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1) In AABC the following relationship holds:
4R < ;z bc <tané + coté> < Z—RZ
a+b+c 2 2 T
Proposed by Ertan Yildirim-Turkey
Solution by Marin Chirciu-Romania

Lemma. 2) In AABC the following relationship holds:

A A 5 1
Ebc(tan5+ coti) = 16R rszﬁ

Proof. We have:

. A A . 2 A 2 A
A A siny cosy sin 7+cos >
Zbc(tun5+coti)—2bc A+ —2 —Zbc — Y =

cos5 Ssins sin cos+
2 2 2 2

b 1 b 2bc 2bc
= Cc —_— = Cc = =
E E E E a

. A A Zsm cos sinA >R

sins cos+
2 2

bc
= 4R 7—4R ——4R ach——4R 4RrsZ——16R2rsZ—

Let’s get back to the main problem.
Using lemma inequality can be write as:

1 5 2R? 1 ) 1 _2R?
4R< ———-- 16RrsZ—<—=}4R<— 16R’rs ) - <— o
a+b+c r 2 a?” r

SRy > Zaz < 2,(].Steinig, 1963)

Equality holds if and only if triangle is equilateral.

3) In AABC the following relationship holds:
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161%(4R + 1)? <N pelt A+ tB <4R2(4R+r)2
3F —Z C(‘mz co 2)— 3F

Proposed by Marin Chirciu-Romania

Solution.

Lemma. 4) In AABC the following relationship holds:

A B\ s*(s*+2r? —8Rr) +r*(4R +1)?
Zbc(tan5+ cot5> = F

Proof. We have:

, A A . 2 A 2 A
A B siny cos» sin 7+cos >
Zbc(tani+coti>—2bc A+ —2 —Ebc — Y =

cos5 Sins sins cos+
2 2 2 2

N e RN P e XX
= C —_—mmm = C - = a =
inA A 2sm cos sinA 2R

sinz cosy
b3c? s2(s?2 +2r%2 —8Rr) +r*(4R +1r)?
=4RZ — 4R ( ) ( ) _
abc 4Rrs
s%(s* +2r* — 8Rr) + r?(4R +1r)?

F

Let’s get back to the main problem.

For RHD, we have:

A B\ s%*(s? +2r* —8Rr) + r’(4R + r)?
Zbc (tan—+ cot—) = <
2 F
R(4R + 1)?

2 2 2 _ 2 2
3 22R=1) (4R* +4Rr +3r“+ 2r*—8Rr)+r“(4R+71)

= _
(4R +1)*(4R° — 4R*r + 9Rr* — 2r> W (4R +1)* 8R® 4R*(4R+1)*
2F(2R—-71) -~ 2F 3 3F

3_ 2 2_9..3 2
where (1) & = IORZ20 < B o 4RS + 4R%r — 27RrP + 613 2 0 &

(R — 2r)(4R? + 12Rr — 3r?) > 0 which is true from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.

For LHS, we have:
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B) _ s%(s*+2r®> — 8Rr) + r?(4R + 1)? -

A
b (t 2t cot=
z C an2+C02 F

2
r(4R +1)7 (16Rr — 5% + 2r? — 8Rr) + r*(4R + 1)?

> R+r =
F
_T*(4R+1)*(OR-2r) Dr*(4R+1)* 16 16r°(4R +71)*
B F(R+71) - F 3 3F
9R-2r 16
where (2) & e S3 O 11R > 22r & R > 2r(Euler)

Equality holds if and only if triangle is equilateral.

Well-known Blundon-Gerretsen inequality:

r(4R+r)2<16R 512 < 2<R(4R+r)2<4R2+4R + 312
R+r — T r_S_Z(ZR—r)_ rTer

Remark. In same class of problems.
4) In AABC the following relationship holds:

2<Zl(t A+ tA)<R
r- a anz COZ —r

Proposed by Marin Chirciu-Romania

Solution.
Lemma. 6) In AABC the following relationship holds:
zl(t A+ tA)—4-Rzl
a\"gyTeoty) = a?
Proof. We have:
., A A . o 2 A
1 A A 1 [siny cosy 1(sin"5 +cos®5
Z—(tan—+cot—)=z— + =z— =
a 2 2 a cosé siné a siné cosé
2 2 2 2
_ z 1 1 _\1 2 1 2 1 o2
“Lia\ A A _ZE oA A —Ea'sinA‘ a @
siny cos» 2sm70057 7R

1
=R)

Let’s get back to the main problem.
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Using Lemma inequality written as:

2<4RE 1<R 1 < 1 1 (J.st 1963)

J— —_— — @ —_—

r- a?~ r2 2Rr — a? _4 4r2’ einig,
Equality holds if and only if triangle is equilateral.

7) In AABC the following relationship holds:

A A
24RrV3 < Z a? <tan§ + coti) < 12R%V3

Proposed by Marin Chirciu-Romania
Solution.

Lemma 8) In AABC the following relationship holds:

Z z (t 4 + tA) 8R
a an — cot— )| = S
2 2

Proof. We have:

, A A
A A siny cosx 1
2 a i 2 2 2\ _ 2 _
Za (tan2+cot2>—2a < A+ . A)—Za (— 1 A>_

coss Ssin sins cos+
2 2 2 2

=Za2 ; =Za2 ——4R2a=4R-Zs
. A A sind lR

2sin 2 cos 2

= 8Rs
Let’s get back to the main problem.

Using Lemma and 3rvV3 < s < ﬁ ( Mitrinovic) we get conclusion.

Equality holds if and only if triangle is equilateral.

9) In AABC the following relationship holds:

2<z 1 (t A+ tA)<1
RELb+c\( MMy TC%5)=%

Proposed by Marin Chirciu-Romania

Solution.Lemma. 10) In AABC the following relationship holds:
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1 A A\ s%(s>+ 1%+ 16Rr) + r*(4R + 1)*?
2 b+ <tan ) N

2 9 2rs2(s2 + 12 + 2Rr)

Proof. We have:

smA COSA
(tan—+cot ) Z 2 =
Zb+ Zb+c A A

cos5 Ssins
2 2

sin? 2+cos
Zb+c Zb+c Al

sm cos sm cosz
_ Z 1
~Lib+c

s*(s> +r> + 16Rr) + r*(4R +1)* _

= 4R z ——=4R-
a(b + c) 8Rrs?(s? +r2 + 2Rr)

_ s%(s>+ 1?2+ 16Rr) + r*(4R +1)°
B 21rs2(s% + 12 + 2Rr)

2 2
a T
ZSm cos b+c smA b+c 2R

which follows from:

z 1 Ybcla+b)a+c) s*(s>*+r?+16Rr)+r*(4R+1)?
alb+c)  abc[[(b+c) 4Rrs - 2s(s?2 +r?2 + 2Rr) B
_ s%(s* 4+ 12+ 16Rr) + r*(4R + 1)?

8Rrs?(s? + r2 + 2Rr)

Hence,
Z 1 s*(s®>+1?+16Rr) + r*(4R +1)°
alb+c) 8Rrs%(s2 + 12+ 2Rr)

z bc(a+ b)(a +c) = s*(s* +r* + 16Rr) + r*(4R +1r)?

Let’s get back to the main problem.
For RHD, we have:

s?(s* +r* + 16Rr) + r*(4R +1)?
2rs?(s?2 +r% + 2Rr)

< _— s*(s? —12Rr) > r*(4R + 1)?

which follows from s > 16Rr — 512 > r(4:+7')

(Gerretsen)
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’(‘””” (16Rr — 512 — 12Rr) > r2(4R + 1)? &

It remains to prove that:

& R > 2r(Euler). Equality holds if and only if triangle is equilateral.
For LHS, we have:

s%(s> +r?2 + 16Rr) + r*(4R +1)? S 2
2rs2(s2 + 1% + 2Rr) R

Rs*(s®> +1r* + 16Rr) + Rr*(4R + 1)?> > 4rs*(s* +r* + 2Rr)
s?[s*(R — 4r) + r(16R?* — 6Rr — 41®)] + RT*(4R+1)* >0

Distinguish cases:
Case 1) If (R — 41) > 0 inequality is obviously.
Case 2) If (R — 4r) < 0 inequality rewritten as:
RT%(4R + 1r)? > s?[s?(4r — R) — r(16R? — 6Rr — 4r?)], which follows from:

, _R(AR+71)?

——— <4R*+4Rr +3
s“ < 22R—1) = + r+ 3r?
It remains to prove that:

R(4R + 1)?
~ 2Q2R-71)

& 4R3® + 4R*r — 15Rr> — 1813 > 0 © (R — 2r)(2R + 31)% > 0 true from

Rr*(4R +1)? > [(4R? + 4Rr + 3r*)(4r — R) —r(161* — 6Rr — 41*)| > 0

R = 2r(Euler). Equality holds if and only if triangle is equilateral.

11) In AABC the following relationship holds:

5 B C\ 16R*s
64rs < E(b + ¢) <tan§ + tani) <

Proposed by Mari Chirciu-Romania

r

Solution. Lemma. 12) In AABC the following relationship holds:

B C\ 4s(s*>+1%*6Rr
Z(b + ¢)? (tan 5>+ tanz) ( )

Proof. We have:

A A

B sins cos3
2 d 2 2 2| _
E(b+c) (tanz+tan ) E(b+c) A+ 1=

cos5 Ssinx
2 2

r
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) sin2%+coszg ) 1
=Y b+0 | =) b+ —— | =

i . A
sin, cos» sins cos»
2 2 2
_ 2 _ 2, _ 2, _
= E(b+c) — 4|~ E(b+c) prey i E(b+c) T =
Zsmicosi 2R

(b + ¢)? s(s?+1*—6Rr) 4s(s*+1?>—6Rr)
= 4R Z =% —aR _
a Rr r
which follows from:
Z (b+¢)> Ybcb+c)* 4s*(s*+1r?—6Rr) s(s’>+r1r>—6Rr)
a abc B 4Rrs B Rr

Hence,

Z (b+¢)*>  s(s>+1?—6Rr)
a Rr
Let’s get back to the main problem.For RHD, using Lemma we have:
4s(s? +r% — 6RT) - 16R?
- <

& s < 4R%? + 6Rr — 1?

which follows from s? < 4R? + 4Rr + 3r?(Gerretsen)
Equality holds if and only if triangle is equilateral.For LHS, using Lemma we have:

4s(s®> +1r? — 6Rr)
r

> 64rs < s* > 6Rr + 1512

which folows from s* > 16Rr — 5r?(Gerretsen)
It remains to prove 16Rr — 51* > 6Rr + 151r% © R > 2r(Euler).
Equality holds if and only if triangle is equilateral.

13) In AABC the following relationship holds:

6<Zl<t B+t C)<3
Rs — bc anz anz - rs

Proposed by Marin Chirciu-Romania

Solution.Lemma. 14) In AABC the following relationship holds:

1(t B+t C)_S
Zbc ans Tiang )| = o
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Proof. We have:

. A A ., A 2 A
1 B C 1 smi COSE 1 sin 7+COS 7
ZE(“’"?”“"E)‘ZE At 4 ‘ZE A_A

cosz siny sinicosi
_ z 1 1 _ z 1
- be sin%cos% - be Zsm cos be sinA
_ Z 3
abc "4Rrs  sr

Let’s get back to the main problem.Usmg Lemma and R > 2r(Euler) we get

conclusion.

15) In AABC the following relationship holds:

A A
24r < Z a <tan§ + cot§> <12R

Proposed by Marin Chirciu-Romania

Solution.Lemma. 16) In AABC the following relationship holds:

Z (t A+ tA)—12R
a an2 co2 =

Proof. We have:

A A LA , A
A A siny cosy sin®3 + cos*
alintscod) - Yo 5 25 o (AL
2

cos5 sin sins cos+
2 2 2

=Ya|l——|=Ya % =Ya A—Z —12RLetsgetbackto
smicosf ZSETIECOSE sin.

ZR

the main problem.Using Lemma and R > 2r(Euler) we get conclusion.
Equality in Lhs if and only if triangle is equilateral.
17) In AABC the following relationship holds:
48r < Z(b +¢) (tan; + cotg) < 1er2

Proposed by Marin Chirciu-Romania
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Solution.Lemma. 18) In AABC the following relationship holds:

2

Proof. We have:

A A
A sins cos3
Z(b+c) (tan—+cot ) Z(b+c) fl+ fl =

cos5 Ssins
2 2

Z(b+c) sm 2+COS Z(b+c)

sm cos sm cos
2 2 2

=Y b+0 — b+ —— Z(b+c =

2sin 2 cos 2

A) _ 2(s* + 1% —2Rr)
B r

A
Z(b + ¢) (tani + cot -

b+c s?+1r2—2Rr 2(s’+1r%*—2Rr)
= 4RZ =4R- =
2Rr r
Let’s get back to the main problem.

For RHD, using Lemma we have:

& 52 < 6R? + 2Rr — 1% which follows from

2(sz+rz—2Rr)<12Rz
r - r

s? < 4R? + 4Rr + 3r*(Gerretsen), it remains to prove that:
4R*+ 4Rr +3r> < 6R*+2Rr—-1r? ©R*—Rr-2r’ >0
(R —2r)(R + r) = 0 which is true from R > 2r(Euler).

For LHS, using Lemma we have:

2(s%+r2-2Rr)
r

> 48r © s% > 2Rr + 2312 which follows from

s? > 16Rr — 5r?(Gerretsen) it remains to prove:
16Rr — 5% > 2Rr + 23r? © R > 2r(Euler).

Equality holds if and only if triangle is equilateral.

Reference:
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