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1101. Prove that:

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Kamel Benaicha-Algiers-Algerie
_ = 2F3p41 \ _ o 2Fy4
P= 1_[ exp ((Zk n 1)5k) exp <kZO 2k + 1)5k>

+ 2k+1
(B () |
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o=t () el )
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2
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2
p = exp(2f(¢)) = exp(log11) = 11
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1102. Prove the relationship:

C 6(—1)k(4k% +3)

T
2
. 3 = =+ Z -
f sin(2x)cos (log(tanx))dx 1 ya 16k* + 40k2 +9
J =

O 3m(1+ e2kmimy 3 v 8(—1)k(4k2+3) 3 T 3
= ( ) =— 1) ( ) 1t<csch (E) + csch (—))

= =T
s 4e%(2kﬂ'+1‘[) 8 1t(4-k2 + 1)(4'k2 + 9) 8 2

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Kamel Benaicha-Algiers-Algerie

T
f [ee)
_ 2tcos3(logt) . ¢-¢2
| nizmeos ceans [ 2tc0s%(logt)
Q fsm(Zx)cos (log(tanx))dx f (1 + 2)?
5 0

1+0)7? 1 +0? a+pz U=

1
z

f cos? (% lagt) p fl cos? (% lagt) p f cos? (% lagt)
= | ——2 " Ldt=| ——2 _Ldt+ | ——=_~
0 1

t=

(1+1)?

1 1
cos® (7 lagt) 18P 1 1 1
o [0) e () (o) -
0
0

1 lagt) (logt

ECoEC T

1+t
0

. (logt\ 1+ cos(logt
1sm( éq> 2( g) sinacos(Za):%(sin(3a)—sina
=1 +3f dt =
1+t
0
1 ., (3 , (1
3 rsin|5logt)+ sin(5logt =1
12 fenGton) s Groe) v
4 1+t
0
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3 sm + sin ( )
— e %du =
4f 1 +e U

0
=1- —Z( 1)"[ <sm( ) + sin (g)) e~ (mtDugy —

( [ sin(ave-tdx = £(sinta) = ,,T>

0

3 6 2
- 1_12;(_1) (4-(n+1)2 Y9 an+1)2 +1) -

3 6 2 3 (—1)"(32n2 + 24)
:1+—E(—1)“( + ):1+— =
4 4 4n?2+9 4nz2+1 4 4 (4n%z +1)(4n%z +9)
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=1+6E =1+6E =
4 (4n% + 1)(4n%2 +9) 4 16n* +40n%2+9
= n=

143} CD@n?+3) - (DT@(-n)2+3)
=1+ Zl (4'112 + 1)(4'112 + 9) + £ (4-(—71)2 + 1)(4'(_71)2 T 9) =

k=-n
_ L.\ (1)"(4n? +3) & (~Dk@ak2+3)
B Z (4n2 + 1)(4n2 +9) + = (4k? +1)(4k2 +9)

(-1)"(4n®+3) _3m 8(-1)"(4n* +3) @
=3 Z (4n% +1)(4n% +9) ?n:_w n(4n? + 1)(4nZ +9) ’
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Q=1+ 6; (4n? + 1)(4n% +9)

4x + 3 A B

= + o (F
(4x+1)(4x+9) 4x+1 4x+9 (E)
(E) ' x,x >0=>A+B=1

1 1 3
+ =—— =—:B=-—
(E)-(4x+1),x 4_:>A 4 1
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2 4nZ + 1 2 4n? + 9 8 Z 8

n=1 n= 1n2+ n= 1n2+
1+(-1D"
z n2+az Z:tln2+aZ

n=1

RGO _15: 1 i 1
. 2 2 o 2 2 2
n:ln +a 2n=1n2+(%) nc+a

n=1

_amncot(am) — 1
2 o2 202

We know that: z

Q=1+ 1(3 th(n) 12-3 th(n) +6+3 th(Bn) 4-3 th(Bn) +2) =
= 8 Tco 2 Tco 2 Tco 2 7wco 2 =

=1+ % <3n <coth (g) + coth (%)) —3n <coth (g) + coth (?)) - 8>

cosh (%) _ 1+ cosh(x) _

X
coth E) " sinh (%) ~ sinh(x) = sinh(x) + coth(x)

coth (E) + coth (3—1[) = ! + coth (E) + ! + coth (3—1[)
4 4 sinh (%) 2/ sinh (31[) 2
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_ 311'( 1 . 1 > _ 3n e 2 . e 2 _
4 \7_e2 JELNPEE 4 \1-e™ 1-e37

[ee] [ee]
31T 11 3 31T 11 3
= (e_f e " o7 2 . e—3m‘t) — z (e—f(2n+1) + 6—7(2"4'1)) —

4 4
n=0 n=
(o) . 3 -
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=— + = — -
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1103. Find:

0= f(exlog(l —e ™)+ 1)%dx

Proposed by Jalil Hajimir-Toronto-Canada

Solution by Kamel Benaicha-Algiers-Algerie

lo 1—e"+e"‘Z —e*
= f(e"log(l —e ) +1)%dx = ( 9 _3x) ) e *dx =
0

1
_ f (log(1 —3t) +t)? Qe

lo 1—t +tZ log’(1—t log(1—t dt
f(t)—f( g( ) +t) f 9(3 ) +2f g(z )dt+ dt isp
t t t
_ log? (1—t) log(l—t) log(1-1t) _
=— 212 f tZ(l—t) Zf—tz dt + logt =
log’(1—1t) log(1-1t) log(1-1t) _
= 202 —f 2 dt—fmdt+10'gt—
log’(1—1t) log(l - t) log(1-1t) B
log?(1—-t) log(1—t 1
— gz(tz )— g(t )+log(1— t) + Li,(t) +Elogz(1 —t)+C,CeR
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204 _ _
log®(1-t) <(t D(e+ 1)> +log(1—1t) (¥) tli(H+C

=22 5

20 =TlimA4 — lim B —A_
"Q_tlllP_ f(t)_tlll}!r f(H)=A—-B
i — 21-t)=1li 2 = i 2 =0=
tlllP_(l t)log*(1—1t) xlll(l)gr xlog*x 4xlll(1)gr(\/xlog\/x) 0

= tlll}l (1-t)log(1—-1t)

M =—1>
t-0+ t
B = lim £(0) = lim [1092(21 —t) <(t - 1z§t + 1)> +log(1—1) (#) . Liz(t)] _

1 1
:—E+1+C:—+C

2
A=tll1}1_f(t)=?+c

Q= f (e*log(1 — e ™) + 1)%dx = 1% —3
0
1104. Prove that:
oo 3
e_"\J”S\/E 27e ™
f 5 dz = = ((m(m(6 + m) + 20) + 40) + 40)
Vz T
0

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Kamel Benaicha-Algiers-Algerie

o 3 3
- /1+\/
T z

0= dz
[

Putt=Y1+3¥z=2z=(—-1)3>dz=9t(t3 — 1)%dt

O= 9f t2(t3 — 1)e ™dt = 9f (t° — t>)e ™dt
1 1
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e™ n e ™ n e’ ™
I, = ft" “Ttdt 'BP—+—f t"'le'"tdt=—+—1n—1;10:fe_"tdtZ—
T T T T T
1 1 1
QO=95 - I)
1 5 20 60 120 120
R +_) e_n
11'6

)i :(—+—+—+ +
5 n w? nwd w* wd

/3 18 60 120 120

50.9—9(§ 1r3+n'4+n'5 6
27e‘"

(m(m® + 6m? + 20m + 40) + 40) =

27 -
)e‘" = (40 + 40w + 2072 + 613 + %)

27e‘"
(r(m(m? + 6m + 20) + 40) + 40) =

=277 (a(m((6 + ) + 20) + 40) + 40)

® —11'3 1+3\/E -
f e 47 =27 (n(n(n(6+m) + 20) + 40) + 40)
0 Vz e
1105. Solve:
X

y(x) =1+2 f e~ Dy (t)dt

0
Proposed by Jalil Hajimir-Toronto-Canada

X

Solution 1 by Yen Tung Chung-Taichung-Taiwan

X

y(x)=1+2 f e~ Dy(t)dt =1+ Ze‘xf ety(t)dt
0

0

dy _

dx 1+ Ze‘xf ety(t)dt
0

d X X
= —Ze"‘f ety(t)dt + 2e *e*y(x)
T dx

0

dy _ dy _
:a—1—y(x)+2y(x):>a—1+y:>mdy—dx
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fl_l_ydy fdx+k:>log|1+y|—x+k:>y—e c—1

Sincey(0) =1+2 fo e~ Oy(t)dt =1
Wehave:l=c—-1=c=2=>y=2e*-1
Solution 2 by Nassim Nicholas Taleb-New York-USA

Taking Laplace transforms on both sides

X

L.yl(s) =L,

s+1
0

2 [ et-Oy(@yde+ 1] (s) = 2WED@IE) 1

Hence: £, [y(x)](s) =

(- 1+s)s

Inverting the Laplace Transform

— r-1 s+1 — X __
y(x) = L; [(s — 1)s] (x)=2e*—-1
1106. Find without any software:

n
2
4sinx + 2w
f dx
0

sinx+cosx+m

Proposed by Jalil Hajimir-Toronto-Canada
Solution by Daniel Sitaru — Romania

N[]

—x 2 4sin (% - y) + 27 B
f g reas(Gr)en

T T
2 2
J’ 4'Sln 7 — y) + 27 d J’ 4.c0sy + 21T d
Yy = p Yy =
n_ cosy +siny +m
5 sm +cos(2 5 y y

I3

z y=
4sinx + 2@
Q :f dx
0

sinx +cosx+

n
2
f 4cosx + 2@
sinx + cosx+ 1«
0
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™

sinx +cosx+m

T
2 2
4sinx + 2@ 4cosx + 2@
Q+0Q= - dx +
sinx + cosx+ T
0

0

n
2
20 f 4sinx + 2w + 4cosx + 21
sinx +cosx+
0

7
dx=4fdx=2n‘—>ﬂ=n'
0
1107. Find without any software:
O= f(4cot3x — 5cot?x + 7cotx)e*dx

Proposed by Daniel Sitaru-Romania

Solution 1 by Yen Tung Chung-Taichung-Vietnam
Q= f(4cot3x — 5cot?’x + 7cotx)e*dx =
= f(4cotx(csc2x —1) —5(csc?x — 1) + 7cotx)e*dx =
= 4fex-cotx-csc2xdx+ 3fe"-cotxdx— 5fe"-csc2xdx+ 5fe"dx =
1 1
= 4(—Eex . csczx+5f ex - csczxdx> + 3fex -cotxdx — 5fex -cscixdx + 5_[ e*dx =
= —2e*-csc’x+3 f e* - cotxdx — 3f e*-csc’xdx + 5e* =

= —2e*(1 + cot?>x) + 3 f(e"cotx —e*-cscx)dx + 5e* =

= —2e* - cot’x + 3e* - cotx + 3e* + C, where

{ u=-e* cscx . {dv = cotx - cscx dx
du = e*-cscx(1 — cotx)dx ' V= —cscx
f e* - cotx - csc’xdx = —e* - csc*x + f e*cscix(1 — cotx)dx =

—e"-csc2x+fe"-csc2xdx—fe"-cotx-csczxdx

1 1
fe" -cotx-cscixdx = —Ee"csczx + Ef e*-cscixdx
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Solution 2 by Khaled Abd Imouti-Damascus-Syria

Q= f(4cot3x — S5cot?’x + 7cotx)e*dx

Let be the function: f(x) = (4cot3x — 5cot*x + 7cotx)e* and
F(x) = (Acot*x + Bcotx + C)e*
F'(x) =[-2Acot3x + (A — B)cot?’x + (—2A + B)cotx + (—B + 0)]e* = f(x) =
—2A=4=A=-2A—-B=-5=>B=3,-B+C=0=C=3.
So, F(x) = (—2cot3x + 3cotx + 3)e*

Q= f(4cot3x — 5cot’x + 7cotx)e*dx = (—2cot3x + 3cotx + 3)e* + C

Solution 3 by Adrian Popa-Romania

1 sin®x + cos*x 5
cotx) = — — =— - =— cot’x
(cotx)’ > > 1+ cot
sin?x sin?x

Q= f(4cot3x — 5cot?’x + 7cotx)e*dx =

= f(4cot3x + 4cotx — 3cot’x — 3 — 2cot’x + 3cotx + 3)e*dx =

= f [(4cotx(cot2x +1) — 3(cot®x + 1)) e* + (—2cot?*x + 3cotx + 3)e*| dx =
f' (%) f(x)

= f(f’(x) + f(x))e* dx = f(x)e* + C = (—2cot’x + 3cotx + 3)e* + C
Solution 4 by Gilmer Lopez-Cajamarca-Peru

Q= f(4cot3x — 5cot?’x + 7cotx)e*dx =
= f(4cotx(csc2x — 1) + 5(csc?x — 1) + 7cotx)e* dx =
= 4f cotx- csc*x - e*dx — 4fcotx ce*dx — 5fcsc2x -e*dx + 5fe"dx

+ 7fcotx- e*dx =

12 | RMM-CALCULUS MARATHON 1101-1200
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=4fcotx-csc2x-e"dx+3 fcotx-e"dx — 5fcsc2x-e"dx+ 5fe"dx =

u=ex; du=e*dx u=cotx; du=-cscx

1 —eXdx: v=eX
dv=cotx-csc?x; u:—icotzx dv=e*dx; v=e

=4 (—%e" cot’x + %f cot’x - e* dx) +3 (cotx- e* + f csc?x - e* dx)
—5fcsc2x-e"dx+5fe"dx=
= —2e* - cot’x +2 f cot’x - e*dx + 3cotx-e* + 3 f csc?x - e*dx
—5fcsc2x-e"dx+5fe"dx=
= —2e*-cot’x+ 2 f cot’x - e*dx + 3cotx - e* — 2 f csc’x-e*dx+5 f e*dx =
= —2e* - cot’x + 2 f csc’x-e*dx—2 f e*dx + 3cotx - e* — 2 f csc?x - e*dx

+ 5 f e*dx = —2e* - cot*x + 3cotx-e*+3 f e*dx =

= —2e*-cot’x + 3cotx-e*+3e*+C

1108. For n = 1,prove that:

Vx T 1
f1+x+x2+x3dxzi. 1+ sin—- + cos ——
0 ( S COSZn)

Proposed by Srinivasa Raghava-AIRMC-India

Solution 1 by Kamel Benaicha-Algiers-Algerie

0 1\l/_ o 1 1.4 o 13 11
x xn — xn t=x* [ tin % — tin 2
Q(n)_f1+x+x2+x3dx_fﬁdx - f?dt_
0 0 0
1 1.3 1.1 w 1.3 1.1
1] tT'I—tﬁ'id tm‘z—tﬁ‘id I
=—| | —————dt+ | —————dt | =
4 f 1-¢ f 1-¢t
0 1
=1
t
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1 1 3 1 1 1 1 3 1 1

1 tin 4 — tan 2 Z 4n 4 —7 4n 2 d
2 f 1—t _f 1-2 Z|=
0 0
1 lll(1+1) lP(l +1) :p(l 1)+
4 an 2 4n 4 2 4n 4 4-n

(G- r G (s G )

=%<cot(§—%)+cot(g+%)>=g<tan% tan( —41)>=

1 tanl sinl coOS+— —Sin—
_T T 4n\|_T 4n 4n 4n | _
=—|ltan——+——7p | = — Tt T T
4 m 1+tano— 4\ cos+—— cosq—+ Sin-—
4n 4n 4n 4n
cos = sinE + sin? T + cos2 T — cos = sin -
_r 4n>""4n 4n 4n 4n>""4n _
2 2c0s? K T . T
co0Ss*— + 2c08+— Sin—
4n 4n 4n
i 1
-5 i3 . T
2 1+ coss—+sino—
2n 2n
® n
f VX d i 1
X =—"
2 3 T
1+x+x*+x 2 (1+sm—+cos )
0 2 2n

Solution 2 by Tobi Joshua-Nigeria

1:[ x:f dx
1+x+x2+x3 (1+x)(1+ x2)
0 0

co oo 1 co 1 1 1
17 Vx \/_(x—l) 1( xn 1 ([ yzn—y2n 2
I=—f dx — x=—f dx—— | ———dy =
2) 1+x 2) 1+x%2 2) 1+x 4 1+y
0 0 0 0

y=x2
oo 1 oo
1 x(n yZnZ
_Ef 1+x C1+y
0
f n ! <O
1+x sin(mn)’m
0
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= i 1 i i _
T osin(EF+m) sin(E+m) sin(F+T
2sin (n + n') sin (Zn + n') sin (Zn + 2)

_ i 1 i i _ i 1 i 1 T
T oein® 4\ an L s )T EAPUE SR AR
Zsmn siny,  coso 4cos an SNy siny coso.

T ., T T . 2
_E.cosﬁ+smﬁ—1_z. (cosﬁ+smﬁ) -1 3
4 cos = sinr- 4 APy n'( X +si £+1)

n n €o0s5  singy (cos5 .+ sing
2c0s T sin T
:E Cos o sing,..
4 ginE cos ™ (cos T+ sin
sznZnCOSZn(cos2n+sm2n+1)
r Vx T 1
f1+x+x2+x3dx:E. 1+ sin2 + T
o ( sins. cosﬁ)

1109. Find without any software:

0= 3x% +x p
_f1+6x(1+e3x)+2e3x+e6x+9x2 *

Proposed by Daniel Sitaru-Romania
Solution 1 by Kamel Benaicha-Algiers-Algerie
Q:f 3x%+x dx = 3x% +x dx
1+ 6x(1 + e3%) + 2e3% + 6% + 9x2 (Bx+e3*)2+2(3x+e3¥)+1
3x+1 (Bx+1)e 3%
T Gxrerrz T f ((Bx+1)e3 +1)”

(t = Bx+1)e> = dt = (373 — 3(3x + 1)e™*)dx = —9xe™>*dx)

- xe 3¥dx

Q= 1f tde  _ 1(1 1+¢t)+ 1 )+C'CER
~T9)a+pz 9l\%9 1+¢)

a=-%(1 (e + Bx+ 1))+ e 3x)+C
=—5|logle x T GBrr D) x

B 3x%+x dx =
_f1+6x(1+e3")+2e3"+e6"+9x2 =
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X

1 e3x
N—— 3x + + +
=379 <log( (3x 1)) Ty 1)> C

Solution 2 by Yen Tung Chung-Taichung-Taiwan

0= 3x2+x A =
_f1+6x(1+e3")+2e3"+e6"+9x2 =

B 3x% +x dx = 3x% +x A =
) (1 +e3%)2 + 6x(1 + e3%) + 9x2 = (1 + 3x +e3%)2 =

y=(1+3x)e 3% +1

3x+1)e 3 dy=—9xe~3*d -1/ 1
:f (8x+1)e xe¥dx = fy—'(——dy)z

((1+3x)e~3x + 1) 9
_ 1 f (1 1 )d _ 11 Iyl 1 fC=
1 1
= —— + -3x + _ + —
9 log|(1 3x)e 1| A+ 3065 +1 Cc
1 1+3x+e3 e3x B
__6"’9 e3x _1+3x+e3"+ N
x 1 e3x

1
- - = 3x
=379 173r % e 9log|1+3x+e +C

Solution 3 by Remus Florin Stanca-Romania

0= 3x2+x dx =
_f1+6x(1+e3")+2e3"+e6"+9x2 =

_ f 3x“ +x d
) (3x+1)2 + (e3* + 3x)2 — 9x2 + 2e3* x

B 3x% +x dx =
T Bx+1)2+ (e +3x)2 +2e +6x—9x% —6x—1+1"

_ f 3x“+x dx = f 3x“+x dx =
) (e3*+3x)2 +2(e3*+3x)+ 1 = (e3* +3x +1)2 =
_ [x(e** +3x+1) —xe3* dx = x 4 xe
_f (e3* + 3x + 1)? x_fe3"+3x+1 X (e3* +3x +1)2
xe3* (e3*) (e3* +3x + 1) — e3*(3e3* + 3) 4
(e3* +3x + 1)Z f (e3* +3x + 1)2 x

3x

dx; (1)
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1 e3x
:§.e3"+3x+1;(2)

x %(e3"+3x+ 1)—%(3e3x+3)
J 4= |

e3*+3x+1 e3*+3x+1 dx
x 1
=——= 3 + 3x +
3 9log(e 3x +1);(3)
From (1),(2),(3) we get:
Q—x 11 (e3*+3x+1) — 1 e’ +C
—3 909 x 9 ex+3x+1
1110. Find:
B Vsinx
Q= 2n“dx,nEN,nZZ

(Vsinx + Vcosx)
Proposed by Jalil Hajimir-Toronto-Canada

Solution by Abner Chinga Bazo-Lima-Peru

q f Vsinx f Vsinx - (\/secx) 4
= X =
(Vsinx + Ycosx) (Vsinx + Ycosx) " - (Ysecx x)2n+1
tanx u
_ \/tanx sec?x dx secxdx= nu" 1du u+1=t

= e + 1) 2n+1 (u + 1)Zn+1
_ f(t—l)" 5 - f koD
- t2n+1 - t2n+1

e Qe o

)
e (Gens - (et ot (e ac

t t—n—l t—n—Z t—n—3 t—Zn
=[(::)7—(':)“1+<’;>n+z—<';>,,+3+---+<—1>k<:> ] e

-] ﬂm[(’;
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1111. Find without any software:

T
4
T
Q= f sin (x — Z) \/(1 + sinx)(1 + cosx)dx
0

Proposed by Daniel Sitaru-Romania

Solution 1 by Abner Chinga Bazo-Lima-Peru

i
/5
Q= f sin (x — Z) J(@ + sinx)(1 + cosx)dx =
0

T T
4 4
b4 X X T X
= 1 —_— 2 Z = —_— — =
—fsm(x 4)\/4sm (2+4 cos dx fsm X Zsm(2 4) coszdx
0 0

E)dxz

n
4
f ( n .
sin x—— sm x+—)+sm
4 4
0

T

4
= f [sin (x — g) sin (x + g) + sin (x — g) sing] dx =
0

T
s
= lf [cost - cosn + cosx — cos (E - x)] dx =
2 2 2
0
T
10 171 i1
2
= —Ef(COSZx + cosx — sinx)dx = —3 [Esian + sinx + cosx] = —Z(Z\/Z — 1)

0

Solution 2 by Abner Chinga Bazo-Lima-Peru

i
/5
Q= f sin (x — Z) J(@ + sinx)(1 + cosx)dx =
0

18 | RMM-CALCULUS MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
T

i i
X T X b4 X T X
__ in2(—+ — 2 — _ —_
fsm X \]4sm (2 4) cos de fsm X 4) Zsm(2 4) cos—dx =
0 0

2

E)dxz

n
1
f n) .
= | sin x—— sm + sin
4 4
0

[sm (x - g) sin (x + g) + sin (x - g) sin g] dx =

°\1-PI=I o — iy

[sm (x - g) cos (x - g) + sin (x - g) sing] dx =
LA LA
) )
fsm x—%)d(sm x——>+smnfsm x—— x—— =
0 0
:%sinZ (x—g)|:—\/Z—_cos(x—g)E:—Z(Z\/E—l)

Solution 3 by Igor Soposki-Skopje-Macedonia

T
x—g=t

sin (x — g) \/(1 + sinx)(1 + cosx)dx 2

2
[l
o — o

sint\/(l + sin (t + g) <1 + cos (t + g)) dt =

+ \/2_7 (sint + cost)) (1 + \/2_7 (cost — sint)) dt =

sint ’ cost + —

[l
|
B

[l
2
=
o~
ey

| |
BE—— o AT

sint |=+\2cost + cos?tdt =

ﬁ

Ay ——

19 | RMM-CALCULUS MARATHON 1101-1200



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

0 1
1 u=cos
= fsint(cost+ﬁ)dt <ost_ f(u+%)du=

I 7z
4 z

__ ﬁ;r R

2 2 \/Z_i 4 2

1112. f: (0, ) - R, f —continuous, f(x) — logs x = 4 — f(5'°83%),vx > 0.

Find:

3
Q0= f(f(x) —2)-log,15dx
2

Proposed by Daniel Sitaru-Romania
Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam
f(x) —logz x = 4 — f(5'°83%); (1)
Put f(x) = g(x) + 2 + log,5 x, we have
f(5'983%) = g(5!°83%) + 2 + log,5(5'°83%) = g(5'°83%) + 2 + log; x - logy5 5 =
= g(5'"83%) + 2 + logs x (1 — logys5 3)
So, the equation (1) is equivalent to:
g(x) + 2 +1ogys x —logz x = 4 — g(5'°82%) — 2 — logz x (1 — log5 3)
Or: g(x) +2 +logs x (logy53 — 1) =4 — g(5'°83%) — 2 + logz x (log;53 — 1) =
g(x) = —g(5"es%); (2)
Sobstitute x — 3'°85* we have the functional equation (2) equivalent to:
g(3"85%) = —g(x) = g(x) = —g(3"°&5%); (3)
Substitute x — 3'°85* we have the functional equation (3) equivalent to:
g(31°8s%) = —g(3loes 3logsx):  (4)
From (3),(4) we have: g(x) = (—1)% g(3'08s31ogs x)

Similarly, we have:

glx) = (_1)19(310g5 x) = (_1)29(310g5 3-logsx) =(-1)3g (310g§3'10g5x) = .. =
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= (-1)*"g (3‘082"‘%3'1085 ") ‘vn>1

So, we have: g(x) = g (3log2"‘§3-1og5x)
Givenn — o, we have g(x) = g(1)

Substitute x = 1in (2), we have g(1) = —g(1) = g(1) = 0 = f(x) = 2 +log,s x

So, we have:

= f(f(x)—Z)-logx15dx = f(Z +log.s x — 2) -log, 15dx =
2

= floglsx- log,15dx =1

1113. Find without any software:

5
43

:1

N

0= f sin(x) - sin(5Vx) - sm(Si/_)
= | =
1024

Proposed by Daniel Sitaru-Romania

Solution 1 by Abner Chinga Bazo-Lima-Peru

Ll

43

N

sm(\/_) sm(5\/_) sm(5\/_) Sr=t c
T =

sint - sin3t - sin5tdt =

o)
I
:m\
L — Wl

=Y
(=]
N
»

TL’

(cos2t — cos4t)sin5t dt = f(sm7t + sin3t — sin9t — sint) dt =

Nlu1
BR— iy

4-
14

—(41-41V2) = 222(1 -2)

cos7t cos3t cos9t 3
=-— [— - + + cost] =
4

7 3 9 252

Solution 2 by Timson Azeez Folorunsho-Lagos-Nigeria
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Ll

T
243 2
5~_
Q= f sin(Vx) - sin(5Vx) - sm(5\/_) dx ‘/_:_ysfsiny-sinSy-sinSydy:
Vat 4
1

P
1024

T
3

T
3
cosZy —cos8y\ . 5 . .
=5 f )smy dy = 2 f(cosZysmy — cos8ysiny) dy =
T
1

T

4

2

N |

T T
3 3
sin3y — siny — sin9y + sin7 5
f Y Y Y 4 dy = Zf(sinSy — siny — sin9y + sin7y)dy
T T
2 2

_ 5 [ cos7t cos3t . cos9t . t]
Y 3 9 %

5(41 41V2\ 205-205V2
4\63 63 | 252

AR WX

1114. Find a closed form:

x3

!K@:Jkﬁ;xk+nmx+ndxa>0

Proposed by Vasile Mircea Popa-Romania

Solution by Kamel Benaicha-Algiers-Algerie

x3 A +Bx3+CxZ+Dx+E_ 1
(x*—22+1)(ax+1) ax+1 xt—x2+1 (1)
1 a
1) (ax+1) x=-—-2A=—-———
(1) - (ax+1),x i P
1) AvB=0-p=—"
XD es gt B0 B G
=0=>E=-A= a
$EO0S A e
1
x=1=>B+C+D+E+ =
1+a 1+a
C+D= (1 + a)? . a B a*—-2a*+1
T 1+a at—a?+1 a*-a2+1) (1 +a)(a*—a?+1)
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1
x=1=>-B+C—-D+E+ =—
1—a 1+a
c_p= 14 (1 - a)? . a B a*-2a*+1
" 1-a a*—a2+1 a*—-a?2+1)/] (1-a)(a*—a?2+1)
a a(a®>-1)
C+aD=——F———— = 7
“ a*—a’>+1 Jc a —az+1
CiD= a’?—-2a a?
“ T at-az+1 kD__a4_aZ+1
a) = 1 f—axd . 1 f4x3—2xd .
Voo —ar1) 1+ax™ 4(a*—a?+1)) x*—x2+1 x
0 0
a(az—l)f x? . (1-2a?) x A+
at—a?+1) *—x2+1" 2(a*—a?+1) ) x*—x2+1 x
0 0
t=1/x z=x2
. a r 1 dox =
a4—a2+1fx4—x2+1 x
0
1 tonasas [ LHE Jl-2a?[ dz | _
T at—az+1 cga~a f1+t6 t 4 fzz—z+1 N
0 0
w _5 1 )
B 1 ] +a3fu 6+u Zd +1—2azf dz B
at—az+1\ 976 ) T1+u M 2 N 3
0 0 (z-3) +3
1 ] . 3n 1 1 1—2a2t _1(22 1)°°
oga anl(——-—
at*—a?2+1 6 szns?n sln% V3 VERRVEVAN

B 1 ] +a31r+1—2a2(n' n') B
Tat—az+1\ 0907 2v3 2 6/

B 1 ] . a3+1—2aZ
s oga 5 273 /4
x3 3vV3a3 — 4a% +2 loga
Q(a) = f dx = T —
(x*—x2+1)(ax+1) 6\/3(a* — a? +1) at—a2+1
0
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1115. Evaluate the following integral in a closed form:

f ftan‘l(W) dx

xy+1 X
0 \0

Proposed by Srinivasa Raghava-AIRMC-India

Solution 1 by Kamel Benaicha-Algiers-Algeria

o= ([ 5R orr aer

0
1 ©
= 5 log y 1+ 2 y=
0

0
1 o
T log(1 + yt* T 1+ tYHlog(1 +t*) — t*
:E+ff g( y)dtdy:_+f( Jlog( )
00

1+ t2 (1+t2)tt

B r 1 +tY)log(1+ t*) z:_tlz 17 (1+2z*)(log(1 + z%) — Zlogz)
f (1+t2)tt B _f (1+2)Vz

1 [ (1+22)(log(1 +22)
:Ef z Ogs z dZ

0 (1+2z)z2
11 (1+2z)log(1 + az?
Put:I(a)ZEf( Jlog( = )dz
0 (1+2z)zz
N 1+ 72
r@=y| Lz =

0 1+2)(1+az?)zz

1 f( 1+ 72 +(1—z)(a—1+1+az2>d ~
_2(1+a)0 (1+2)Vz (1 + az?)Vz ‘=

f<1+z -2z +1—z+(1—z)(01 1)>dz—
2(1"'0!) vz A+2z)Wz Az 1+ az?)Vz B

0
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1 -2z (1 —z)(a—-1)
= —+ dz
2(1+ a) ) <\/E 1+ z)\/E 1+ az?)Vz >

1 f( 2 q_g. 177 >d
“20+a)) \(A+2)vz A+ arz)

2(1+a)< of

( Lt
1 1 Ja

1 1
:1+akn_1(1_“)“ 4[ 1+t )

-2(1—- a)f1+au2 u)

0

T 1 1-a)(Va- 1)a_% do =

Q:n’logz—z\/E 1+ a
0

T a4(\/_ ava+ a — 1)(1 a)
= nlog2 — f
24/2 1—a?
0
L7131 1
t_8(t4—t4+t2—1)(1—t2)

T
=rntlog2 — f
g 4z ) 1—t

1 3 7 13

1

1 5
t_§—t_§+t_§—t_§—t_§+t8—t§+t_§d
t

d

t:

t =

]

T
=rnlog2 — f
9°" 4z 1t

0
1 3 7 3

t 8—2t 8+2t 88—t 8+18—1t8

1

=mnlog2 — \/_f 1—¢

o MOR R AR RIE

11) (13

=

2 8

42

-tz 5 ) () - ) o
=mlog2 —%(2\/§log <§ :\g) g)

dt

)—rp(5+1

L9

3

8

)
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loa2 — 1 <2 — \/E> Am

= Ttio — Lo —
g IN2+vz) 2v2

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

1 oo
tan~1(Vx) dx tan~1z
[ )y 50 ey -
xy+1 x z(1 +yz%)

0 \0

7 tan1 t log(1 )
_ an "z _ an~lx-log(1+x IBP
_4f<f Z(1+yz4)dz>dy_4f x° b =
0 \0 0

1+xYlog(1 + x* ® " logx
2[4<logx—( Jlog( )> an‘lx] —4f—gdx+
0

= Zn'log(Z + \/E) - 24—”\/2

4x* 1+ x2
0
o
=0 -0

r 1+ axYlog(1 + x*)
x4(1 + x2)

1 1, 2 N
(5= ) toa @ e

4

(1 +x2)(1 +mx*)
co 1
n\/i+sz 1—xZ dedim =
3 m+1 1+xZ m+x4 ram=
00

2 . Zf < T T . 1r> 4
= —_- — — m=
3 m+1\22Ym3 2V2¥ym 2

dmdx =

= n<—23—ﬁ+ log2 + fo_f dm) = n’(—zs—ﬁ +log2 + Zargcoth(\/_)>

f(f tan”(Vx) dx) dy = n(log(6+4\/_)—£>

xy+1 X
. C)olog(1+x) _ 4
Note: f e x = psin(pm)’ —1<Re(p) <O

0
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1116. Find:

2
0@ :f log(ax)

g7 >
x2+3x+2dx’a_1

1

Proposed by Radu Diaconu-Romania
Solution 1 by Kamel Benaicha-Algiers-Algerie

2

3 1
x2+3x+2=(x+i) —ZZ(x+1)(x+2)

2 2 2
_ log(ax) _ 1 1 logx logx
Q(a)—fx2+3x+2dx—logaf(x+1—x+2)dx+fx+1dx—fx+2
1 1

X =
1

9 3y flogx+1) ,  [log(2+x)

og(x + 0 +x
=loga-log(g)+logZ-log(Z)—f97dx+f97dx—

1 1

t=

&=

9 3 1
= loga - log (5) + log2 - log (—) +=log?2 —

4) 2

2 X
log(1+t log(1+5
Og(t )dt+f ( z)

dx =

N H\H

1

3 3\ log?2
= log (Z) ‘log(2a) + loga - log (E) t——

+ <Li2(—1) — Li, (— %) — Liy(—1) + Li, (— %)) =

3 3\ log?2
= log () tog(2a) + loga-log 5) + =5
Solution 2 by Khanh Hung Vu-Ho Chi Minh-Vietnam

X =

2 2 2
log(ax loga logx
Q(a)zf—g( ) dx=f g d +f 9

x2+3x+2 x2+3x+2 x2+3x+2
1 1 1

Pq P>

We have:

2 1 )
p _f loga dx =1 f( 1 1 )d — ] (x+1) _
17 )2 +3x+ 29 709 [ G112/ T 09200 (2 -

1 0
27|
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=1 (l 3 l 2) =1 l 9
= loga og4 og3 =loga og8

And on the other hand, we have:

2

2
P_f logx d_f(l 1)1 d fl ; (x+1)d—
27 | 2 3x+27 7 ) \x+1 x+2)09x¥ax = | fogx-{tog 2)) ¢~
1

1

2
. <l (x+1)>‘Z flog(x+1)—log(x+2)d
= logx- | log — x
x+2 X

2
3 log(x+1 log(x+2
f g( )dx+f g( )dx

= log2 - logZ— p .
1 1
P3 Py
log(x+1 =— log(1-t ( log(1 -t
P3—IM x—tfig( )(d)—f—ig( )dtZLiz(t)ZZ
X t
1 -1 -2
2 2 z
log(x +2) log(x+ 2)—logz+logz +1 +logZ
roe [ D oDt Lol o,
1

X X
1 1 1
2

1 7 log (%“L 1) 7 log2 1 log(t+1) log2
1{oGr),, [z, fLotrn, foe,
2 % t

1

1
= —Liy(—t)|] + log2 - logx|? = Li,(—1) + Li, (_E) + log?2
2
So, we have:

3 1
P, =log2 - logZ — Li(—1) + Li,(—2) — Li,(—1) + Li, (— E) + log?2 =

1 3
= Li,(—2) + Li, (— E) —2Liy(—1) + log2 - log 2=

2

. . 1\ m 3
= Li,(-2) + Li, (— E) +te log2 - logE

9 1y m? 3
Q(a) = loga - log§ + Li,(—2) + Li, (— E) + 3 +log2 - logi =
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9 log?2

= loga-log 3 2

Solution 3 by Zaharia Burghelea-Romania

3
+ log2 - logi

2 2 2a
0 = [ 22 (ax) |, I og ()

x2+3x+2 B x2+3x+2dx
1 1
2a
log(ax) + log ( ) )
2Q(a) = f PR dx =log(2a )f T DGET2) dx
1 1

log(2a?) x+ 1\ 2
—————-lo ( )

_log(ZaZ)l (9
2 x+2)l, °

Qa) = > g §),az1

1117. Prove that:

e

eZntanx +1 dx = E

2mtanx

7
fsm2x sect x _5 f sin2x - sectx 1
0

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Kamel Benaicha-Algiers-Algerie

2t
1+t2

de ,
Putt =tanx = dx = T :sin2x = 2vV1 — cos?x - cosx =

sin2x - sectx [ tdt om-s 1 [ z 2)r2) 1
2 T dx =2 = o dz = =

e2mtanx _ 1 e2mt —_ 1 - 2 2 2712 - E
0 0

Q=

S —— iy

With the same way, we get:

(00

T
2 (%)
sin2x-sectx 2mt=z 1 n(2)r()
Zf e2mtanx 4 1 x_ern't_Fl - _Zf e+ 1 dz = TL'Z
0 0

0

_91-2
= T2 ((2) =75
n n
2 2
sin2x - sect x sin2x - sec* x 1
eZn’tanx _ =2 eZn’tanx +1 dx = E
0 0
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Note:

f z dz = i f ze (Mt Dz, — i ;f ue*du = {(2)r2) = n'_z
ez—1 (n+1)? 6
0 n=0o n=0 0

) foe) )
2

*dz= Y ap [z eveae =y E (e = _
fez_l_ldz Z( 1)" | ze dz nt 12 ue *du =n(2)r(2) 12
n=0 0 n=0 0

1118.

-
If R(k) = f mdx then prove that:

f R(kK)dk =
0
Proposed by Srinivasa Raghava-AIRMC-India

Solution by Kamel Benaicha-Algiers-Algerie

oo oo oo ik+2 ik+1
) = —lk+x—lk+1 _1 t7 3 +t 3 dt =
R()_f f 1+ a3 _§f 1+t t=
0 0 0
T 1 . 1
3\ sin (ik+2)m sin (ik +1)m
3 3
_ at+b
We have: fsm(at+b) ;log (|tan( )|) +C
r 1 ik +2)m ik + 1)m\\1°
f R(k)dk = — [log (|tan (Q)D +log (|tan (u) )]
l 6 6 0
0
ik b4 i km b4
((ik +2)m tan( 6 ) + tan (§) ltanh( 6 ) +tans
tan - =
6 ) ikm T km T
1—tan( 3 )ta (3) 1- ltanh(6)tan3

itanh (k()—n) + tan%

an((ik + 1)11') _ tan ('kT”) +tan (%) _
6 1—tan (l’g[) tan (%) 1—itanh (kg[ ) tan%
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lim ¢ ((ik+2)n’) V3+i 1-v3 |
mmitian 1=1
n-o 6 1-iV3 1-+3
(ik + 1)7 \/i—” 1_%
limtan( ): 3 — = .3-i=i
n-o 6 L
V3 V3
fR(k)dkz1 Zlogi—log(|tanz|)—log(|tan |) — logl—E-E-lzn
i 3 i 2
0
fR(k)dkzrt
0
1119. Find:
T
2
22n+1)x + cos((4n + 2)x
Q(n):f ( )_ ( ) )dx,nEN,n21
sinx + cosx

0
Proposed by Marin Chirciu-Romania
Solution by Rana Ranino-Setif-Algerie

letk =2n+ 1,50 Q(k) = fofzf:#sc(::x)dx and using f:f(x)dx = f:f(a +b—x)dx

T T
2 2
k) = ka ——x +COS(2k ——x fkn' 2km + cos(km — ka)
sinx + cosx sinx + cosx

0 0
n
Z

_ [ km + cos(2kx) + cos(km — ka)
20(k) = f sinx + cosx

0

kn
cos(2kx) + cos(kmr — 2kx) = 2cos (7) cos(km—4kx) =0

z x 1 1
0 = [ [ [ =
~ 2 ) sinx +cosx 1+2t—t2 2—-(1-1)2%
0 0 0
km . h‘1(1)
=—-tan —
V2 V2
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. . _ @n+)m -1(1
Finally: Q(n) = N tanh (ﬁ)

1120. Prove that:

1

1532 32 3
f\/x2 x2 -logx - log (1—3\/x2) dx =———-—1log2 — —
0

Proposed by Abdul Mukhtar-Nigeria

Solution by Kamel Benaicha-Algiers-Algerie

Zfi]xz(l—W)g-logx-log(l—i/?)dx:

d d 3 v-1 t:w
el -1(1 _ Y
1o duf u (1 xz) dx] =
(4
3
_3|d d [ 3 1 g 9(d d F(Tu)F(v)
~ 2|dv duf x " 4|dv du (3u
0 _(43 (z ”) _(43
w)=(33) @)=(33)

We know that:

1
PO +x)=— i D (x);

1
p) (x + E) = 49 (2x) — WD (x)

_3( lP(l)(1) 1036 436 32 2)
- 2) " 225 T225 1599
But:
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) ( )

oo

2

= 1 1 T
4;m:4<((2)—15(2)> =34(2) =3

k=0

Then:
g 3™ 1 32
~ "5 "5 5°9

1
3 1532 32 3m?
fi]xz(l—i/?) -logx-log(l—i/?)dx—ﬁ—ﬁl gZ—W

1121. Find a closed form:

1
x-log*x-log*(1 — x)
0= dx
Vv1—x

Proposed by Abdul Mukhtar-Nigeria

Solution by Kamel Benaicha-Algiers-Algerie

Q_flx-logzx-logz(l—x)d _[ 9? <F(a)[‘([i’)>]
B V1—x *= p*aa* \TI'(a+p) (@p)=(2.)

0? Ma) \_ @ ')
9a? <r(a - Ii')> 9a (F(a e (@ -V m)

- —F&—(f)m- (¥(a) - ¥(a+p) +¥D(a) - ¥D(a+p)
Q= aa;z G((Z):(g)) (¥(2) - (B +2))" ++¥D(2) - wDO(g+ 2)>] =

=

— 9 1 _ 2 —_1 _w() —
—[a,,z<ﬁ.(1+m(1 y+PB+2)2+{(2) -1-¥ (ﬂ+2)>L_1—
"2

T e B )|

Using: £(B) = £(0) + £ (0)8 + X2 2 = o(8?)

B=0
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1 4 32ﬂ+208ﬂ2+0(ﬂ2)
1 3 3 9P 2
(z+8)(z+8)

(1wl = (1-r - azw G o) -
2

(17w @) + (3 -m) (v e () (5 # et

o (p3) = (v (v G2

w (x + %) = 29(2x) — W(x) — 21l0g2

W (x+ %) = 4w (2x) — YO ()

v (x+ %) = 6w (2x) - ¥ ()
o)< 2) 300 5 w0 )

We get:

0224 o, 1456 ) 46592 1664 . 8576 2t 128 , 2336 ,
3 $3log 9 ¢ 81 27 %9 27 09473 T MGE T

1122. In AABC the following relationship holds:

Wq Wp We

1 f sinx 1 f sinx 1 f sinx R — 2r

dx +— dx +— dx < ———
x wy, x W, x r(R+71)

a b c

Wq

Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution by Daniel Sitaru — Romania

1 3
z wo > R+r (Milosevic —1990)

cyc

Wq Wq
1 sinx 1 1
Z—f dxsz—f—dxz
w, X w, X
hg hq

cyc cyc
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1
= zw—a (logw, —logh,) =

cyc

MVT (co€(hawy)) 1 1 w,—h
o _._(wa—ha)S 2 ¢ =
w, C, w.h,
cyc cyc
1 z 1 1 3 _ R-2r
~ L, w, r R+r rR+r)
cyc cyc

Equality holdsfora = b = ¢

0 (1_e—ax)2

1123.1fa,b > 0, f(a,b) = |, . cosb®) 4x then for a, b > % prove

that:

a+b

f(\/@+ >+log(a+b)>l

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Dawid Bialek-Poland

oo

° _ p—ax)2 b d —-ax __ p—2ax b
flapy = [(AETE0D o gy = [ 2O 0D g
0

0

(00

=2 f (e=%* — e~20%)cos(bx)dx
0

The abrove integral is known as: fom e *cos(bx)dx = # a>0;(x)
So:
d — [ - [ —2ax )
Ef(a, b) = Zf e cos(bx)dx — Zf e cos(bx)dx
0 0
a 2a 2a 4a
‘@+b2 “4aZ+b? a2 +b2 4a’+b?
a a du 1 (dz
f(“"’)zzfmd““*fmd“: w27
u=a’+b? z=4a%+b?
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u=a%+b?
z=4a%+b

1 2 1
= logu—ilogz+ C = log(a? +b2)—ilog(4aZ +b%)+C
f(0,b) =2 f (e70* — e 20X)cos(bx)dx =0 =
0
1
f£(0,b) = log(0? + b?) — Elog(4- 02+b3)+C=>C=-logh

1
f(a,b) = log(a? + b?) — > log(4a? + b?) —log b

f(\/cﬁ+aT+b)+log(a+b)>1:>

a+ b\? 1 a+ b\? a+b
log ab+( > ) —Elog 4ab+(T) —log(T)+log(a+b)>l

! b+(a+b)Z L, 4b+(a+b)Z +1 2 _(a+b)|>1
ogla > 5log | 4a > og|\ =7 (a

Let: a = b > 0 then
tog(a-a+(*2%) ) - 1og (1a-a+(“5%) )+ tog (2~ (a+ ) >1
ogla-a 2 2og a-a 2 oga+aaa

1 45
log(2a?) — Elog(SaZ) +log2>1=log <Ta> >loge=

4+/5

—a>e
5

Note. x = log x —increasing function.
a=hb> % > g,wheree =2.718..
If the desired inequality holds fora = b = % =inequality holds fora > b > ;and

3
b>a>E
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1124. Prove without softs:
1 1

sin 1x cos 1x 1
f—nz_xzdx f—nz_xzdx <a
0 0
Proposed by Hasan Mammadov-Azerbaijan

Solution by Daniel Sitaru — Romania
1 1
sin~1x cos 1x AM_GM
f—nz_xzdx f—nz—xz dx | <
0 0
2 2

1 1 1
1 sin~1x cos 1x (1 sin"1x + cos 1x
2 fﬂz—xzdx+fn2—x2dx |2 f w2 — x2 dx

0 0 0

2 2
1 @ 1
2z _m 1 _
2 fn'z—xzdx 16 fn'z—xzdx B
0

0

_11'2 1 ] Z(n’—l)_ll Z(n—1)<
- 9 \7+1) " 64% \r+1

<—Ilog?e=—
62.°9°¢= &1

1125.1f0 <a < b < gthen:

b
|sinx - sin(2) - ... sin(2019x)|

<2019 dx <2019!(b — a)

a
Poposed by Daniel Sitaru-Romania
Solution by Remus Florin Stanca-Romania
We prove that sin(kx) < ksinx,Vk > 1,k € N by using Mathematical Induction:
1. The statement P(1): sinx < sinx is true.
2. We suppose that: P(k): sin(kx) < ksinx is true
3. We prove that: P(k + 1): sin((k + 1)x) < (k + 1)sinx by using P(k):

sin((k + 1)x) = sin(kx + x) = sin(kx)cosx + sinxcos(kx); (1)
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/4
sin(kx) < ksinx |- cosx = sin(kx)cosx < ksinxcosx,x € (OE) ,cosx>0

sin(kx)cosx < ksinxcosx | (+cos(kx)sinx) =

sin(kx)cosx + cos(kx)sinx < ksinxcosx + cos(kx)sinx; (2)
/4
cosx <1 | ksinx>0 <x € (OE)> = ksinxcosx < ksinx; (3)

cos(kx) > 1 |- sinx > 0 = cos(kx)sinx < sinx; (4)

3)+(4) 1)+(2)
—— ksinxcosx + cos(kx)sinx < (k + 1)sinx —

sin((k + 1)x) < (x + 1)sinx = sin(kx) < ksinx,Vk > 1,k € N(x)

1. We know that: sinx > —sinx true because sinx > 0,x € (Og)

2. We suppose that P(k): sin(kx) > —ksinx is true
3. We suppose that P(k + 1): sin((k + 1)x) = —(k + 1)sinx is true by using P(k):

sin((k + 1)x) = sin(kx + x) = sin(kx)cosx + cos(kx)sinx; (5)
/4
sin(kx) > —ksinx |- cosx > 0; <x € (OE)> =

sin(kx)cosx > —ksinxcosx | (+cos(kx)sinx) =
sin(kx)cosx + cos(kx)sinx > —ksinxcosx + cos(kx)sinx; (6)

cosx < 1| (—ksinx) = —ksinxcosx > —ksinx; (7)
kx
cos(kx) +1 = 2cos? (7) >0=cos(kx) +1>0>= cos(kx) > 1>

cos(kx)sinx > —sinx; (8)
(7) + (8) > —ksinxcosx + cos(kx)sinx > —(k + 1)sinx

5)+(6
():+>() sm((k + 1)x) > —(k + 1)sinx; (proved)

sin(kx) > —ksinx,Vk > 1,k € N; (xx)

From (x), (xx) we get: —ksinx < sin(kx) < ksinx = |sinkx| < ksinx =

<k=

sinx sinx

[sin(kx)| |sm(kx) |
) <[]~
|sinx - sin(2) - ... sm(2019x)|

$in2019 ¢

<2019!=
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2019!dx = 2019!

b b
sinx-sin(2)-...-sin(2019x

I (2) ( )ldxsf

a

sin2019y
a

1126. If x € [—1,1] then prove:

3
%f(xsint+i\/1—x2)ndt <1neNn=>1
0

Proposed by Jalil Hajimir-Toronto-Canada

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

™

1 n
— f(xsint+ iv1 —xz) dtf<1neNn=>1
0
1
We have:
T T
n n
A= f (xsint +iyJ1— xz) dt = f (xsint +iyJ1— xz) dt| (cos + isin0)
0 0
Re(A
cos0 = (4)
1
Im(A
sinf = I( )

T

= f (xsint +iy1— xz)n (cosB — sinB)dt

0

T
f xsint + i 1—x2) dt
0

Since I € R, we have:

™

= f (xsint +iJ1— xz)n cosOdt; (1)

0

T
f xsint + i 1—x2) dt
0

Since we have: (xsint +ivl — xz)ncosﬂ < |(xsint +ivl— xz)ncos0|

On the other hand, since |cos8| < 1, we have

n n
|(xsint +iy1-— xz) cos0| = |(xsint +iy1-— xz) | |lcosB| < /1 — x2cos?

Thus, we have

o~
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T

T
f (xsint +iy1— xz)n cosOdt < f |(xsint +iy1— xz)n cos0| dt
0 0

< f\/l — x%cos?tdt; (2)
0
From(1),(2) we have:

f — x2cos?tdt

T
f xsmt+l 1—x2) dt| <
0

On the other hand, we have: V1 — x2cos?t < 1,Vx € [-1,1],t € [0, 7] so we have:

T

f (xsint +iy1— xz)n dt

0

T

Sfldt:
0

T
f xsint + i1 — xz) dt
0

™

f (xsint +iy1— xz)n dt| <m e

0

Q| =

<1neNn=>1

1127. Ifa,b = 0 then:

a b

t t
f (f log®(x* +x + 2)dx> dt + f (f log®(x* + x + 2)dx> dt > ablog2
0 0

0 0
Proposed by Daniel Sitaru-Romania
Solution by Khaled Imouti-Damascus-Syria

Let be the function f: (0,©) — R, f(t) = log®(t* + t + 2),

52t+1)
tZ+t+2

f() = log*(t* +t +2)
1
f’(t)ZO@tZ—E;tZ+t+2 >0=f'(t)>0,vt>0= f(t) > f(0),vt >0
= f(t) > log®2 > log2;(log2 < 1),vt >0

a t b t
f(f logs(x2+x+2)dx>dt+f<f logs(x2+x+2)dx> dt >
o \0 0

0
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flangdx+flog2fdx——

a? + b? AM-GM
= > -log2 = ablog2

1128.1f0 <a < b < 1,f:[0,1] - (0,), f —continuous then:

Zb

log2 +— 2 log2

b bbb b
ffff(f(x) +f(2)(f(y) + f(t)) dxdydzdt > 2(b — a)® <2ff(x)dx— 2b + 2a>

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

b b b b b b 2
f f (f(x) + f(2))dxdz + f f (f(y) + f(1))dydt = ( f f (f(x) + f(z))dxdz) =
2

b 2 b
= (f(f(x) + f(2))(b — a)dZ> = (f(f(x) + f(x))(b — a)dx> =
b 2 b
@
= 4(b - a)? ( f f(x)dx) > 2(b — a)? (z f f(x)dx — 2b + 2a>
b 2 b
1) e (ff(x)dx) > (b —a)ff(x)dx— (b-a) e

b 2 b @
f f(x)dx | - (b—a) f fGx)dx+(b—a)? > 0

But:

b 2 b
( f f(x)dx> —(b-a) f FG)dx+ (b—a)? >
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2

b 2 b b
> ( f f(x)dx) —2(b-a) f F(x)dx+ (b — a)? = ( f f(x)dx — (b — a)> >0

(0<a<b<l1l=b-—a=0)> (2)true > (1) true. Proved.

1129. £:10,1] - [0, ), f —twice derivable, f'(x) > 0, f""(x) > 0,vx € [0,1]

Prove that:

1 A 1 2
ff3(x)dx+ﬁz <ff(x)dx>
0 0

Proposed by Rajeev Rastogi-India

Solution 1 by Daniel Sitaru-Romania

1 Cebyshev 1 1 3 1 2 4
Off3(x)dx > m(!f(x)dx) > (()f f(x)dx) ~37 (to prove)

Denote:
1
ff(x)dx =a>0
0

4 2
a3zaz—ﬁ<—>27a3+4227a2<—>27a2(a—§>—9a2+420@
2 2
27a2(a—§>—9a(a—§>—6a+420(:)

2 2y°
(a—§>(27a2—9a—6)20<—>(a—§> (27a+9) =0

Equality holds for:

1
ff(x)dxzazg
0

Solution 2 by Abdallah El Farissi-Mostaganem-Algerie
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We have:

fl (f(x)+1)(f(x)——) dx> 0= f Fx) + )(fZ(x)——f(x)+ )
0

fl f(x)+ fz(x)—%f(x)+%)—(f(x)—%)] dx =
0

1 1 1 2
f Fdx+ 22 f f(dx % ( f f(x)>
0

1130. If a > 0 then:

f fo +y)(1 - xy)ldxdy < §(3a + a3)?

—-a-—a

Proposed by Daniel Sitaru-Romania

Solution by George Florin Serban-Romania

u? + v?

VuveERe (u—v)2>0vuveR

a a a a
ffl(x+y)(1—xy)ldxdy=fflx+yl-ll—xyldxdys
-a —a —-a —a

r a|x+y|2+|1—xy|2 ; ax2+y2+2xy+1—2xy+x2y2
Sff 2 dxdy=ff >

~a-a -a -a

dxdy =

a a

:ffx2+y2+1+xzy2dxdy—ff(x +1)(y k. VP
2

-a -a “a -
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A al al
—y2+ —+ay* + =
f(sy 3 ay a>dy

—-a

a a

=f2f 4 ydxdyz
2
-a 0
a

:zof

1131.1f0<a<b < gthen:

al al a® 2a* 2
— v2 44 2 4 — 4+ 4 q2)== + a3)2
<3y 3 ay a>dy_2< 3 a>— (Ba+a?)

dxdy > (b — a)?

bb
f f (sin3x + tany)?(cos3x + tany)
(sin?x - cosx + tany)3
a a

Proposed by Daniel Sitaru-Romania

Solution 1 by Adrian Popa-Romania

Holder 3
(sin3x + tany)?(cos3x + tany) > (sinzx -cosx + tan?y -3 tany) &

(sin3x + tany)?(cos3x + tany) > (sin’x - cosx + tany)? &

(sin3x + tany)?(cos3x + tany)
>1le

(sin’x - cosx + tany)3

b b
f f (sin3x + tany)?(cos3x + tany)
a a

b b

> = —a)?

(sin’x - cosx + tany)3 dxdy _f f ldxdy =(b—a)
a a

Solution 2 by George Florin Serban-Romania

Holder
(sin®x - cosx + tany)? = (sinx - sinx - cosx + {/tany - {/tany - }/tany)? <

< (sin3x + (3ftany)’) (sin®x + (ftany)’) (cos’x + (3ftany)’ ) &

(sin3x + tany)?(cos3x + tany) > (sin’x - cosx + tany)3 &

(sin3x + tany)?(cos3x + tany)

>l

(sin?x - cosx + tany)3

b b

f f (sin3x + tany)?(cos3x + tany)
(sin’x - cosx + tany)3

a a

b b
dxdyszldxdyZ(b—a)Z
a a
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1132. f:R = R, f —continuous, a, b € R,a < b. Prove that:

b b
[P @+ P@ax+b-a> [ (£ + @) dx

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

b b
f (fo(x) + f2(x))dx +b—a > f (F5(x) + f(x))dx &

b

b b
f(fB(X)+fZ(x))dx+ff(x)dx2f(fs(x)+f(x))dx<:>

a

b

b
[+ 2+ Dax= [ (500 + 1) ax =

a

(f8(x) + f2(x) + 1) = f>(x) + f(x)
Let be the function: g(y) =y® —y> +y2 —y+1; (¥® > 0,y > 0 = y® + y2 > 2|y5|)
We must show that: 2|y®| +1 -y —y >0
~Ify <0=2|y’|+1—y°—y >0isclearly true.
Alfy>0=22y5|+1-y5—y=2y"—p —y+1=p-y+1
Let be the function: h(y) =y°> —y+1;h'(y) =5y* -1

h'(y)ZO@y":%:U’ZZ%:U’Lz:—%<O(contradictionwithy>0)
andJ’3,4:%
y 0 4i 00
V5
h'(y) ++++4+0+++++++++++
hy| 1 » » » » » 2 72 oo

Then h(y) > 0. So,
2y5| +1-y5—y>0VyeR=>g(») =yP—y5+y2 —y+1>0=
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FR)+FAX)+1D =)+ flx) &
b b
f (fo(x) + f2(x))dx +b—a > f (F5(0) + F(x))dx

1133. Prove without softs:

1 1
2 2 1+e

fexdx-fe‘xdx<( )

. . 2/e

Proposed by Daniel Sitaru-Romania

2

Solution 1 by Khaled Abd Imouti-Damascus-Syria

1 1 1
AM- GM]_ 5 5
fexdx fe (fexdx+fe‘xdx>
0
1

0 0

1

I = fex dx = IZ = x +y? dXdy, TZ = xZ +y2,rdrd0 = dXdy, (*)
0

TL’

Z

IZ=
2 2

O\ﬁ

T

2
f e’ -rdrdo =
0

[E
%Ler e erdB— f(e —1)d9—

_ 2 _
_ (e’ —1) . m(e? —1) - /e
4 2 2

vz
e~ (%) dx dy(*:)f
0

\»—k

1
= _xZ Z:
J Ofe dx,]

0=

°\»—k
(1)
=
(S
=
\a
I
><
9..
=
A
I
*I%
o
.|.
/\»—k
—
o=y
+
Q
——

0

Vr

1
(1) e —<1+- (true)
2 e
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Proved.

Solution 2 by Khaled Abd Imouti-Damascus-Syria

~ If f:[a, b] - [m, M],m > 0, f — continuous function then

b
MZ
(ff(x)dx>< e )s%-(b—a)z

Let be the function: f:[0,1] - R, f(x) = e"z;f’(x) =2x-e¥ >0

f(O)=1f(1)=e
X 0 1

ffx)] 0+++++++++++++++++

f(x) 1 2 7 7 7 7 e

Solution 3 by Rovsen Pirguliev-Sumgait-Azerbaijan

From Chebyshev’s integral inequality:

b b b
( f f(x)dx> - ( f g(x)dx> <(b-a)- f F()g(x)dx

We have:

1
2

1 1
th=fe" dx-fe"‘zdxs (1—0)'fexz-e"‘2dx=x|(1) =1
0 0 0

It remains to prove that:

1+e\2 1+e AM-G6M e + 1
1<( )(:)1< o2fe<l+teoJe < true

Proved.
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1134. If a, b, c > 0 then:

2a 3b 4c
slx+1 sly+1 1wz+1
f f f + dxdydz = 15abc

z+1 x+1

Proposed by Daniel Sitaru-Romania

Solution by Michael Sterghiou-Greece

2a 3b 4c
6lx+1 8y+ 107 +
ff (/ ’ )dxdydz> 15abc; (1)
y+1 z+1
a b c

Let:ﬁ:u Z: Zz::i—tzthenT Yu + Yo + Yt withuvt = 1;(c);u,v,t > 0as

x,y,z>0
We will minimize T (u, v, t) by uvt = 1.
Consider the Lagranging L(u, v, t, ) = T(u, v,t) — A(uvt — 1)

For the extreme of T we need to look into the points that make the vector

oL oL oL oL

VL(u,v,t,2) =00 or—=-—=—=—=0or

1 o we=2-1
3772
3V1" 11‘ u=2723% (2)
{——==Aut=24-—=3 v=2561*%* (3) ,uvt=1=
3 v
4“1” L \t=312525 (4)
ST T

wt=1=216-105-112 = 1= “/ﬁ as A > 0 (from (2) for example)
Now, (uo, g, to) = (2743,2564% 31254°%) and T(ug, vo, to) = 124 = 2,937 > ;

5
Hence T > 5 and

2a 3b 4c 2a 3b 4c

5 5
f f Tdxdydz > f f f dedydz =5 (4c—c)(3b— b)(2a — a) = 15abc.
a b

c

Equality fora = b = ¢ = 0. Done!
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1135. Find a closed form:

Q= nlog(2+ )109(2—%)

Proposed by Daniel Sitaru-Romania

Solution by Samir HajAli-Damascus-Syria
> (1+b)=0sYy log(1+b,) =—-0 & b, <1land ), b, isdiverge.
Now,

Q= nlog(2+1>log( )

n=1

ﬁ[lmg(u 1) tog (2 -—2) -1]

Where b,, = log (2 + ) log (2 — —)

n+1

1 1
So, log (2 +;) log (2 —m) < log3log (2 — m) <log2log3 =~ 0.7,
vn € N. Therefore b, < 0,vyn € Nyn > 1 and

Yot [lag (2 + %) log (2 — n—il) — 1] is diverge, because

1 1
llm(lag(2+ )lag(z——>—1>=logzz—1¢0:>
n—-oco +1

b, <O0and }>_, b, is diverge.

Depending on theorywe can conclude:

QZﬁlog(2+%>log(2—%1> =0
n=1
1136. Find:

1 2 n

n- arctanﬁ n- arctanﬁ n- arctanﬁ

Q = lim 5 — + 5 S > >
n—-oo n-+1 n-+2 n<+n

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution by Daniel Sitaru — Romania

n k n k
n-arctan— n- arctanﬁ
Q= 1lim —————=1im _— =

—00 2 4 |2 —00 2
=T k " k:1n2<1+(%)>

1 - arctan; 1 =k . _ arctanx
=lmZ ) e =lm ) 1) 01~ R =S
= 1+(ﬁ) =1
k 1
k — 7k — -
xn_(n_nv“An” _)0
o Lk k k-1
“=,,L'1;Zf(;)(z——)—mzf(fn)(" )=
k=1
1 1
_f (0)d _farctanxd _1( ran?1 . 20)_1t2
= | f(x)dx = T3z 4x =5 (arctan arctan®0) = _-
0 0

1137. Find a closed form:

0= Z [ ]xe[ll)[*] GIF

Proposed by Abdul Mukhtar-Nigeria

Solution by Kamel Benaicha-Algiers-Algerie

0=) (3] b e Y (Bre

We have:

oo

—DF O DE O (-1)E
:z K kL Z Kl
k=0 k=0

k=n+1

(—1)"
k!

nh (N DY) o eomr | N EDP mip!
{?}_{"! ), & }_{"!pom}_{(_l) 1p:1 p! '(n+1+p)!}

k=n+1

Fork < m:k!|n! thenn! )} _ EZ
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We know that:

1
nlp! T+1)I(p+1) [
0

) 1
So: {ngl} = {(—1)"“;(;—1!)1, Of t"(1— t)pdt} =
fo [eS ) )

0 0

(~0<t<1=0<t"<I1;1<e'<e=>t"<t"e' <et")

t" 1
( 0<—<—-tlel<t < 1)
e e

Q| =

1
ftz”“etdt, ifne2N+1
0

n!
=10
1
1-— ;f t?Peldt,if n € 2N
\ 0

For x € [-1,1], we have:

*® x2n 1 1 e 1 ® x2n+1 1 et e
9:5—1—— t"dt+—§—ft" dt | =
1 (2n)! ef € e . 2Zn+1) €
n=1 0 n=0 0
1 1

1 1
=cosh(x)—1- ;f(cosh(xt) —1etdt + ;f sinh(xt)etdt =
0 0

1 1
1 1
=cosh(x) —1— ;f(cosh(xt) — sinh(xt))e'dt + ;f etdt =
0 0

el"‘—1+e—1
e(1—x) e

S xm [l el=* —1
Q—ZE- ?]_—e(l—x)_COSh(x)
n=

Note. For x = —1 the series is not convergent.

=cosh(x) —1 -
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1138. Find a closed form:

a=[1(()+(2))

Proposed by Daniel Sitaru-Romania

Solution by Florentin Visescu-Romania
Letbe P = (1 + a3 + (a?)?) (1 +a3 + (a32)2) . (1 +a3" + (a3n)2)
(1-a®)P=(1-a*)(1+a®+(@®?) (1+a* + (a32)2) (14 e+ (@) =

=(1-a*) (1 +a% + (a32)2) o (1 +a® + (a3n)2) =

=(1-a*) (1 +a3" + (a3n)2) =1-a¥"" >
1 _ a3n+1
1-ad

T 1\ 1 1-(5 s
a=im[[(1+() () )=im— =
n=1 1-—

P =

1139. Find without any software:

[ g
Q_<xy)a<oo)\f \/de/\f de/

Proposed by Daniel Sitaru-Romania

Solution by Kamel Benaicha-Algiers-Algerie

3 3 V3 Y3
0, = Vtanxd Vtanxdx = VY dy =2 whdn
1= (xy)—>(00)f anxdx = 1 anx x_lfl+y2 y= 11+u4_
6 6 3 %
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13 dv (1+ul)du V3 d(l—%)
:2[ 4:>2Q1:2f—_2f—2
1+v Z+i 1

e R 1 (u—ﬁ) +2
3 3 3
1 1 1 V3 1 1
== 11— - = -1 _— (4 - —
G [mn <ﬁ( u>)L Vatan (ﬁ(ﬁ 4«§>)
3
3—-1
=+/2tan ‘1<\/_ )
2V/3
E_y g %
Q, _(xy)—>(00) f \/cotxdx—f\/cotx— fmdx_ﬂl
g+x % %
2
3—-1
Q=00, =2 tan‘1<\/_7>
2V3
1140.
n
_ -k _
Q(n,r) = _Om(k),TEN,r—flxed

Find: w(r) = lim Y/ Q(n,r)
n—o>00

Proposed by Daniel Sitaru-Romania

Solution 1 by Adrian Popa-Romania

n n 1
Qn,r) = kzo—gr E;;,ik_ 2 (Z) = Z <f 2333 gy (—1)k (:)) =
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x3=t
1
dx=zt 3dt 2
= fx3r-3 A-x)dx = §f - (1-t)" -t 3dt =
0 0

F(r—%)[‘(n+1)

1
11,2, 1 2 1
- 3 . n+1-1 - ( - + ) —_- .
3ft (1-1 dt = 3B\r n+1 3

0

3 1
r(r+n+3)
_ c-D'A Qn+17r)
w(r) = llm Vanr) = rll1_>Oo o)
F(r—é)[‘(n+2) F(r+n+%)
= lim : =
F(r+n+§) F(r—g)[‘(n+1)
(n+1)![‘(r+n+%) n+1
= lim = lim =1
"_’m(r+n+1)[‘(r+n+1)-n| L Po—
3 3 ’ 3
Solution 2 by Samir HajAli-Damascus-Syria
n n 1
— (—1)F n k n 3r+3k-3 -
omn) =) =) = Z< () fx dx =
k=0 k=0 0
1 n 1 n
= [ Y0k () k= [ a2y 1 () x ax =
0 k=0 0 k=0

1

1

1 2
f( 3yr-1. (1 — x¥)n dx *= 3ftr-1-(1—t)n-t-sdt:
0

0

F(r—%)[‘(n+1)
F(r+n+%)
F(r—%)[‘(n+1)_

F(r+n+%)

W|H

1
2
= %f tr_§_1 . (1 )n+1 1dt =
0

w(r) = llm w/.Q(n r) = lim %

n—>oo
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n-oo 3 F(r+n+%) n-o
3 I'(n+2) F(r+n+3) .. n+1
lim 2 = lim 1~
F(r+n+3) F(r—g)[‘(n+1) tnt+z

Solution 3 by Toby Joshua-Nigeria
~ n ( 1)k n n )
M=) gz () = ¢ 1"‘f yrksay () =
1
y3r 3dy2( y3)k fy3r 3. (1 y3)ndy_
0

1 1 2
_1 (1 v D1 gy =B (r—2 4 ):
3 y (1 y?) dy 3B(r 3,n 1

-
[

F(r—%)[‘(n+1)

:lg(r—z,n+1)=%' ; (1)

3 3

F(r+n+%)

n F(r—%). r(n+1)

= lim = lim"
n—-oo 3 1 n—-oo
r (r +n+ §)
Considering the asymptotic expansion of n! and (n + x)!
n
- n 1
w(r)~lim—&— =lim——— =lim———=1
n—>oor+n_z n—»oor+n_z n—>oo£+1_£
3 3 n 3n
e

1141. Find:

1 kn  kr
+ sin—sin

n
Q= Z (s in~ —2>
V2 +2k—1 n o n

k=1

Proposed by Rajeev Rastogi-India
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Solution 1 by Kamel Benaicha-Algiers-Algerie

n

1 km km
O =lim (sin‘1—+sin—sin—z) =
e Ly Vi+zk—1 n o 'm
S 1 k k
T (4
lmZ(sm 1—+—2sin—)
] VnZ+2k—-1 n n
1
1 1 2k—1\"z2 1 2k—-1
A Y -4
n2+2k—1 n n? n 2n?

n
1
Q= lim — (1—

n-oon

1
2k — 1 _
) + n'f xsin(mx)dx =
2n?

k=1 0

1< nn+1) 1
n———— 74

= lim —
noon 2n? n

1
>+ 1 +1rfcos(1rx)dx =2
0

n

. . 1 kr kr
Q= lim (sm‘l— + sin—sin z) =2
noe Lt nz+2k—-1 n n

Solution 2 by Floricd Anastase-Romania

sin"1x

lim

1 — = 1> Ve>0,3In, € Nsuch thatVn > n, we get:
X—

sin"1x
1—-¢e<

<l+so(@-gx<sinlx<(1+ée&x

So, we have:
1

(14 8) e < s e < (1 8)
E)——— sin " ——————< E)——
n?+2k—-1

VnZ +2k-1" VnZ +2k -1

1 1
sin Z—S(1+£)zz—
\ _ \ _
k=1 ] n‘+2k-1 iVn? +2k -1
Y e Y = 1 Y (1- 52 -
= — = — >
fgVn?+2k—1 T 1+2 = 2n
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1 < n(n+1)—1>
=g -

2n?

1 nn+1)-1
=lim|—(n—-———— |+ n'f xsin(mx)dx | =
n-ow \ N 2n?

0
1

1 nn+1) 1
=lim—|n- +— +1+1rfcos(1rx)dx=2
n-oo N 2n?
0

. “ . 1 . knm | km
Q=1 Z(sm‘l—+sm—sm—z)=2
noe Lt nz+2k—-1 n n

1142. Find:
Q = cos'?1" + cos'?2" + cos'?3" + --- + cos'?89°
Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution by Asmat Quatea-Kabul-Afganistan

Q = cos'?1’ + cos'?2" + cos'23" + --- + cos1289° =
= (cos'?1’ + sin'?1") + (cos'?2’ + sin'?2") + - + (cos'?44" + sin'?44") + cos'?45’

(~ a® + b® = (a+ b)® — 6ab(a + b)* + 9a’b?(a + b)? — 2a3b3)

., a+b=1
{a—sm X5 sin?2x 1 — cos4x
b=cos*x |a‘b= y— 3
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. 12 12 1 - cos4x 1 — cos4x\’ 1— cosdx\?
sin “x + cos x=1—6( 3 )+9( 8 ) _Z(T) =

_ 123 cos4x + 33 - cos*4x + cos*4x +99

256
_ 492 - cos4x + 132 - cos*4x + 4 - cos*4x + 396 _
B 1024 B

_ 492 - cos4x + 132 - cos?4x + cos12x + 3 - cos4x + 396 _

1024

_ 495 cos4x + 132 - cos?4x + cos12x + 396
B 1024 B
_ 495 cos4x + 66 - cos8x+ 66 + cos12x + 396

B 1024 B
cos12x+ 66 cos8x +495 - cosdx +462

210
(n+ 1)x> sin ()
2

125 + cost?x =

sin

n

S(x,n) = z coskx = cos(

k=1

sins

NI RN

44 44
z( . 12 12,) z cos12x + 66 - cos8x + 495 - cos4x + 462
sin “x + cos “x) = =

210
x=1 x=1

_ 5(12,44) + 66 - S(8,44) + 495 - 5(4,44) + 462 - 44
N 1024

(n+ 1)x> sin ()

2 inX
sin

~Sx,n) = cos(

=-1

45 - 3) sin (442' 8)

S(8,44) =
(8,44) COS( 2 sind

45 - 12) sin (44512)

=0
2

$(12,44) = cos( -
sin6

=0

151y (%

S(4,44) =
(4,44) ws( 2 sin2

0+66-(—1)+495-0+462-44 20262
1024 1024

44
z (sin'%x + cos'%x) =
x=1
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20262, . 20262 1 _10139
1024 = % ~71024 64 512

10139

S0, O = cos'?1’ + cos1%2’ + cos1?3" + .- + cos1289° = s

1143. If

= 1 ) . . .
1_[ ( 5>+ z| = sina- sinb - sinhc then we have:
11 (nk) (mk)

a*+b*+ct=1
Proposed by Srinivasa Raghava-AIRMC-India

Solution by Kamel Benaicha-Algiers-Algerie

L= ﬂ( (nk)z (n}c)ﬁ)

Put:x—( k)2:>Q [, (a3 +x+1)

B+x+1=(x—-a)x-p)(x— Y)__“ﬂy(l__)(l_f)(l_f):

B Y
=x3 —(a+B+y)x*+ (ap + By +ya)x — aBy
a+pB+y=0
~ (4): {aﬁ+[}y+ya: 1
apy = -1

.'.x3+x+1—(1—;)(1—%)(1—%)
So.01 = 1_[( a(n'k)z) (1_[ﬁ) (1_)/(11—11()2)

We know that:

(o)
Z _sinmx
l l X
k=

1

1 1 aBy——l
O= \/_sm— Bsin— ysm afy - sin— in =
Ve f Wrstn =y = gy
afy=-1 1 1 1 1 i
= i-sin—-sin— sin— = sin—- sm— smh—

Ve B VY va /B

59 | RMM-CALCULUS MARATHON 1101-1200



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

‘a=L-p=L.-c=1 i 3 =
So.a—ﬁ,b JE’C ﬁwhere a, B,y are solutionsof x> +x+1 =0
1 1 1 (ap)?+ (By)*+ (ya)? apy=-1
bttt = = (aB)?+ 2+ (ya)?
2 gty B (@B)? + (BY)? + (ya)

ad+a+1=0; (1)
Or{p*+p+1=0; (2)
y’+y+1=0; 3)
a(@+a+1)+BEE+B+1)+yPP+y+1)=0s
at+pr+yt+al+Bi+yi+a+B+y=0; (E)
E)eat+pt+yt+a?+p2+y2=0(a+B+y=0) o

(@ + B2 +v?)? —2((af)* + (By)* + ya)) + (> + B2 +y*) =0 &
((a +B+vy)?—2(a+By+ Ya))z —2((ap)® + (BY)* + (ya)*)
+((01+Ii'+y)Z —Z(aﬂ+ﬂy+ya)) =0
2(ap + By +va)? — ((aB)* + (By)* + (ya)?) — (aB + By +ya) = 0
2 — ((aB)* + (By)* + (ya)?) =1 =0; (aB + By +ya = 1) from (A)
(@B’ + By’ +(ya)’=1=>a*+b*+c* =1
1144. Find without any software:

1 1 1
: o + o + o
1+tan6 1—tan54 1+ tan66
Proposed by Adil Abdullayev-Baku-Azerbaijan

Solution by Santos Martins Junior-Brusels-Belgium

leta = tan6’,b = tan54’, ¢ = tan66’

1 1 1
We have to compute: Q = — + — + —
1+a 1-b 1+

c—a

. o o c—a
1)tan60 =t 66 —6) = =+v3;(1
)tan an( ) TTac S T ac \/_,()
. . . a+b a+b
= =+ = =
2) tan60’ = tan(54" +6) = & =3; (2)
. o o . b+c b+c b+c
3) tan60” = —tan120’ = —tan(54" + 66) = — = = =+/3; (3)

1—bc bc—1 bc-—-
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. - +b .
Since -—- = v/3 = = using the componendo rule, we have:

(c-—a)+(a+b) _
(1+ac)+(1—ab)_\/§

From (3),(4) we have:

c+b
@2+ac—ab_\/§’ (4)

b+c_ c+b b+b —3 (5
bc—1_2+ac—ab@a c—ca=3; (5)

We also know the following identity:

[(1 — (tanp - tanq + tanq - tanr + tanr - tanp)] - tan(p+ q + 1)
= tanp + tanq + tanr — tanp - tanq - tanr; (6)
Applying here forp = 6°,q = 54°,r = 66, and with
tan(p + q + r) = tan126" = —tan54’ = —b; (7) then (6) becomes as:
[1 —(ab+ bc+ ca)]- (—b) = (a+ b+ c) —abc; (8)

From (5),(8) we get:
[1-B+2ca)]-(-b)=(a+b+c)—abc o
—b+b-(3+2ca)=a+b+c—abc s 3abc=a+c—b; (9)
Fora = tan6’,b = tan54’,c = tan66" we get:
ab+bc—ca=3anda+c—b=3abc.

_ 1 . 1 . 1 :(1—b)(1+c)+(1+a)(1+c)+(1+a)(1—b):
1+a 1-b 1+c 1+a)(1-b)(1+0)
_ 3+2(a+c—-b)—(ab+bc—ca) _ 3+ 6abc—3 _
"1—(ab+bc—ca)+a+c—b—abc 1-3+3abc—abc
_ 3abc
"~ abc-1

Q

tan36 —tan30’
1+tan36 tan30’

Also: a = tan6’ = tan(36 —30°) =

b = tan54’ = cot36 =

tan36’
o o . tan36’ + tan30°
c=tan66 = tan(36 +30°) = 1 — tan36'tan30’
tan?36° — tan?30° 1

bc = i - i
= . tan?36° - tan?30° tan36
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. 3 . /
< tan30 = \/3—_; tan36 = |5 — 2\/§>

3 7-3V5

V3 V5-1
3abc
abc -1

abc =

1145. Fora,n = 1 .Find:

2n
(@) = f log(ax)

x2+(2n+1x+2n

Proposed by Marin Chirciu-Romania

Solution 1 by Kamel Benaicha-Algiers-Algerie

2n l ( ) 1 an ( ) an ( )
_ og(ax _ og(ax 3 og(ax
Q(a)_f;\CZ+(2n+1)x+2ndx_2n 1<f 1+x dx f 2n +x dx)
1

1

2n 1
f logx _ f logt f logt alogt
a+x 1t(1+0£t) 1+at

2n

[

dt =

1

N|H

log(1 + at
g( )dt:

1 a
_ = 2 _
=3 log?(2n) + log(2n)log (1 + Zn) "

§|H\H

1 a a
— 2 7 7
=3 log?(2n) + log(2n)log (1 + > ) + Li,(—a) — Li, ( > )

Uan) = an— 1 <log(2n) (log (1 + %) - logZ) + Li,(—1) — Li, (_ 2_1n)

—Li,(—2n) + Li,(—1) + log(a)log <¥>) _

+2n

<log(2n)log (1 i

2n+ 1)\ n?
)-%)

1
i (A i (Com) 4+
T ) le( 2n> Li,(—2n) logalog( 8n
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11,'2
12

aam =5 (% tog(an)tog ("2~ + togatog ("5 1)2>>

log(1+1t)—logt ?
Li,(—2n) = g +t) ~ logt (

1\ 1
=———Li,|——)—=log?*(2
t 6 2 Zn) 7 log”(2n)

§|H\H

8n

2n

_ log(ax) 1 (2n+1)2 2
Ua) = f x2+(2n+1)x+2n dx = 4n -2 log( 8n log(2na®)

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie
Note that:

q (»+ q)z)

) Gp)x+a) *= 2(q-p)

(1)

Now,

2n 2n
log(ax) log(ax) y=ax
Q(a) :f x = x =
x2+(2n+1)x+2n (x+2n)(x+1)
1 1

2 (Zn + 1)2
yoan na logx @ log(2na®)log (—Bn )

(x +2na)(x + a) x 22n—-1)

Solution 3 by Floricd Anastase-Romania

2 1 2na
_ 4 log(ax) x=_27n log (—x ) 2ndx\
0@ = [ ey = i (-2 =
x>+ (2n+1x+2n 2n (2n+1)2n x
! m(F) +

2n
_ f log(2na) — logx
) 2+ (2n+Dx+2n

2n log(ax) + log (2;1—“) ) an 1
2Q(a) = 1f GrD&+2n) dx = log(2na )! G D+ 2n) dx =

2 2

_ log(2na?) n(x+2n)—(x+1) _log(2na?) fn( 1 1 )d

T 2n-1 (x+1(x+2n) T Tono1 x+1 x+2n)
1 1
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_log(2na?) t+1\%"

U =— =2 (t+2n) .

log(2na?) (2n + 1)?

Ma) ==y —5 'log <T

1146. Prove that:

flog(l + x* + x% + x10) w2 mwJv3 5
dx=m+—-———_2
1+ 3x+ 3x2+x3 2 3 2

0
Proposed by Abdul Mukhtar-Nigeria

Solution by Kamel Benaicha-Algiers-Algerie

B flog(l +xt+ a0 +x10) flog[l + x* + x%(1 + xb)]

1+ 3x+3x2+x3 (1+x)3
0

_flog[(1+x4)(1+x6)] e ftag(1+x4)+tog(1+x) L

(1+x)3 (1+x)3
dx dx t%
f 1+ x)z(l 2 ) 1+ x)z(l + x°)

B tdt
_Zof(1+t>2<1+t4>+30f(1+t>2<1+t6>

t Ay A, Azt3+ A t% + Ast + Ag
= + + —
1+0)2(1+tY) @A+ 1+t 1+ t4
B 1 1 +t3—t+2
2(1+t)2 2(1+t) 2(1+1t*)

t By . B, +Bgt5+B4t4+Bst3+BﬁtZ+B7t+BB_
(1L+0)2(1+t6) (Q1+t)2 1+t 1+ t6 B
B 1 1 +6t5—3t4+3t2—6t+9

21+t 2(1+1¢) 6(1 +t%)

1+f2 » 3+3f3—2t+t2—t4dt_
1 2 1+¢6 B
0 0
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oo 3 oo oo 5 oo 2 oo o) 1
1 zZ 1 dz Z6 1 z3 1 dz 1( z 6
-3 _f __f f dz__f dz+_f 1 dz
2 2 2 1+z2 1+z 2) 1+z 2)1+2z22 4) 1+2z
0 0 0 0 0
_ 5 1 b4 +3 b4 1 b4 1 ©
=37y 3 4 . 5m 2 . 2w 4 oW
sin—— ) sin—¢- sin—4- Ssing
/2 mw/3 5
B | B R
2 3 2
1147.
/ 2m+1
@ = 2+ 2+...+\/E’ a e —
n ™o 2(m? +m)
n—times

1
1 1 1 1 dx

= — + — _—

Smn f(m+1—x2 m+x2>(m+1—x2 m + x2 a’") 1 — x2

1
2%n

Prove that: fp, = — 2—0n-

@am+2)2—2-0,_, day
Proposed by Mohamed Bouras-Fes-Morocco
Solution by Kamel Benaicha-Algiers-Algerie

PR=2+0p1=>07—2=0,1;(1)

) = 1 1 1 1 dx
miX _f(m+1—x2_m+x2)(m+1—x2 m+ax% )\/ _xZ

[ e ) (e
= — - -+
m+ cos?t m+ sin?t/)\m + cos?t m+ smzt

f 2m+1 cos2t dt f( 1
-7 ' ~am 2 2 )
m? +m+%sin22t m2+m+%sin22t m+cos’t  m + sin’t

u:%sinZt (2 1)f f du
= —(2m-+ +a _—_
( Z+m+u2)2 m m2+m+u2
du u u’du

= = +
A(w) fm2+m+uZ m? +m + u? 2 (m2 + m + u?)?
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u?du

AW = 5 2(m? +m) +24
Wemvm+uz © mf(m2+m+u2)2 ) =

f du _ 1 ( u . du )
(m?2+m+u2)2  2(m?+m)\m?+m+u? m? + m + u?

I () 2m+1 ( u f du ) f du
X) = — + + a - =
m 2(m? + m) \m? + m + u? m? +m + u? ™) mz+m+ u?
u u=sintcost=xy 1-x2 xV1 — x2

= _-a — -a
m2+m+uz ™ m2+m+x2(1—x2) ™

1

_ 1 1 1 + 1 dx
fm,n_1f(m+1_x2_m+x2)(m+1—xz m+x2_am)\/1—x2
2%n
@
_ 21
= a

— (Z)n\/‘l'_@% - 4a
2 m 2 m

m2+m+<% ’1_(2)_%> 16(m2+m)+((2)m/4-—(2)%)

2 4

Or@,Ja—02=0,/2+2-02=/2+0, ,-/2-0, ;= /2+2—(z>$l_1:

=2 — @, using (1)
1/2 — @n_z vV 2— wn—Z —

= -4 = -4
fmn 16(m2+m)+2-0,_, Fm 16m2+2-2-4m+4—(2+0,_,) Gm

JZ—0,_,

T@m+22-2-0,,

JZ— 0z

fm,n:(4m+2)2_2_®n_z.

SR

4a,,

4a,,

1148. Prove that:

2m/Zw 1 (3)

@) 2

T
f sin~1 (sec (tan‘l(sinx))) sinxdx = T+ i
0

Proposed by Srinivasa Raghava-AIRMC-India
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Solution by Tobi Joshua-Nigeria

T
I= f sin™1 (sec (tan‘l(sinx))) sinx dx
0

T
I= f sin™1 (\/ 1+ sinzx) sinxdx '
0
T

) —— 7 1 cos’x
= —cosx- sin (\/ 1+ sin x)| + < | ——==dx=
l J V1 + sin?x

0

™

1 cos*x
—n'+ ——d

X=T dx — f\/1+smZ dx
\/1+smZ [f\/1+sm2 ]

Using Incomplete Elliptical Integral of second kind:
z
z
E(—) = f 1 — msin’tdz
m
0

Using Incomplete Elliptical Integral of first kind:

1 i
0

I=m—i [ZF (_11) —E (_11)] = 1 — i[4K(~1) — 2E(-1)] =
1
4

)4 <)

war) ) )
)

e )

T
f sin™1 (sec (tan‘l(sinx))) sinxdx =mw+i (
0 4
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1149. Find without softs:

L 1 1
4sinx + tanx + — tanx
coSsx coSX
0= j
5 Jcos5x + cosSx

Proposed by Daniel Sitaru-Romania

dx

Solution 1 by Abdul Hannan-Tezpur-India

Note that for a, b > 0 we have, va + Vb = |(Va+vb)' =+a+ b + 2Jab

Now, in the interval (0,%) we have:

1+ sinx
+ tanx =
co coSsXx
1 1-—sinx
—tanx =
cosXx coSsXx

1 1 1
= + tanx + —— — tanx + 2 (
coSsXx cosx coSsXx

2 2 2(1 + cosx
= \/ + 2./sectx — tan?x = \/ +2= \/g
cosx cosx cosx

Therefore,

1
+ tanx) (— — tanx) =
cOSX

dx

T, 1 1
4dsinx| | —t+tanx+ |—— — tanx
cosXx coSX
0= f
5 JcosSx + cosbx

T
L /2(1 + cosx)

:f COoSsXx dx u=g)sx\/i
0

du

u

ol

J(1 + cosx)cos®x -

§||H\H
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Solution 2 by Avishek Mitra-West Bengal-India

LA 1 1
4 sinx <\/ + tanx + J— — tanx)
f cosx cosx p
0= X
0 JcosSx + cosbx
V1 +sinx ++V1 — sinx .
:f VJcosx dx =
J J(1 + cosx)cos5x
L x\2 x . ox\%\ .
f(\] coss +sm2) +\](cosi—smi) )smxd
x =
5 J(1 + cosx)cosbx
T T T
4 4 s
f ZCOS sinx \/Zf smx Zf d(cosx) 1
3y 30 /o
0 ’ZcosZ 5 cos®x 0 cos cos’x V2

1150. Find without softs:

1
q f 2x + 3V1 — x2 4
= X
5(1 — x2) + 4xV1 — x2

Proposed by Daniel Sitaru-Romania

Solution 1 by Yen Tung Chung-Taichung-Taiwan

1

T
2
Q= f 2x + 3V1 —x2 4 x=sind f 2sin@ + 3cosB 0do —
- 5(1 — x%) + 4xV1 — x2 * = 50520 + 4sinfcosd 0> B
0 0
™ ﬂ ™
2 2
2sinf + 3cos0 23 5cos0 + 4sinf 2 (4cosO — 5sinf

—d0O = do + — -
5c0s0 + 4sinf 41 5co0s0 + 4sinf 41 ) 5cos0 + 4sin@
0 0

23 w2 23m 2 (4-)

er.c + z_23m 2
=112 41log(5cos0 4sind)|; 32 41log 5

Solution 2 by Hussain Reza Zadah-Afganistan
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5cos?u + 4sinucosu

T
1 2
f 2x + 3V1 — x2 | Fsim f 2sinu + 3cosu
J 5(1—x2)+4x\/1—xZ J

n
z )
f sin2u + 3cos“u
5cos?u + 2sin2u
0

[2 2 |
1 |f 2sin2u + 5cos*u f cos*u |
== - u+ - du|=
2[ 5cos?u + 2sin2u 5cos?u + 2sin2u J
0 0
T
2
_T, 1f cos’u B
" 4 2) 5cos?u+ 2sin2u
0
1r15 415 +22] 231 Zl (4)
=2 241 41 0g(5cos?u + 2sin2u) 41 og |z
Solution 3 by Ravi Prakash-New Delhi-India
n
1 2
_ f 2x +3V1—x2 x=sind f 2sin@ + 3cosO 0do
B 5(1 — x2) + 4xV1 — xZ B 5c0s20 + 4sinfcosd O
0 0

2sinB + 3cos0 = a(5cos0 + 4sin@) + B(—5sinb + 4cosh)

Hence,
4a—-58=2 23 2
{5a+4ﬁ:3:>“_ﬂ'ﬁ_ﬂ
Thus,
Q= 230|1ZT+21 5cos0 + 4sind)|Z = 20T + 2 (4)
1 21 109(5c050 + 4sinf)l; = o=+ 7 log (g

Solution 4 by Orlando Irahola Ortega-Bolivia

1

1 1
Q_f 2x+3V1—x2 f dx +f
5(1 — x2) + 4xV1 — x2 —xZ 0\/1—x2 04x+5v 1—x2
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xz—t:>x NG

xS, ()
V1 — x? 2 2
0

(=}

| _f dx x=gide= tzf dt B
f ) ax sV a2 t(5,/t2-1+4)

_f tdt z—\/t2 dz

@ -1+ )(5VE—1+4) (52+4)(z2+1)

. 41zdz f4lz +2022+20-20(z2 +1) ,
z- (52 +4)(z22+1) (5z+4)(z2+1) B

_ f (20z% + 25z) + (16z + 20) — 20(z% + 1)

) (5z+4)(z2+1)

5z(4z +5) + 4(4z + 5) — 20(z% + 1)
B f (5z + 4)(22 + 1)

[ (4z+5)(5z+4)—20(22 +1)
B f (5z+4)(z2+1)

_f4z+5d ZOf dz —[ZIZZdZ 20 dz +5f dz 1
) zz+1% 52+4 zZ+1 5z+4 z2+1l,
0 0

= [2log(z? + 1) + 4log(5z + 4) + 5tan~1z]5 =
— |, zZ+1 Z+5t 1 m_4l (4)+5n'
~|"°9\2522+ 20z + 16 an ZO_ °9\5) " 2

= —log ( ) + = Therefore

I= (1+1)—23” 2 | (4)
—Wit ) =T 7t0\5

Solution 5 by Abner Chinga Bazo-Peru

1
f 2x + 3V1 — x2 4
= X
J 5(1 — x2) + 4xV1 — x2

71 RMM-CALCULUS MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2 2(1-y?
yz ,dx = 21-y") 2

1+y (1+y2)

2(1 iyy2)+3 /1—(11—3’},2)2 -y
I:f 2y \? 2 2 2<(1+J’Z)Z> =
o))+l (a2
4y, 3(1-y%)

_f 1+y?" 1+y? <2(1_3’2)>d _
) 5(2_3’)2+4( 2y )(1—y2) (1 +y?)? -

Letx =

1+ y? 1+ y2/\1+y?
2(3y* —4y —3) 23 -2y 10y — 8
= y = f( + )dy =
(5y%2 — 8y — 5)(1 + y?) 41(1+y2?) 41(5y2-8y-5)
2 23 2y 10y — 8
= — ( — + )dy =
41) \1+y?2 1+y2 5y2-8y-5

2
= H(ZStan‘ly —log(y*+1) + log|5y2 — 8y — 5|) +C

1
f 2x +3V1 — x2 4
x
5(1 — x2) + 4xV1 — x2

0
2 1
=11 [23tan~'y — log(y* + 1) + log|5y* — 8y — 5|]0

B2 ()
82 41 5
1151.
X
If £:[0,) - R, f(x) = f
0
1

Q= fxf(x)dx

0

log(1+t
log(1+b) 1 then find:
1+ t2

Proposed by Alex Szoros-Romania

Solution 1 by Floricd Anastase-Romania
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1
flog(l + t) L= tanuf log(1+ tanu) du
0

1+ ¢t2 ‘cos?u

coszu

T T
1 1
sinu + cosu S Vi u)
= | log (— = du =
cosu cosu
0 0
T T T
1 1 1
/3
= f log\V2du + f log [cos (Z_ u)(du flog(cosu)du =
0 0 0

T T
4 4
Zu=v
f log [cos (— - u du = f log(cosv)dv =v
0 0

dt = Zlog2 = f(1) = Zlog2
1+12 =glog2=7(1)=glog
0

1
f 2 log(1+ x)d

1+ x2
0
1 1 log(1+x)
- — - 2 _ el =
F@) 2f(1+x )25
0
log1+x)
161092 ——109(1+X)| fwdx_
0
m—8 1
= log2+E

Solution 2 by Elli Asaad-Afganistan

[

log(1+1t)
1+t?

=
[l

T
4
tan@
dt = log(1 + tan@)de =
0

™

S a3 o

log(sin® + cos0)dO — f log(cos0)do =
0
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n n n
) ) )
/4 /4
= f log\2do + f log <cos (0 — Z)> do — f log(cos0)do = 3 log2
0 0 0

1

2 L1 leg(
fof(x)dxlgp%f(x) 0——fx2-%dx=

0

log(1+x)
1+ x2

1
=3 -5 [@+x2 -1
0
=f(1)—%flog(1+x)dx=A—B;

0

1 1 1
= Ef log(1 +t)dt = E[(l +t)log(1+1t)—t]} = 5(21092 -1)
0

- 1
O=A-B= log2 + 2
Solution 3 by Praveen Kumar Kotra-India
v log(1+x)
="

TL’

f(1) = fllog(l + x) _t=tang

T+ 22 f log(1 + tan@)de =

T
4

0
T
s

= f log(sin® + cos0)do — f log(cos0)do =
0 0

E]

T T
4 4 4
T /4
= f log\2do + f log <cos (0 - Z)> do — f log(cos0)do = 8 log2
0 0 0

! 1f log(1+x)
0 2 142

1
fxf(x)dx == —f(x)
0
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1 1 log(1+x)
- — _ 2 _ I T
W -5 [a+x -0 2L

0

logl+x)

161092 ——log(1+x)| fﬁd_x—

- ] 2+1

—Tg %9473

Solution 4 by Precious Itsuokor-Nigeria

1 1 x
log(1+t log(1+t
Q:fxf(x)dx:ffoz)dxth"b‘"‘f 9 )f dxdt =
1+t
0 t 0

1+ t2
Tlog(1+1) (¥2\' 1 [log(1+1)
_ og(1l+ (x _1[tog + 42 —
_f—1+t2 <2>tdt—zf—1+tz (1 - t?)dx =
0 0

1 1
1 (log(1+t 1 (t’log(1+t
_ f g( )d f g( )dt:

2 1+t2 2 1+t2
0 0
1(logl+¢t) 1( 1
_ og(1+ _
‘zf St zf(l 1+t2)log(1+t)dt—
0 0
1
1 (log(1+1) log(1+t)
=2| Tt t“f"’g(l”)““zfﬁdt—
0 0
rl (1+1¢) 1 1
Og +
= | —/———dt—=((1+t)log(1+t)—(1+t =

0

T
1
1
= f log(1 + tan6)dO — log2 + 2=
0
T

T
s
1
= | log(sin@ + cos0)dO — | log(cos0)dO —log2 + 2=
0
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1
log | cos (0 - Z) do — f log(cos0)dO — log2 + 2=

S —— a3

T

7
flog\/_d0+
0

=T og2 — log2 + 1
—gl0geTtoge Ty

1152. Find without softs:

z
B f sin?(7x) + cos2(10x)
B sin?x
T
3

Proposed by Daniel Sitaru-Romania

Solution by Ravi Prakash-New Delhi-India

—sin?(7x)+sin*(10x) _ sin(17x)sin(3x) _ sm(17x) sm(3x)

sin%x sin?x sinx sinx

Consider

sin(17x) __ sin(17x)-sin(15x)+sin(15x)—sin(13x)+--+sin(3x)—sinx+sinx __

But— -
sinx sinx

= 2cos(16x) + 2cos(14x) + .-+ 2cos(2x) + 1

sin(3x)

- =2cos(2x) +1
sinx

sin(17x) sin(3x)
- — = 2co0s(18x) + 4cos(16x) + 6 z cos(2kx) + 3
sinx sinx i

Thus,

T

2

f sin?(7x) + cos2(10x)
sin’x dx

T

3

T
73
= f [csczx —3 —2cos(18x) — 4cos(16x) — 6 z cos(ka)] dx
i —
3

NI]

1 1 1
= [—cotx —3x— 6sin(18x) — Zsin(16x) -3 z Esin(ka)]
k=1

Wiy
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3 1 o 1 1 (16n)+32 (an')
2 "B osinten) T 25\ 3 PR

n1\/§[1\/§1\/_ 1\/51\/51\/_
+— +3 +0+

1 2 2 2 Y32 52 77

s 1 1, 3V3 97 131V3 =
__E_‘/g(_§+§) 2 140 105 2
1153.
1
log"x
IfIn(m):fl_l_ —dx,vm > 0,n = 0;m,n € Z then prove:
0
o = o ) - )
In (2m)nt1 2m 2m

Evaluate I,(2)
Proposed by Akerele Olofin-Nigeria
Solution by Rana Ranino-Setif-Algerie
Setx = e"#

t t
t"e Zm (1 — e_f)

(-1 ftﬂe'ﬁ e D" f

In(m) = +1 t - +1 t t dt
Emymt 1 v ez Cm)y™t) 4 v ez (1 - e‘i)
co _t 1+m
(-1 [ trezm (1) [ tre” zm"
I,(m) = (2m)"+1f 1—et (2m)"+1f 1+ et dt
0 0

(_1)n+1 Ootne—lz-'-—mmt (_1)n+1 Ootne—%
_Co frelit, o fre

~ (2m)nt1 1+ et - Cm)ml | 1—et
0 0

[ee]
k ,—zt

t
-~ ll}(k) = (_1)k+1f 1 — e_t dt
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= o ()90 ()] -2y ()9 o-3) -

1 a2 n’
— I = — 2 =
61 ds? [ n'co(n's)]S:% o1 ds [esc (n's)]sz%
3 n’
_ 2 -
32 [cot(ms)csc (n's)] i 16

1
f log*x 3
dx
1+ x2 16

(=}

1154. Find a closed form:

[ *toguae || Frtogear)
0= xlogxdx || xlogxdx xlogxdx
N 3x* f xt+1 f x*¥+3
VA A
3 3

Proposed by Daniel Sitaru-Romania
Solution 1 by Timson Azeez Folorunhso-Nigeria

1 1
A= fxlogxdxy x? 1flogydy f 1 f (lagu lag\/§)du _
B 4) 3y2+1 uz +1 B
V3 1
3 3
f logu f lag\/_
4\/_ u?+1 du — 43 ) w2+1 1
3
f logu n'log\/§ nlogV3 1)
u —
T4z ) Wi 12v3 243
3
4 f logu n'log\/§ nlogV3 @)
u-—=A=-— du —
u 43 ) ur+1 123 24+/3 '

3

n'log\/§ n'log\/§ n'log\/§ nlog\3
123 24V3  12V3 = 243
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nlog /3 . nlog\3 _ nlog /3
123 243 2443

(1)

24+1 4

§

B = f xlogxdx y=x* 1flog\/_ 1f

xt+1 2 4
1

«|
w|

3

1 1 logy _ _

y—);:)B——Z y2+1dy:>ZB—0:>B—0
3

V3 V3 3

fxlogxdx y=x? 1f log\y d 1f logy 4 y=uy3
=| —ma= = 5| T =y =g | T——=dy =

i x 3 21 y:+(V3) 4-1 y:+(V3)

3uZ + 3 12 w+1t El u

V3 V3
f log(u\/_)du logu p +\/§f log\/§d
4-

Gl
Gl
Sl

Sl
S
Q
8

@ gl

. nvV3logv3 m3logV3 _
u?+1 36 72

()

[l
o
po| L —
S
Q
e

QU

e

n\/3logV3

Sl S
éﬂ*\,a
g, s
+|9Q
- s

ua;:C:—Eluz_Fl u -2 : (2)
V3
O=ABC =0

V3
1 \/§f logu p +n\/§log\/§.

Solution 2 by Ravi Prakash-New Delhi-India

Let:
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1 V3 V3
I = xlogxdx I = xlogxdx [ xlogxdx
= | = | ST = S
V3 V3 1
3 3

We show that I, = —I3;1, = 0,13 = anZg:;

V3 ﬁ1
3 3
xlogxdx x= 7(-logt) 1
IZ = — = —(——) dt =
xt+1 1. 1 t?
V3 Vi th
3
V3
_ V3 [ tlogt _ _ _
__?f t4+1dt__12 =22I,b=0=>1,=0
V3
3
1 11 V3
I = xlogxdx "j% 7 (-logt) /1 dp = tlogt di=
= e - fs—ﬂ(‘t—z) =~ [ magde=-t
73 Bow 1
3
V3 V3
I _f xlogxdx x=ty3 \/_f log(v3t )dt 1093 dt+\/§l
37 ) xt+3 2 3t2+3 24 ) t2+1 1274
1 V3 V3
3 3
\/—
° l H logt) 1
o t (]
14:f g f—g (——)dt2—14:>14=0
t2 + 1 1+ t?
V3 V3 t2
3
V3 T m\ w3
I; = ﬁlogB (§ - g) 144 log3
Therefore, I11,13 = 0
Solution 3 by Adrian Popa-Romania
1 V3 V3
I = xlogxdx_I [ xlogxdx [ xlogxdx
= | s | ST = | S
V3 V3 1
3 3
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V3

V3 31
xlogxdx x= T (=logt) ; 1
IZ:f = f—(——)dt:
xt+1 l+1 t?
V3 V3o 4
3
V3
_ V3 [ tlogt _ _ _
__?ft4+1dt__12:>212_0:>12_0
V3
3

0= 111213 =0
1155. Find without any software:

O= f(e‘x + cot(e*))cot(e*)dx

Proposed by Daniel Sitaru-Romania
Solution 1 by George Florin Serban-Romania

Q= f(e‘x + cot(ex))cot(ex)dx = f (e‘xcot(ex) + cotz(ex)) dx =
= f(e‘xcot(ex) + cot?(e*) +1—1)dx =

— —-X X 1 p— =
e *cot(e*) + ———|dx dx
sinZe

= f [—(e‘x)’cot(ex) — (cot(ex))’e‘x] dx—x=

= —e*cot(e*) —x+C
Solution 2 by Adrian Popa-Romania
Q= f(e‘x + cot(ex))cot(ex)dx = f e *cot(e*)dx + f cot?(e¥)dx

cos’(e*) 1-sin*(e¥) 1 _ (—cot(e"))
sin?(e¥)  sin%(e*)  sin%(e*) = e* B

= —e *(cot(e*)) — 1

Q :fe‘xcot(ex)dx—fe‘x(cot(ex))’dx—fdx =

cot?(e*) =

= fe‘xcot(ex)dx - (e‘xcot(ex) - f(e‘x)’cat(ex) dx) —x=
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= fe‘xcot(ex)dx — e *cot(e*) — f e *cot(e®)dx — x =
= —e *cot(e*) —x+C

Solution 3 by Yen Tung Chung-Taichung-Taiwan

Q= f(e‘x + cot(ex))cot(ex)dx = f e *cot(e*)dx + f cot?(e¥)dx

(u = cot(e*); dv = e‘xdx>
du = —e *csc?(e¥)dx; v = —e *dx

= —e *cot(e®) — f csc?(e¥)dx — f(cscZ (e¥) —1)dx =

= —e*cot(e*) —x+C
1156. Find without any software:
a
T
Q(a) = fsecx -sec(a—x)dx, ac (OE)
0
Proposed by Muhhamad Menal-Dhaka-Bangladesh

Solution by Daniel Sitaru-Romania

; ; sina
Qa) = fsecx -sec(a—x)dx = cscaf dx =
0

cosx - cos(a — x)
0

a a
sin(x +a — x) sin(a — x)cosx + sinxcos(a — x)
= csca dx = csca

dx =
cosx - cos(a—x) cosx-cos(a—x)
0

a a
sin(a — x sinx
= csca ( f de + f dx) = csca(—In(cosa) — In(cosa)) + C=
cosx
0

cos(a—x)
0

= csca- In(cos™%a) + (= csca - In(sec’?a) + C

1157. Fiind a closed form:

[0¢]

) 1
Q= fsm(l+x2>dx

—00

Proposed by Razi Talal Naji-Baghdad-Iraq
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Solution by proposer

co [ee]

. 1 . 1 _
0= fsm(l_l_xz)dx—Zfsm(1+x2)dx—

—00 0

2n+1

AN (_1)n( 3 Z) N (_1)n ( 1 x=tan
:2!; (2;:;()! dx:22(2n+1)!f(1+x2)2n+1d" =

T

T
) 2 0 2
_ZZ (D" sec’0do (=" f sec’0 do
~ (2n )
T
2

+ 1)I (1 + tan@)2n+1 (2n +1)! c20)2"+1

N[Y

(-1)" f \ (-1)"

—— | sec*0do =2 f cos* 0 do =
I 2 : I

P (2n+1)! (2n + 1)!

Tl.'

[ele] % .
P Yk N G Vi R
B ZHZO(ZTI'F]_)'[(COSZO)Z de_zZ(2n+1)|f(1_SIn20)z do

u Zdu

(-1 .
— (2n +1)J(1 w?- B

= i =l fu 2(1 —u)®*™(1 —u)” Zdu—

n=0 0

1
—1)" 1 1
(1) fuz_l(l —u)*" 2du =

nzomo
ot 1["2"_2 ] Z@n?;n 1[ ~2n ;Zl]

(2n+1)|
.1 _T@r(c—a-b)
Fila;b;c;1] = emTe
P S PN CLL ik et JR. A i)
1 2'2’ F(%—%+2n)[‘(1) T2 T(2n+1)
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(c0n Vr T(2n+3) or T(m+3) ()
2 ‘/_Z(2n+1)l rzn+1) FG)

(0]

2n+1)' 2 T(2n+1)

(~-T(2n+1) =(2n)")

2n

NS or Tl & con(d)
0= var (5) GGt () = " LiGnr Dz

12 () (3),
- Z(2n+1)2" n!(2n—-1)12"-n!'(2n — 1)”
S B s B8, (D
£ oom (an";ll)” .(Zn nl)” n P (ﬁ) (1)"(%)n n!

133 ]

2

= F ———1—,——
™slg 22

oo

1 133 1
0= sin (—) dx =nF;|—-,=;=,1,=;,— ] ~ 2. 95226276120165636
1+ x2 4

— 00

1158. If Re(n) >0

2
Un) = 5 e~ X dydx

then prove the relation: [ U(n)dn = U(n) + 3nvn
Proposed by Srinivasa Raghava-AIRMC-India
Solution by Tobi Joshua-Nigeria
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1+ x?
U(n) = f f 1 +y2 e—nyz_xl dydx =

[ee)
e’

= 4[(1 + xz)e_xzdxf ﬁ (even function)
0

Zf X 2+x2 "dxf —_ =
1+ y?
0 0

2(1(5)+05) e e
0

(00

= 3\/_f ‘tdtf e V() gy = 3\/_f e~ tdt

0

\/_ .
- ==t (1)

since f e~ dx = —\/E
0 2Va

(00

r et IBP
= = -t =
Now,f U(n)dn 311'0[ fz\/mdtdn 3n'f fe (\/n+ t+ C)dt

0

(00

oo e_t
= Bn[—e‘t\/n+ t| +f dt| =
0
J 2yn+t

(00

=3n'\/ﬁ+31rf
0

-t
2\/
1159. Find without any software:

0 f” sin3x p
= ———=dx
0 9— cos’x

Proposed by Jalil Hajimir-Toronto-Canada

-t

e
2yn+t

=37 [\/_ + dt = 3m\/n + U(n)

Solution by Daniel Sitaru-Romania

T
Q f" sin3x 4 f sin®x + 8sinx — 8sinxd
= —  dx = - X =
0 9—cos’x 8 + sin?x
0
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™

nsinx(8 + sin’x) sinx
= f dx — 8f

8 + sin’x 8 + sin’x
0 0
T T . T
. sinx (cosx)'dx
= | sinxdx -8 | ————-dx=2-8| ———=
9 — cos*x cos*x—9
0 0 0

cos0—3

_ 8(1 |cosn’—3 )_2 4(1 21 1)_2 41 4
- g cos0+3|) ~ < 3\'094Tr0g5) = 273808

6 _log|

cosmt+ 3

1160.1f 0 < a < b then:

b bbb
y2dxdy z*dxdydz b
(b—a)2f1+x2+(b a)ff(1+x2)(1+y2)+fff(1+x2)(1+y2)(1+ po +1lo 3<®z(b—a)3

Proposed by Daniel Sitaru-Romania

Solution 1 by George Florin Serban-Romania
5 ; x%d y2dxdy Fel z*dxdydz 5 5
(b-a) f1+ 2+ (b “)”(1+x2)(1+y2)+”f(1+x2)(1+y2)(1+z2) log*{ [g]=®-a
b b b
(22 + 1)dx dx (y? + 1)dxdy dxdy
)Zf i a)2f1+x2+(b—a)ff(1+x2)(1+y2) (b- a)ff(1+x2)(1+y2)
Fir (2% + 1)dxdydz f i dxdydz 1, b > (b—a)
[ [ armasnasm | | | armarmaes s @ =e-

dx y? +1)dxdy
+(b-— a)2f1+ 5 —(b— a)ff—(1+x2)(1+y2)+

+("‘“)f f (112;)1():?;2) f f f G oaT e ()= oo

a a a

S

b
(b—a)® — (b— )Zf dx

1+ a2

We must show:

b b b
||| =aor ()

We have that:

Frr b b b
[ faeeteSies " | a3 |52
6 S
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b b
1 dxdy b
e
a a

b
1 b dx 1 a dx 1 b

= — — _ b = — _— - 3 j—
8109 (a)f p -logyla lOg (b)f p 8log (a) (true).

a a

Solution 2 by Adrian Popa-Romania

b
x?dx (x2+1—-1)dx 1
— = — — -1p _ -1
f1+x2 f 1+ 22 f(l 1+x2)dx (b—a) — (tan™'b — tan™1a)

a

b b
y*dxdy dx y2dy , .
= = -1 . b _ -1 —
2) ff(l +x2)(1+y2) fl Y a2) 1+y? (tan xla) (yla tan y|a)
a a

=(b—a)(tan b — tan1a) — (tan~1b — tan~1a)?

b b

bbb b

3 fff dxdydz _f dx y*dy ( z’dz _

) A+22)1+y2)1+22) J1+x2)1+y2)1+22
a aa a a

a

=(b—-a)({tan b — tan 'a)? — (tan"1b — tan"1a)?
So,
S=Mb-a)-(b-a)’(tan b — tan"'a) + (b — a)?*(tan"'b — tan"'a) —

—(b—-a)(tan b — tan"1a)? + (b — a)(tan™1b — tan"1a)? —

b
—(tan™1b — tan"'a)? + log? (\/;) >(b-a)3 e

b 1 b
log® (\/;) > (tan™'b — tan™'a)® & Elog (E) >tan b —tanla &

logh —loga
=
tan—1b — tan-la

Let be the functions: f(x) = logx; g(x) = tan™1x, x € [a, b] and applying Cauchy

Theorem: 3¢ € [a, b] such that:
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fB)—f@ _f©_ ¢ _ 2

gb)—g(a) g'(c) 1 c -
1+ ¢2

1161. If0<a < b < gthen:

1+ ¢2 AM-6M 2¢
= i 2 = (x)true.

b b b
f f f (tanxtany + 1)(tanytanz + 1)(tanztanx + 1)dxdydz < (tanb — tana)?
a a a

Proposed by Daniel Sitaru-Romania

Solution 1 by George Florin Serban-Romania

sinxsiny + cosxcos [Icyc cos(x — 1
n(tanxtany +1) = 1_[ Y Y _ lleye cos( i y) < i
cosxcosy [Icyc cos®x [1eyc cos?x

cyc cyc

bbb b b b
fffl_[(t t +1)ddd<f1d fld fld

anxtany xeyaz = costx ™ cos’y Y coszz*?
a a a a a

cyc a
3
= (tanx|%)” = (tanb — tana)3

Solution 2 by Remus Florin Stanca-Romania

CBS
~(ab+1)? < (a? +1)(b%2+1)
(tanxtany + 1)? < (tan’x + 1)(tan’y + 1)
(tanytanz + 1)? < (tan’?y + 1)(tan’?z + 1)

(tanztanx + 1)? < (tan?z + 1)(tan?x + 1)

2 2
9 (H(tanxtany + 1)) < (H(tanzx + 1)) =
bbb -
[]1]

cyc

bbb
(tanxtany + 1) dxdydz < f f f n(tanzx +1)dxdydz =
a a a

cyc

3
= (tanx|%)” = (tanb — tana)3
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1162. Ifg < a < b then:

b
/4
fx-sinﬁdxzx/1+b2—\/1+a2
a

Proposed by Daniel Sitaru-Romania

Solution by Rovsen Pirguliyev-Sumgait-Azerbaijan

3

vx249

T T T 3
x>2:>7rx>21r:>;>2andx<tanx:tan;>g>;; (1)

Lemma: If x > 2, then sing >

1

Using 1 + tan®*x = —— we have:
cos“x
) 1 ™m 1 @® 1 x?
= < < =
COS X = I+ tan’x 1+(§)2 32 x2+9
x)  1+(3)
x?2 9

f 2. 2 _
sin“’x=1-cos*x>1-— =
x2+9 x2+9

Now, take x — 3, then sin— > 3= 2 ; (2)
3x

Jox2+9  JxZ+1’

(2)

b b
Hence, [, x-sin__dx > [ x- dx

1
VaZ+1

b b
1 10d2+1) 1 b
X——dx== | ——2=_2/x2+1| =J1+b2-J1+a?
f vaz +1 2) VJxz+1 2 |a v v
a a

b

/4
fx-singdxz\/1+b2—\/1+a2
a

1163. If £, f'": (0, @) — (0, ), f —differentiable, 0 < a < b then:

f f (IO D)y o (f(b) T D)
20 1+ fEfG) T T\ @+ 1+ f%(a)

Proposed by Daniel Sitaru-Romania

>f 2(b)-f*(a)

Solution by Remus Florin Stanca-Romania
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Let’s prove that:

a+b a
< +
Vi+ab V1+b2 V1+a?
The inequality can be written as:

,Va,b >0

1 a 1 b 1
< . + .
Vi+tab a+b V1+p2 a+b 1+a2
3 5
Letg: (0,0) » (0,) g(x) = Z5:1 3 =~ x+ D HIE =3 (x+ D7 2 0

= g —convexe, then for any t4, t, € (0,1),t; +t, = 1 and for any x4, x, € I we have:

t1f(x1) + t2f(x2) = f(t1x1 + tyx3)

Lettlzﬁ;tz :a_:’_bandxlzbz,xzzaz
a 1 N b 1 - 1 _ 1 _ 1
a+b 1+ b2 a+b\h+aZ_J a’b + ab? \/ ab(a+b) V1+ab
1+ 1+
a+b a+b
a+b a

,Va,b >0

—1 < +
Vvi+ab V1+b? +V1+a?
O+ _ & )
JI+ff(y)  J1+f2() J1+F2(x)
G+ FONF A G) _FOf Of' G) , FDF &) D). 3)
JI+f@FG) — J1+20) 1+

fz(x)f |
1+ f2()l,

f f 2f()f' (Of (y)
J1+£2(y)

= %(fz(b) - fZ(a)) (log (f(b) +. 1+ fZ(b)) — log (f(a) + A+ fz(a)')) —
f(”)+x/1+f2(b)>. (1)

=2 (1) ~ (@) log <

fla) +J1+ f2(a))’
1 f f 26O f 2O
2] ) 1+ f(x) J1+ 20

= %(fz(b) - fZ(a)) (log (f(b) +./1+ fZ(b)) —log (f(a) +.1+ fz(a))) —
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I YRR £(b) +/1+f2(b)
> (rPw -1 (a))tog<f(a)+ o) @

From (1), (2), (3) it follows that:

f f () +FONF P D), <f(b) T (b))fz(”)'fz(“)
PN CTe =N\ @i @

1164.1f0<a<b < gthen:

b b
2 f f cos*xcos?*y(1 + tanxtany)|tanx — tany|dxdy < (b — a)?
a a

Proposed by Daniel Sitaru-Romania
Solution 1 by Rovsen Pirguliyev-Sumgait-Azerbaijan

cos’xcos’*y(1 + tanxtany)|tanx — tany| =

sinxsiny\ |sinx siny
= cos?xcos’y (1 + ) | =

Ccosxcosy/ lcosx cosy

= cos(x — y)|sin(x — y)|sin(x — y)cos(x — y) = %sinZ(x -y)

Therefore,

b b
2 f f cos’xcos?’y(1 + tanxtany)|tanx — tany|dxdy <
a a

b b
<z
aa

Solution 2 by Khaled Abd Imouti-Damascus-Syria

b b
sin2(x — y)dxdy < f f dxdy = (b — a)?
a a

N| =

Let us prove that:

1
cos?xcos?’y(1 + tanxtany)|tanx — tany| < 2e

|[tanx — tany]|
2(1 + tanxtany)

cos’xcos’y(tanx — tany)? <
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Suppose y < x we have:

tanx — tany
=)
2(1 + tanxtany)

cos’xcos’*y(tanx — tany)? <

sinf(x—y) 1

<-tan(x—-y) ©
cos’xcos?y ~ 2 (x =)

cos’xcos?y -

1
cos(x — y)sin(x —y) < 2 sin2(x — y) < 1(true).

Therefore,

b b
2 f f cos’xcos?y(1 + tanxtany)|tanx — tany|dxdy <
a a

by b b
< fozsinZ(x—y)dxdy Sffdxdyz (b — a)?
a a a a

1165. If £:]0,1] = R continuous function, n € N,n > 1 then prove:
1 e
e’n + 2nf f2(e¥)dx > 1+ 4nf x"1f(x)dx
0 1
Proposed by Daniel Sitaru-Romania

Solution by Floricd Anastase-Romania
e 1
x=el=t=logx

x"1f(x)dx = e™f(et)dt
| /

1 0
Hence,
1 e
e’ + an fi(e¥)dx>1+ 4nf 2 1f(x)dx &
0 1

1 1
e’ + an fr(e®)dx>1+ 4nf e f(eM)dx &
0 0
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1 1
2n

e"—1
-2 | e™f(e¥)dx+ | f2(e¥)dx >0 o
f of

2n
0

1 1 1
er"xdx -2 f e f(e*)dx +ff2(ex)dx >0
0 0 0

1
f (eZ"" —2e™f(e¥) + fz(e")) dx >0
0

1

f(e"" — f(ex))zdx >0

0

1166.1f0 <a < b,f:(0,o) — (0, ), f —continuous then:

b b X 3 b 3
6 A —— _
lf (x)dx <a 0 dx) > (b —a) <1 f(x)dx)

Proposed by Daniel Sitaru-Romania

Solution 1 by Tran Hong-Dong Thap-Vietnam

By Cauchy-Schwartz Inequality, we have:

oo ]

a a

b b 2 b b
( [ (P@) dx> (b-a)= ( | f3(x)dx> = ( | f3(x)dx> ( | f3(x)dx>; (0

Other, by Holder’s Inequality:
1

b 3/ 3 b
(fﬁ(x)dx) (f 12dx> fo(x)-ldx@

a

b b 3
(f f3(x)dx> (b—a)= (f f(x)dx> ;(2)
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And

b b 2
1 BCS
(aff(x)dx> (ff(x)d ) (ff(x) f()dx> =(b-a)*(3)

a

From (1),(2),(3) we have:

b b b
f Fo(x)dx - (b—a)? > (b—a) ( f f3(x)dx> ( f f3(x)dx> >

b 3 /b
> (ff(x)dx) (ff3(x)dx> =

b b 3 b
f F5(x)dx- (b—a)® > ( f f(x)dx> b - a) f £3(x)dx

b 3 b 3
> (f f(x)dx) (ff(x)dx)
b b 3 ) ) 3 3
ffﬁ(x)dx-<ff(1x) ) b - a)® > (ff(x)dx> (ff(x)dx ff() ) >

( | f(x)dx> (b - a2
b 3 3
affﬁ(x)dx ( mdx) > (b—a) (!f(x)dx)

Solution 2 by Florica Anastase-Romania
Using Means Integral Inequality:

If0<a<b,f:(0,0) - (0,0),f —continuous then:

< eb- af logf(x)dx ff(x)dx
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We have:

f 1 . (b a? _ f (b-a)f (1)
J fx J2 Fr)dx ™ f(x)dx)

From Bernoulli Integral Inequality:

f0<a<bn=>1f:(00)- (0, 0) f —continuous then:

(ffi x)n <(b- a)"‘lff"(x)dx

We have:

b 6
fﬁ@ﬂﬁﬂb (ﬁvwﬁ (@)

From (1),(2) we have:

6

b b 3 b
1 1 (b — a)5
ffe(x)dx-<ff—(x)dx> 2—(b—a)5 (ff(x)dx> — a s ©

(S f(xydx)

b b 3 b 3
ffﬁ(x)dx ( mdx) > (b—a) (!f(x)dx)

1167.1f0 < a < b < —— then:
8080

dx > 10°(b — a)

b
f tan(2021x) - tan(2022x) - tan(2023x)

8tan3x
a

Proposed by Daniel Sitaru-Romania
Solution by Adrian Popa-Romania

Let be the function f(x) = tan(nx) — ntanx,n € {2021,2022,2023},0 < x < m

f'(x) = n(tan(nx) — tanx)(tan(nx) + tanx);
ff(x)=0=>x=0.

f'(x) > 0 and because x — tanx —increasing, it follows that:
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1
tan(nx) > tanx,nx € (O'Z + s) -0

tan(x) -

f(0) =0> f(x) >0 > tan(nx) > ntanx = Py

Therefore,

ftan(ZOle) tan(2022x) - tan(2023x)

8tan3x
a

b
>fZOZl 2022 2023 f 2000-2000-2000

dx =10°(b — a)

a a

1168.1f 0 < a < b then:

x12 4 12
ff P dxdy > (b — a)(b® — a®)

Proposed by Daniel Sitaru-Romania
Solution by Oyebamiji Oluwaseyi-Nigeria
By Chebyshev’s inequality:
(x5 +y5) (7 +y7) < 2(x'2 +y1?)
Hence,

x12 + y12 (x5 + yS)(x7 +7y7)
> =
=—dxdy 8f f 266 + 55) dxdy

b
=3[ [@rryayax=4 | ((b axr + 2 3 as) =

a

4(b8 — as)f 4(b a)(b® — ab) 4(b a)(b® —a )

=4(b—a)fx7dx+ 3 3

= (b — a)(b® — a®)
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1169. If 0 < a < b then prove:

(erf(b) — erf(a))2 < ? (erf <3a;— b) - erf(a)) <erf (a 13b> - erf(a))

Proposed by Daniel Sitaru-Romania
Solution by Adrian Popa-Romania
2 rz _42 . .
erf(z) = ﬁfo e " dt —concave and increasing for all z > 0.

Denote f(z) = erf(z) we have:

f(3a+b):f(a+a+a+b)le’;e"3f(a)+f(b)

4 4 = 4
Hence,
f(3a4+ b) fla) = 3f(a);— f(b) ~ fa) = f(b) ;f(a); 1)
a+3b\ _ca+b+b+ by\Jensen f(a) + 3f(b)
)=o)
Hence,
s Bb) s @ - 3/) _ 1 = 3(f(b)4— 1@) . 4

From (1),(2) we have:

<erf (Ba + b) _ erf(a)) (erf (a + Bb) _ erf(a)) > f(b) ;f(a) 3(f(p) - f(@) _

4 4 4

3
16 (erf(b) — erf(a))

Therefore,

(erf(b) — erf(a))Z < g (erf (Ba;- b) — erf(a)) (erf (a —;3b) — erf(a))
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1170.1f0 < a < b, f:[a, b] - (0, ), f —continuous, then:

(b—a) ff3(x)dx ffg();) f\[ﬁ fW

Proposed by Daniel Sitaru-Romania

Solution by Abdul Hannan-Tezpur-India

Let g(x) = 3/f(x). Then the desired inequality is equivalent to

(b a) ( fb 9 dx> (f 6(x)> (f g°(x) d") (f g%)z

This is true, because

b b b
d Chebyshev d
oo [ [5255) 2 ([ o) [ o ] 25
2
CBS (f g5(x) dx) (f ‘i’;))

1171. Prove without any software:

s

4sin3x
[
5 —cosx

0
Proposed by Jalil Hajimir-Toronto-Canada

Solution 1 by Rachid Iksi-Morocco

T
2

T T

4sin3x 4sin3x 4sin3x
I= dx = dx + dx
5 —cosx 5 —cosx J 5 — cosx
0
2
T
0 2
[ 4sindx 4sin3x 4sin3x
X=m—t> X =
5 — cosx 5+ cosx 5+ cosx
0

7
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n

2

f4 1 )d _f 40sin3x 4
smx 5 — cosx 5+cosx = 25 — cos?x .

0

0

NI]

As sinx > 0,Vx € [0 E]

T
2
sin3x sin? x_
25 —cos’x <25 = > f sin3xdx
25 — cos?x

T T 0
2 2 T

. . 1 2 2 2
f sindxdx = f sinx(1 — cos?*x)dx = (—cosx + —cos3x) =1-=-==

3 . 33
0 0
Therefore,
[ 4sindx _402_16
= —dx >1
5 — cosx 25 3715
0
Solution 2 by Ravi Prakash-New Delhi- India
[ 4sinix (1 — cos?x)sinx
= g [,
5-— cosx — cosx

0
Put5 — cosx = t sinxdx = dt

6 6
1-(5-1t)? 24
I=4|————dt=4||10—-t——)dt =
t t
4
6

2
=4 [——(10 —t)? - 24logt] =4 (10 + 24log §)
4

2 2 3y 13
I>1¢e 4-(10 + 24log§) >1 < 24log (5) > -39 & log (E) <51

Aslog(1+x) < x—%xZ +%x3,0 < x < 1 hence,

] (3) - 10 - 13
°9\z)~ 24" 24
Solution 3 by Nelson Javier Villaherrera Lopez- EI Salvador
[ 4sindx [ sin? xsmx (1 — cos?x)(— smx)
1= 20X gx=4 f -
5 — cosx '5—cosx — cosx
0
—1
_ 4 f25—24—y2d B

2

1
—4-f(5+ 24 )d =4
= y 5—y y =
-1
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-8 [5 —12log (;)] >1
1172.1f 0 < a < b then:

bbb
32 j j j(x +y +z)3dxdydz > 27(b* — a?)3 + 108(b — a)(b? — a2)(b3 — a3)
a a a

Proposed by Daniel Sitaru-Romania
Solution by Abdul Hannan-Tezpur-India

Lemma: Vx,y,z > 0,4(x + y + z)3 > 27(xyz + xy + y*z + z%x)
bbb

bbb
:>32fff(x+y+z)3dxdydzz8[[[27(xyz+x2y+yzz+zzx)dxdydz:
a a a

aaa
b

b b bbb
27fff8xyzdxdydz+362f f 6x’ydxdydz =
a a Ca a
b

[
e s o

= 27(b% - a®)(b? - a?) (b - a?) +36 ) (b° - a®)(b - a®)(b — a) =
=27(b%? — a?)? +108(b — ac)y(cbZ —a?®)(b3 - a3)
Proof of lemma (by editor):
WoGix=sy=zy=x+az=x+bab=0
4(x+y+2)° =27(xyz + 22y + y*z + 22x) <
4(3x+a+b) = 27x(x+ a)(x+ b) + 27x((x + a)* + (x + b)* + x(x + a))
4(27x% + (a + b)* + 9x(a + b)(3x + a + b))
=>27x(x* +2ax+a*+ x* + 2bx+ b* + x* + ax+ x* + ax + bx + ab)
4(a+ b)* + 36x(3ax + 3bx + a* + 2ab + b?) = 27x(4ax + 3bx + a® + b% + ab)
4(a+b)* +9x(12ax + 12bx + 4a® + 8ab + 4b* — 12ax — 9bx — 3a® — 3b* — 3ab) = 0
4(a+ b)® + 9x(3bx + a? + b% + 5ab) > 0
Equality holdsfora =b =0« x=y =2
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1173.1f0 <a < b,f: (0,») — (0, ), f —continuous then;

bbb z
f f f 2dxdydz <(b-a) dx
) ) fFQOfy) + f*(2) ~ f( )

Proposed by Daniel Sitaru-Romania

Solution by Ali Jaffal-Lebanon
Leta < x,y,z < b then by AGM inequality we get:
FOOf @) + f2(2) 2 2Jf()fFD)f2(2) = 2f (2)V FOf )

Hence,
2 1

<
FfY) +f2(2) ~ f(2)JfF@f Q)

b b b
jjjf<xff1§?i“;z o7 |

b
Saf J?fx) x/f(y) f f(2) (f V() ) f(x>

By Cauchy-B-S inequality we have:

b 2 b 2 b
dx dx dx
(f f(x)> _O 1}/f(x)> Saf e =0 )f &

Therefore,
bbb b
f f f 2dxdydz <(b-a dx ﬂ
J ) Frm+ @ )7 )\) 7@

bbb b 2
f f f 2dxdydz <b-a
) o)+ = f( )
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1174.1f0 < a < b; f,f":(0,0) — (0,), f —derivable, f' —continuous,

then:

bbb
Ff' O f' (z)dxdydz
18‘[ ;[ 2[ (F) + 2£(2))(3f2(x) + 2f2(y) + f2(2)) < (b

Proposed by Daniel Sitaru-Romania

- oo (12)

Solution by Adrian Popa-Romania
We show that:

18f (x)f' (V) f'(2) fOf@
(F) +2f(2))(3f2(x) + 2f2(y) + f2(2)) ~ f(Wf(2)

e 18f(x)f(y)f(2) <
<32 f () + 2f3(y) + fW)f2(2) + 6f(2) + f2(x) + 4f (2)f*(y) + 2f*(2)

Now,

3120 () + 22 () + FONF2(2) + 6 (2) + F2(x) + 4f @D F2() + 2f2(z) =
218 BB B(@) = 18f (1) f () f(2)

Therefore,
b b b
fGf O)f (2)dxdydz B (@)
waf f f TO+ 2 @GR 2o+ @) - - VP \f@

1175. Find:

] 1 1-3/cosx-VYcos3x-..- " \cos(2n — 1)x
Q= lim | —lim 5
n—-oo \ N“ x—0 X
Proposed by Costel Florea-Romania
Solution 1 by Ravi Prakash-New Delhi-India
We shall use cos@ =1 — % 0% + 0(06%)

1 1 1 1
lin(}? [1 — (cosx)3 - (cos3x)5- ...- (cos(2n — 1)x)2n+1] =
X—
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1 1 %
- liml[l B <1 —%xz + 0(364))3 ' <1 _gxz + o(x‘*))5 C <1 ——(an_ D? X2 + o(x‘*))2 1] =

=limi 1—<1—1x2{1+3_2+5_2+...+M}+O(x4)>]:

x—0 x2 2 3 5 7 2n+1

1/1 3% 52 (2n —1)?

==1-+++---4+——
2\3 5 7 2n+1

_ (@r-1)% _ (2r+1-2)2 _ 2r-1 2 _ 1 oy 2
lett, = 2(2r+1)  2(2r+1) 2 2+ 2r+1 2 @2r-1)-1+ 2r+1
n n
1, 1
t, :En —n+ 2b,,where b, = 22r+ 1
r=1 r=1

. o 11
noo 02 22r+1_i
r=1

. bn
(.-.0<bn<n:>llm——0)

n-oo nZ N
Solution 2 by Rovsen Pirguliev-Azerbaijan

1- 3x/ cosx: 5\/ cos3x-... 2"t 1,/ cos(2n-1)x

Denote a,, = lim 2 then
x-0 x
ap, — A1 =
Ycosx - Vcos3x- .- " Jcos(2n—3)x - (1 — " cos(2n — 1)x)
= lim =
x-0 xZ

1 - ""cos(2n - Dx
2
2n—1 sin2n— 1)x
lim 1-""cos(2n—1)x VH Zn+1 *1/(cos(2n— 1)x)?" _
x—0 x2 x-0 2x
1 2n-1)2 (2n-1)>2
T2 2n+1  4n+2
_@2n-1)?% 6n—-1

2n

= lin&i/cosx- VYeos3x: .- " fcos(2n—3)x - lin(}
X—> X—>

; (1)

I =1 =2 "+ 2
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) 11
a;—a; =2—_—
2 ! 10 (4 2+n)(n-1)
=a,=1+2+3+..+n—-An) =— X — A(n); (2)

6n—1 2

= O = T2
So, we have:
2+n)in—-1
e 1im & @ s @rn)m-1) )2( )—A(n)_1
oMz T am ) -2

Solution 3 by Khaled Abd Imouti-Damascus-Syria

] ~ 1—3/cosx-Vcos3x-...- " Jcos(2n — 1)x
limg(x) = lim =

x-0 x-0 xZ
(1 — 3cosx-Vcos3x-...- " [cos(2n — 1)x)
= —lim =
x-0 2x
1 (i/cosx- Ycos3x- .- "fcos(2n — 1)x)
= ——lin‘(} p =
X—

11_ (i/cosx)’ . (i/cosSx- Y cos(2n — 1)x) + ot (3\/cosx- Ycos3x- .- " fcos(2n — 3)x) - (“*i/cos(Zn — 1)x)
= im

X

. 1(1 32 52 (Zn—1)2)
= (=4+=4+=4 ...+ =
Hence, !Cl_l}(}g(x) 2 (3 5 7 2n+1

—1( 1+4+1+4+3+4+ +2 3+ 4 )—
~2 3 5 70 AR Zn+1)
—1(4+4+4+ + +3+5+--+2 3)
_2 3 5 7 PRy 2n+1 cee n
Q=1 [1 (4+4 4 + 4 +3+5+--+2 3)]—
“aoelznz\37 57 7 2n+1 n -
3+2n—3
— 1 (n—-2) 2 i nn-2) 1
T g 2n? oo 2n?z 2
1176. Find:
1
Q:limnm”-f( ! — ! )dx'mEN*
5 m m+1 m m+1 !
m -V (e )

Proposed by Mohamed Bouras-Morocco

104| RMM-CALCULUS MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 1 by Mokhtar Khassani-Mostaganem-Algerie

Note that:
! u—1(1 )u—l
X — X
e U v .
Bu.v) =p"q Of (g + @ —qx) dx; @)
Now,
; 1 1
Let: p(n) = n™*2. f ( - )dx =
1
xm—l xm—l (1)
— L aam+2 — =
—m:n f <(n_ x)m+1 (n + x)m+1> x
0

@ a2 < B(m,1) B(m,1) > _— <(n +1)™ —(n— 1)m>
= m-n =-n =

nn-1)" nn+1m (nz2-1)m

(+ 1) - @= D)+ D™+ @+ D" 2= 1)+t (1= D"

— nm+1 .

(n2 — 1™
1
Q = lim n™*2 f ( 1 — 1 )dx = limgp(n) =2m

Solution 2 by Kamel Benaicha-Algiers-Algerie

1

1 1
Q(m,n)—f((n_ )m+1 (e \/_)mH)dx,meN

t:% tm 1 tm 1
Qm,n) = mf <(n — p)m+1 - (n+ t)m+1> dt
0

tm- 1 1 tm- 2
Q,(m, n)—mf(n t)m+1dt TR —(m— 1)f( —dt

Q,(mn) = - 0;(m—-1,n)

1
(n-1)m

1 1
m-1)m (n-1)m1!

Q,(mn) = —Q(m—-2,n)=
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:Z > (G Garrayes) * O

= ;(—1)17 . W + (—1)m1 (ﬁ 3 %)

1 th

dt = +(m—1) f ( dt

Q(m,n) = mof (n + t)m+1 (n+ 1)m n+t)m

m-1

1 1 1
0y (m,m) = o+ 0y (m — 1,m) = Z)m_;:
o

N1 1P\ (~Dm-1_
- ,,Z) <(n F1)mP T (n— 1)m—p> T T

_ 1 n+1)™ -1 1 (1—n)m—1+(—1)m—
_(n+1)m. n _(n—l)m. n n

If m = 2p we have:
1 n+1)™" -1 1 A-n)"-
(n+1)m n (n—-1)m n

+1m—1 (A-mm—1\
m+D)m  (m-Dm >_

Q(m,n) =

lim n™*2 - Q(m,n) = lim n™*1- <

n—-oo n—oo

1 1 1
1 1 x_ 1-— m 1+ m
= limn = 7 =" lim ( )" ( X) =m+m=2m
n-o (1 1) ) x-0% X

n

Ifm = 2p + 1 we have:

1 n+1)m-1 1 1-n)m-1 2
(n+1)m n (n—-1)m n n
n+1)"-1 1-n)"-1 )

(n+1)m (n—1)m

Q(m,n) =

lim n™*2 - Q(m,n) = lim n™*1- <

n—oo n—>oo

1 1 1
1 1 X=— 1 — m 1 + m
= limn ( = )m =" lim ( )" ( X) =m+m=2m

S
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So: limn™*?- Q(m,n) = 2m
n—->0oo

; 1 1
Q=limnm+2-f< —T m+1>dx
N R
1177. Find:
_ n ntan™1 (%)
el I\ T
=1

Proposed by Daniel Sitaru-Romania

Solution 1 by Floricd Anastase-Romania

n ntan™1 (%)
tecs = | [| 1+ =702 ) =

k=1
L ntan-1 (%) L ntan™1 (%)
togy =tog || || 1+ =577 |[= ) tog | 1+ | @
k=1 k=1
log(1+x log(1+x
%$:1:Vs>0:1—es¥s1+3@
X—

k k k
St

- n E n B E
(1_8)%ztan leog<1 ntanl( ))S(l_'_s)%ztan 1(712);(2)
k=1 -

k? + n?

tan~ x. k _1
1+x2’x

f10,1] >R f(x) =

no ik n
; %:’%f(%)(ﬁ )=t 3 e )=
n

-1 1 1 :
- f F(x)dx = f tl“z dx = (tan~2)?]) = (tan™1)? ~ (tan~'0)2) = 7_:(3)
0

107 | RMM-CALCULUS MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
From (2),(3) we have:

o et (B)
logQ, = rlan.}OZ log| 1+ e = log <§>
k=1
n ntan~! (E) 2
Q= lim 1+——5—— | =e32

n—-oo kZ + nZ
k=1

Solution 2 by Ali Jaffal-Lebanon
We have: x — % <log(1+x)<x,Vx=>0; (»)
= ntan~! (%) u ntan™! (%)
Let:S,l:kleog 1+W andPHZD 1+W

By (*) we have:

k? + n?

2
ntan™! (%) 1 n® <tan‘1 (%)) < log (1 . ntan™! (%)) 3 ntan™! (E

L (k ke Lk
1) 1115t G)) ) 1Sty

n k\2 I\ 2 T2
=1+ () =11+ (3) =1+ (7)
n -1 k 1 1
1 tan™ (~ tan lx 1
i 25 s = [ = Lo,
() 0 0
1 ?
_ 1 “14V2 _ —10y2y = ©
=5 ((tan™11)? — (tan~10)?) 32

1 (k 1 2
 1{ 1 tan 1(5) tan 1x
lim — —Z— =0- f dx| =0
noon|\ n k2 1+ x2

0

N
N

T

/4
limS, = 32 = limP, = e32

n—-oo n—-oo

Solution 3 by Toby Joshua-Nigeria
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k —
1y = lim y log (1 "t’:;" (zﬁ)> = lim \ log| 1+ L tan (ﬁz)
n—oo ] n n—oo ] n 1+ (%)
og| 1 +% tan~ k(ﬁz) ~ % tan_lk(ﬁz) ' (s) o
1 (ﬁ) 1+ (ﬁ)
(kY k1 _ 1
- n 1 tan 1(112) ":nftan 1Zxdx :ftan_lxd(tan_lx) dx =
noeLdn 1+(§) J 1+x )
= %(tan‘lx)2|0 = g
o ntan™! (E) 2
Q:Ll—»l?okﬂ 1+ k2 + n2 = e3z

1178. Find:

n—->oo

X (_1\n+1 n
Q:lim<n('ﬁ—1)—22%>
n=3

Proposed by H.Tarverdi-Baku-Azerbaijan

Solution by Kamel Benaicha-Algiers-Algerie

n—-oo n n—-oo

0 2n
Q = lim (n(’{/zi -1)-2 z (1) 1) = lim (1 +n(V& — 1) - 2l0g2)™" =
n=3

2x _
2 1 Zlog(1+Z X 1—Zlog2>
2 xX=—
. 4 7 lim
= el 2nlog(n(2n-1-2log2) "1 liny x =

(sz_l >
2 —2log2

x . 2(2x-2*log2-2*+1) .,
im—— -~ lim L'H
= e;lcl—% x = exl—r}(‘) x2 =

_n_4-x-2xlog22+2-2xlogz—Z-leogZ

= e;lrl—>() x — e4-log22 — 4_log4-
had (_1)n+1 Zn
Q= lim n(’{/Z—1)—zz = 4logt
e n=3 n
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1179. If (a,,) n=1 and (b,,) =1 are positive real sequences defined by

n 3 3
1 b b efn
anZZ—and n+3( n+1> :( ) ,Vn € N*
k—lk b, \b,.» n

Then find: Q = lim "i/bn
n—>0oo

Proposed by D.M.Badtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Marian Ursdrescu-Romania

 ge 3 o n3 _ ... logby Lc-s .. logh,.1 —logh, _
0= lim"/b, = logQ = limlog ("/b,) = lim == "= lim (n+1)3—n®
b 1 b 1
LS v I Ll o
T noo3n2+3n+1 now3n2+3n+1 n? B
| ) bniq by by.p
1 ton(Ben)-top () tos(P)
3 o (n+ 1)% — n? 3 AT 2n+1
lOg bn 'an+2 lOg bn+12' bn+3 _ lOg bn 'an+2
— 1 . lim . bn+1 L.C:—S 1 . lim bn+2 bn+1 —
3 noo2n+1 n n-o n+1—n

1 Y Y
=—-li ap-logn — _. glogy — L =2
rlll_>nolologe > e 2 = logQ 2 =
- 1[3
Q= lim Vb, =er
1180. Find:
nbn

Va®+b+Va+b"\

lim a,b>1
n—oo a+b

Proposed by Mokhtar Khassani-Mostaganem-Algerie

Solution 1 by Adrian Popa-Romania
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na™b"
npn n b nl
na’h /a f1+an+b/bn+1) ~

. (Na*+b+Va+b" ]
L = lim =llmk
n-oo a+b n-oo a+b
_ 1 Mna™b"
b M
/ af1+—n—a+b"/ﬁ+1—b\
= 1 a __lim Mna™b"
=lim|| 1+ = en-w
n-oo a+b
(e i)
a 1+F—a+b F"‘l—b
L; = limMna™b™ = lim k )na"b" =
n—oo n-oo a+b

ab ab npn
am + bn na . —
n -2 a+
£+1)n + .-+ 1

:1111—>Ig n n-1 n n-2 n n-1
A R e (R AR (T
na™pbm ] an+1 + bn+1

b a
= li + = - =
rlll—>nolo (na" nb") a+b 1!11—{1;) a+b @

Therefore,
na™pm"

<’{/a"+b+’\‘/a+b"> "
= e = 00

lim

n—oo

a+b

Solution 2 by Florentin Visescu-Romania
log(1+£l)>

log(a™+b) ,}L‘{,},(loga+
n =e

1 .

. . 1 1

limVa®+ b = lim (a" + b)n = enb% = eloga — o
n—o n-o

n n napm n n na™p"

(V@ TB+Ya v _ V@ T b —a+ Vatbi—b

lim =lim(1+ =
n-o a+b n-oo a—+>b

1 lir&(n\/a"+b—a+ Va+ b"—b)na"b"

= ea+bn—>
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llm(Va"+ —a+Ya+b"— b)na"b" =

n—oo

= lim (elog va+b __ eloga + elog"\/a+b’l _ elogb) nap" =

n—-0oo
log(a™+b) log(a+b™)
= lim (e n —elodr e n — el"gb) nap" =
n—->oo

nloga+log(1+%) nlogb+log(1+bn)
= lim na™b™|| e n  —elga |4 e  —elogb || =
n—>oo

log(1+%) log(1+l;in)
= lim na™b"|e!9%| e n —1|+el%|e n - 1) =
n—-0oo
log(1+%) log(1+bin)
= lim na"b"|a|le n —1|+ble n -1]|=
n—->0oo

b a
log 1+_n) b log 1+—n)
| g g (1o ) || e (1)
= lim na™bh"|a Y +b .
e log (1 + F) n log (1 + b") n
_‘n—/ _n—/
-1 -1

b a
= lima"b" [a log (1 + a_) +b-log (1 + —)] =

n-oo bn

am pn
b\b a\a
1. -1p. — T -1 -1p) —
= lim [ab" -log (1 + ) +a" 1b- log (1 + b") ] = lim(ab™ 1+ a" b)) =

-1 -1
Therefore,
_ <'Va" +b+Va+ bn>"anbn
lim =e® =
n—oo a+b
1181. Find:

1 n k i i—j

a=tim| 2D > ()5
lim { — -1y -{.
k=0 i=0 j=0

Proposed by Daniel Sitaru-Romania
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Solution by Adrian Popa-Romania

S ()5S () 6 -0 S () -

0j=0 0
55 S er() =2 [1-G) |- 2n-a1- (3]
k=0i=0 j=0 k=0

Therefore,
n k il .
0 = lim (%;;;(—1)1' : (]‘) : 34_lj> = rllg].}o;(zn— 4[1 - (%) D -

1182. Find:

Proposed by Daniel Sitaru-Romania

Solution 1 by Abdallah El Farissi-Bechar-Algerie

We have for k € {1,2,...,n},k2(?)" < k3(")" < nk2(™)" then

Zkl (:)Z < Zkf‘ (:)Z < anl (Z)Z o
1< j(z o)) (z . (:)Z)'l .
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o () S -

Solution 2 by Mokhtar Khassani-Mostaganem-Algerie

We’ll use the identity:

(n) _ 1+2)" dz

Z&1 2
|z|=1

n

y 2_N (1+2)" d
o =20 () =2 ()G = [ S k() g =

|z|:1 k=1

= f (12_;?" (nz(l +z)"2(1+ nz)) % =

lz]=1

(1+2)*"? dz . (1+2)?2 dz
n - =

zn-1 2mi zn 2mi
|z=1] lz|]=1

2

=n

_ _ an-1027 (n - 1
=n (2:_ 22) N "(2:— 12) - \/;l(n En1)!2)

Similarly:

22n=3n2r (n - %)

¢z(n)=kzlk3(k) === D

n n -1
0= lim j(Zk W) (D) = o = 5 =

Solution 3 by Adrian Popa-Romania
n n 2
Sl = z kZ (k)
k=1

O =G = Q=i D)= = (Tl =
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n n
nZ n— 1,2 2n—2\ n?2(2n-2)!
si=2 () =2 (1) == () =T
k-1 n—1 ((n—1)1H)2

n n

,i BN WIS W I R W )
D=(i

k= k k=

AR R R TS T
L D YR
=wy - (DI (L) -
S RS o s R G|
=wa-3 (3 (03w ()

Let’s find that:

O ey

We have that:

1 +x) _k—O n-k-2)* " (1+x _k—O n-k-1

Yr_o(F72)(371) is the coefficient by x™2 from product (1 + x)"~2 - (1 + x)"~?

On the other hand, coefficient by x™~2 from product
(1+x)2-(1+x)" 1 = (1+x)23is (*)

Therefore,

SR i R ey
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22:1 kg(z)z n2(n — 1)(Zn 3 (Zn 2 2n- 3
n 2(m\2 2 =(n-1)7 an
Yot k2 () n (n_l (G
_(n—1)2+1_n+1
T 2n-2 2
n n -1
n ny 2 ny 2 nm+1c¢-p'a n+2 2
= lim < k3())< kz()) = lim ’— im——— =1
n—oo ; k kZl k n—-oo n—oo 2 n+1
1183.
n—-1 1 n-1 2k
= = o™ = >
Xn kzlﬂv"y" Zl+ O low#1neNn=>3
Find:
H;
Q = lim

n-o X, — Yy
Proposed by Surjeet Singhania-India
Solution by Adrian Popa-Romania

k) —
y"_21+wk Zl+wk 1+wk Z(l w) n-1- Zw

wv1-1 ) 1-w

=n-1+w- =n-1- =n-1-——=n
w-—1 w-—1 w-—1
Therefore,
H, eHln elogn . oy
Q= lim = lim = lim =eY
n—moxn—yn n-oco N n—-oo

1184. Find:

. . K2+ k+1+i
_nl—>nolo ( l)l_[\/(k2+1)(k2+2k+2)

Proposed by Daniel Sitaru-Romania
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Solution by Adrian Popa-Romania

1—[ K+k+1+i _1—[ (k+iD)(k+1-1i) B
LI+ naz+2+2) Ll G+ dk—Dk+1+Dk+1-0)
T (kD10 A+ (n+1- )

_g (k-i)(k+1+i) |A-in+1+i)

K2+k+1+i
_m<(1 l)n\/(k2+1)(k2+2k+2)>_

:leJ(1+i)(n+1—i)_l_ 20+1-0)_ o

1-i)(n+1+i) now| n+1+i

1185. Find:
n n-1 n 2n
o=t (g | [ (5 ] ot () [ ] son(ars)

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

km T 21 - (n-1Dm
P= nsm( )—sm— sm7 oo sin——

Let be the equation: x® —1 =0 & x™ = cos0 + isin0 =

2kn 2kn
xk—cosT+1smT ke{0,1,. (n—-1)}

"—1=(-Dx—x)x—x3) .- (x—x,) =

=(x—-1) (x - cosz—n - lst_n') o <x - COSM - isinM> (1)
n n n n

But *—t

R A A T 2 B ¢))
P

From (1),(2) and x = 1, we get:

[SN
:

2km 2km = km km
(1 — cosT — lsm—) (Zsm —_—— 21sm7cos—)

n
1 k=1

=

&
1]
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== kn’( km kn’)

2sin—|sin——icos— ) =
1 n n
n-1
_2nt 14 21 C (n—-Dm w . mk
=—— sin—-sin—-..-sin——- (cos—+lsm—) =
in-1 n n n n n
2n-1 m . m\1+2+in-l
= -P-(cos—+lsm—) =
in n n
2n-1 nn-1)r = nh-1)rm
=P |cos—5 —+isin——| =
in 2n 2n

cos0 + isin0 L m-1Dr . m-D=m
= — 2" P-{cos— —+isin— — | =
(cosE + isinz)n 2n 2n
2 2
m-)r . (-Dm m-n = (n-n
cos——zsmT -2n1.p.|cos——+ lsmz— =

2n 2n n

=2""1.p Hence,

n-1
. (km T | 27 C (n-1Dm n
P sin (—) = sin—-sin—- ...- sin =—
n n n 2n-1
k=1
Therefore,
2
[ km n+1 Y  km _ (n+1)?
Usm( +1) :>1_[sm n+1_ Usm(n+1) - 22
2 km 2n+1 2n+1
. ] ( kn ) [Tz 1sm(2n+1) 22n 22n vZn+1
sin = =
2n+1 kn P +\/ 2n
k=n+1 n_ sin (2n+1) 2 %
po=[ [on(ns) =] [l gag) = 5
2= | [sinloog) =] S T 55 1) = o
k=1 k=1
Q=1 8" T . (km = ., ( km U . kn _
T o n(2n+ 1)2 nsm(7> nsm (2n+1) 1_[ sm(2n+1> B
k=1 k=1 k=n+1
_ g 8" 2n (n+1)> V2n+1 _
T e n2n+1)2 2t 2 2n
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2(n+1)? V2n+1

Tame(Zn+ 12 2n

1186. Find:
. /@ +nhm
0= lm =
Proposed by Daniel Sitaru-Romania

Solution by Ahmed Yackoube Chach-Lille-France

1 n! 1 n!
0 = J@A+n) \/(n!)"!\/(l + m) _ J(1 + m) ninte™
Cm e ()T mmAT
‘\e
1 n!
— (1 * m) en!—n!;—llog(n!)
nvam
1 n!
lim (1 + _> = Je
n—-oo n!
limen!—#log(n!) = e~
n—-o0o
Therefore,
J (1 +nhH™ 1 [e
0= limuz lim — ’—e‘°° =0
n-oo MN- (n!)! n-oon \ 27T

1187. Let (a,,),,»1 and (b,,) =1 be positive real sequences such that

Ani1 — An bn+1

lim = a € Riand lim
n—oo n n-oo Nn n

Find:

=beR]

Q:lim< Tl _ a")
oo \"Vbys1  Vby

Proposed by D.M.Bdtinetu-Giurgiu and NeculaiStanciu-Romania
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Solution 1 by Marian Ursdrescu-Romania

a a b
Q= lim =0 = lim "("“- n —1>:

< Ani1 _ a, >
oo n+m '\‘/b—n n—co 1\1/1,_" a, n+m
an. n .n<an+1 . 1\l/b—n _ 1>’ (1)

= lim —
n—co N2 "/bn a, "+1/bn+1
. Quc-s . A1 —An .. Qpy1 — 4, M A
m e = M e M m+1 2 &)
n aln® e n+1)"1 p 1\" n+1 nb e
lim — im" [ 2P fi PV -—"=lim(1+—) — —=_:(3)
nooon bn n-oo bn n—-oo bn+1 n n-o n n bn+1 b

1 an+1, % \
_ /e 09( %n n+1\/ b"+1> -1 log <an+1 . 1\l/b—n > —
Og an n+1/bn+1
<an+1 . 1\l/b—n > — lim log <an+1 . 1\l/b—n >Tl _
an n+1/bn+1 an n+1/bn+1

a,.1\" b a,.1\" nb, "\/b
=log (lim ( "+1) T "?/ﬂ) = log <lim ( "+1) T n+1> ;(4)
n-o \ Ay, b1 n

= limnlog

n—oo n—>oo

n-o \ Ay, bn+1
. nb, 1
lim =—:(5)
nowobpq b
n+1 n+1
bn+1 n+1 vV bn+1 ®b
lim ——— = lim . =—; (6)
n-oo n n-oco N n+1 e
An+1—aA
a,. 1\" a a,\" a a a " a
. n+1 . n+1 ~ Un . n+1 - Yn\an+1—-a
i (4151)" = i (1 = )" (3 st ]
n—-oo an n—-oo an n—-oo an

2
n® a a
lim An+1 n
=enotn 1 =g2 (7)

From (4) + (5) + (6) + (7) we get:
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rlli_>n.}onlog <aZ:1 . "*i/\/% - 1> = log (ez %g) =loge =1, (8)
From (1) + (2) + (3) + (8) we get: zg-g- 1 :g
Solution 2 by Nassim Taleb-New York-USA
Q= lim <n+1 na" >
o \"Vbus1  Vbn
We replacea,,; =a-n+a, a, = — "Z—“ + "Z—“ + ¢4 (from the recurrence equation).

b,, = b" 1c,(n — 1)! where ¢4, ¢, —are constants and further write (n — 1)! as I'(n).

1
Allora: since limnI'(n) »+1 = e (via the Stirling approximation before taking the limit),
n—-oo

1 1
likewise limn »+1['(n) »+1 = 0, etc.,

n—->oo
We end up (unless/made a mistake adding something somewhere) with
Q= 1 a
—2'b°¢

1188. Let be (a;)n>1: (bn)ns1, @n, by € Ry = (0, o) such that

lima, = a € R} and (b,,),,>1 IS a bounded sequence. If

n—->oo

(X )ns1, Xn = [1}h=1(kay + by) find:

lim (4t — 3/%)

n—->oo

Proposed by D.M. Bdtinetu-Giurgiu and Daniel Sitaru-Romania

Solution by Marian Ursdrescu-Romania

L=1im ("2 - \/_)—llm‘/_ n(u+ x"“—l); (1)

n—-oo n

lim W R | n—n—lim( | e T
noo M noo\Mt n—»oo(n+1)"+1 Xn " nbo\n+1 (n+ 1)xn_
9 n (n + 1)an+1 + bn+1 a.
=im () T T @
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(n+1)a 1+b 1 _ = b 1\ .
——— = lim (a,. + 7= ) = a, b, —is

n
Because lim (L) = and lim
+1 n-oo

n-oo n+1 n-oo n+1
bounded.
n+1 n+1\/ Xn+1
. Xn+1 . log n
limn —1)=I1limn| e Ve /1| =
n-oo n xn n—-oco

n+1/x n x 1
= limlog( "+1> = log <lim ntl, > =

n-oo xn n+1

(n + 1)an+1 + bn+1 n+1 >

oo n+1 ™
e
= log (a -E) = loge =1;(3)
From (1), (2), (3) we get: L = g
1189. Find a closed form:

[0¢] [0¢] 1
a=) )

n=1m=1

Proposed by Surjeet Singhania-India

Solution 1 by Soumitra Mandal-Chandar Nagore-India

(00

0= z z m‘*nz(mZ +n2) z z n‘*mz(mZ + n?)

m=1n=1
ZQ_°°°° 1 1 1\ _ Y\ _ 1 min?_
B z z (m?2 +n2) (m‘*nZ m2n4) B z z m?2+n?2 m*n*
n=1m=1 m=1n=1
_ i 1 i 1\ n®
B m* n*/ 8100
m=1 n=1
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> 1 ot
(25
11'8
~ 16200
Solution 2 by Precious Itsuokor-Nigeria

oo

0 z Z m‘*nz(mZ +n2) z z n‘*mz(mZ +n2)

m=1

1 =1n=1
20= ;nzl(m + Z)(m‘*nZ m2n4) 1;m2+n2 mint
- 1\ /w1 n®
(%) () = w0575
8
16200
1190. Find:
Q=1 !
s log(n+ 1) 2k

Proposed by Daniel Sitaru-Romania

Solution 1 by Sergio Esteban-Argentina

0 1 T 1\ . 1 . 1 _

~ noe log(n+1) 11 2k+1] noo logn+1) |n+1)! |
I 1 2"n! li 2 n n! by Stirling's
= e log(n + 1) 2n+1)! | = e logn+1) |(2n+1)! B

[, R
= lim €

: =—-lim : =
Zn+1 2
n-co klag(n +1) (Zn + 1)%) e noologin+1) (2n+1)
e
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Solution 2 by Asmat Quatea-Kabul-Afganistan

1-3:5-..-(2n—-1)-2n _ (2n)!

2:-4-6-..-(2n) ~ 2n.pl
1 _2"-n!
1-3:5-..-2n—-1) (2n)!
1 . 2n-nl
1-3:5-...-(2n—-1)-2n+1) (@2n)!'(2n+1)
n!z\/m(g)n;(Zn)!:\/M(z?n)zn

1 2"-v2nn’(g)n
1-3:5-..-(2n—-1)-2n+1) (2n+1)@(27")2n

1 22 (g)

1-3-5-...-(2n—1)-(2n+1)z(4n+2)(2_n)2"
e

1
n 2-(vZ)r -2
(1-3-5-...-(2:—1)-(2n+1)) z(4n+2)%(4e_122)

( ; o o
1-3:5-.-2n—-1)-2n+1)) ~ 4n2 " 2n
e’

li ( 1 e)—o
noes logln+1) 2n/

~ ot log(n+1) k_12k+1

> ] 0
Solution 3 by Florentin Visescu-Romania

~ o logn+1) 11 2k+1 ] noo logn(n+1) 11 2k +1
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i}
~log"(n+1) k_12k+1

an
n+1
lim & = g 1 1—[ 1 log"(n+1) 1
e @, noslogitn+2) | 12k+1 1 . 1
k=1 =12k + 1
_ 5 1 log(n+ 1)\" _
= e 2n+3)log(n+2) \log(n+2))

log(

n+1\"
n+ 1\\" lim( m) )
logn+ 1)\" log |\ —— n-oo| log(n+2)
o (281" im<1+ (n+z)> _

n-o \ log(n + 2)

—-e

Solution 4 by Ravi Prakah-New Delhi-India

n
~ 1
“"_n2k+1
k=1

1 1
S _
2n+1 2k+1

Fori<k<n=

1 < 1 < 1
2n+1)"~ (2k+1)r~ 3"

1 1
<
2n+1)log(n+1) ~ log(2n+1)

IR
11 2k+1~ (2n+ 1)log(n+1)

. 1 . 1 _
rlanc}o 2n+ 1log(n +1) rlll—>nolo 2n+ 1)logln+1) 0
Therefore,
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s
11 2k+1 " 3log(n+1)

Q= lim

n->o | log(n+ 1) k:12k+1 Tl log"(n+1) k:12k+1 B

1
iz log"(n+1) _ 1 log(n + 1)\" _
log(n+2)

"B logimT2) [ L e @n+Dlogmr2)
=12k + 1
) 1 logln +1) —log(n+2)\"
= lim 11+ -
n-w (2n + 3)log(n + 2) log(n+2)

1 < log(ln+1) —log(n + 2)>" _

1 . 4
rlll—>nolo (2n+3)log(n+2) rlll—g}) 1 log(n +2)
n+1)

1 S T
=l - li log(n+2) n+2
et (2n+ 3)log(n+2) o€

1 -1
= li - li log(n+2) = ¢
nl—>n;) 2n+3)log(n+2) nl-p.}oe

Therefore,
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n

[ [ze51)=0
2k+1 |

k=1

n

) 1
L= !ll—glo log(n+1)

1191. Find:

0= 12" - (n!)®
oo (2 + )P (n+ 1"

Proposed by Daniel Sitaru-Romania

Solution 1 by Asmat Qatea-Afganistan

5/ 5n
_ 12" - (nl)® 120 (V2mm) ()
Q= e (e 1) Bt & 203+ m2) (et 1)

12 (V) *nn - % 12 (V)*nsn - %

f— 1 ﬁ = v i ﬁ
- (V 3211'5) rlanc}o (n® +3n* + 3n3 + n2)n ( 32”5) 'l‘l"n"1° 5n 3,3 .1
no (L4327 + )

=

12" (va)’ e%

 (J32%) lim -

n—-oo (1 + 3n2 +n§n + 1)11

n. 5.1
Z(\/32n5)lim 120 () g

n-oo 3n2+3n+1_n -

3
3n2+3n+1 3nzr3n+1 "
1+

12" (Va)* 5

= (\/%) lim = (\/%) lim

11— 00 3n2+3n+1 n—c0
e n?

12" (Va)* 5
3

V3zns\ 12t (Va)®  (V32mS\.. 12" (Vn)
= lim = lim =0,
e3 n—oo esn el >0 ein. e

note: e*™ > 12" e" > ./ns
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Solution 2 by Precious Itsuokor-Nigeria

12" - (n!)5 127 - (n!)’
Q= lim = lim =
n-o (nZ + n)Zn (n + 1)" n-oo NN - (n + 1)3"

5

12" - (n!)’ 12%- (\/ﬁ (%)n) 3

= lim = lim 3
P (1)

-3n

1
= 4m?\/2mlim (12" - Z\/ﬁ-e‘s")(1+z) =

n—-oo

5
nz 4m*\2me 3 - 15 1
= 4m%\/2me 3lim LH - lim =0
n-o (@5 8loa3 (e_s) e n - log? (ﬂ)
(ﬁ) °9"\12 097 (12

Solution 3 by Hussain Reza Zadah-Afganistan

n n n., 5
0=tim 2O (i 222 (V)

n—c0 (n2+n)2n (n+1)n o nen (n_|_ 1)n.eSn:

(7 pim 2 O (g 12O (g

n—oo (n+1)3n esn n—00 esn

= vz’ tim (2 ) ) (2" =0

n-—-oo en

Solution 4 by Ali Jaffal-Lebanon

Let: u,, = —2om)°
o (nz+n)2n-(n+1)’l

lim (1 + g)x =e"

X—00

n

1
(n+1)"=n"(1 +;) = n"e

1 2n
(n? + n)*" = n®*(1 + n)*" = n*" (1 + —) = nin . e?
n

Then (n? + n)?"* - (n+ 1)" = e3 - n"

n

n! = dﬁ(g)
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5 5
So, (n1)® = (2mn)z - "o = COEEH™ g refore,
5 5 5 5
120 Qm)ondeonSt | 12 (2n)3 2
rlll—>no}o e3 - n5n . esn - ,lll_,l?o e3 - nsn

We know that:

12 5logn
tog(12): 222"

Z 5 lim n
n-oo \ €
Then,
12" - (n!)®
Q = lim (n!) =0

now (N2 +n)2n-(n+ 1)"

Solution 5 by Abdallah El Farissi-Algerie

If lim [2*| = [and I < 1, then lima,, = 0.
n—-oo a, n—-oo
_ 12" - (n!)> I VAR (n!)>
Tz r ) (n+ 1) n2-(n+ 1)
Apyy 1271 ((n+ 1)) 0 (n+1)%

a, _(n_|_ 1)Z(n+1).(n+2)3n' 127 - (n!)5
n+1\3 m+1\", n \2n
=12(155) (i) 52 -
n+2 n+2 n+2

=12 ("+1)3 (1 - L)n (1 — L)Zn - i—? < 1. Therefore,

n+2 n+2 n+2
0=l 12" - (n!)° ~ o
= e (N2 +n)2n-(n+ 1)
1192. Find:
- (tany/3x + 2 — tany2x + 3)(tan\4x + 3 — tan\/3x + 4)
= lim

-1 (tanV5x + 4 — tan\4x + 5)(tanV6x + 5 — tan\/5x + 6)
Proposed by Daniel Sitaru-Romania
Solution 1 by Asmat Qatea-Kabul-Afganistan

Q=1 (tanV3x + 2 — tanV2x + 3)(tanV4x + 3 —tanV3x+4) _5;-S,
= lim
=1 (tanV5x + 4 — tanV4x + 5)(tanV6x + 5 — tan\/5x + ) S3-8,
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We know that:

tana — tanb
lim—— = sec?b
a—b a—>b
lim(taanx +c—tanvcx + d) =
tanvdx + c — tanvcx +d
= lim (Vdx+c—vVex+d) =
x—>1 Vdx+c—+Vex+d

= linll(\/dx +c—Vex+d)sec?Ve+d
X—

S, = lm}(tan\/Sx +2—tanV2x+3) = linll(\/Sx +2 —V2x+ 3)sec?V5
x— X

S, = lm}(tanv4x +3 —tanV3x +4) = lim(V4x + 3 — V3x + 4)sec’V7
x— X

S; = lm}(tan\/ 5x + 4 —tanV4x +5) = lin}(\/Sx +4 —V4x + 5)sec
X—> X—

S, = lmll(tan\/6x +5—tanV5x +6) = lin}(\/6x +5—+5x+ 6)sec’V11
x> x>

sec?\/5 - sec?\7 <c053 - cos/ 11>Z
a= =

sec?3 - seczV/11 cosV5 - cos\7
5:°S; im (V3x+2—+v2x+3)(V4x +3 —V3x +4)
—=a-
S35 x>1(y/5x + 4 —4x +5)(V6x + 5 —/5x + 6)
(V3x+2 —v2x+3)(V3x + 2 +V2x + 3)

x—1
245 = lim 2\/§ 3
ot (Vsx+4-Vax+5)(V5x +4+V4x+5) x»1x-1 5
2/9 2v/9
(Vax +3 —V3x+4)(Vax +3 +V3x + 4) x—1
27 =1im-27 = |1
21 (V6x +5—v5x+ 6)(V6x + 5 +V5x +6) *AX—1 |7
2V11 2V11
Therefore,

(tan\/Bx + 2 — tany2x + )(tan\/4x + 3 —tanv3x + )
x->1 (tanv 5x+4 — tanv4x + )(tanv 6x+ 5 — tany5x + )

c0s3 cosV11l >
\/_ cosxf_ cos\7
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Solution 2 by Florentin Visescu-Romania

Firstly, we find:
tany(n+1)x+n—tannx+(n+1) _
x—l;ll1 x—1 B

For x > 1 let be the function f:[nx + (n+ 1),(n+ 1)x + n] - R, f(t) = tan/t

FromM.V.T.3c € (nx + (n + 1), (n + 1)x + n) such that:

tan/(n+1)x+n—tanynx+ (n+ 1)

~—1 =fl)e
tan/(n+1)x+n—tanynx+(n+1) 1 1
x—1 ~ 2yc cosZ\c

nx+(n+1)=2n+1
mn+1x+n=2n+1

I tan/(n+ 1)x+n— tan,/nx + (n+ 1) 1 1

1m = .

x—>1 x—1 2vn+1 cos?y2n+1
Therefore,

Q= (tan\/Bx + 2 — tany/2x + )(tan\/ 4x + 3 — tanv3x + )
= lim
x-1 (tanv 5x+4 — tanv4x + )(tanv 6x +5 — tany5x + )

c0s3 cos\V11 >
\/_ cosx/_ cos\7

Solution 3 by Mohammad Rostami-Afghanistan

Q= (tan\/Bx +2 —tany2x + )(tan\/ 4x + 3 — tany3x + )
= lim
x-1 (tanv 5x +4 — tanv4x + )(tanv 6x +5 — tanv5x + )
V3x+2-2x+3  sin(3x+2-v2x+3) ax+3-3x+4  sin(V4x+3-3x+4)
. cos\3x+2-cosyV2x+3 V3x+2—-+2x+3 cos\4x+ 3 - cos\V3x + 4 \/4.x+3_\/3x+4.

m
*>1  5x+4—+ax+5 sin(V5x+4-V4x+5) 6x+5-v5x+6  sin(v6x+5—-V5x+6)
cosvV5x+4-cosvdx+5 V5x+4-V4x+5 cosV6x+5-cosV5x+6 /gx+5—./5x+6

Forx:1wehave:{ >c->2n+1

x—1 x—1
(V3x +2 +V2x+3)cos?V/5 (Vax+3 +3x+4)cos?\7
= lim =
x-1 x—1 x—1

(\/Sx +4 ++/4x + 5)cos?3 . (\/6x +5++/5x+ 6)cos2\/H
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_ 11 <cos3 : cosx/ﬁ>2
~ 735\ cosV5 - cosv7
Solution 4 by Abner Chinga Bazo-Peru

Q = lim (tan\/Bx + 2 — tan+/2x + )(tan\/4x + 3 — tany3x + )
B x->1 (tanv 5x+4 — tanv4x + )(tanv 6x +5 — tany5x + )

tan\/3x + 2 —tany2x+ 3 Nim tanv4x + 3 — tany3x + 4 L H
x->1 tany5x + 4 — tanv4x+ 5 x->1 tanv6x +5 — tany5x + 6

3sec’\V3x+2 sec’\V2x+3 2sec*\4x+3 3sec’3x+4
L'H lim 2V/3x+2 V2x+3 lim Vax +3 2V/3x+ 4
x-15sec?\V5x+4 2sec’\V4x+5 *>13sec’y6x+5 5sec’V5x+6
2vV5x + 4 V4x +5 Vv6x +5 2V5x+ 6

3sec’V5 sec’V5 2sec’\7 3sec*V5
__2V5 V5 V7 2V7
5sec’3 2sec?3 3sec2\/_ 5sec?V11

2-3 3 11 2J11

_3 11 <cos3 . cosv11>Z
35\ cosV5 - cosV7

1193. Find:
n+1 k-1
n+1
Q=1lim| 4~ sm—ZZ( )
n =1 ==h

Proposed by Daniel Sitaru-Romania

Solution 1 by Ravi Prakash-New Delhi-India

:gkzjo(n+1) :Z:nio(nﬂ)
G

Leta, = 4 "sin= Z"“Zk 10("+1)( ) then0 < a,, < 4sm yn>1
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1
lim4sin—=0>
n

n—-oo
n+1 k-1
n+1
=lim| 4~ "sm—z z ( )
" k=1m=0

Solution by Remus Florin Stanca-Romania

n+1k 1 +1
n
QO =1lim| 4™ "sin— ZZ( )
n—-oo
4 sin% B8 n+1yn
=lm| <3 (e )G )=
ﬁ k=1 m=0
n+1 k-1
im (g2 2 (") ()
_nl—glo n-4n

[= H
= 5

=S

ﬂ%<" S(G) + 2. mau»:
=,£L";< 12"2 4( i) )> M(Z;:o(,':,h)(:,i)» D)
i () <y B S0
(- (@)
_LI_TO n-4n -
o 2B B (O ()
— n-4n -
o 2@ =2 =S () + ()
— n-4n
o T (@ @) S (@ G)) (4 G)
n—mo n-4n n-oo n-4n
T 0] (RS N AI(W R ) B

133 | RMM-CALCULUS MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

=t (G () + () ()=

(2" —1)2+2" -1

- _}ll—g}) n-4n =0: (2)
n+1)( ) on
- m+1 — i -0
N <—n o ) M =0 G
From (1), (2), (3) we get:
n+1k 1 n+1
Q=1 "sin— 0
s 8,1
1194. Find:
(i ) al
1\n 1\n
) 1 nn 1 nn
Q=lim|=[1+— | +=|{1-——| |
n—o \2 n 2 n /

Proposed by Daniel Sitaru-Romania

Solution 1 by Asmat Qatea-Kabul-Afganistan

We know: llmnn =1and llmT loga

n—oo
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1 1
I\n 1\n
. 1 nn 1 nn
Aimm, | i(“?) +7<1‘7> o PO )
- im=|= ny=(1_n)"—
=e \ /n: e,ll‘l‘(‘m[z(”") +Z(1 n) 1] =
1. (1+m)"-1,1. (1-n)"-1 1. _
— ean—% n '21111—13(1) " — 32111%(109(1+n)+109(1 n)) —e'=1

Therefore,

n
1 1
. 1 nn 1 nn
Q=lim|=z|1+— ] +=[1—— =1
n-owo | 2 n 2 n

Solution 2 by Khaled Abd Imouti-Damascus-Syria

1

1 1 nﬁ
n% " ;log<1+7> . 1 . a1
1+— | =e ; limne = 1 and lim—— = loga
n -0 n

n—-oo n
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n—oo

lim [(1+t )tn = lim [(1+t )tln] "

Let find limn - ¢,

n—oo

1 1 \
1\ n 1\ n
(n) = 1+nn +1 1 nn 1=
pn _nkz n 2 n )_
1 1 1 1
1\n 1\n I\n I\n
gem) L1 m) 4 1+ -
2 n 2 n n
_ 1 +1
- 1 2z 1 271 C
n n n

. _1 +
1 nn
ﬁlog <1 + 7)

= %1091 +%logl = 0. Therefore,

n
1 1
. 1 nn 1 nn
Q=lim|=z|1+— ] +=[1—— =1
n-owo | 2 n 2 n

Solution 3 by Naren Bhandari-Bajura-Nepal

Forn € N, itis easy to verify that n < n! < n™ holds true and taking n —th root we have

Yn < ¥al < nwhich implies = < 1; (1)

%%_100 1 %r
SENUIEY
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n
since foralln > 1, |x| < 1 where x = i? and hence by fractional binomial theorem we

write

'{/‘ (1- n)\/_ (1-n)1- Zn)\/_
21n3 + 3Int

From (2) observe that

335 () i) (a2 2]

= % (1 + R(n)) which tends to % as R(n) 7% 0 and we have

Fb(n):1+ , (1)

lim F,, (2) =1°
n—-oo
From and heading to the main problem we have
Q=1lim(1+ R(n))n = exp (limR(n)) =e’=1
n-oo n-—oo

1195.

B 3] nt*+6n3+13n2+12n+4
Un =209 L 143 + 7302 + 168n + 144

S, =uq +u, +-+u,. Find:
3
Q=Ilimn (ES" —4logn — log72>
n—>0oo

Proposed by Costel Florea-Romania
Solution by Adrian Popa-Romania
nt+6n®+13n2+12n+4 =+ 1)*(n+ 2)?

n* +14n® +73n%? + 168n+ 144 = (n+ 3)?(n + 4)?

I @Dy i)

2 3
Q=1limn (§ Eh log (72n(n +1)%(n+ 2)) —logn* — log72) =

n—-oo

n—oo

=limn (log (72n(n +1)%(n+ 2)) - log(72n4)) =
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) n3+4n? +5n+ 2 ) 4n? +5n+2\"
= limnlog =log(lim |1+ B E— =
n—-oo

n—-oo n3

lim n_4n2+5n+2
= log | en-x» n3 =4

1196.

. V=1 Sin(k(k + 1)x)
Qi (n) =lim| x- >
x=0 yr_ tan ((sin‘l(kx)) )

Find:

Q= 1111_)12) 3’(9.1(11))271

Proposed by Costel Florea-Romania

Solution 1 by Adrian Popa-Romania

Yrogsin(k(k + 1)x)
X 5
Yho tan ((sin‘l(kx)) )

Q;(n) =lim
x-0

/ x2 Yu_, sin(k(k + 1)x) \ _

:!ci—l}(} x in-1(kx)\2 N
S tan ((%> xz)
2:1sin(k(l;:;+ 1)x) Ykt 1) 3

x>0 . tank?x2 YR k2 2n+1

2n
2n 2n+ 1] 2n+1

3 2n 3 3 3 2
. e e
0= lim (@ )" = lim (145 57)" = lim [(1 2+ 1)

Solution 2 by Khaled Abd Imouti-Damascus-Syria

. sinx . tanx
lim =1: lim =
x-0 X x>0 X
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S R sin(k(k+1)x) <
klem(k(k +1)x) = kzlk(k Fx = x;k(k +1)
2 2
n " tan((sin 1(kx) sin~1(kx)
z tan ((sin'l(kx))z) = z (( z) ) ' ( 2 ) kx? =
= e~ (sin‘l(kx)) (kx)
=x% ) Kk?
_ k=1 k(k+1) 3
e I < A e |
3 Z_n 3 2n+1 Zrzl%
.3 2n . 3 _ . 2 —
0= lim ()" =lim (1+5=5)" = lim [(1 T ] -
1197. Find:
_ 3"((2n— 1) + (2n)1)
Q = lim > 2
n—oo Hn+1(2n =+ 1)"’ =+ Hn(Zn + 6n + 4’)"’

Proposed by Daniel Sitaru-Romania
Solution by Ravi Prakash-New Delhi-India

3 37((2n— DI+ (2n)N)
=y 2n?+ 1)+ H (2n + 6n+ 4)"
Forn>1,12n-1)!< (2n)*and 2n)! < (2n)"

Also, 2n? + 1)" > 2™n?"*; (2n? +6n+4)" > 2™"n*"and H,, > 1

Thus,
0< 37((2n— DI+ (2n)!) 3n(2n)" + 3"(2n)" _ 2(3"2'"n")
H, 12n2 + )" + H,(2n2 + 6n+4)" — 2np2n +2np2n 2 .2np2n
3 n
0<a,=< (5)

3 n
lim (—) =0
n-oo \Nn
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Therefore,

3*((2n— DI + (2n)N) 3
H,..(2n2 +1)" + H,(2n? + 6n + 4)"> =0

Q=lim<

n—-oo

1198. Find:

_ - ntan™! (%)
Q=lim| ) exp| <zt -n
k=1
Proposed by Daniel Sitaru-Romania

Solution 1 by Arghyadeep Chatterjee-Kolkata-India

2
1k
exp (ntan‘1 (ﬁ)) 14 ntan! (%) . n’? <tan ! (ﬁ)) 1 N

k2 + n? (k% + n2)2 2!

1t (G) 1 (@)
";“(%) gy (14 (&)

Using Riemann sums when n — oo we have:

1 1

. tan‘lxd . 1 tan 1x Zd ‘o 1\|

o f 1+22 %" 2 1 + x2 x (F) B
0 0

1
f tan 1x 2

1+ x2 xzﬁ
0
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Solution 2 by Ali Jaffal-Lebanon

When x € [0, 1] we have:

] ef—-x—-1 %ex"'xzf(x)
li () = lim——7— =lim &5 —— =

x-0 xZ x-0

x? <1 + s(x))
2 1 1
=lim———+~ = lim <2 + s(x)) =3= f£(0)

So, f is continuous at x = 0.

Let x5 —ﬂ;l <k<nneN
k
n(1+(4)")
1 % .
We have:1+ — < 1+(—) < 2,since 1 < k < n hence,
n n

1 1 n 1
—< < < -

2n n<1+(%)2> 1+n2 " n

tan™! (%) T

(- G)

< 1foralln € N*.

Hence, 0 < x( )

We know that f is continuous on [0, 1] then exist M € R, such that
If(x)| < M,vx €[0,1]
We have: e* = x?f(x) + x + 1,Vx € [0, 1] so,

e = x2f(x,) +x, +1,vneN*

n

PREAEXC)

k=1

[t ()

n tan~ n

<szn(k)<Mz 5 .
e (1)

141 | RMM-CALCULUS MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Hence,

_1(k 1
l z . | tan 1(5)—ftan_1xd _1(t . )21_1.[2
im "()_nan}on P x =5 (tan™"x T 32
=1+ ()
Therefore,
(e frat(B) )
=1 kzlexp enr | " T32

Solution 3 by Tobi Joshua-Nigeria

k=1 k=1 k=1
n n
_ fm)\ _
= zn<—n = fm)
k=1 k=1
ntan_l(%)
Replace f(n) = ——
. ntan- 1 —  tan-lx 1 Lt T
r'lLToz k2+nZ f1+xZ E(tan x) o_ﬁ
0
Therefore,
(e e () ) e
o= kzl‘”"’ R e

Solution 4 by Florica Anastase-Romania

llmt_>0 =1 = Ve > 0,3In, > 0 such that for all n > n, we have:
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t
e

1—-¢e<

<1l+¢gVvVt>0s

(1-8t<e'—-1<(1+e)te
n —1(k n -1 (k n 1 (k
Zexp<ntzzn—+ n(—zn)>—n22[exp (%ﬁ)—l] 52%71(2"); (1)

-1
Let £:[0,1] » R, f(x) = =% xk =3, = f; IA, Il = 0, hence,

1+x2 '
_1(k .k
Ltn;i%ln(zﬁ)ﬂ%% ) 1,((52) =
k=1 =11 +_(_)

tan lx 1 1
:_f dx = = (tan"1x)?

2
T
Trez =3 =32+

0

From (1), (2) we get:

(e (e (B e
a=lim( ) exp| Sttt |-n | =5

k=1

1199.If0 <a < b < 1,f:[0,1] - [0, 1], f —continuous. Prove that:

b b 3
3(b — a)? f F2(x)dx < 2(b — a)® + (f f(x)dx>

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

H 3MM 3 H ’
2(b — a)? + f fdx | 2 3 |(b-a)s f fx)dx | =

a a
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b
:3®—ayfﬂ@m23®—ayfﬂ@Mx

f(x) €l0,1] = f(x) = f*(x)
1200.

o (—1)"F i1 + Lynss 7T(¢ + 1)
(2n + 1)¢p*" 45

¢ —Golden Ratio, F,, —Fibonacci number, L, —Lucas number

+ ¢%coth™1(V/5)

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Dawid Bialek-Poland

‘P2n+1 (—(P) -2n—-1

Note Fypyq = w T (*), Lapsq = @*"1 + (=) 271 (xx)
So:
(=" an+1 Lynsq _
L= Z 2n + 1)¢4n — (2n +1)¢tn =51+ (1)
1 (-1

51 — \/_EHZOW((erHl _ (_(p)—Zn—l) —

( 1)n 2n+1-4n

B 1 ® _ (P 1 ® (_1)n(p—2n—1—4n_
_ﬁ; (2n+1) +ﬁz 2n+1)

_1 ( 1)n 2n+1 z ( 1)n
5 s (2n+1) \/— 2n+1)

n=

- ( 1)n( )Zn+1 - (_1)n (%)Zn+1

$1= (’}LZ 2n+1 +Z anl

n=0

= tan_l(%) ::tan_l(ﬁ)

~
[l
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= tan-t <<p(<p2 + 1))

V5 Pt -1
2 2_1=¢ @? 2 mwe?=p+1m(p+1
Slz_mn_l( ¢ )<v 270 @ i) = £ (et 1)
V5 -1 V5 V5 4 45
Now

= 1v

2n+1 -2n-1) —
2 = (@ + (—9) )=
V54 (2n+ 1)@

(_1)n(p2n+1—4n ® (_1)n(p—2n—1—4n B

:nZ @n+1) L~ @n+D)

( 1)n -2n+1 ( 1)n -6n-1
- @2n+1) __z 2n+1)

I
M8 °

0

S
1l

1) (1)Zn+1 o (<1 (%)Zrﬁl

. \
Z TFE —Z T |:
J

2

/_ __\

=@
n=0 n=0
.:tanh_l(%) ;:tanh—l(%)
(4 1 _ 1 P _ ® (P3
=—/| tanh™! (—) —tanh™? (—) =_——tanh™1 =
V5 < ¢ 0)) 5 Y
¢ @3
2
-9 -1
= = tanh ((pz ” 1)
1++/5 (1++5)(5-+5)
S, = ¢*tanh™ = @*tanh™! =
2= @ran <5+\/§> $-tan < 20 >
V5 1
= @%tanh™ 1| — | = p*tanh™1 (—) = ¢@2coth™1(V/5
¢ ( 5 ) ¢ 75) = ¢icoth(V5)

Rewriting (1) with §;&S,, we get:

o O et lawes 1D 4 2000171 (45)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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