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1) In AABC the following relationship holds:

1 .\ 1 .\ 1 >\/§
h,h,  h,h, h.h,~ S

Proposed by D.M. Bdatinetu — Giurgiu — Romania
Solution. We prove the following lemma:

Lemma.

2) In AABC the following relationship holds:

1 N 1 1 s + 1% + 4Rr
h,h, hyh, h h, 452712

bc _ s?+rZ+4Rr
452~ 4s2r2

Proof. Using h, = % we obtain Zﬁ =Yg =Y
bhe >

c

Let’s get back to the main problem. Using the Lemma the inequality from enunciation

can be written:

2 2
% > E & 5% + 12 + 4Rr > 4sr+/3 which follows from Mitrinovic’s inequality:

s < ﬂ It remains to prove that: s* + r?> + 4Rr > 4 - 3R\/— ‘r/3 e

© s2+ 12+ 4Rr > 18Rr & s? > 14Rr — 12, whichfollowsfrom Gerretsen’s

inequality s? > 16Rr — 5r2. It remains to prove that:

16Rr — 512 > 14Rr — r? & R > 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.

Remark. The inequality can be strengthened:
3) In AABC the following relationship holds:
1 N 1 N 1 - 5R—r
h,h,  hyh,  h,h, ~ Ss

Solution. Using Lemma the inequality can be written:

s24r244Rr _ S5R-T

o = o © 5?2 16Rr — 5r? (Gerretsen’s inequality)
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Equality holds if and only if the triangle is equilateral.

Remark. Inequality 3) is stronger than inequality 1).
4) In AABC the following relationship holds:

1 1 1 S5R—r 3

> >
hohy o, hh, - Ss - S

RT \/S—E & SR —r > sv/3, which follows from

Solution. See inequality 3) and
Mitrinovic’s inequality s < T\/— It remains to prove that

5R — 3R\/_ -\/3 & R > 2r (Euler)

Remark. Inequality 3) can be developed
5) In AABC the following relationship holds:

1 1 1 R+(9-2
2n ( n)r

, wheren < 5.
hahyp + hph, + hchg Ss

Solution. Using Lemma the inequality can be written:

2 2 _
: Ysz::m = nR+(r9$22n)r © s2 > Rr(4n — 4) + r2(35 — 8n), which follows from

Gerretsen’s inequality s> > 16Rr — 572, It remains to prove that:
16Rr — 572 > Rr(4n — 4) + r%(35 — 8n) © R(5 — n) = 2r(5 — n), obviously from
Euler’s inequality R > 2r and the condition from hypothesisn < 5.
Equality holds if and only if the triangle is equilateral.

Remark. Let’s find an inequality having an opposite sense:
6) In AABC the following inequality holds:
1 N 1 1 1
hohy | hph, | hohy = 317

Solution. Using Lemma the inequality from enunciation can be written:

Sz:z—::m < # & s > 12Rr + 372, which follows from Gerretsen’s inequality.
s2 > 16Rr — 5r2. It remains to prove that:
16Rr — 572 > 12Rr + 3r? & R > 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.

Remark. Inequality 6) can be strengthened.
7) InAABC the following inequality holds:

1 N 1 1 1 <1+9Rr)
h,h, hyh, hh 4r2

2s2
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Solution. Using Lemma the inequality can be written:

sz+r2+4Rr 9RT
Tz =2 (1 + —) & R = 2r (Euler’s inequality)

Equality holds if and only if the triangle is equilateral.
Remark. Inequality 7) is stronger than inequality 6)

8) In AABC the following inequality holds:

1 N 1 1 1 (1+9Rr>< 1
h,h, hyh, hh 4r2 2s%2) 7 3r?

Solution. See inequality 7) and— (1 + 9&) 3; & 252 > 27Rr, which follows from

Gerretsen’s inequality s*> > 16Rr — 5r2. It remains to prove that:
2(16Rr — 5r2) > 27Rr © R > 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.

Remark. We can write the double inequality:
9) In AABC the following inequality holds:

5R—r< 1 N 1 N 1 <1(+9Rr)
Ss ~ hyh, hyh. h,h,  4r? 2s2

Proposed by Marin Chirciu - Romania
Solution. See inequalities 3) and 7). Equality holds if and only if the triangle is
equilateral.

Remark. We can write the sequence of inequalities.
10) In AABC the following inequality holds:
§<5R—r< 1 1 1 1<1+9Rr)< 1
S~ Ss T hyhy, hyh, h h, 41‘2 252 3
Solution. See inequalities 4) and 8). Equality holds if and only if the triangle is

r2

equilateral.
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