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1.In AABC the following relationship holds:

r3
ZA s -
Z sin cos <3v3 <2 R3>

cyc
Proposed by George Apostolopoulos-Greece

Solution by Marin Chirciu-Romania

B r3
E sin“Acos 5 = 3v3 <2 _R3> E (1—cos A)cos 5 = 3v3 <Z R3> S

cyc cyc
A 2 B 1 7 . . .
Yeyc €055 — Yoy COS?Acos - < 3V3 (E - F) which follows from inequalities:

V3

A _3 2 B r3
Yeyecos; < —=and ¥y cos’Acos > Bﬁﬁ

Lemma 1. 2. In AABC the following relationship holds:

A .\ B .\ C_ 3v3
cos—+ cos—+ cos=—< —
2 2 2 2
R. Kooistra, Item 2.27, Geometric Inequality, O.Bottema,1969

Proof. Applying Jensen Inequality for concave function x — cos x, x € (0, ), we get:

A B C
A B € . z2tz+t3 33
C'OSZ COSZ COS2 S 2C0S 3 = 2

Equality holds if and only if triangle is equilateral.

Lemma 2. 3. In AABC the following relationship holds:

1 N 1 N 1 <a2+b2+c2
[ 28
2

4 B ¢
COSZ COSZ cos

Proof. We have:
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. A A
bc - sinA bc - Zsmicosi A ) , o
ZSZ Z Y =Z =2 bc-smESa +b“+c
cyc COS cyc COS 2 cyc COSE cyc

Where, (1) & 2¥ycbe- Sm2 <a’+b*+c?oa®- Zchcbc-sin§+b2 +c¢2=0

a’—2a (bsing + csin g) + b% + ¢* — 2bc- sing > 0 which follows from
. C B A
A= 4 (bsmi + csmi) —4 (bz +c2 - 2bc- smi) =

@ c B\?2 B c . A . B . C
=—4 (bcosz — ccos E) < 0 where (2) & cos cos; = sin; + sin_ sin .

Equality holds if and only if triangle is equilateral.Let’s proof that inequality:

B 3 . .
Yeye cosZAcosE > 3\/§r—3. Using Bergstrom Inequality, we have:

\2 r\2
5 B cos?A (chc cosA) (1 + ﬁ) Lemma 2 (1 + ﬁ) 2)
Zcos Acos—=z 2 S o a3 2
2 1 5 1 Z 1 a?+b%2+c
cyc cyc B cyc B e 4 25
cos> r;'osf cos > Z
2) (1+r) (R+r) .3
S 3v30 = Where (2) & o7 2> 3\/_ e e 7 2 3\/§F o
23 2sr

sT(R + 1)?

R%(s2 —1r%2 —4Rr) —
which result from s > 31/3 (Mltrmovic) and s < 4R? + 4Rr + 312 (Gerretsen).
It remains to prove that:
3V3R(R +1)% > 3V3r2(4R?> + 4Rr + 3r> — 12 —4R7) &
RR+1)?2>r(4R*+2r’) © R?* - 2R*’r+Rr’-2r*>0 o
(R — 21)(R? + r?%) = 0 which is true from R > 27 (Euler).

Equality holds if and only if triangle is equilateral.

3\/— = © SR(R +1)? > 3V3r%(s> — r2 — 4Rr)

A _ 33 B 3 .
From ¥y cos 3 < %— and ¥, cos*Acos > 3\/5% we has conclusion.
Equality holds if and only if triangle is equilateral.

4. In AABC the following relationship holds:

Z 2Asi B<3 1_3r
cos Sln2 S 2 R3
cyc

Proposed by Marin Chirciu-Romania

Solution by proposer Inequality it can be rewritten as:
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z 24 B<3 1 3r 2(1 2) 1 3r o
cos sm2 > sin sm E

cyc cyc
. A , . B 1 3r
Yeye sin — Yeye stAsmE <3 (E — F) which follows from inequalities:

3 r3

. A
Leyesing < S and chcsmzAsm >

R3
Lemma 1. 5. In AABC the following relationship holds:

A B c 3

sin—+sin—+sin—<—
2 2 2 2

R. Kooistra, Item 2.27, Geometric Inequality, O.Bottema,1969
Proof. Applying Jensen Inequality for concave function x — cos x, x € (0, ), we have:

A,B.C
2 2 2

sm + sm + sm < 3sin=—== A %equality ifA=B =C.
Equality holds if and only if triangle is equilateral.
Lemma 2. 6. In AABC the following relationship holds:
1 1 1 2 R 1
siné+sin§+smc (F-I_ )
2 2 2

Proof. From BCS inequality, we have:

2

cyc SIn 2 cyc

1
2 cyc\/(s—b)(s—C) ZJ(s—b)(s—c)

1 Gerretsen

1
< Zbc ;(s—b)(s—c) = (s + 1? +4Rr) - <

cyc

Gerretsen

1 1
< (4R2+4Rr+3r2+r2+4Rr)-ﬁ=(4R2+8Rr+4r2)-ﬁ:

_ 2.1 :
— 4(R + r) rz. HenCe, chcsing S 2 (r + 1)

Equality holds if and only if triangle is equilateral.Now, let’s prove that inequality:
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Z m?Asins > or
sin“Asin— > —-
2 R3
cyc
Using Bergstrom inequality, we have:

2 5\?2 s\2
_,. . B sin?A _ (ZeycsinA) (E) Lemma2 (ﬁ) @ 9r3
z sin“Asin— = z > = > >
2 1 1 1 R [E
cyc cyce — B chcﬁ Ecycﬁ 2 (; + 1)
sinz sin sinz
()’ -
— 3 — 3
5 x B> % & Rs? > 18r%(R + r), which follows from

where (2)= 2(5+1) 225 © W
s? > 16Rr — 5r% (Gerretsen). It remains to prove that:
R(16Rr — 51%) > 18r(R+1) © 16R* — 23Rr — 183 > 0 &
(R — 2r)(16R? + 971%) > 0 which is true from R > 2r (Euler).
Equality holds if and only if triangle is equilateral.

7. In acute AABC the following relationship holds:

2 tanZAcotB > 18v3r
2 R

cyc

Proposed by Marin Chirciu-Romania

Solution by proposer Using Bergstrom inequality, we have:

) ( 2sr )2 5
5 B tan’A _ (T.yctanA) sZ—(2R+1)Z) ® (3V3)
E tan“Acot—- = E > = = =
2 B B A 4R + 1
cye tan Yeyctan > Yeyctan > —

cyc
27s @ 183r

= >
4R +r R

Where (1) & SZ_(ZZ%”Z > 3+/3, which follows from s > 3+/3r (Mitrinovic) and

s? < 4R? + 4Rr + 317 (Gerretsen). It follows that:
2sr 2r-3r/3 61%\/3
s2—(2R+1)2 " 4R?2+4Rr +3r%2 — (2R + 1r)? 212
2r%4R? + 4Rr + 3r%> — (2R + 1)?
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275 1831 3ps> 2v/3r(4R + r), which follows from

4R+r — R

2)e
s > 3rV3(Mitrinovic). It remains to prove that:
3R-3V3r >2V3r(4R+ 1) © 9R > 2(4R + 1) © R > 2r(Euler).
Equality holds if and only if triangle is equilateral.

8. In acute AABC the following relationship holds:

Z cotZAtanE > ar
2 V3R

Proposed by Marin Chirciu-Romania

cyc

Solution by proposer

Using Bergstrom inequality, we have:

2
s2 —r2 —4Rr

2 2 ( ) 2
Z cot?Atan Z o> eyecotd) _ 2or g (v3) _2r

B~ B a s
cye 2 cye coti chc coti chc coti 7 V3R
2_..2_
Where (1) & % > /3, which follows from s < 3[% (Mitrinovic) and

s? > 16Rr — 5% (Gerretsen).
We get:

16Rr—5r2—r2—4Rr > 16Rr—672
2sr ~  3V3Rr

12Rr — 612 > 9Rr © R > 2r (Euler).

3 e
> /3, where (3) & 163’;%}: >3 e

3R
2)e 5 >—o s< — (Mitrinovic).

Equality holds if and only if triangle is equilateral.
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