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Find: 

Ω = ܕܑܔ
ஶ→࢔

෍
࢐ቀ࢙࢕ࢉ − ࢏

࢔ ቁ − ࢏ቀ࢙࢕ࢉ + ࢐
࢔ ቁ

ඥ࢏૛ + ૛࢐ + ழ௝ஸ௡࢏૝૚ஸ࢔

 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Florentin Vişescu-Romania, Solution 2 by Florică Anastase-
Romania 
 
Solution 1 by Florentin Vişescu-Romania 

࢙࢕ࢉ ൬
࢐ − ࢏
࢔ ൰ − ൬࢙࢕ࢉ

࢏ + ࢐
࢔ ൰ = ૛࢔࢏࢙

࢐
࢔ ࢔࢏࢙

࢏
 ࢔

෍
࢐ቀ࢙࢕ࢉ − ࢏

࢔ ቁ − ࢙࢕ࢉ ቀ࢏ + ࢐
࢔ ቁ

ඥ࢏૛ + ૛࢐ + ழ௝ஸ௡࢏૝૚ஸ࢔

= ૛ ෍
࢔࢏࢙ ࢐

࢔ ࢔࢏࢙
࢏
࢔

ඥ࢏૛ + ૛࢐ + ழ௝ஸ௡࢏૝૚ஸ࢔

 

૛ ෍
࢔࢏࢙ ࢐

࢔ ࢔࢏࢙
࢏
࢔

ඥ(࢔− ૚)૛ + ૛࢔ + ழ௝ஸ௡࢏૝૚ஸ࢔

≤ ૛ ෍
࢔࢏࢙ ࢐

࢔ ࢔࢏࢙
࢏
࢔

ඥ࢏૛ + ૛࢐ + ழ௝ஸ௡࢏૝૚ஸ࢔

≤ ૛ ෍
࢔࢏࢙ ࢔࢐ ࢔࢏࢙

࢏
࢔

√૚૛ + ૛૛ + ழ௝ஸ௡࢏૝૚ஸ࢔
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૛
ඥ(࢔− ૚)૛ + ૛࢔ + ૝࢔

෍ ࢔࢏࢙
࢐
࢔ ࢔࢏࢙

࢏
࢔

૚ஸ࢏ழ௝ஸ௡

≤ ૛ ෍
࢔࢏࢙ ࢐

࢔ ࢔࢏࢙
࢏
࢔

ඥ࢏૛ + ૛࢐ + ழ௝ஸ௡࢏૝૚ஸ࢔

≤
૛

√૚૛ + ૛૛ + ૝࢔
෍ ࢔࢏࢙

࢐
࢔ ࢔࢏࢙

࢏
࢔

૚ஸ࢏ழ௝ஸ௡

 

We want to find: 

ܕܑܔ
ஶ→࢔

૛
૛࢔ ෍ ࢔࢏࢙

࢐
࢔ ࢔࢏࢙

࢏
࢔

૚ஸ࢏ழ௝ஸ௡

 

൬࢔࢏࢙
૚
+࢔ ࢔࢏࢙

૛
࢔ + ⋯+ ࢔࢏࢙

૚
൰࢔

૛

= ૛ ෍ ࢔࢏࢙
࢐
࢔ ࢔࢏࢙

࢏
࢔

૚ஸ࢏ழ௝ஸ௡

+ ෍࢔࢏࢙૛
࢏
࢔

࢔

ୀ૚࢏

 

૚
૛࢔

൭෍࢔࢏࢙
࢏
࢔

࢔

ୀ૚࢏

൱
૛

=
૛
૛࢔ ෍ ࢔࢏࢙

࢐
࢔ ࢔࢏࢙

࢏
࢔

૚ஸ࢏ழ௝ஸ௡

+
૚
૛࢔࢏࢙૛෍࢔

࢏
࢔

࢔

ୀ૚࢏

 

൭
૚
࢔࢏࢙෍࢔

࢏
࢔

࢔

ୀ૚࢏

൱
૛

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
→ቀ∫ ૚࢞ࢊ࢞࢔࢏࢙

૙ ቁ
૛

=
૛
૛࢔ ෍ ࢔࢏࢙

࢐
࢔ ࢔࢏࢙

࢏
࢔

૚ஸ࢏ழ௝ஸ௡

+
૚
࢔
૚
૛࢔࢏࢙෍	࢔

࢏
࢔

࢔

ୀ૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ࢏
ℝ∋ࢻ→

 

ܕܑܔ
ஶ→࢔

૛
૛࢔ ෍ ࢔࢏࢙

࢐
࢔ ࢔࢏࢙

࢏
࢔

૚ஸ࢏ழ௝ஸ௡

= −૚࢙࢕ࢉ) ૙)૛࢙࢕ࢉ = ൬−૛࢔࢏࢙૛
૚
૛൰

૛

= ૝࢔࢏࢙૝
૚
૛ 

Ω = ܕܑܔ
ஶ→࢔

෍
࢐ቀ࢙࢕ࢉ − ࢏

࢔ ቁ − ࢙࢕ࢉ ቀ࢏ + ࢐
࢔ ቁ

ඥ࢏૛ + ૛࢐ + ழ௝ஸ௡࢏૝૚ஸ࢔

= ૝࢔࢏࢙૝
૚
૛ 

Solution 2 by Florică Anastase-Romania 

Lemma. If ࢌ: [࢈,ࢇ] → ℝ continuous function, then 

ܕܑܔ
ஶ→࢔

૚
	૛࢔ ෍ ൬ࢌ

࢏
൰࢔ ࢌ ൬

࢐
൰࢔

૚ஸ࢏ழ௝ஸ௡

=
૚
૛ቌන࢞ࢊ(࢞)ࢌ

૚

૙

ቍ

૛

 

Proof. 

൭෍(࢏)ࢌ
࢔

ୀ૚࢏

൱
૛

= ෍ࢌ૛ ൬
࢏
൰࢔

࢔

ୀ૚࢏

+ ૛ ෍ ൬ࢌ
࢏
൰࢔ ࢌ ൬

࢐
൰࢔

૚ஸ࢏ழ௝ஸ௡

⇔ 
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෍ ൬ࢌ
࢏
൰࢔ ࢌ ൬

࢐
൰࢔

૚ஸ࢏ழ௝ஸ௡

=
૚
૛
቎൭෍(࢏)ࢌ

࢔

ୀ૚࢏

൱
૛

−෍ࢌ૛ ൬
࢏
൰࢔

࢔

ୀ૚࢏

቏+ ෍ࢌ૛ ൬
࢏
൰࢔

࢔

ୀ૚࢏

= 

=
૚
૛
቎൭෍(࢏)ࢌ

࢔

ୀ૚࢏

൱
૛

+ ෍ࢌ૛ ൬
࢏
൰࢔

࢔

ୀ૚࢏

቏ 

ܕܑܔ
ஶ→࢔

૚
	૛࢔ ෍ ൬ࢌ

࢏
൰࢔ ࢌ ൬

࢐
൰࢔

૚ஸ࢏ழ௝ஸ௡

=
૚
૛ ஶ→࢔ܕܑܔ

૚
	૛࢔

቎൭෍(࢏)ࢌ
࢔

ୀ૚࢏

൱
૛

+ ෍ࢌ૛ ൬
࢏
൰࢔

࢔

ୀ૚࢏

቏ = 

=
૚
૛ ஶ→࢔ܕܑܔ

⎣
⎢
⎢
⎢
⎡
൭
૚
൬ࢌ෍࢔

࢏
൰࢔

࢔

ୀ૚࢏

൱
૛

+
૚
࢔
૚
૛ࢌ෍࢔ ൬

࢏
൰࢔

࢔

ୀ૚ᇣᇧᇧᇧᇤᇧᇧᇧᇥ࢏
૙ ⎦

⎥
⎥
⎥
⎤

=
૚
૛
ቌන࢞ࢊ(࢞)ࢌ

૚

૙

ቍ

૛

 

࢙࢕ࢉ ൬
࢐ − ࢏
࢔ ൰ − ൬࢙࢕ࢉ

࢏ + ࢐
࢔ ൰ = ૛࢔࢏࢙

࢐
࢔ ࢔࢏࢙

࢏
 ࢔

Let (࢚)ࢌ =  ࢚࢔࢏࢙

૛ ෍
ቁ࢔࢏ቀࢌ ࢌ ቀ

࢐
ቁ࢔

૝࢔√ + ૛࢔૛૚ஸ࢏ழ௝ஸ௡

≤ ૛ ෍
ቁ࢔࢏ቀࢌ ࢌ ቀ

࢐
ቁ࢔

ඥ࢔૝ + ૛࢏ + ழ௝ஸ௡࢏૛૚ஸ࢐

≤ ૛ ෍
ቁ࢔࢏ቀࢌ ࢌ ቀ

࢐
ቁ࢔

૝࢔√ + ࢔ஸ࢐ஸ࢏૛૚ஸ࢔

 

ܕܑܔ
ஶ→࢔

෍
ቁ࢔࢏ቀࢌ ࢌ ቀ

࢐
ቁ࢔

૝࢔√ + ૛࢔૛૚ஸ࢏ழ௝ஸ௡

= ܕܑܔ
ஶ→࢔

૚
૛࢔ ෍

ቁ࢔࢏ቀࢌ ࢌ ቀ
࢐
ቁ࢔

ට૚ + ૛
૛࢔

૚ஸ࢏ழ௝ஸ௡

=
૚
૛
ቌන࢞ࢊ(࢞)ࢌ

૚

૙

ቍ

૛

= 

=
૚
૛
ቌන࢞࢔࢏࢙

૚

૙

ቍ࢞ࢊ

૛

=
૚
૛

(૚ − ૚)૛࢙࢕ࢉ =
૚
૛ ൬૛࢔࢏࢙

૛ ૚
૛൰

૛

= ૛࢔࢏࢙૝
૚
૛ 

ܕܑܔ
ஶ→࢔

෍
ቁ࢔࢏ቀࢌ ࢌ ቀ

࢐
ቁ࢔

૝࢔√ + ழ௝ஸ௡࢏૛૚ஸ࢔

= ܕܑܔ
ஶ→࢔

૚
૛࢔ ෍

ቁ࢔࢏ቀࢌ ࢌ ቀ
࢐
ቁ࢔

ට૚ + ૚
૛࢔

૚ஸ࢏ஸ࢐ஸ࢔

=
૚
૛
ቌන࢞ࢊ(࢞)ࢌ

૚

૙

ቍ

૛

= ૛࢔࢏࢙૝
૚
૛ 

Therefore, 

Ω = ܕܑܔ
ஶ→࢔

෍
࢐ቀ࢙࢕ࢉ − ࢏

࢔ ቁ − ࢙࢕ࢉ ቀ࢏ + ࢐
࢔ ቁ

ඥ࢏૛ + ૛࢐ + ழ௝ஸ௡࢏૝૚ஸ࢔

= ૝࢔࢏࢙૝
૚
૛ 

 


