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By Marin Chirciu — Romania
1) Let x, y, z > 0 with the property that xy + yz + zx = xyz. Prove that:
x%y? y?z? z%x? 81
z T z T z =
z1+xy)* y(1+yz)? y(d+zx) 100

Proposed by D.M. Batinetu — Giurgiu — Romania

Solution Wehavexy+yz+xz=xyz<:)i+§+§= 1.Denotingi=a = b, i—cwe

<L IR

have a + b + ¢ = 1. We can reformulate the problem:
2)Ifa,b,c > 0 such that a + b + ¢ = 1 prove that:

a N b N c - 81
(14+bc)? (14+ca)? (1+ab)? ™ 100

Proof. Using Bergstrom’s inequality we obtain:

a B a? >(a+b+c)2_ 1
Z(1+bc)2 _Za(l + bc)? — Za(l +bc)?2 Ya(l +bc)2
1

It suffices to prove thatm >

05 & Ya(l+bc)? <
Asa,b,c > 0suchthata + b + ¢ = 1 thereis an AABC with

B c c A A B . ,
a= tan;tan;, b= tan;tan;, c= tan;tan > and the inequality that we have to prove ca

be written:
Zt Bt C<1+t Ct At At B)Z 100@ t Bt C<1+Tt A)2<100(:>
anzanz anzanzanzanz _81 anzanz Sanz _81
) Bt C 1+2rt A+r2t 2A <100
1= —tan— —tan—+ — — —s
M sz T2 )=
A c 100
(:)Ztan tan +2 Ztan tan tan— +—z tan? —tan tan2 <E®
B 100
@Ztanztan +2— 31_[tan +— tanZZtan— —_
r r r®r 4R+r 100 r> r3 4R+r 100
©1+2--3-+—=--—- Soareltbs+—= <—¢©
s s s% s S 81 s2 ' §3 s 81
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6r> r3(4R+r) 19
®—+ ( pr ) <5 e 19s5* > 486s5%r? + 81r3(4R+ 1) &

& s2(19s2 — 4861r2) > 8113(4R + 1), which follows from Gerretsen’s inequality

s? > 16Rr — 5r2. It remains to prove that:
(16Rr — 572)[19(16Rr — 512) — 4867%] > 81r3(4R + 1) &
& 1216R%? — 278Rr + 70612 > 0 © (R — 2r)(1216R — 353r) > 0, obviously from
Euler’s inequality R = 2r.
Observations.

01. Above we have used the known inequalities in triangle:

4R+T

Ztangtang = 1,Htan§ = EandZtang =
02. Gerretsen’s inequality s* > 16Rr — 512 follows from the remarkable distance in
triangle GI* = %(52 + 572 — 16Rr). As GI? = 0 it follows s*> + 5r* — 16Rr > 0 ©
© s2 > 16Rr — 512 Equality holds if GI?> = 0 & G = 1 & AABC is equilateral.
Equality holds if and only if the triangle is equilateral.

Remark. The problem can be developed.
3) Let be x,y, z > 0 having the property that xy + yz + zx = xyz and
n = 0. Prove that:
x%y? y?z? z%x? 81
Zn+tx)?  ym+y2)?  ym+zor - On+ 1)?

Proposed by Marin Chirciu - Romania

=b,-=cwe

N |-

Solution We have xy + yz + zx = xyz & i + % + i =1L Denotingi = a,%

have a + b + ¢ = 1. We can reformulate the problem:
4)Ifa,b,c > 0 suchthata + b + ¢ = 1 and n = 0 prove that:
a b c 81
+ + =
(n+bc)2? (n+ca)? (n+ab)?2 (In+1)2

Proof. Using Bergstrom’s inequality:

a 3 a? >(a+b+c)2_ 1
Z:(n+bc)2 _Za(n+bc)2 “Ya(n+bc)? Ya(n+ bc)?

2 RMM-ABOUT AN INEQUALITY BY D.M.BATINETU-GIURGIU-I




ROMANIAN MATHEMATICAL MAGAZINE

In+1

. ) 1 81 2
It suffices to prove that: SPTCETYSE > s )2 o Ya(n+ bc) <

Asa,b,c > 0suchthata + b + ¢ = 1 there is AABC with
B, C c, A A, B . .
a = tan—tanz, b= tan—tan—,c = tan-tan-, and the inequality that we have to prove

can be written:

B C c A A (9n + 1)2
Ztan—tan2<n+tan tan— - tan— tanz) _T@

2 2 2 2
= tan— tanC(n+rtan ) (9n—+1)2®
2 2) 81
@Ztangtan£<n2 +2n£tané+itan —) M@
2 2 s 2 s? 2] 81
@nZZtanBtanC+2n ZtanAtan tan— +—Ztan —tan tan— M
2 2 2 2 81

B (9n+1)2
Ztanztan +2n— 31_[tan + — ntanZZta _— s

r 12 1 4R+ (9n+1)2 " rz2 rs 4R+r<(9n+1)2

r
Sn? s 3ol on?+6n— +—-
not ns s s2 s S 81 not n52+s3 s = 81
6nr: r3(4R+r) 18n+1
+ ( )< & (18n + 1)s* > 486ns?r? + 81r3(4R + 1) &

52 s4 - 81
s2[(18n + 1)s? — 486nr?] = 817r3(4R + r), which follows from Gerretsen’s inequality
s? > 16Rr — 5r2. It remains to prove that:
(16Rr — 5r2)[(18n + 1)(16Rr — 572) — 486nr?] > 81r3(4R +71) &
& 64(18n + 1)R? — (2664n + 121)Rr + (720n — 14)r2 > 0 &
& (R —2r)[64(18n + 1)R + (7 — 360n)r] = 0, obviously from Euler’s inequality R = 2r.
Observations.

01. Above we've used the known inequalities in triangle:
4R+r

Ztangtang = l,Htang = gandZtang =
02. Gerretsen’s inequality s* = 16Rr — 5r? it follows from the remarkable in triangle
GI? = é(s2 + 5r2 — 16Rr). As GI? > 0 it follows

s2+5r2—16Rr > 0 © s? > 16Rr — 572
Equality holds if and only if GI?> = 0 & G = 1 & AABC is equilateral.
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Equality holds if and only if the triangle is equilateral.

Note.Forn = 1 we obtain problem 27691 from GM 5/2019, D.M. Bdtinetu-Giurgiu -
Romania
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