൬
ା૚࢔ࢇ
࢔ࢇ

൰
࢔
∙
࢔࢈࢔
ା૚࢔࢈

∙
ඥ࢔࢈ା૚

శ૚࢔

࢔ ቇ ; (૝) 

ܕܑܔ
ஶ→࢔

࢔࢈࢔
ା૚࢔࢈

=
૚
࢈ ; (૞) 

ܕܑܔ
ஶ→࢔

ඥ࢔࢈ା૚
శ૚࢔

࢔ = ܕܑܔ
ஶ→࢔

࢔ + ૚
࢔ ∙

ඥ࢔࢈ା૚
శ૚࢔

࢔ + ૚ =
(૜) ࢈

ࢋ ; 		(૟) 

ܕܑܔ
ஶ→࢔

൬
ା૚࢔ࢇ
࢔ࢇ

൰
࢔

= ܕܑܔ
ஶ→࢔

൬૚ +
ା૚࢔ࢇ − ࢔ࢇ

࢔ࢇ
൰
࢔

= ܕܑܔ
ஶ→࢔

൥൬૚ +
ା૚࢔ࢇ − ࢔ࢇ

࢔ࢇ
൰

࢔ࢇ
൩࢔ࢇశ૚ି࢔ࢇ

࢔ࢇ࢔ࢇశ૚ି࢔ࢇ∙࢔
= 

= ࢋ ܕܑܔ
ಮ→࢔

૛࢔
࢔ࢇ
࢔࢔ࢇశ૚ି࢔ࢇ∙	 = ;૛ࢋ 		(ૠ) 

From (૝) + (૞) + (૟) + (ૠ) we get: 
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ܕܑܔ
ஶ→࢔

ࢍ࢕࢒࢔ ቆ
ା૚࢔ࢇ
࢔ࢇ

∙
ඥ࢔࢈
࢔

ඥ࢔࢈ା૚
శ૚࢔ − ૚ቇ = ૛ࢋ൬ࢍ࢕࢒ ∙

૚
࢈ ∙

࢈
൰ࢋ = ࢋࢍ࢕࢒ = ૚; 		(ૡ) 

From (૚) + (૛) + (૜) + (ૡ) we get:Ω = ࢇ
૛
∙ ࢋ
࢈
∙ ૚ = ࢋࢇ

૛࢈
 

Solution 2 by Nassim Taleb-New York-USA 

Ω = ܕܑܔ
ஶ→࢔

ቆ
ା૚࢔ࢇ
ඥ࢔࢈ା૚

శ૚࢔ −
࢔ࢇ
ඥ࢔࢈
࢔ ቇ 

We replace ࢔ࢇା૚ = ࢇ ∙ +࢔ ࢔ࢇ,࢔ࢇ = − ࢇ࢔
૛

+ ࢇ૛࢔
૛

+  .૚ (from the recurrence equation)ࢉ

࢔࢈ = −࢔)૛ࢉ૚ି࢔࢈ ૚)! where ࢉ૚, ૛ࢉ −are constants and further write (࢔ − ૚)! as Г(࢔). 

Allora: since ܕܑܔ
ஶ→࢔

ି(࢔)Г࢔
૚

శ૚࢔ =  ,(via the Stirling approximation before taking the limit) ࢋ

likewise ܕܑܔ
ஶ→࢔

ି࢔
૚

ି(࢔)శ૚Г࢔
૚

శ૚࢔ = ૙, etc., 

We end up (unless/made a mistake adding something somewhere) with  

Ω =
૚
૛ ∙

ࢇ
࢈  ࢋ

1188. Let be (࢔ࢇ)࢔ஹ૚, ࢔࢈,࢔ࢇ,ஹ૚࢔(࢔࢈) ∈ ℝା
∗ = (૙,∞) such that  

ܕܑܔ
ஶ→࢔

࢔ࢇ = ࢇ ∈ ℝା
∗  and (࢔࢈)࢔ஹ૚ is a bounded sequence. If  

࢔࢞,ஹ૚࢔(࢔࢞) = ∏ ࢑ࢇ࢑) + ࢔(࢑࢈
࢑ୀ૚  find: 

ܕܑܔ
ஶ→࢔

൫ ඥ࢞࢔ା૚
శ૚࢔ − ඥ࢞࢔࢔ ൯ 

Proposed by D.M. Bătinețu-Giurgiu and Daniel Sitaru-Romania 

Solution by Marian Ursărescu-Romania 

ࡸ = ܕܑܔ
ஶ→࢔

൫ ඥ࢞࢔ା૚
శ૚࢔ − ඥ࢞࢔࢔ ൯ = ܕܑܔ

ஶ→࢔

ඥ࢞࢔࢔

࢔ ∙ ቆ࢔
ඥ࢞࢔ା૚࢔శ૚

ඥ࢞࢔࢔ − ૚ቇ ; 		(૚) 

ܕܑܔ
ஶ→࢔

ඥ࢞࢔࢔

࢔ = ܕܑܔ
ஶ→࢔

ට
࢔࢞
࢔࢔

࢔
ࡰି࡯= ܕܑܔ

ஶ→࢔

ା૚࢔࢞
࢔) + ૚)࢔ା૚ ∙

࢔࢔

࢔࢞
= ܕܑܔ

ஶ→࢔
ቀ

࢔
+࢔ ૚

ቁ
࢔
∙

ା૚࢔࢞
+࢔) ૚)࢞࢔

= 

= ܕܑܔ
ஶ→࢔

ቀ
࢔

࢔ + ૚
ቁ
࢔
∙

+࢔) ૚)࢔ࢇା૚ + ା૚࢔࢈
࢔ + ૚ =

ࢇ
ࢋ ; 		(૛) 
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Because ܕܑܔ
ஶ→࢔

ቀ ࢔
ା૚࢔

ቁ
࢔

= ૚
ࢋ
 and ܕܑܔ

ஶ→࢔

శ૚࢔࢈శ૚ା࢔ࢇ(ା૚࢔)
ା૚࢔

= ܕܑܔ
ஶ→࢔

ቀ࢔ࢇା૚ + శ૚࢔࢈
ା૚࢔

ቁ = ࢔࢈,ࢇ −is 

bounded. 

ܕܑܔ
ஶ→࢔

ቆ࢔
ඥ࢞࢔ା૚࢔శ૚

ඥ࢞࢔࢔ − ૚ቇ = ܕܑܔ
ஶ→࢔

ࢋቌ࢔
ቆࢍ࢕࢒

ඥ࢞࢔శ૚
శ૚࢔

ඥ࢞࢔࢔ ቇ
− ૚ቍ = 

= ܕܑܔ
ஶ→࢔

⎝

⎜
ࢋ⎛

ቆࢍ࢕࢒
ඥ࢞࢔శ૚

శ૚࢔

ඥ࢞࢔࢔ ቇ
− ૚

ࢍ࢕࢒ ቆ ඥ࢞࢔ା૚࢔శ૚

ඥ࢞࢔࢔ ቇ
⎠

⎟
⎞
ࢍ࢕࢒࢔ ቆ

ඥ࢞࢔ା૚࢔శ૚

ඥ࢞࢔࢔ ቇ = 

= ܕܑܔ
ஶ→࢔

ቆࢍ࢕࢒
ඥ࢞࢔ା૚࢔శ૚

ඥ࢞࢔࢔ ቇ
࢔

= ܕܑܔቆࢍ࢕࢒
ஶ→࢔

ା૚࢔࢞
࢔࢞

∙
૚

ඥ࢞࢔ା૚࢔శ૚ ቇ = 

= ࢍ࢕࢒ ቆܕܑܔ
ஶ→࢔

࢔) + ૚)࢔ࢇା૚ + ା૚࢔࢈
࢔ + ૚ ∙

࢔ + ૚
ඥ࢔࢈ା૚

శ૚࢔ ቇ = 

= ࢍ࢕࢒ ቀࢇ ∙
ࢋ
ࢇ
ቁ = ࢋࢍ࢕࢒ = ૚; (૜) 

From (૚), (૛), (૜) we get: ࡸ = ࢇ
ࢋ
 

1189. Find a closed form: 

Ω = ෍ ෍
૚

૛࢓)૛࢔૝࢓ + (૛࢔

ஶ

ୀ૚࢓

ஶ

ୀ૚࢔

 

Proposed by Surjeet Singhania-India 

Solution 1 by Soumitra Mandal-Chandar Nagore-India 

Ω = ෍ ෍
૚

૛࢓)૛࢔૝࢓ + (૛࢔

ஶ

ୀ૚࢔

ஶ

ୀ૚࢓

= ෍ ෍
૚

૛࢓)૛࢓૝࢔ + (૛࢔

ஶ

ୀ૚࢔

ஶ

ୀ૚࢓

 

૛Ω = ෍ ෍
૚

૛࢓) + (૛࢔

ஶ

ୀ૚࢓

ஶ

ୀ૚࢔

൬
૚

૛࢔૝࢓ +
૚

૝൰࢔૛࢓ = ෍ ෍
૚

૛࢓ + ૛࢔

ஶ

ୀ૚࢔

ஶ

ୀ૚࢓

∙
૛࢓ + ૛࢔

૝࢔૝࢓ = 

= ൭෍
૚
૝࢓

ஶ

ୀ૚࢓

൱൭෍
૚
૝࢔

ஶ

ୀ૚࢔

൱ =
࣊ૡ

ૡ૚૙૙ 
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൭∴ ෍
૚
૝࢔

ஶ

ୀ૚࢔

=
࣊૝

ૢ૙
൱ 

Ω =
࣊ૡ

૚૟૛૙૙ 

Solution 2 by Precious Itsuokor-Nigeria 

Ω = ෍ ෍
૚

૛࢓)૛࢔૝࢓ + (૛࢔

ஶ

ୀ૚࢔

ஶ

ୀ૚࢓

= ෍ ෍
૚

૛࢓)૛࢓૝࢔ + (૛࢔

ஶ

ୀ૚࢔

ஶ

ୀ૚࢓

 

૛Ω = ෍ ෍
૚

૛࢓) + (૛࢔

ஶ

ୀ૚࢓

ஶ

ୀ૚࢔

൬
૚

૛࢔૝࢓ +
૚

૝൰࢔૛࢓ = ෍ ෍
૚

૛࢓ + ૛࢔

ஶ

ୀ૚࢔

ஶ

ୀ૚࢓

∙
૛࢓ + ૛࢔

૝࢔૝࢓ = 

= ൭෍
૚
૝࢓

ஶ

ୀ૚࢓

൱൭෍
૚
૝࢔

ஶ

ୀ૚࢔

൱ = (૝)ࣀ(૝)ࣀ =
࣊ૡ

ૡ૚૙૙ 

Ω =
࣊ૡ

૚૟૛૙૙ 

1190. Find: 

Ω = ܕܑܔ
ஶ→࢔

൮
૚

࢔)ࢍ࢕࢒ + ૚)
ඩෑ

૚
૛࢑ + ૚

࢔

࢑ୀ૚

࢔

൲ 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Sergio Esteban-Argentina 

Ω = ܕܑܔ
ஶ→࢔

൮
૚

࢔)ࢍ࢕࢒ + ૚) ඩෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

࢔

൲ = ܕܑܔ
ஶ→࢔

ቌ
૚

࢔)ࢍ࢕࢒ + ૚)
ඨ

૚
(૛࢔+ ૚)‼	

࢔
ቍ = 

= ܕܑܔ
ஶ→࢔

ቌ
૚

࢔)ࢍ࢕࢒ + ૚) ඨ
૛࢔࢔!

(૛࢔ + ૚)!	
࢔

ቍ = ܕܑܔ
ஶ→࢔

ቌ
૛

࢔)ࢍ࢕࢒ + ૚) ඨ
!࢔

(૛࢔+ ૚)!	
࢔

ቍ =
ᇲ࢙ࢍ࢔࢏࢒࢘࢏࢚ࡿ	࢟࢈

 

= ܕܑܔ
ஶ→࢔

⎝

⎜
⎛ ૛
࢔)ࢍ࢕࢒ + ૚) ∙

࢔
ࢋ

ቀ૛࢔+ ૚
ࢋ ቁ

૛࢔ା૚
࢔

⎠

⎟
⎞

=
૛
ࢋ ∙ ஶ→࢔ܕܑܔ

࢔
+࢔)ࢍ࢕࢒ ૚) ∙

૛ࢋ

(૛࢔+ ૚)૛ = ૙ 
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Solution 2 by Asmat Quatea-Kabul-Afganistan 

૚ ∙ ૜ ∙ ૞ ∙… ∙ (૛࢔ − ૚) ∙ ૛࢔
૛ ∙ ૝ ∙ ૟ ∙ … ∙ (૛࢔) =

(૛࢔)!
૛࢔ ∙  	!࢔

૚
૚ ∙ ૜ ∙ ૞ ∙ … ∙ (૛࢔ − ૚) =

૛࢔ ∙ !࢔
(૛࢔)!  

૚
૚ ∙ ૜ ∙ ૞ ∙… ∙ (૛࢔ − ૚) ∙ (૛࢔ + ૚) =

૛࢔ ∙ !࢔
(૛࢔)! (૛࢔ + ૚) 

!࢔ ≈ √૛࣊࢔ቀ
࢔
ࢋ
ቁ
࢔

; (૛࢔)! = √૝࣊࢔൬
૛࢔
ࢋ ൰

૛࢔

 

૚
૚ ∙ ૜ ∙ ૞ ∙… ∙ (૛࢔ − ૚) ∙ (૛࢔ + ૚) ≈

૛࢔ ∙ √૛࣊࢔ ቀࢋ࢔ቁ
࢔

(૛࢔ + ૚)√૝࣊࢔ቀ૛ࢋ࢔ ቁ
૛࢔ 

૚
૚ ∙ ૜ ∙ ૞ ∙… ∙ (૛࢔ − ૚) ∙ (૛࢔+ ૚) ≈

૛࢔ ∙ √૛ ቀࢋ࢔ቁ
࢔

(૝࢔+ ૛) ቀ૛ࢋ࢔ ቁ
૛࢔  

൬
૚

૚ ∙ ૜ ∙ ૞ ∙… ∙ (૛࢔ − ૚) ∙ (૛࢔ + ૚)൰
࢔

≈
૛ ∙ ൫√૛൯

૚
࢔ ∙ ࢋ࢔

(૝࢔+ ૛)
૚
࢔ ൬૝࢔

૛

૛ࢋ ൰
 

൬
૚

૚ ∙ ૜ ∙ ૞ ∙… ∙ (૛࢔ − ૚) ∙ (૛࢔+ ૚)൰
࢔

≈
૛ ∙ ࢋ࢔
૝࢔૛
૛ࢋ

=
ࢋ
૛࢔ 

ܕܑܔ
ஶ→࢔

൬
૚

+࢔)ࢍ࢕࢒ ૚) ∙
ࢋ
૛࢔൰ = ૙ 

Ω = ܕܑܔ
ஶ→࢔

൮
૚

+࢔)ࢍ࢕࢒ ૚) ඩෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

࢔

൲ = ૙ 

 Solution 3 by Florentin Vişescu-Romania 

Ω = ܕܑܔ
ஶ→࢔

൮
૚

࢔)ࢍ࢕࢒ + ૚) ඩෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

࢔

൲ = ܕܑܔ
ஶ→࢔

൮ඩ
૚

࢔)࢔ࢍ࢕࢒ + ૚) ∙ෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

࢔

൲ 



 
www.ssmrmh.ro 

125 RMM-CALCULUS MARATHON 1101-1200 
 

࢔ࢇ =
૚

+࢔)࢔ࢍ࢕࢒ ૚) ∙ෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

 

ܕܑܔ
ஶ→࢔

ା૚࢔ࢇ
࢔ࢇ

= ܕܑܔ
ஶ→࢔

૚
+࢔)ା૚࢔ࢍ࢕࢒ ૛) ∙ෑ

૚
૛࢑ + ૚

ା૚࢔

࢑ୀ૚

∙
࢔)࢔ࢍ࢕࢒ + ૚)

૚ ∙
૚

∏ ૚
૛࢑ + ૚

࢔
࢑ୀ૚

= 

= ܕܑܔ
ஶ→࢔

૚
(૛࢔ + ૜)࢔)ࢍ࢕࢒+ ૛) ∙ ቆ

࢔)ࢍ࢕࢒ + ૚)
࢔)ࢍ࢕࢒ + ૛)ቇ

࢔

= ૙ 

ܕܑܔ
ஶ→࢔

ቆ
+࢔)ࢍ࢕࢒ ૚)
+࢔)ࢍ࢕࢒ ૛)ቇ

࢔

= ܕܑܔ
ஶ→࢔

ቌ૚ +
ࢍ࢕࢒ ቀ࢔ + ૚

࢔ + ૛ቁ
࢔)ࢍ࢕࢒ + ૛)ቍ

࢔

= ࢋ
ܕܑܔ
ಮ→࢔

൮
ା૛ቁ࢔ା૚࢔ቀࢍ࢕࢒

࢔

(ା૛࢔)ࢍ࢕࢒ ൲

= 

= ࢋ

ܕܑܔ
ಮ→࢔

⎝

⎜⎜
ቈቀ૚ାࢍ࢕࢒⎛

ି૚
ା૛ቁ࢔

శ૛࢔
቉

࢔
శ૛࢔

(ା૛࢔)ࢍ࢕࢒

⎠

⎟⎟
⎞

= ૙ࢋ = ૚ 

Solution 4 by Ravi Prakah-New Delhi-India 

࢔ࢇ = ෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

 

For ૚ ≤ ࢑ ≤ ࢔ ⇒ ૚
૛࢔ା૚

≤ ૚
૛࢑ା૚

≤ ૚
૜
 

૚
(૛࢔ + ૚)࢔ ≤

૚
(૛࢑ + ૚)࢔ ≤

૚
૜࢔ 

૚
૛࢔+ ૚ ≤ ඩෑ

૚
૛࢑ + ૚

࢔

࢑ୀ૚

࢔

≤
૚
૜ 

૚
(૛࢔+ ૚)࢔)ࢍ࢕࢒+ ૚) ≤

૚
+࢔૛)ࢍ࢕࢒ ૚) ඩෑ

૚
૛࢑ + ૚

࢔

࢑ୀ૚

࢔

≤
૚

(૛࢔+ ૚)࢔)ࢍ࢕࢒ + ૚) 

ܕܑܔ
ஶ→࢔

૚
(૛࢔+ ૚)࢔)ࢍ࢕࢒ + ૚) = ܕܑܔ

ஶ→࢔

૚
(૛࢔+ ૚)࢔)ࢍ࢕࢒ + ૚) = ૙ 

Therefore, 
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Ω = ܕܑܔ
ஶ→࢔

൮
૚

+࢔)ࢍ࢕࢒ ૚) ඩෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

࢔

൲ = ૙ 

Solution 5 by Abdallah El Farissi-Bechar-Algerie 

૚
࢔ + ૛ =

࢔
∑ (૛࢑+ ૚)࢔
࢑ୀ૚

≤ ඩෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

࢔

≤
∑ ૚

૛࢑ + ૚
࢔
࢑ୀ૚

࢔ ≤
૚
૜ 

૚
+࢔) ૛)࢔)ࢍ࢕࢒ + ૚) ≤

૚
+࢔)ࢍ࢕࢒ ૚) ඩෑ

૚
૛࢑ + ૚

࢔

࢑ୀ૚

࢔

≤
૚

૜࢔)ࢍ࢕࢒+ ૚) 

Therefore, 

Ω = ܕܑܔ
ஶ→࢔

൮
૚

+࢔)ࢍ࢕࢒ ૚) ඩෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

࢔

൲ = ૙ 

Solution 6 by Remus Florin Stanca-Romania 

Ω = ܕܑܔ
ஶ→࢔

൮
૚

+࢔)ࢍ࢕࢒ ૚) ඩෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

࢔

൲ = ܕܑܔ
ஶ→࢔

൮ඩ
૚

+࢔)࢔ࢍ࢕࢒ ૚) ∙ෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

࢔

൲  ࡰି࡯=

= ܕܑܔ
ஶ→࢔

∏ ૚
૛࢑+ ૚

ା૚࢔
࢑ୀ૚

+࢔)ା૚࢔ࢍ࢕࢒ ૛) ∙
+࢔)࢔ࢍ࢕࢒ ૚)

∏ ૚
૛࢑ + ૚

࢔
࢑ୀ૚

= ܕܑܔ
ஶ→࢔

૚
(૛࢔+ ૜)࢔)ࢍ࢕࢒+ ૛) ∙ ቆ

࢔)ࢍ࢕࢒ + ૚)
࢔)ࢍ࢕࢒ + ૛)ቇ

࢔

= 

= ܕܑܔ
ஶ→࢔

૚
(૛࢔+ ૜)࢔)ࢍ࢕࢒+ ૛) ∙ ቆ૚ +

࢔)ࢍ࢕࢒ + ૚) − +࢔)ࢍ࢕࢒ ૛)
+࢔)ࢍ࢕࢒ ૛) ቇ

࢔

= 

= ܕܑܔ
ஶ→࢔

૚
(૛࢔ + ૜)࢔)ࢍ࢕࢒+ ૛) ∙ ஶ→࢔ܕܑܔ

ቆ૚ +
࢔)ࢍ࢕࢒ + ૚) − ࢔)ࢍ࢕࢒ + ૛)

࢔)ࢍ࢕࢒ + ૛) ቇ
࢔

= 

= ܕܑܔ
ஶ→࢔

૚
(૛࢔ + ૜)࢔)ࢍ࢕࢒ + ૛) ∙ ஶ→࢔ܕܑܔ

ࢋ
࢔

ቀࢍ࢕࢒(ା૛࢔)ࢍ࢕࢒
ା૚࢔
ା૛ቁ࢔ = 

= ܕܑܔ
ஶ→࢔

૚
(૛࢔+ ૜)࢔)ࢍ࢕࢒+ ૛) ∙ ஶ→࢔ܕܑܔ

ࢋ
ି૚

(ା૛࢔)ࢍ࢕࢒ = ૙ 

Therefore, 
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Ω = ܕܑܔ
ஶ→࢔

൮
૚

+࢔)ࢍ࢕࢒ ૚) ඩෑ
૚

૛࢑ + ૚

࢔

࢑ୀ૚

࢔

൲ = ૙ 

1191. Find: 

Ω = ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ૞(!࢔)

૛࢔) + ࢔૛(࢔ ∙ ࢔) + ૚)࢔ 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Asmat Qatea-Afganistan 

!࢔ ≅ √૛࣊࢔ ቀ
࢔
ࢋ
ቁ
࢔

 

Ω = ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ૞(!࢔)

૛࢔) + ࢔૛(࢔ ∙ +࢔) ૚)࢔ = ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ൫√૛࣊࢔൯
૞
ቀࢋ࢔ቁ

૞࢔

૝࢔) + ૛࢔૜ + ࢔(૛࢔ ∙ +࢔) ૚)࢔ = 

= ቀඥ૜૛࣊૞ቁ ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ൫√࢔൯
૞
࢔૞࢔ ∙ ૚ࢋ૞࢔

૞࢔) + ૜࢔૝ + ૜࢔૜ + 	࢔(૛࢔ = ቀඥ૜૛࣊૞ቁ ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ൫√࢔൯
૞
࢔૞࢔ ∙ ૚ࢋ૞࢔

࢔૞࢔ ቀ૚ + ૜
࢔ + ૜

૛࢔ + ૚
૜ቁ࢔

࢔
	

= 

= ቀඥ૜૛࣊૞ቁ ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ൫√࢔൯
૞
∙ ૚ࢋ૞࢔

൬૚ + ૜࢔૛ + ૜࢔ + ૚
૜࢔ ൰

࢔
	

= 

= ቀඥ૜૛࣊૞ቁ ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ൫√࢔൯
૞
∙ ૚ࢋ૞࢔

቎൬૚ + ૜࢔૛ + ૜࢔ + ૚
૜࢔ ൰

૜࢔
૜࢔૛ା૜࢔ା૚	቏

૜࢔૛ା૜࢔ା૚
૜࢔

࢔∙
= 

= ቀඥ૜૛࣊૞ቁ ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ൫√࢔൯
૞
∙ ૚ࢋ૞࢔

ࢋ
૜࢔૛ା૜࢔ା૚

૛࢔
= ቀඥ૜૛࣊૞ቁ ܕܑܔ

ஶ→࢔

૚૛࢔ ∙ ൫√࢔൯
૞
∙ ૚ࢋ૞࢔

૜ࢋ = 

= ቆ
√૜૛࣊૞

૜ࢋ ቇ ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ൫√࢔൯
૞

࢔૞ࢋ = ቆ
√૜૛࣊૞

૜ࢋ ቇ ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ൫√࢔൯
૞

࢔૝ࢋ ∙ ࢋ = ૙,	 

࢔૝ࢋ:ࢋ࢚࢕࢔ > 1૛࢔; ࢔ࢋ		 > ඥ࢔૞  
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Solution 2 by Precious Itsuokor-Nigeria 

Ω = ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ૞(!࢔)

૛࢔) + ࢔૛(࢔ ∙ ࢔) + ૚)࢔ = ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ૞(!࢔)

࢔૛࢔ ∙ ࢔) + ૚)૜࢔ = 

= ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ૞(!࢔)

࢔૞࢔ ∙ ቀ૚ + ૚
ቁ࢔

૜࢔ = ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ቀ√૛࣊࢔ቀࢋ࢔ቁ
࢔
ቁ
૞

࢔૞࢔ ∙ ቀ૚ + ૚
ቁ࢔

૜࢔ = 

= ૝࣊૛√૛࣊ܕܑܔ
ஶ→࢔

൫૚૛࢔ ∙ ࢔√૛࢔ ∙ ൯࢔૞ିࢋ ൬૚ +
૚
൰࢔

ି૜࢔

= 

= ૝࣊૛√૛࣊ିࢋ૜ ܕܑܔ
ஶ→࢔

࢔
૞
૛

൬ࢋ
૞

૚૛൰
࢔ ࡸ=

ᇲࡴ ૝࣊૛√૛࣊ିࢋ૜ ∙ ૚૞

ૡࢍ࢕࢒૜ ൬ࢋ
૞

૚૛൰
∙ ܕܑܔ
ஶ→࢔

૚

࢔√ ∙ ૜ࢍ࢕࢒ ൬ࢋ
૞

૚૛൰
= ૙ 

Solution 3 by Hussain Reza Zadah-Afganistan 

Ω = ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ૞(!࢔)

૛࢔) + ࢔૛(࢔ ∙ ࢔) + ૚)࢔ = ൫√૛࣊൯
૞
ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ࢔૞࢔ ∙ ൫√࢔൯
૞

࢔૛࢔ 	 ∙ +࢔) ૚)࢔ ∙ ࢔૞ࢋ = 

= ൫√૛࣊൯
૞
ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ࢔૜࢔ ∙ ൫√࢔൯
૞

࢔) + ૚)૜࢔ ∙ ࢔૞ࢋ = ൫√૛࣊൯
૞
ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ൫√࢔൯
૞

࢔૞ࢋ ∙ ቀ
࢔

࢔ + ૚
ቁ
૜࢔

= 

= ൫√૛࣊൯
૞
ܕܑܔ
ஶ→࢔

൬
૚૛
૝൰ࢋ

࢔

∙
൫√࢔൯

૞

࢔ࢋ 	 ∙ ቀ
࢔

+࢔ ૚
ቁ
૜࢔

= ૙ 

Solution 4 by Ali Jaffal-Lebanon 

Let: ࢛࢔ = ૚૛(!࢔)∙࢔૞

൫࢔૛ା࢔൯
૛࢔
࢔(ା૚࢔)∙

 

ܕܑܔ
࢞→ஶ

ቀ૚ +
ࢇ
࢞ቁ

࢞
=  ࢇࢋ

࢔) + ૚)࢔ = ࢔࢔ ൬૚ +
૚
൰࢔

࢔

≅  ࢋ࢔࢔

૛࢔) + ࢔૛(࢔ = ૚)࢔૛࢔ + ࢔૛(࢔ = ࢔૝࢔ ൬૚ +
૚
൰࢔

૛࢔

≅ ࢔૝࢔ ∙  ૛ࢋ

Then (࢔૛ + ࢔૛(࢔ ∙ +࢔) ૚)࢔ ≅ ૜ࢋ ∙ ࢔૞࢔  

!࢔ ≅ √૛࣊࢔ ቀ
࢔
ࢋ
ቁ
࢔
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So, (࢔!)૞ ≅ (૛࣊࢔)
૞
૛ ∙ ࢔

૞࢔

࢔૞ࢋ
≅ (૛࣊)

૞
૛∙࢔

૞
૛∙࢔૞࢔

࢔૞ࢋ
. Therefore, 

ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ (૛࣊)
૞
૛ ∙ ࢔

૞
૛ ∙ ࢔૞࢔

૜ࢋ ∙ ࢔૞࢔ ∙ ࢔૞ࢋ = ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ (૛࣊)
૞
૛ ∙ ࢔

૞
૛

૜ࢋ ∙ ࢔૞࢔  

We know that: 

ܕܑܔ
ஶ→࢔

൬
૚૛
૞൰ࢋ

࢔

࢔
૞
૛ = ࢋ ܕܑܔ

ಮ→࢔
ቀ૚૛ࢍ࢕࢒࢔

૞ࢋ
ቁା૞૛࢔ࢍ࢕࢒ = ࢋ

ܕܑܔ
ಮ→࢔

ቀ૚૛ࢍ࢕࢒቎࢔
૞ࢋ
ቁା

૞
૛࢔ࢍ࢕࢒
࢔ ቏

= ஶିࢋ = ૙ 

Then, 

Ω = ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ૞(!࢔)

૛࢔) + ࢔૛(࢔ ∙ ࢔) + ૚)࢔ = ૙ 

 Solution 5 by Abdallah El Farissi-Algerie 

If ܕܑܔ
ஶ→࢔

ቚ࢔ࢇశ૚
࢔ࢇ

ቚ = ࢒ and ࢒ < 1, then ܕܑܔ
ஶ→࢔

࢔ࢇ = ૙. 

࢔ࢇ =
૚૛࢔ ∙ ૞(!࢔)

૛࢔) + ࢔૛(࢔ ∙ +࢔) ૚)࢔ =
૚૛࢔ ∙ ૞(!࢔)

࢔૛࢔ ∙ ࢔) + ૚)૜࢔ 

ା૚࢔ࢇ
࢔ࢇ

=
૚૛࢔ା૚ ∙ +࢔)) ૚)!)૞

+࢔) ૚)૛(࢔ା૚) ∙ ࢔) + ૛)૜࢔ ∙
࢔૛࢔ ∙ +࢔) ૚)૜࢔

૚૛࢔ ∙ ૞(!࢔) = 

= ૚૛൬
+࢔ ૚
+࢔ ૛൰

૜

൬
+࢔ ૚
+࢔ ૛൰

࢔

ቀ
࢔

࢔ + ૛
ቁ
૛࢔

= 

= ૚૛ ቀ࢔ା૚
ା૛࢔

ቁ
૜
ቀ૚ − ૚

ା૛࢔
ቁ
࢔
ቀ૚ − ૛

ା૛࢔
ቁ
૛࢔
→ ૚૛

૞ࢋ
< 1. Therefore, 

Ω = ܕܑܔ
ஶ→࢔

૚૛࢔ ∙ ૞(!࢔)

૛࢔) + ࢔૛(࢔ ∙ ࢔) + ૚)࢔ = ૙ 

1192. Find: 

Ω = ܕܑܔ
࢞→૚

൫࢚࢔ࢇ√૜࢞ + ૛ − ૛࢞√࢔ࢇ࢚ + ૜൯൫࢚࢔ࢇ√૝࢞ + ૜ − ૜࢞√࢔ࢇ࢚ + ૝൯
൫࢚࢔ࢇ√૞࢞ + ૝ − ૝࢞√࢔ࢇ࢚ + ૞൯൫࢚࢔ࢇ√૟࢞ + ૞ − ૞࢞√࢔ࢇ࢚ + ૟൯

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Asmat Qatea-Kabul-Afganistan 

Ω = ܕܑܔ
࢞→૚

൫࢚࢔ࢇ√૜࢞ + ૛ − ૛࢞√࢔ࢇ࢚ + ૜൯൫࢚࢔ࢇ√૝࢞ + ૜ − ૜࢞√࢔ࢇ࢚ + ૝൯
൫࢚࢔ࢇ√૞࢞ + ૝ − ૝࢞√࢔ࢇ࢚ + ૞൯൫࢚࢔ࢇ√૟࢞ + ૞ − ૞࢞√࢔ࢇ࢚ + ૟൯

=
૚ࡿ ∙ ૛ࡿ
૜ࡿ ∙ ૝ࡿ
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We know that: 

ܕܑܔ
࢈→ࢇ

ࢇ࢔ࢇ࢚ − ࢈࢔ࢇ࢚
ࢇ − ࢈ =  ࢈૛ࢉࢋ࢙

ܕܑܔ
࢞→૚

൫࢚࢞ࢊ√࢔ࢇ + ࢉ − +࢞ࢉ√࢔ࢇ࢚ ൯ࢊ = 

= ܕܑܔ
࢞→૚

࢞ࢊ√࢔ࢇ࢚ + ࢉ − ࢞ࢉ√࢔ࢇ࢚ + ࢊ
࢞ࢊ√ + ࢉ − ࢞ࢉ√ + ࢊ

൫√࢞ࢊ + ࢉ − ࢞ࢉ√ + ൯ࢊ = 

= ܕܑܔ
࢞→૚

൫√࢞ࢊ + ࢉ − ࢞ࢉ√ + +ࢉ√૛ࢉࢋ൯࢙ࢊ  ࢊ

૚ࡿ = ܕܑܔ
࢞→૚

൫࢚࢔ࢇ√૜࢞ + ૛ − ૛࢞√࢔ࢇ࢚ + ૜൯ = ܕܑܔ
࢞→૚

൫√૜࢞ + ૛ − √૛࢞ + ૜൯࢙ࢉࢋ૛√૞ 

૛ࡿ = ܕܑܔ
࢞→૚

൫࢚࢔ࢇ√૝࢞ + ૜ − ૜࢞√࢔ࢇ࢚ + ૝൯ = ܕܑܔ
࢞→૚

൫√૝࢞ + ૜ − √૜࢞ + ૝൯࢙ࢉࢋ૛√ૠ 

૜ࡿ = ܕܑܔ
࢞→૚

൫࢚࢔ࢇ√૞࢞ + ૝ − ૝࢞√࢔ࢇ࢚ + ૞൯ = ܕܑܔ
࢞→૚

൫√૞࢞ + ૝ − √૝࢞ + ૞൯࢙ࢉࢋ૛૜ 

૝ࡿ = ܕܑܔ
࢞→૚

൫࢚࢔ࢇ√૟࢞ + ૞ − ૞࢞√࢔ࢇ࢚ + ૟൯ = ܕܑܔ
࢞→૚

൫√૟࢞ + ૞ − √૞࢞ + ૟൯࢙ࢉࢋ૛√૚૚ 

ࢻ =
૛√૞ࢉࢋ࢙ ∙ ૛√ૠࢉࢋ࢙
૛૜ࢉࢋ࢙ ∙ ૛√૚૚ࢉࢋ࢙

= ቆ
૜࢙࢕ࢉ ∙ ૚૚√࢙࢕ࢉ
૞√࢙࢕ࢉ ∙ ૠ√࢙࢕ࢉ

ቇ
૛

 

૚ࡿ ∙ ૛ࡿ
૜ࡿ ∙ ૝ࡿ

= ࢻ ∙ ܕܑܔ
࢞→૚

൫√૜࢞ + ૛ − √૛࢞ + ૜൯൫√૝࢞ + ૜ − √૜࢞ + ૝൯
൫√૞࢞ + ૝ − √૝࢞ + ૞൯൫√૟࢞ + ૞ − √૞࢞ + ૟൯

 

ܕܑܔ
࢞→૚

൫√૜࢞ + ૛ − √૛࢞ + ૜൯൫√૜࢞ + ૛ + √૛࢞ + ૜൯
૛√૞

൫√૞࢞ + ૝ − √૝࢞ + ૞൯൫√૞࢞ + ૝ + √૝࢞ + ૞൯
૛√ૢ

= ܕܑܔ
࢞→૚

࢞ − ૚
૛√૞
࢞ − ૚
૛√ૢ

=
૜
√૞

 

ܕܑܔ
࢞→૚

൫√૝࢞ + ૜ − √૜࢞ + ૝൯൫√૝࢞ + ૜ + √૜࢞ + ૝൯
૛√ૠ

൫√૟࢞ + ૞ − √૞࢞ + ૟൯൫√૟࢞ + ૞ + √૞࢞ + ૟൯
૛√૚૚

= ܕܑܔ
࢞→૚

࢞ − ૚
૛√ૠ
࢞ − ૚
૛√૚૚

= ඨ૚૚
ૠ  

Therefore, 

ܕܑܔ
࢞→૚

൫࢚࢔ࢇ√૜࢞ + ૛ − ૛࢞√࢔ࢇ࢚ + ૜൯൫࢚࢔ࢇ√૝࢞+ ૜ − ૜࢞√࢔ࢇ࢚ + ૝൯
൫࢚࢔ࢇ√૞࢞ + ૝ − ૝࢞√࢔ࢇ࢚ + ૞൯൫࢚࢔ࢇ√૟࢞+ ૞ − ૞࢞√࢔ࢇ࢚ + ૟൯

= 

=
૜
√૞

∙ ඨ
૚૚
ૠ ∙ ቆ

૜࢙࢕ࢉ ∙ ૚૚√࢙࢕ࢉ
૞√࢙࢕ࢉ ∙ ૠ√࢙࢕ࢉ

ቇ
૛
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Solution 2 by Florentin Vişescu-Romania 

Firstly, we find: 

ܕܑܔ
࢞→૚

+࢔)ඥ࢔ࢇ࢚ ૚)࢞ + ࢔ − ࢞࢔ඥ࢔ࢇ࢚ + ࢔) + ૚)
࢞ − ૚ = Ф 

For ࢞ > 1 let be the function ࢌ: ࢞࢔] + +࢔) ૚), +࢔) ૚)࢞ + [࢔ → ℝ, (࢚)ࢌ =  ࢚√࢔ࢇ࢚

From M.V.T. ∃ࢉ ∈ ࢞࢔) + +࢔) ૚), +࢔) ૚)࢞ +  :such that (࢔

࢔)ඥ࢔ࢇ࢚ + ૚)࢞ + −࢔ ࢞࢔ඥ࢔ࢇ࢚ + ࢔) + ૚)
࢞ − ૚ = (ࢉ)ᇱࢌ ⇔ 

࢔)ඥ࢔ࢇ࢚ + ૚)࢞ + ࢔ − ࢞࢔ඥ࢔ࢇ࢚ + ࢔) + ૚)
࢞ − ૚ =

૚
૛√ࢉ

∙
૚

ࢉ√૛࢙࢕ࢉ
 

For ࢞ = ૚ we have: ൜࢞࢔ + ࢔) + ૚) = ૛࢔+ ૚
+࢔) ૚)࢞ + ࢔ = ૛࢔+ ૚ ⇒ ࢉ → ૛࢔+ ૚ 

ܕܑܔ
࢞→૚

+࢔)ඥ࢔ࢇ࢚ ૚)࢞ + −࢔ ࢞࢔ඥ࢔ࢇ࢚ + +࢔) ૚)
࢞ − ૚ =

૚
૛√࢔ + ૚

∙
૚

+࢔૛√૛࢙࢕ࢉ ૚
 

Therefore, 

Ω = ܕܑܔ
࢞→૚

൫࢚࢔ࢇ√૜࢞ + ૛ − ૛࢞√࢔ࢇ࢚ + ૜൯൫࢚࢔ࢇ√૝࢞ + ૜ − ૜࢞√࢔ࢇ࢚ + ૝൯
൫࢚࢔ࢇ√૞࢞ + ૝ − ૝࢞√࢔ࢇ࢚ + ૞൯൫࢚࢔ࢇ√૟࢞ + ૞ − ૞࢞√࢔ࢇ࢚ + ૟൯

= 

=
૜
√૞

∙ ඨ
૚૚
ૠ ∙ ቆ

૜࢙࢕ࢉ ∙ ૚૚√࢙࢕ࢉ
૞√࢙࢕ࢉ ∙ ૠ√࢙࢕ࢉ

ቇ
૛

 

Solution 3 by Mohammad Rostami-Afghanistan 

Ω = ܕܑܔ
࢞→૚

൫࢚࢔ࢇ√૜࢞ + ૛ − ૛࢞√࢔ࢇ࢚ + ૜൯൫࢚࢔ࢇ√૝࢞ + ૜ − ૜࢞√࢔ࢇ࢚ + ૝൯
൫࢚࢔ࢇ√૞࢞ + ૝ − ૝࢞√࢔ࢇ࢚ + ૞൯൫࢚࢔ࢇ√૟࢞ + ૞ − ૞࢞√࢔ࢇ࢚ + ૟൯

= 

= ܕܑܔ
࢞→૚

√૜࢞+ ૛ − √૛࢞+ ૜
+૜࢞√࢙࢕ࢉ ૛ ∙ +૛࢞√࢙࢕ࢉ ૜

∙
+൫√૜࢞࢔࢏࢙ ૛ − √૛࢞+ ૜൯
√૜࢞+ ૛ − √૛࢞+ ૜

∙ √૝࢞+ ૜ − √૜࢞+ ૝
+૝࢞√࢙࢕ࢉ ૜ ∙ +૜࢞√࢙࢕ࢉ ૝

∙
+൫√૝࢞࢔࢏࢙ ૜ − √૜࢞+ ૝൯
ඥ૝࢞+ ૜− ඥ૜࢞+૝

√૞࢞+ ૝ − √૝࢞+ ૞
+૞࢞√࢙࢕ࢉ ૝ ∙ +૝࢞√࢙࢕ࢉ ૞

∙
+൫√૞࢞࢔࢏࢙ ૝ − √૝࢞+ ૞൯
√૞࢞+ ૝ − √૝࢞+ ૞

∙ √૟࢞+ ૞ − √૞࢞+ ૟
+૟࢞√࢙࢕ࢉ ૞ ∙ +૞࢞√࢙࢕ࢉ ૟

∙
+൫√૟࢞࢔࢏࢙ ૞ − √૞࢞+ ૟൯
ඥ૟࢞+ ૞− ඥ૞࢞+૟

 

= ܕܑܔ
࢞→૚

࢞ − ૚
൫√૜࢞ + ૛ + √૛࢞ + ૜൯࢙࢕ࢉ૛√૞

∙ ࢞ − ૚
൫√૝࢞ + ૜ + √૜࢞ + ૝൯࢙࢕ࢉ૛√ૠ

࢞ − ૚
൫√૞࢞ + ૝ + √૝࢞ + ૞൯࢙࢕ࢉ૛૜

∙ ࢞ − ૚
൫√૟࢞ + ૞ + √૞࢞ + ૟൯࢙࢕ࢉ૛√૚૚

= 
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= ૜ඨ
૚૚
૜૞ ቆ

૜࢙࢕ࢉ ∙ ૚૚√࢙࢕ࢉ
૞√࢙࢕ࢉ ∙ ૠ√࢙࢕ࢉ

ቇ
૛

 

Solution 4 by Abner Chinga Bazo-Peru 

Ω = ܕܑܔ
࢞→૚

൫࢚࢔ࢇ√૜࢞ + ૛ − ૛࢞√࢔ࢇ࢚ + ૜൯൫࢚࢔ࢇ√૝࢞ + ૜ − ૜࢞√࢔ࢇ࢚ + ૝൯
൫࢚࢔ࢇ√૞࢞ + ૝ − ૝࢞√࢔ࢇ࢚ + ૞൯൫࢚࢔ࢇ√૟࢞ + ૞ − ૞࢞√࢔ࢇ࢚ + ૟൯

= 

= ܕܑܔ
࢞→૚

૜࢞√࢔ࢇ࢚ + ૛ − +૛࢞√࢔ࢇ࢚ ૜
૞࢞√࢔ࢇ࢚ + ૝ − +૝࢞√࢔ࢇ࢚ ૞

∙ ܕܑܔ
࢞→૚

૝࢞√࢔ࢇ࢚ + ૜ − ૜࢞√࢔ࢇ࢚ + ૝
૟࢞√࢔ࢇ࢚ + ૞ − ૞࢞√࢔ࢇ࢚ + ૟

ࡸ=
ᇲࡴ

 

ࡸ=
ᇲࡴ ܕܑܔ

࢞→૚

૜࢙ࢉࢋ૛√૜࢞ + ૛
૛√૜࢞ + ૛

− ૛√૛࢞ࢉࢋ࢙ + ૜
√૛࢞ + ૜

૞࢙ࢉࢋ૛√૞࢞ + ૝
૛√૞࢞ + ૝

− ૛࢙ࢉࢋ૛√૝࢞+ ૞
√૝࢞ + ૞

∙ ܕܑܔ
࢞→૚

૛࢙ࢉࢋ૛√૝࢞+ ૜
√૝࢞ + ૜

− ૜࢙ࢉࢋ૛√૜࢞ + ૝
૛√૜࢞ + ૝

૜࢙ࢉࢋ૛√૟࢞+ ૞
√૟࢞ + ૞

− ૞࢙ࢉࢋ૛√૞࢞ + ૟
૛√૞࢞ + ૟

 

=

૜࢙ࢉࢋ૛√૞
૛√૞

− ૛√૞ࢉࢋ࢙
√૞

૞࢙ࢉࢋ૛૜
૛ ∙ ૜ − ૛࢙ࢉࢋ૛૜

૜

∙

૛࢙ࢉࢋ૛√ૠ
√ૠ

− ૜࢙ࢉࢋ૛√૞
૛√ૠ

૜࢙ࢉࢋ૛√૚૚
√૚૚

− ૞࢙ࢉࢋ૛√૚૚
૛√૚૚

 

= ૜ඨ
૚૚
૜૞

ቆ
૜࢙࢕ࢉ ∙ ૚૚√࢙࢕ࢉ
૞√࢙࢕ࢉ ∙ ૠ√࢙࢕ࢉ

ቇ
૛

 

1193. Find: 

Ω = ܕܑܔ
ஶ→࢔

ቌ૝ି࢔࢏࢙࢔
૚
෍࢔ ෍ ൬

࢔ + ૚
࢑ ൰ ቀ

࢔
ቁ࢓

࢑ି૚

ୀ૙࢓

ା૚࢔

࢑ୀ૚

ቍ 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Ravi Prakash-New Delhi-India 

෍ ෍ ൬
࢔ + ૚
࢑ ൰ ቀ

࢔
࢓
ቁ

࢑ି૚

ୀ૙࢓

ା૚࢔

࢑ୀ૚

≤ ෍ ෍ ൬
࢔ + ૚
࢑ ൰ ቀ

࢔
࢓
ቁ

࢑

ୀ૙࢓

ା૚࢔

࢑ୀ૚

= 

= ൭෍൬
࢔ + ૚
࢑ ൰

ା૚࢔

࢑ୀ૚

൱൭෍ ቀ
࢔
࢓
ቁ

࢔

ୀ૙࢓

൱ = (૛࢔ା૚ − ૚) ∙ ૛࢔ 

Let ࢔ࢇ = ૝ି࢔࢏࢙࢔ ૚
࢔
∑ ∑ ൫࢔ା૚࢑ ൯൫࢓࢔൯

࢑ି૚
ୀ૙࢓

ା૚࢔
࢑ୀ૚  then ૙ < ࢔ࢇ < ࢔࢏4࢙ ૚

࢔
࢔∀, ≥ ૚ 
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ܕܑܔ
ஶ→࢔

૝࢙࢔࢏
૚
࢔ = ૙ ⇒ 

Ω = ܕܑܔ
ஶ→࢔

ቌ૝ି࢔࢏࢙࢔
૚
෍࢔ ෍ ൬

࢔ + ૚
࢑ ൰ ቀ

࢔
࢓
ቁ

࢑ି૚

ୀ૙࢓

ା૚࢔

࢑ୀ૚

ቍ = ૙ 

 Solution by Remus Florin Stanca-Romania 

Ω = ܕܑܔ
ஶ→࢔

ቌ૝ି࢔࢏࢙࢔
૚
෍࢔ ෍ ൬

࢔ + ૚
࢑ ൰ ቀ

࢔
࢓
ቁ

࢑ି૚

ୀ૙࢓

ା૚࢔

࢑ୀ૚

ቍ = 

= ܕܑܔ
ஶ→࢔

ቌ
૝ି࢔

࢔ ∙
࢔૚࢔࢏࢙
૚
࢔

෍ ෍ ൬
࢔ + ૚
࢑ ൰ ቀ

࢔
࢓
ቁ

࢑ି૚

ୀ૙࢓

ା૚࢔

࢑ୀ૚

ቍ = 

= ܕܑܔ
ஶ→࢔

ቌ
૚

࢔ ∙ ૝࢔ ∙ ෍ ෍ ൬
࢔ + ૚
࢑ ൰ ቀ

࢔
ቁ࢓

࢑ି૚

ୀ૙࢓

ା૚࢔

࢑ୀ૚

ቍ 

= ܕܑܔ
ஶ→࢔

ቆ
∑ ∑ ൫࢔ା૚࢑ ൯൫࢓࢔൯

࢑ି૚
ୀ૙࢓

࢔
࢑ୀ૚ + ∑ ൫࢔ା૚࢓ା૚൯൫

࢔
൯࢓

࢔
ୀ૙࢓

࢔ ∙ ૝࢔ ቇ =	 

= ܕܑܔ
ஶ→࢔

ቆ
∑ ∑ ൫࢔ା૚࢑ ൯൫࢓࢔൯

࢑ି૚
ୀ૙࢓

࢔
࢑ୀ૚

࢔ ∙ ૝࢔ ቇ + ܕܑܔ
ஶ→࢔

ቆ
∑ ൫࢔ା૚࢓ା૚൯൫

࢔
൯࢓

࢔
ୀ૙࢓

࢔ ∙ ૝࢔ ቇ ; 		(૚) 

ܕܑܔ
ஶ→࢔

ቆ
∑ ∑ ൫࢔ା૚࢑ ൯൫࢓࢔൯

࢑ି૚
ୀ૙࢓

࢔
࢑ୀ૚

࢔ ∙ ૝࢔ ቇ = ܕܑܔ
ஶ→࢔

∑ ൫࢔ା૚࢑ ൯࢔
࢑ୀ૚ ∑ ൫࢓࢔൯

࢑ି૚
ୀ૙࢓

࢔ ∙ ૝࢔ = 

= ܕܑܔ
ஶ→࢔

∑ ൫࢔ା૚࢔ ൯࢔
࢑ୀ૚ ൬૛࢔ − ቀ൫࢑࢔൯ + ⋯+ ൫࢑࢔൯ቁ൰

࢔ ∙ ૝࢔ = 

= ܕܑܔ
ஶ→࢔

૛࢔∑ ൫࢔ା૚࢑ ൯࢔
࢑ୀ૚ −∑ ൫࢔ା૚࢑ ൯ ቀ൫࢑࢔൯ + ⋯+ ൫࢑࢔൯ቁ

࢔
࢑ୀ૚

࢔ ∙ ૝࢔ = 

= ܕܑܔ
ஶ→࢔

૛࢔(૛࢔ − ૛) − ∑ ൫࢔ା૚࢑ ൯ ቀ൫࢑࢔൯ + ⋯+ ൫࢑࢔൯ቁ
࢔
࢑ୀ૚

࢔ ∙ ૝࢔  

= ܕܑܔ−
ஶ→࢔

∑ ൫࢔ା૚࢑ ൯ ቀ൫࢑࢔൯ + ⋯+ ൫࢑࢔൯ቁ
࢔
࢑ୀ૚

࢔ ∙ ૝࢔ = ܕܑܔ−
ஶ→࢔

∑ ቀ൫࢑࢔൯ + ൫ ࢔
࢑ି૚൯ቁ ቀ൫

࢔
࢑൯ + ⋯+ ൫࢑࢔൯ቁ

࢔
࢑ୀ૚

࢔ ∙ ૝࢔ = 

= ܕܑܔ−
ஶ→࢔

૚
࢔ ∙ ૝࢔

൭෍ቀ
࢔
࢑
ቁቆቀ

࢔
࢑
ቁ + ⋯+ ቀ

࢔
࢑
ቁቇ

࢔

࢑ୀ૚

+ ෍ቀ
࢔

࢑ − ૚
ቁቆቀ

࢔
࢑
ቁ + ⋯+ ቀ

࢔
࢑
ቁቇ

࢔

࢑ୀ૚

൱ = 



 
www.ssmrmh.ro 

134 RMM-CALCULUS MARATHON 1101-1200 
 

= ܕܑܔ−
ஶ→࢔

૚
࢔ ∙ ૝࢔

൥ቆቀ
࢔
૚
ቁ + ⋯+ ቀ

࢔
࢔
ቁቇ

૛

+ ቀ
࢔
૚
ቁ + ⋯+ ቀ

࢔
࢔
ቁ൩ = 

= ܕܑܔ−
ஶ→࢔

(૛࢔ − ૚)૛ + ૛࢔ − ૚
࢔ ∙ ૝࢔ = ૙; 		(૛) 

ܕܑܔ
ஶ→࢔

ቆ
∑ ൫࢔ା૚࢓ା૚൯൫

࢔
൯࢓

࢔
ୀ૙࢓

࢔ ∙ ૝࢔ ቇ = ܕܑܔ
ஶ→࢔

૛࢔

࢔ ∙ ૝࢔ 	= ૙; 		(૜) 

From (૚), (૛), (૜) we get: 

Ω = ܕܑܔ
ஶ→࢔

ቌ૝ି࢔࢏࢙࢔
૚
෍࢔ ෍ ൬

࢔ + ૚
࢑ ൰ ቀ

࢔
࢓
ቁ

࢑ି૚

ୀ૙࢓

ା૚࢔

࢑ୀ૚

ቍ = ૙ 

1194. Find: 

Ω = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛૚
૛ቌ

૚ +
࢔
૚
࢔

࢔ ቍ

૚
࢔

+
૚
૛ቌ

૚ −
࢔
૚
࢔

࢔ ቍ

૚
࢔

⎠

⎟
⎞

࢔

 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Asmat Qatea-Kabul-Afganistan 

We know: ܕܑܔ
ஶ→࢔

࢔
૚
࢔ = ૚ and ܕܑܔ

૙→࢔

૚ି࢔ࢇ
࢔

=  ࢇࢍ࢕࢒

Ω = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛૚
૛
ቌ૚ +

࢔
૚
࢔

࢔
ቍ

૚
࢔

+
૚
૛
ቌ૚ −

࢔
૚
࢔

࢔
ቍ

૚
࢔

⎠

⎟
⎞

࢔

= 

= ܕܑܔ
ஶ→࢔

⎝

⎜
⎛
૚+

૚
૛
ቌ૚ +

࢔
૚
࢔

࢔
ቍ

૚
࢔

+
૚
૛
ቌ૚ −

࢔
૚
࢔

࢔
ቍ

૚
࢔

− ૚

⎠

⎟
⎞

૚
૛ቌ૚ା

࢔
૚
࢔
࢔ ቍ

૚
࢔

ା૚૛ቌ૚ି
࢔
૚
࢔
࢔ ቍ

૚
࢔

ି૚

૚
૛ቌ૚ା

࢔
૚
࢔
࢔ ቍ

૚
࢔

ା૚૛ቌ૚ି
࢔
૚
࢔
࢔ ቍ

૚
࢔

ି૚

࢔∙

= 
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= ࢋ

ܕܑܔ
ಮ→࢔

࢔

⎝

⎜
⎛૚
૛ቌ૚ା

࢔
૚
࢔
࢔ ቍ

૚
࢔

ା૚૛ቌ૚ି
࢔
૚
࢔
࢔ ቍ

૚
࢔

ି૚

⎠

⎟
⎞

=
૚
࢔ୀ࢔ ࢋ ૙→࢔ܕܑܔ

૚
ቂ࢔
૚
૛(૚ା࢔)࢔ା૚૛(૚ି࢔)ି࢔૚ቃ = 

= ࢋ
૚
૛ ૙→࢔ܕܑܔ

(૚ା࢔)ି࢔૚
࢔ ା૚૛ ૙→࢔ܕܑܔ

(૚ି࢔)ି࢔૚
࢔ = ࢋ

૚
૛ ൯(࢔૚ି)ࢍ࢕࢒ା(࢔૚ା)ࢍ࢕࢒૙൫→࢔ܕܑܔ = ૙ࢋ = ૚ 

Therefore, 

Ω = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛૚
૛
ቌ૚ +

࢔
૚
࢔

࢔
ቍ

૚
࢔

+
૚
૛
ቌ૚ −

࢔
૚
࢔

࢔
ቍ

૚
࢔

⎠

⎟
⎞

࢔

= ૚ 

Solution 2 by Khaled Abd Imouti-Damascus-Syria 

ቆ૚ + ࢔
૚
࢔

࢔
ቇ

૚
࢔

= ࢋ

૚
ቌ૚ାࢍ࢕࢒࢔

࢔
૚
࢔
࢔ ቍ

; 	 ܕܑܔ
ஶ→࢔

࢔
૚
࢔ = ૚ and ܕܑܔ

૙→࢔

૚ି࢔ࢇ
࢔

=  	ࢇࢍ࢕࢒

ܕܑܔ
ஶ→࢔

ቌ૚ +
࢔
૚
࢔

࢔
ቍ

૚
࢔

= ૚ 

ቌ૚ −
࢔
૚
࢔

࢔
ቍ

૚
࢔

= ࢋ
૚
ቌ૚ିࢍ࢕࢒࢔

࢔
૚
࢔
࢔ ቍ

; ܕܑܔ
ஶ→࢔

ቌ૚ −
࢔
૚
࢔

࢔
ቍ

૚
࢔

= ૚ 

࢛ =

⎝

⎜
⎛૚
૛
ቌ૚ +

࢔
૚
࢔

࢔
ቍ

૚
࢔

+
૚
૛
ቌ૚ −

࢔
૚
࢔

࢔
ቍ

૚
࢔

⎠

⎟
⎞

࢔

= 

=

⎝

⎜
⎛
૚ +

૚
૛
ቌ૚ +

࢔
૚
࢔

࢔
ቍ

૚
࢔

+
૚
૛
ቌ૚ −

࢔
૚
࢔

࢔
ቍ

૚
࢔

− ૚

⎠

⎟
⎞

૚
૛ቌ૚ା

࢔
૚
࢔
࢔ ቍ

૚
࢔

ା૚૛ቌ૚ି
࢔
૚
࢔
࢔ ቍ

૚
࢔

ି૚

૚
૛ቌ૚ା

࢔
૚
࢔
࢔ ቍ

૚
࢔

ା૚૛ቌ૚ି
࢔
૚
࢔
࢔ ቍ

૚
࢔

ି૚

࢔∙
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࢔࢚ ≔
૚
૛
ቌ૚ +

࢔
૚
࢔

࢔
ቍ

૚
࢔

+
૚
૛
ቌ૚ −

࢔
૚
࢔

࢔
ቍ

૚
࢔

− ૚ 

ܕܑܔ
ஶ→࢔

൤(૚ + (࢔࢚
࢔
൨࢔࢚

࢔࢚
= ܕܑܔ

ஶ→࢔
ቈ(૚+ (࢔࢚

૚
቉࢔࢚

࢔࢚∙࢔

 

Let find ܕܑܔ
ஶ→࢔

࢔ ∙  ࢔࢚

(࢔)ࣆ = ࢔

⎝

⎜
⎛૚
૛
ቌ૚ +

࢔
૚
࢔

࢔
ቍ

૚
࢔

+
૚
૛
ቌ૚ −

࢔
૚
࢔

࢔
ቍ

૚
࢔

− ૚

⎠

⎟
⎞

= 

=

૚
૛൭૚ + ࢔

૚
࢔

࢔ ൱

૚
࢔

+ ૚
૛൭૚ −

࢔
૚
࢔

࢔ ൱

૚
࢔

− ૚

૚
࢔

=
૚
૛ ∙

൭૚ + ࢔
૚
࢔

࢔ ൱

૚
࢔

૚
࢔

+
૚
૛ ∙

൭૚ − ࢔
૚
࢔

࢔ ൱

૚
࢔

૚
࢔

= 

=
૚
૛ ࢍ࢕࢒

ቌ૚ +
࢔
૚
࢔

࢔
ቍ

૚
࢔

∙
ࢋ
૚
ቌ૚ାࢍ࢕࢒࢔

࢔
૚
࢔
࢔ ቍ

− ૚

૚
൭૚ࢍ࢕࢒࢔ + ࢔

૚
࢔

࢔ ൱

+
૚
૛ ࢍ࢕࢒

ቌ૚ −
࢔
૚
࢔

࢔
ቍ

૚
࢔

∙
ࢋ
૚
ቌ૚ିࢍ࢕࢒࢔

࢔
૚
࢔
࢔ ቍ

− ૚

૚
࢔ ൭૚ࢍ࢕࢒ −

࢔
૚
࢔

࢔ ൱

= 

= ૚
૛
૚ࢍ࢕࢒ + ૚

૛
૚ࢍ࢕࢒ = ૙. Therefore, 

Ω = ܕܑܔ
ஶ→࢔

⎝

⎜
⎛૚
૛
ቌ૚ +

࢔
૚
࢔

࢔
ቍ

૚
࢔

+
૚
૛
ቌ૚ −

࢔
૚
࢔

࢔
ቍ

૚
࢔

⎠

⎟
⎞

࢔

= ૚ 

Solution 3 by Naren Bhandari-Bajura-Nepal 

For ࢔ ∈ ℕ, it is easy to verify that ࢔ ≤ !࢔ ≤ ࢔ holds true and taking ࢔࢔ −th root we have 

࢔࢔√ ≤ ࢔!࢔√ ≤ ࢔√ which implies ࢔
࢔

࢔
≤ ૚; 		(૚) 

(࢔)࢈ࡲ =
૚
࢈ ቆ૚±

࢔࢔√

࢔ ቇ

૚
࢔

=
૚
෍࢈

ቌ
૚
࢔
࢘
ቍቆ±

࢔࢔√

࢔ ቇ
࢘ஶ

࢘ୀ૙
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since for all ࢔ > 1, |࢞| < 1 where ࢞ = ± ࢔࢔√

࢔
 and hence by fractional binomial theorem we 

write 

(࢔)࢈ࡲ = ૚ ±
࢔࢔√

૛࢔ ±
(૚ − ࢔૛࢔√(࢔

૛!࢔૜ ±
(૚ − ૚)(࢔ − ૛࢔√(࢔૛࢔

૜!࢔૝ ± ⋯ ; 		(૚) 

From (2) observe that 

૚
෍࢈

ቌ
૚
࢔
࢘
ቍ ቆ

࢔࢔√

࢔ ቇ
࢘ஶ

࢘ୀ૙

+
૚
෍࢈

ቌ
૚
࢔
࢘
ቍቆ−

࢔࢔√

࢔ ቇ
࢘ஶ

࢘ୀ૙

=
૚
࢈
ቌ૛ + ૛෍ቌ

૚
࢔
૛࢘
ቍቆ

࢔࢔√

࢔ ቇ
૛࢘ஶ

࢘ୀ૙

ቍ = 

= ૛
࢈
൫૚ + ൯ which tends to ૛(࢔)ࡾ

࢈
 as (࢔)ࡾ

ஶ→࢔
ሱ⎯⎯ሮ ૙ and we have  

ܕܑܔ
ஶ→࢔

࢔ࡲ (૛) = ૚ஶ 

From and heading to the main problem we have 

Ω = ܕܑܔ
ஶ→࢔

൫૚ + ࢔൯(࢔)ࡾ = ࢖࢞ࢋ ቀܕܑܔ
ஶ→࢔

ቁ(࢔)ࡾ = ૙ࢋ = ૚ 

1195.  

࢔࢛ = ඨࢍ࢕࢒
૝࢔ + ૟࢔૜ + ૚૜࢔૛ + ૚૛࢔ + ૝

૝࢔ + ૚૝࢔૜ + ૠ૜࢔૛ + ૚૟ૡ࢔ + ૚૝૝
૜

 

࢔ࡿ = ࢛૚ + ࢛૛ + ⋯+  :Find .࢔࢛

Ω = ܕܑܔ
ஶ→࢔

࢔ ൬
૜
૛
࢔ࡿ − ૝࢔ࢍ࢕࢒ −  ૠ૛൰ࢍ࢕࢒

Proposed by Costel Florea-Romania 

Solution by Adrian Popa-Romania 

૝࢔ + ૟࢔૜ + ૚૜࢔૛ + ૚૛࢔+ ૝ = ࢔) + ૚)૛(࢔ + ૛)૛ 

૝࢔ + ૚૝࢔૜ + ૠ૜࢔૛ + ૚૟ૡ࢔+ ૚૝૝ = +࢔) ૜)૛(࢔+ ૝)૛ 

࢔࢛ =
૛
૜ ࢍ࢕࢒

+࢔) ૚)(࢔+ ૛)
+࢔) ૜)(࢔+ ૝) ⇒ ࢔ࡿ =

૛
૜ ࢍ࢕࢒

ቀૠ૛࢔)࢔ + ૚)૛(࢔+ ૛)ቁ		 

Ω = ܕܑܔ
ஶ→࢔

൬࢔
૛
૜ ∙

૜
૛ ∙ ࢍ࢕࢒

ቀૠ૛࢔)࢔ + ૚)૛(࢔+ ૛)ቁ − ૝࢔ࢍ࢕࢒ − ૠ૛൰ࢍ࢕࢒ = 

= ܕܑܔ
ஶ→࢔

࢔ ൬ࢍ࢕࢒ ቀૠ૛࢔)࢔ + ૚)૛(࢔ + ૛)ቁ − ൰(૝࢔ૠ૛)ࢍ࢕࢒ = 
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= ܕܑܔ
ஶ→࢔

ࢍ࢕࢒࢔
૜࢔ + ૝࢔૛ + ૞࢔+ ૛

૜࢔ = ܕܑܔቆࢍ࢕࢒
ஶ→࢔

ቆ૚ +
૝࢔૛ + ૞࢔ + ૛

૜࢔ ቇ
࢔

ቇ = 

= ࢍ࢕࢒ ቆࢋ ܕܑܔ
ಮ→࢔

࢔૝∙࢔
૛ା૞࢔ା૛
૜࢔ ቇ = ૝ 

1196.  

Ω૚(࢔) = ܕܑܔ
࢞→૙

ቌ࢞ ∙
∑ ࢑)࢑)࢔࢏࢙ + ૚)࢞)࢔
࢑ୀ૚

∑ ࢔ࢇ࢚ ቀ൫࢙ି࢔࢏૚(࢑࢞)൯૛ቁ࢔
࢑ୀ૚

ቍ 

Find: 

Ω = ܕܑܔ
ஶ→࢔

ට൫Ω૚(࢔)൯
૛࢔૜
	 

Proposed by Costel Florea-Romania 

Solution 1 by Adrian Popa-Romania 

Ω૚(࢔) = ܕܑܔ
࢞→૙

ቌ࢞ ∙
∑ ࢑)࢑)࢔࢏࢙ + ૚)࢞)࢔
࢑ୀ૚

∑ ࢔൯૛ቁ(࢑࢞)૚ି࢔࢏ቀ൫࢙࢔ࢇ࢚
࢑ୀ૚

ቍ 

= ܕܑܔ
࢞→૙

⎝

⎜
⎛࢞૛

࢞ ∙
∑ ࢑)࢑)࢔࢏࢙ + ૚)࢞)࢔
࢑ୀ૚

∑ ࢔ࢇ࢚ ቆ൬࢙࢔࢏
ି૚(࢑࢞)
࢞ ൰

૛
࢞૛ቇ࢔

࢑ୀ૚
⎠

⎟
⎞

= 

= ܕܑܔ
࢞→૙

∑ +࢑)࢑)࢔࢏࢙ ૚)࢞)
࢞

࢔
࢑ୀ૚

∑ ࢑૛࢞૛࢔ࢇ࢚
࢞૛

࢔
࢑ୀ૚

=
∑ ࢑)࢑+ ૚)࢔
࢑ୀ૚
∑ ࢑૛࢔
࢑ୀ૚

= ૚ +
૜

૛࢔ + ૚ 

Ω = ܕܑܔ
ஶ→࢔

ට൫Ω૚(࢔)൯
૛࢔૜
	 = ܕܑܔ

ஶ→࢔
൬૚ +

૜
૛࢔ + ૚൰

૛࢔
૜

= ܕܑܔ
ஶ→࢔

቎൬૚ +
૜

૛࢔ + ૚൰
૛࢔ା૚
૛
቏

૛࢔
૛࢔ା૚

=  ࢋ

Solution 2 by Khaled Abd Imouti-Damascus-Syria  

ܕܑܔ
࢞→૙

࢞࢔࢏࢙
࢞ = ૚; ܕܑܔ	

࢞→૙

࢞࢔ࢇ࢚
࢞ = ૚ 
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෍࢙࢑)࢑)࢔࢏+ ૚)࢞)
࢔

࢑ୀ૚

= ෍࢑)࢑+ ૚)࢞ ∙
+࢑)࢑)࢔࢏࢙ ૚)࢞)
࢑)࢑ + ૚)࢞

࢔

࢑ୀ૚

= ࢞෍࢑)࢑+ ૚)
࢔

࢑ୀ૚

 

෍࢚࢔ࢇ൬ቀ࢙ି࢔࢏૚(࢑࢞)ቁ
૛
൰

࢔

࢑ୀ૚

= ෍
ቁ(࢑࢞)૚ି࢔࢏൬ቀ࢙࢔ࢇ࢚

૛
൰

൫࢙ି࢔࢏૚(࢑࢞)൯૛
∙
ቀ࢙ି࢔࢏૚(࢑࢞)ቁ

૛

(࢑࢞)૛ ∙ ࢑૛࢞૛
࢔

࢑ୀ૚

= 

= ࢞૛෍࢑૛
࢔

࢑ୀ૚

 

Ω૚(࢔) =
∑ ࢑)࢑ + ૚)࢔
࢑ୀ૚
∑ ࢑૛࢔
࢑ୀ૚

= ૚ +
૜

૛࢔ + ૚ 

Ω = ܕܑܔ
ஶ→࢔

ට൫Ω૚(࢔)൯૛࢔
૜

	 = ܕܑܔ
ஶ→࢔

൬૚ +
૜

૛࢔ + ૚൰
૛࢔
૜

= ܕܑܔ
ஶ→࢔

቎൬૚ +
૜

૛࢔ + ૚൰
૛࢔ା૚
૛
቏

૛࢔
૛࢔ା૚

=  ࢋ

1197. Find: 

Ω = ܕܑܔ
ஶ→࢔

ቆ
૜࢔൫(૛࢔ − ૚)‼ + (૛࢔)‼൯

૛࢔ା૚(૛࢔ࡴ + ૚)࢔ + ૛࢔૛)࢔ࡴ + ૟࢔ + ૝)࢔ቇ 

Proposed by Daniel Sitaru-Romania 

Solution by Ravi Prakash-New Delhi-India 

࢔ࢇ =
૜࢔൫(૛࢔ − ૚)‼+ (૛࢔)‼൯

૛࢔ା૚(૛࢔ࡴ + ૚)࢔ + ૛࢔૛)࢔ࡴ + ૟࢔+ ૝)࢔ 

For ࢔ ≥ ૚, (૛࢔ − ૚)‼ ≤ (૛࢔)࢔ and (૛࢔)‼ ≤ (૛࢔)࢔ 

Also, (૛࢔૛ + ૚)࢔ > ૛࢔࢔૛࢔ ; (૛࢔૛ + ૟࢔ + ૝)࢔ > ૛࢔࢔૛࢔  and ࢔ࡴ ≥ ૚ 

Thus, 

૙ <
૜࢔൫(૛࢔ − ૚)‼+ (૛࢔)‼൯

૛࢔ା૚(૛࢔ࡴ + ૚)࢔ + ૛࢔૛)࢔ࡴ + ૟࢔ + ૝)࢔ ≤
૜࢔(૛࢔)࢔ + ૜࢔(૛࢔)࢔

૛࢔࢔૛࢔ + ૛࢔࢔૛࢔ =
૛(૜࢔૛ᇱ࢔࢔࢔)
૛ ∙ ૛࢔࢔૛࢔  

 

૙ ≤ ࢔ࢇ ≤ ൬
૜
൰࢔

࢔

 

ܕܑܔ
ஶ→࢔

൬
૜
൰࢔

࢔

= ૙ 
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Therefore, 

Ω = ܕܑܔ
ஶ→࢔

ቆ
૜࢔൫(૛࢔ − ૚)‼ + (૛࢔)‼൯

૛࢔ା૚(૛࢔ࡴ + ૚)࢔ + ૛࢔૛)࢔ࡴ + ૟࢔+ ૝)࢔ቇ = ૙ 

1198. Find: 

Ω = ܕܑܔ
ஶ→࢔

ቌ෍࢖࢞ࢋቌ
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔ ቍ − ࢔

࢔

࢑ୀ૚

ቍ 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Arghyadeep Chatterjee-Kolkata-India 

ቌ࢖࢞ࢋ
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ = ૚ +
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔ +

૛࢔ ቆ࢚ି࢔ࢇ૚ ቀ࢔࢑ቁቇ
૛

(࢑૛ + ૛)૛࢔ ∙
૚
૛! + ⋯ 

෍࢖࢞ࢋቌ
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ− ࢔
࢔

࢑ୀ૚

= ෍

⎝

⎜
⎛
૚ +

૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔ +

૛࢔ ቆ࢚ି࢔ࢇ૚ ቀ࢔࢑ቁቇ
૛

(࢑૛ + ૛)૛࢔ ∙
૚
૛! + ⋯

⎠

⎟
⎞

࢔

࢑ୀ૚

−  ࢔

= ෍
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

࢔

࢑ୀ૚

+ ෍
૛࢔ ቆ࢚ି࢔ࢇ૚ ቀ࢔࢑ቁቇ

૛

(࢑૛ + ૛)૛࢔ ∙
૚
૛!

࢔

࢑ୀ૚

+ ⋯ 

=
૚
෍࢔

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

+
૚
࢔ ∙

૚
૛! ∙

૚
෍࢔

ቆ࢚ି࢔ࢇ૚ ቀ࢔࢑ቁቇ
૛

ቆ૚ + ቀ࢔࢑ቁ
૛
ቇ
૛

࢔

࢑ୀ૚

 

Using Riemann sums when ࢔ → ∞ we have: 

ܕܑܔ
ஶ→࢔

൮න
૚࢞ି࢔ࢇ࢚
૚ + ࢞૛

૚

૙

࢞ࢊ +
૚
૛࢔නቆ

૚࢞ି࢔ࢇ࢚
૚ + ࢞૛ ቇ

૛

࢞ࢊ
૚

૙

+ ൬ࡻ
૚
૛൰࢔

൲ = 

= න
૚࢞ି࢔ࢇ࢚
૚ + ࢞૛

૚

૙

࢞ࢊ =
࣊૛

૜૛ 
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Solution 2 by Ali Jaffal-Lebanon 

Let ࢌ(࢞) = ቐ
૚ି࢞ି࢞ࢋ

࢞૛
;࢞ ≠ ૙

૚
૛

;࢞ = ૙
 

When ࢞ ∈ [૙,૚] we have: 

ܕܑܔ
࢞→૙

(࢞)ࢌ = ܕܑܔ
࢞→૙

࢞ࢋ − ࢞ − ૚
࢞૛ = ܕܑܔ

࢞→૙

૚
૛ࢋ

࢞ + ࢞૛ࢿ(࢞)
࢞૛ = 

= ܕܑܔ
࢞→૙

࢞૛ ቆ૚૛ + ቇ(࢞)ࢿ

࢞૛ = ܕܑܔ
࢞→૙

ቆ
૚
૛ + ቇ(࢞)ࢿ =

૚
૛ =  (૙)ࢌ

So, ࢌ is continuous at ࢞ = ૙. 

Let ࢞࢔
(࢑) =

ቁ࢔ష૚ቀ࢑࢔ࢇ࢚

ቁ࢔ቆ૚ାቀ࢑࢔
૛
ቇ

;૚ ≤ ࢑ ≤ ࢔,࢔ ∈ ℕ∗ 

We have: ૚ + ૚
૛࢔
≤ ૚ + ቀ࢑

࢔
ቁ
૛
≤ ૛,	since ૚ ≤ ࢑ ≤  ,hence ࢔

૚
૛࢔ <

૚

࢔ ቆ૚+ ቀ࢔࢑ቁ
૛
ቇ

<
࢔

૚ + ૛࢔ ≤
૚
 ࢔

૙ ≤ ૚ି࢔ࢇ࢚ ൬
࢑
൰࢔ ≤

࣊
૝ ⇒ ૙ ≤

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

ቆ૚࢔ + ቀ࢔࢑ቁ
૛
ቇ
≤

࣊
૝࢔ ≤ ૚ 

Hence, ૙ ≤ ࢔࢞
(࢑) ≤ ૚ for all ࢔ ∈ ℕ∗. 

We know that ࢌ is continuous on [૙,૚] then exist ࡹ ∈ ℝା  such that 

|(࢞)ࢌ| ≤ ࢞∀,ࡹ ∈ [૙,૚] 

We have: ࢞ࢋ = ࢞૛ࢌ(࢞) + ࢞ + ૚,∀࢞ ∈ [૙,૚] so, 

࢔࢞ࢋ = (࢔࢞)ࢌ૛࢔࢞ + ࢔࢞ + ૚,∀࢔ ∈ ℕ∗ 

อ෍࢞࢔૛((࢑)࢔࢞)ࢌ
࢔

࢑ୀ૚

อ ≤ (࢑)૛࢔෍࢞ࡹ
࢔

࢑ୀ૚

≤ ෍ࡹ
ቆ࢚ି࢔ࢇ૚ ቀ࢔࢑ቁቇ

૛

૛࢔ ቆ૚ + ቀ࢔࢑ቁ
૛
ቇ
૛

࢔

࢑ୀ૚
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ܕܑܔ
ஶ→࢔

෍
ቆ࢚ି࢔ࢇ૚ ቀ࢔࢑ቁቇ

૛

૛࢔ ቆ૚ + ቀ࢔࢑ቁ
૛
ቇ
૛

࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

૚
࢔ ∙

૚
෍࢔

ቆ࢚ି࢔ࢇ૚ ቀ࢔࢑ቁቇ
૛

ቆ૚+ ቀ࢔࢑ቁ
૛
ቇ
૛

࢔

࢑ୀ૚

= ૙ 

Hence, 

ܕܑܔ
ஶ→࢔

෍࢞࢔૛((࢑)࢔࢞)ࢌ
࢔

࢑ୀ૚

= ૙ 

ܕܑܔ
ஶ→࢔

෍࢞(࢑)࢔
࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

૚
࢔
෍

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

= න
૚࢞ି࢔ࢇ࢚
૚ + ࢞૛

૚

૙

࢞ࢊ =
૚
૛

૛ฬ(૚࢞ି࢔ࢇ࢚)
૙

૚

=
࣊૛

૜૛
 

Therefore,  

Ω = ܕܑܔ
ஶ→࢔

ቌ෍࢖࢞ࢋቌ
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ − ࢔
࢔

࢑ୀ૚

ቍ =
࣊૛

૜૛ 

Solution 3 by Tobi Joshua-Nigeria 

Ω = ෍൫(࢔)ࢌࢋ − ൯࢔
࢔

࢑ୀ૚

= ෍࢔ቆ
(࢔)ࢌࢋ

࢔ − ૚ቇ
࢔

࢑ୀ૚

= ෍࢔ቆ૚ +
(࢔)ࢌ
࢔ + ࡻ ൬

૚
૛൰࢔ − ૚ቇ

࢔

࢑ୀ૚

= 

= ෍࢔ቆ
(࢔)ࢌ
࢔ ቇ

࢔

࢑ୀ૚

= ෍(࢔)ࢌ
࢔

࢑ୀ૚

 

Replace (࢔)ࢌ =
ቁ࢔ష૚ቀ࢑࢔ࢇ࢚࢔

࢑૛ା࢔૛
 

ܕܑܔ
ஶ→࢔

෍
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

࢔

࢑ୀ૚

== න
૚࢞ି࢔ࢇ࢚
૚ + ࢞૛

૚

૙

࢞ࢊ =
૚
૛

૛ฬ(૚࢞ି࢔ࢇ࢚)
૙

૚

=
࣊૛

૜૛ 

Therefore, 

Ω = ܕܑܔ
ஶ→࢔

ቌ෍࢖࢞ࢋቌ
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ − ࢔
࢔

࢑ୀ૚

ቍ =
࣊૛

૜૛ 

 Solution 4 by Florică Anastase-Romania  

૙→࢚ܕܑܔ
૚ି࢚ࢋ
࢚

= ૚ ⇒ ࢿ∀ > ࢿ࢔∃,0 > 0 such that for all ࢔ >  :we have ࢿ࢔
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૚ − ࢿ ≤
࢚ࢋ − ૚
࢚ ≤ ૚ + ࢚∀,ࢿ > 0 ⇔ 

(૚ − ࢚(ࢿ ≤ ࢚ࢋ − ૚ ≤ (૚+ ࢚(ࢿ ⇔ 

෍࢖࢞ࢋቌ
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ− ࢔
࢔

࢑ୀ૚

= ෍቎࢖࢞ࢋቌ
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

ቍ− ૚቏
࢔

࢑ୀ૚

≅෍
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

࢔

࢑ୀ૚

; 		(૚) 

Let ࢌ: [૙,૚] → ℝ, (࢞)ࢌ = ష૚࢞࢔ࢇ࢚
૚ା࢞૛

࢑࢔࢞, = ℥࢑ = ࢑
࢔

; ‖࢔∆‖	 → ૙, hence, 

ܕܑܔ
ஶ→࢔

෍
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔

࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

૚
෍࢔

૚ି࢔ࢇ࢚ ቀ࢔࢑ቁ

૚ + ቀ࢔࢑ቁ
૛

࢔

࢑ୀ૚

= 

= ܕܑܔ
ஶ→࢔

૚
൬ࢌ෍࢔

࢑
൰࢔

࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍ࢌ൬
࢑
൰࢔ ൬

࢑
࢔ −

࢑ − ૚
࢔ ൰

࢔

࢑ୀ૚

= ܕܑܔ
ஶ→࢔

෍(࢔࢑℥)ࢌ൫࢞࢔࢑ − ૚൯ି࢔࢑࢞
࢔

࢑ୀ૚

= 

= න
૚࢞ି࢔ࢇ࢚
૚ + ࢞૛

૚

૙

࢞ࢊ =
૚
૛

૛ฬ(૚࢞ି࢔ࢇ࢚)
૙

૚

=
࣊૛

૜૛ ; (૛) 

From (૚), (૛) we get: 

Ω = ܕܑܔ
ஶ→࢔

ቌ෍࢖࢞ࢋቌ
૚ି࢔ࢇ࢚࢔ ቀ࢔࢑ቁ
࢑૛ + ૛࢔ ቍ − ࢔

࢔

࢑ୀ૚

ቍ =
࣊૛

૜૛ 

1199. If ૙ < ܽ ≤ ܾ < 1, ݂: [૙, ૚] → [૙, ૚], ࢌ −continuous. Prove that: 

૜(࢈ − ࢞ࢊ(࢞)૛ࢌ૛න(ࢇ
࢈

ࢇ

≤ ૛(࢈ − ૜(ࢇ + ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

 

Proposed by Daniel Sitaru-Romania 

Solution by Adrian Popa-Romania 

૛(࢈− ૜(ࢇ + ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜

≥
ࡹࡳ࡭

૜ඩ(࢈ − ૟(ࢇ ቌන࢞ࢊ(࢞)ࢌ
࢈

ࢇ

ቍ

૜
૜

= 
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= ૜(࢈− ࢞ࢊ(࢞)ࢌ૛න(ࢇ
࢈

ࢇ

≥ ૜(࢈− ࢞ࢊ(࢞)૛ࢌ૛න(ࢇ
࢈

ࢇ

 

(࢞)ࢌ ∈ [૙,૚] ⇒ (࢞)ࢌ ≥  (࢞)૛ࢌ

1200.  

෍
(−૚)ࡲ࢔૛࢔ା૚ + ା૚࢔૛ࡸ

(૛࢔ + ૚)ࣘ૝࢔

ஶ

ୀ૙࢔

=
࣊(ࣘ + ૚)
૝√૞

+ ࣘ૛ିࢎ࢚࢕ࢉ૚൫√૞൯ 

ࣘ −Golden Ratio, ࢔ࡲ −Fibonacci number,  ࢔ࡸ −Lucas number 

Proposed by Srinivasa Raghava-AIRMC-India 

Solution by Dawid Bialek-Poland 

Note ࡲ૛࢔ା૚ ≔
࣐૛࢔శ૚

√૞
− (ି࣐)ష૛࢔ష૚

√૞
; 		(∗), ା૚࢔૛ࡸ ≔ ࣐૛࢔ା૚ + (−࣐)ି૛ି࢔૚; (∗∗) 

So: 

Ω = ෍
(−૚)ࡲ࢔૛࢔ା૚
(૛࢔ + ૚)ࣘ૝࢔

ஶ

ୀ૙࢔

+ ෍
ା૚࢔૛ࡸ

(૛࢔ + ૚)ࣘ૝࢔

ஶ

ୀ૙࢔

= ૚ࡿ + ;૛ࡿ 		(૚) 

૚ࡿ =
(∗) ૚
√૞

෍
(−૚)࢔

(૛࢔+ ૚)ࣘ૝࢔

ஶ

ୀ૙࢔

(࣐૛࢔ା૚ − (−࣐)ି૛ି࢔૚) = 

=
૚
√૞

෍
(−૚)࣐࢔૛࢔ା૚ି૝࢔

(૛࢔ + ૚)

ஶ

ୀ૙࢔

+
૚
√૞

෍
(−૚)ି࣐࢔૛ି࢔૚ି૝࢔

(૛࢔+ ૚)

ஶ

ୀ૙࢔

= 

=
૚
√૞

෍
(−૚)ି࣐࢔૛࢔ା૚

(૛࢔ + ૚)

ஶ

ୀ૙࢔

+
૚
√૞

෍
(−૚)ି࣐࢔૟ି࢔૚

(૛࢔+ ૚)

ஶ

ୀ૙࢔

 

૚ࡿ =
࣐૛

√૞

⎝

⎜
⎜
⎛
෍

(−૚)࢔ ቀ૚࣐ቁ
૛࢔ା૚

૛࢔ + ૚

ஶ

ୀ૙ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ࢔
ష૚ቀ૚࣐ቁ࢔ࢇ࢚≕

+ ෍
(−૚)࢔ ൬ ૚࣐૜൰

૛࢔ା૚

૛࢔ + ૚

ஶ

ୀ૙ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ࢔
ష૚൬࢔ࢇ࢚≕ ૚࣐૜൰ ⎠

⎟
⎟
⎞

= 

=
࣐૛

√૞	
൭࢚ି࢔ࢇ૚ ൬

૚
࣐൰+ ૚ି࢔ࢇ࢚ ൬

૚
࣐૜൰൱ =

࣐૛

√૞	
૚ି࢔ࢇ࢚ ൮

૚
࣐+ ૚

࣐૜

૚ − ૚
࣐ ∙ ૚࣐૜

൲ = 
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=
࣐૛

√૞	
૚ି࢔ࢇ࢚ ቆ

࣐(࣐૛ + ૚)
࣐૝ − ૚ ቇ 

૚ࡿ =
࣐૛

√૞	
૚ି࢔ࢇ࢚ ൬

࣐
࣐૛ − ૚൰ =

࣐૛ି૚ୀ࣐ ࣐૛

√૞	
૚(૚)ି࢔ࢇ࢚ =

࣐૛

√૞	
∙
࣊
૝ =

࣐૛ୀ࣐ା૚ ࣊(࣐+ ૚)
૝√૞

 

Now 

૛ࡿ =
(∗∗) ૚

√૞
෍

(−૚)࢔

(૛࢔ + ૚)࣐૝࢔

ஶ

ୀ૙࢔

(࣐૛࢔ା૚ + (−࣐)ି૛ି࢔૚) = 

= ෍
(−૚)࣐࢔૛࢔ା૚ି૝࢔

(૛࢔ + ૚)

ஶ

ୀ૙࢔

−෍
(−૚)ି࣐࢔૛ି࢔૚ି૝࢔

(૛࢔+ ૚)

ஶ

ୀ૙࢔

= 

= ෍
(−૚)ି࣐࢔૛࢔ା૚

(૛࢔+ ૚)

ஶ

ୀ૙࢔

−
૚
√૞

෍
(−૚)ି࣐࢔૟ି࢔૚

(૛࢔+ ૚)

ஶ

ୀ૙࢔

 

૛ࡿ = ࣐૛

⎝

⎜
⎜
⎛
෍

(−૚)࢔ ቀ૚࣐ቁ
૛࢔ା૚

૛࢔ + ૚

ஶ

ୀ૙ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ࢔
ష૚ቀ૚࣐ቁࢎ࢔ࢇ࢚≕

−෍
(−૚)࢔ ൬ ૚࣐૜൰

૛࢔ା૚

૛࢔ + ૚

ஶ

ୀ૙ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ࢔
ష૚൬ࢎ࢔ࢇ࢚≕ ૚࣐૜൰ ⎠

⎟
⎟
⎞

= 

=
࣐૛

√૞	
൭࢚ିࢎ࢔ࢇ૚ ൬

૚
࣐൰ − ૚ିࢎ࢔ࢇ࢚ ൬

૚
࣐૜൰൱ =

࣐૛

√૞	
૚൮ିࢎ࢔ࢇ࢚

૚
࣐ − ૚

࣐૜

૚ + ૚
࣐ ∙ ૚࣐૜

൲ = 

=
࣐૛

√૞	
૚ିࢎ࢔ࢇ࢚ ൬

࣐
࣐૛ + ૚൰ 

૛ࡿ = ࣐૛࢚ିࢎ࢔ࢇ૚ ቆ
૚ + √૞
૞ + √૞

ቇ = ࣐૛࢚ିࢎ࢔ࢇ૚ ቆ
൫૚ + √૞൯൫૞ − √૞൯

૛૙ ቇ = 

= ࣐૛࢚ିࢎ࢔ࢇ૚ ቆ
√૞
૞ ቇ = ࣐૛࢚ିࢎ࢔ࢇ૚ ൬

૚
√૞

൰ = ࣐૛ିࢎ࢚࢕ࢉ૚൫√૞൯ 

Rewriting (1) with ࡿ૚&ࡿ૛, we get: 

 ∑ (ି૚)ࡲ࢔૛࢔శ૚ାࡸ૛࢔శ૚
(૛࢔ା૚)ࣘ૝࢔

ஶ
ୀ૙࢔ = ࣊(ࣘା૚)

૝√૞
+ ࣘ૛ିࢎ࢚࢕ࢉ૚൫√૞൯ 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
 

 

 


