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By Marin Chirciu — Romania

1) In AABC the following relationship holds:

2%241‘(2—%)2

Proposed by Dragoljub Milosevic — Serbia

Solution We prove the following lemma:

Lemma.
2) In AABC the following relationship holds:
h%z  s*+s*(2r? —12Rr) + (4R + 1)
T, 4R?%r
Proof.

. 28 S .
Using h, = — andr, = —we obtain:
28

syl _asyeas

s*+52(2r?2—12Rr)+r3(4R+7) )
( 4R2r) , which follows from:

s—a

a? 16R2r?2s

Let’s get back to the main problem:

zs —a  s*+5?(2r* —12Rr) + r*(4R + 1)

Using the Lemma we write the inequality:

s* 4+ s2(2r2 —12Rr) +r3(4R +r 72
( JHRGRED L o 1Y
4R2r R

& s%2(s?+2r? —12Rr) +r3(4R + 1) = 161%(2R — 1)?,

Which follows from Gerretsen’s inequality: s> > 16Rr — 512,

It remains to prove that:
(16Rr — 572)(16Rr — 512 + 2r? — 12Rr) + r3(4R +1r) = 1672(2R —1)? ©
& (2R —1)? = (2R — 1)? obviously with equality.
Equality holds if and only if the triangle is equilateral.

Remark.Let’s emphasize and inequality having an opposite sense.
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3)In AABC the following relationship holds:
hi 1
Z <2 <Z(2R-r)?
Ty T

Proposed by Marin Chirciu — Romania

Solution Using the Lemma we write the inequality:

s* 4+ 52(2r2 —12Rr) +r3(4R +r 1
( ) + 7 ) < “QR-1)? o
16R%r?2s r

& s2(s?+2r2 —12Rr) +r3(4R + 1) < 4r"2(2R —1)?,

which follows from Gerretsen’s: s < 4R? + 4Rr + 372,

It remains to prove that:
(4R? + 4Rr + 3r®)(4R?> + 4Rr + 31> + 2r? — 12Rr) +r3(4R+1r) < 4r*’(2R—-1r)?* ©
& 4R?*r? > 16r* which follows from Euler’s inequality R > 2.
Equality holds if and only if the triangle is equilateral.
Remark.We can write the double inequality:
4) In AABC the following relationship holds:
T2 h? 1
ar (2 ——) < Z— <= (2R —1)?

R Ty T

Solution See inequalities 1) and 3). Equality holds if and only if the triangle is equilateral.

Remark. Switching between them h, and r, we propose:

5) In AABC the following relationship holds:
1(2R )2<zr§< oR*
r = h,

16713
Proposed by Marin Chirciu — Romania

Solution We prove the following lemma:

Lemma.

6) In AABC the following relationship holds:

2:1'¢21_8R2+2Rr—s2
h, r
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S )
= — we obtain:

Proof. Using h, = % andr,

S \2
2 —_ 2 _c2
y ;_a =Y % = gz (S_aa)z = 2R +2rRr > which follows from:

z a _ 2(8R*+2Rr —s?)
(s—a)? r2s

Let’s get back to the main problem: LHS inequality:

Using Lemma, LHS inequality can be written:
8R% + 2Rr — s?

1
- 2;(2R—r)2<:)szs4R2+6Rr—r2

which follows from Gerretsen’s inequality: s* < 4R? + 4Rr + 3r?
It remains to prove that:
4R% + 4Rr + 312 < 4R? + 6Rr — r? © R > 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral

RHS inequality: Using Lemma the RHS inequality can be written:
8R% + 2Rr —s?  9R*
< © 1672(8R? + 2Rr — s?) < 9R*
r 1673

which follows from Gerretsen’s inequality: s* > 16Rr — 512,
It remains to prove that:
16r%(8R? + 2Rr — (16Rr — 5r%)) < 9R* & 9R* — 128R?r? + 224Rr* —80r* 2 0 &
& (R — 2r)?(9R? + 36Rr — 2012) = 0, obviously.
Equality holds if and only if the triangle is equilateral.

hZ z . , ,
Remark. Between the sums Y, r—“ and ), :l—“ we can write the relationship:
a a

7) In AABC the following relationship holds:

Proposed by Marin Chirciu — Romania
Solution Using the sums:

hZ  s*+s?(2r2-12Rr)+r3(4R+7) 2 _ 8R%+2Rr-—s? , , ,
y== ( ) and ), -+ = ———— the inequality can be written:
Tq 4R2r hq r
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s* +5s2(2r2 = 12Rr) +r3(4R + 1) - 8R? + 2Rr — s?
=
4R?r - T
& s%(s?+2r? —12Rr + 4R*>) +r3(4R + 1) < 8R3(4R + 1),

which follows from Gerretsen’s inequality: s*> < 4R? + 4Rr + 312,

It remains to prove that:

(4R?> + 4Rr + 3r%)(4R?> + 4Rr + 3r? + 2r? — 12Rr + 4R*) + r3(4R + 1) <
<8R3(4R+1)© 2R3 —-3R*r—4r3 >0 (R—2r)(2R*+ Rr+2r?) >0
which follows from Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.

Remark. We can write the sequence of inequalities:

8) In AABC the following inequality holds:

r\2 h: 1 r2 O9R*
4ar(2-=) <) 2<=-(2R- 2<Z—“<
r( R) _zra_r( "< h, ~ 1613

Solution See inequalities 4) and 5). Equality holds if and only if the triangle is equilateral.
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