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PROBLEMS FOR JUNIORS

JP.331. In acute AABC with the lengths BC = a,CA = b,
AB = c holds:

alb+c—a) blc+a—-b) cla+b—rc)
b24+c?2—a? c2+a?-b%2 a?+0b%2—-c2 "~

Proposed by Hoang Le Nhat Tung — Vietnam

JP.332. If ; > 1,Vi = 1,n;n € N,n > 3 then prove:
log x2 log x3 log x,,

et <
log?(x2x2)  log?(z3x2x3) log?(z3x2...22_ | x,)

*Tp_1
log /Z>T3 - T
~ logx - log(x1x2s ... TH0)
Proposed by Florica Anastase - Romania

JP.333. In AABC the following relationship holds:

\/T'a'rb + \/Tb’rc + \/Tcra S \/(ab + be + C(I) (2 + é)

Proposed by Nguyen Viet Hung - Vietnam

JP.334. In AABC the following relationship holds:

a-+b b+ec c+a 3R
<
\/a—b+c+\/b—c+a+\/c—a+b_ \2r

Proposed by Nguyen Viet Hung - Vietnam

JP.335. If a, b, c > 0 such that ab 4+ bc 4 ca < 3 then prove:
1 1 1 n 1 " 1 n 1 > 15
a? b2 2 (a+b)?2 (b4+e)?2 (c+a)?2 ™ 4

Proposed by Nguyen Viet Hung - Vietnam

JP.336. For all positive integers prove that:

\/2n+1—1< 1 N 1 . 1 <\/2n
2 VI+EV2 V34vV4 T V2n—14+V2n 2

Proposed by Nguyen Viet Hung - Vietnam
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JP.337. If a;,b; € (0,1);p,q € N*, n > 2 then prove:

2 2
20/"1 . 'P

(3 7 2
WZ(\/ﬁ+ﬁ)

Proposed by Florica Anastase - Romania

JP.338. In AABC, P,Q € Int(AABC) such that:

,BA—B)—l—'yB7+ﬁ = 0 and m—l—a@—kﬁ =0,0,8,vy €ER,a,v#1

Prove that A, P,(Q are collinear if and only ifa+~v=08+1

Proposed by Florica Anastase - Romania

JP.339. Solve for real numbers the system:

11(z* — y?) + 4zxy(z2 +y2) + =0
2(z* — y*) — 22zy(2® + y*) +y =0

Proposed by Florica Anastase - Romania

JP.340. Prove that:

1 3 1 3
sin 10° = i \Z_ tan 10° + 1 tan® 10° — \1_ tan® 10°

Proposed by Pedro Henrique O. Pantoja - Brazil

JP.341. Find all positive integers n such that:

22n _p2_1

n!

N =
Proposed by Pedro Henrique O. Pantoja - Brazil
JP.342. Let be ABCDA’B’C’D’ cube with length side 1 and

M € BC,N € DD',P € A’B’. Find minimum perimeter of
2 ©Daniel Sitaru, ISSN-L 2501-0099
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AMNP.

83

Proposed by Florentin Visescu - Romania

JP.343. In acute AABC,g, - Gergonne’s cevian, the following
relationship holds:

max{g; - cos A, g; - cos B,g- -cosC} > r (1 + E) (5 _ g>

Proposed by Radu Diaconu - Romania

JP.344. Let a, b, c be positive real numbers such that
ab + be + ca = 3. Prove that:

(3a® — 3a + 2b% + 34)(3b° — 3b+ 2¢® + 34) (3¢® — 3¢+ 2a> + 34) > 6°
Proposed by Hoang Le Nhat Tung - Vietnam
JP.345. If a,b,c € C; |a| = |b| = |c| = 3 then:
dla+3[+3) [a®+1/+> |a®+3] > 18
cyc cyc cyc

Proposed by Daniel Sitaru - Romania

PROBLEMS FOR SENIORS

SP.331. If AABC has inradius r, circumradius R, sides lengths
a = BC,b= AC,c = AB, and altitudes hg, hp, h from the vertices
A, B, C, respectively, then:
972 < c he + a hy + b < IR
R —b+ec e + a b a-+b €= 4
Proposed by George Apostolopoulos-Greece
©Daniel Sitaru, ISSN-L 2501-0099 3
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SP.332. Let a,b, c be the lengths of the sides of a triangle ABC
with inradius r and circumradius R. Prove that:

2 b2 2 3vV6R
¢t _3v6 VR? — 212

b-l—c+c—|—a+a—|-b - 4r
Proposed by George Apostolopoulos-Greece

a

SP.333. Let x,y,z > 0 be positive real numbers such that
z + y + z = 3. Find the minimum value of expression:

p_ LI y n (z+y)(y + 2)(z + z)
2Vy+vz 2vVz+ VT 2+ /Yy 16
Proposed by Hoang Le Nhat Tung - Vietnam

SP.334. Let x,y, z be positive real numbers such that
x + y+ z = 1. Prove that:

(3z” +1)(3y* 4+ 1)(32° + 1) > 27(zy + 2)(yz + z)(zz + y)
Proposed by Hoang Le Nhat Tung - Vietnam

SP.335. Let x,y,z > 0 be positive real numbers such that:
(VT + Vg (Vi + VI (VR + V) = 8
Prove that:
r+y+z2> {"/wyz(w2 + zy + y?)(y? + yz + 22)(22 + zx + 2?)
Proposed by Hoang Le Nhat Tung - Vietnam

SP.336. Let x, y, z be positive real numbers such that:
(2® 4+ y%)(¥° + 2%)(2° + %) =8
Prove that:
(322 — 4zy + 3y?)(3y? — 4yz + 322)(32% — 42z + 32°) > 8
Proposed by Hoang Le Nhat Tung - Vietnam

SP.337. Let z,y,z > 0.
1) If zy + yz + zx < 3(2\/§ — 3) then:

\/wy+yz+zw
3
2) If xy + yz + zx > 3(2v/3 — 3) then:
Vay +yz+zz+1< /(@ +1)(y+1)(z+1)

Proposed by Florentin Visescu - Romania
4 ©Daniel Sitaru, ISSN-L 2501-0099
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SP.338. If t € [0,27);n € N then:
|14cos nt+i sin nt|+|14cos 2nt+1i sin 2nt|+|1+cos 3nt+i sin 3nt| > 2

Proposed by Daniel Sitaru - Romania

SP.339. Solve for real numbers:
3 4 x* — 323
\/a:3—2:c2+2ac+3\/a:2—m+1+2\/4:c—3:c4: ?4—7

Proposed by Hoang Le Nhat Tung - Vietnam

SP.340. Find all pairs of integers (x,y) such that:
w4—2w2—y2—5y—3:0
Proposed by George Apostolopoulos-Greece

SP.341. Let a, b, c be positive real numbers such that
abc+ ab+bc+ ca = 4. Find the maximum value of the expression:

1 1 1
T = + +
V2a% + b3 —2a2 +26 /2b% + 3 —2b%2 + 26 /2¢® + a3 — 2¢2 + 26
Proposed by Hoang Le Nhat-Tung - Vietnam

SP.342. Let a, b, c be positive real numbers such that
a—+ b+ c=1 = 4abc. Find the minimum value of expression:

1 1 1
+ +
V2a® —2a® + b2+ 26 /265 — 263 + 2+ 26 V2c® —2c® 4 a® + 26
Proposed by Hoang Le Nhat-Tung - Vietnam

S =

SP.343. If a,b,c € C;|a| = |b| = |¢| = 5 then:
dla+5/4+5) [a®+1]+ ) |a't +5]>30

cyc cyc cyc

Proposed by Daniel Sitaru - Romania

SP.344. If n € N,n > 2 prove that:

n 1 1 .

T2 —|-/ (tan—!(z™))%dx > 2/ tan~!(z™) Vtan—! zdx
0 0

Proposed by Florica Anastase - Romania

n

SP.345. Prove that in any triangle ABC,

b+c—a\2 c+a—>b\2 a+b—c\2 8r

-t -z 7 -7 = >

() )+ ) +Rz2T
Proposed by Nguyen Viet Hung - Vietnam

©Daniel Sitaru, ISSN-L 2501-0099 )
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UNDERGRADUATE
PROBLEMS

UP.331. If a,b,c € (0,1),n € N,nn > 2 then prove:
n 1 —sinasinb
Z(l — Vsina) > Z

2n + 1 —sinasinb
cyc cyc

Proposed by Florica Anastase - Romania

UP.332. Let (xn)n>1,(Yn)n>1 be sequences of positive real num-
bers such that:

14+ (n—1)x? (n+ 1)n"y,
T > 1,z = ey >0 =
1 s Ln41 nacz_l Y1 s Yn+1 yn + n"(n — 1)
Find:
. (:I:n + yn>;/f
lim (————~—
n—oo yn

Proposed by Florica Anastase - Romania
UP.333. If z, = ap, + ibp, p = 1,4 are roots of the equation:

xt—2(k+1)x34+2(k+1)%222—2(k%4+1)(k+1)xz+ (k> +1)2 = 0,k € R*
Then prove:

k — |k

4 ap
Z arctan T =7+ 2( ) arctan k
p=1

Proposed by Florentin Visescu - Romania

UP.334. Let be n € N* and A,, € Mg, (Q), such that:
det(A% +2A42(1 —n? — k) + (1 +n? + k)?Is,) = 0,Vk =1,2n
Then find: L
lim det(—An>.
n—oo n
Proposed by Florentin Visescu - Romania

UP.335. If a,b,c € (0,5),a+b+c=m and
dx

no il
I(n) =
(n) Z:l/z (aetanag? 4 petanby | cetanc)(ec tan cx? + eb tan bx + e tan a)

Then find maximum values of the expression:
2020

Q=[] 1(x)
k=1

Proposed by Florica Anastase - Romania
6 ©Daniel Sitaru, ISSN-L 2501-0099
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UP.336. If 0 < a < b < 7 then prove:
3(b—a)¥/4(a + b) < 3/17 dx
¥/4(a + b) —sind(a + b) o V1 — cos4dzx

Proposed by Florica Anastase - Romania

g
< cot 2a —cot 2b+z

UP.337. If 0 < a < b then:

b o b yzdrdydz (b—a)?(b+a) b
NN/ : tog(.)
a Ja Ja 32 + 2y2 + 22 12 a

Proposed by Daniel Sitaru - Romania

UP.338. Let a, b, c be positive real numbers such that
a? + b2 + 2 = 12. Prove that:
2 b2 2 2 b2 2

a C a C >
(bc+ca+ba>(m+\/b3+1+\/c3+l)_12

Proposed by George Apostolopoulos - Greece

UP.339. Prove that for any positive real numbers a, b, c:

a? b2 2 1 9(a? + b% + c?)
— - — 4+ — 4+ - b >
b+c+a+2(a+ te)z 2(a+b+c¢)

Proposed by Nguyen Viet Hung - Vietnam

UP.340. If 0 < a < b; f : [a,b] — [1,00); f continuous, then:

30— a)? [ 1@in <20~ o*+( [ 1@yd)’

Proposed by Daniel Sitaru - Romania

UP.341. Find:

5 sinx
Q= lim / dx
n—oo\ Jo cosxz(l + cos™x)

Proposed by Daniel Sitaru - Romania

UP.342. Prove that if 0 < a < b then:

blogx 2 b logx b logx
/ de | > / da:—l-/ dx |-
a x aT+b x vab T
' /az+b log:cdx+ /\/E logazdm
a €T a T

Proposed by Daniel Sitaru - Romania
©Daniel Sitaru, ISSN-L 2501-0099 7
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UP.343. Let a, b, c be positive real numbers such that
a® + b% 4 c? = 3. Prove that:

2(0,4 +b* + c4) — (a3 + b3+ c3) > 3abe
Proposed by George Apostolopoulos - Greece

UP.344. Let a, b, c be non-negative real numbers, no two of which
are zero. Prove that:
a b c 1
3 + + >
a?+2(b+c)2 b2+2(c+a)? 2+ 2(a+b)? at+b+ec
Proposed by Nguyen Viet Hung - Vietnam

UP.345. Let a, b, c be positive real numbers such that
a? + b? + ¢2 = 3. Prove that:

(a+b)(b+c)(c+ a) —2abc < 6
Proposed by George Apostolopoulos - Greece

MATHEMATICS DEPARTMENT, ”THEODOR COSTESCU” NATIONAL Econowmic, CoL-
LEGE DROBETA TURNU - SEVERIN, ROMANTIA
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