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A. GENERALIZATION of KOUTRAS’ THEOREM 

 

Let: ࡭ࡻ = ࡮ࡻ,ࢇ = ࢆࡱ,࢈ = ࡰ࡯.ࢉ = ,ࢊ ࡭ࡻ
࡮ࡻ

= ࢇ
࢈

= ,࢓ ࢆࡱ
തതതത

തതതതࡰ࡯
= ࢑ ∙ ࡭ࡻ

തതതത

തതതതത࡮ࡻ
⇒ ࢉ

ࢊ
= ࢑ ∙ ࢑,࢓ ≠ ૙ 

Then holds: 

࢞࢔ࢇ࢚ =
࢑ ∙ ૛࢓ − (࢑+ ૚)࢓ ∙ +࢙ࣖ࢕ࢉ ૚

(࢑− ૚)࢓ ∙ ࣖ࢔࢏࢙  

 If ࢑ = ૚, then ࢚࢞࢔ࢇ = ∞ ⇒ ࢞ = ૢ૙° 
Stathis Koutras’ theorem 
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ࢆࡱ
ࡰ࡯ =

࡭ࡻ
࡮ࡻ ⇔ ࡺࡹ ⊥  	࡮࡭

Proof: (on figure 1) 

PLAGIOGONAL SYSTEM: ࡱࡻ ≡ ࡯ࡻ,࢞ࡻ ≡  ࢟ࡻ

Let: ࡭ࡻ = ࡮ࡻ,ࢇ = ࡱࡻ,࢈ = ࢆࡻ,ࢋ = ࡯ࡻ,ࢠ = ࡰࡻ,ࢉ =  ࢊ

:࡮࡭ ࢟ = −
ࢇ
࢞࢈ − ,ࢇ ࡮࡭ࣅ = ૚ࣅ = −

ࢇ
࢈ ;  (૚ࡱ)		

࢟:ࡹࡱ = −
૚

࢙࢞ࣖ࢕ࢉ +
ࢋ

࢙ࣖ࢕ࢉ ; 		(૚) 

࢟:ࡹ࡯ = ࢙ࣖ࢕ࢉ− ∙ ࢞ +  								(૛)		;ࢉ

࢟:ࡺࢆ = −
૚

+࢙ࣖ࢕ࢉ
ࢠ

࢙ࣖ࢕ࢉ ; 		(૜)				 

࢟:ࡺࡰ = ࢙ࣖ࢕ࢉ− ∙ ࢞+ ;ࢊ 									(૝) 

(૚), (૛):ࡹ൬
ࢋ − ࢉ ∙ ࢙ࣖ࢕ࢉ

૛ࣖ࢔࢏࢙ ,
ࢉ − ࢋ ∙ ࢙ࣖ࢕ࢉ

૛ࣖ࢔࢏࢙ ൰  (૛࢓,૚࢓)ࡹ,

(૜), (૝):ࡺ൬
ࢠ − ࢊ ∙ ࢙ࣖ࢕ࢉ

૛ࣖ࢔࢏࢙ ,
ࢊ − ࢠ ∙ ࢙ࣖ࢕ࢉ

૛ࣖ࢔࢏࢙ ൰  (૛࢔,૚࢔)ࡺ,

ࡺࡹࣅ = ૛ࣅ =
૛࢓ − ૛࢔
૚࢓ − ૚࢔

⇒ ૛ࣅ =
ࢊ − ࢉ ∙ ࢙ࣖ࢕ࢉ
ࢉ − ࢊ ∙ ࢙ࣖ࢕ࢉ ;  (૛ࡱ)		

࢞࢔ࢇ࢚ =
૛ࣅ) − (૚ࣅ ∙ ࣖ࢔࢏࢙

૛ࣅ) + (૚ࣅ ∙ +࢙ࣖ࢕ࢉ ૚ࣅ૛ࣅ + ૚
૚ࡱ ⁄૛ࡱ
ሯልልሰ 

࢞࢔ࢇ࢚ =
ቀ૚ + ࢇ

࢈ ∙
ࢉ
ቁࢊ − ቀࢊࢉ+ ࢇ

ቁ࢈ ∙ ࢙ࣖ࢕ࢉ

ቀࢊࢉ −
ࢇ
ቁ࢈ ∙ ࣖ࢔࢏࢙

=
૚ + ࢑ ∙ ࢇ

૛

૛࢈ −
ࢇ
࢈ (࢑+ ૚) ∙ ࢙ࣖ࢕ࢉ

ࢇ
࢈ (࢑− ૚) ∙ ࣖ࢔࢏࢙

 

࢞࢔ࢇ࢚ =
࢑ ૛࢓∙ − (࢑ + ૚)࢓ ∙ ࢙ࣖ࢕ࢉ + ૚

(࢑ − ૚)࢓ ∙ ࣖ࢔࢏࢙  

So, 
ࢆࡱ
ࡰ࡯ = ࢑ ∙

࡭ࡻ
࡮ࡻ ,࢑ ∈ ℝ − {૙,૚} ⇔ ࢞࢔ࢇ࢚ =

࢑ ∙ ૛࢓ − (࢑ + ૚)࢓ ∙ +࢙ࣖ࢕ࢉ ૚
(࢑ − ૚)࢓ ∙ ࣖ࢔࢏࢙  

 

B. CHARACTERISTIC LINE (g) of TRIANGLE 

Given triangle ࡯࡮࡭ and circle (࣓) with center ࡷ passes throw the vertices ࡯,࡮ and 
intersects the sides ࡯࡭,࡮࡭ at points ࡱ,ࡰ respectively. Let point ࡳ is the perpendicular 

projection of ࡰ on the side ࡯࡮ and line (ࢍ) is perpendicular bisector to the segment 
,Let circles (࣓૚) .ࡳࡰ (࣓૛) with centers radom points ࡷ૚,ࡷ૛  belonging to the line (ࢍ) 
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and radius ࡷࡳ૚,ࡷࡳ૛ respectively, intersect ࡮࡭ at points ࡰ૚,ࡰ૛ and ࡰࡱ at points 
૛࡯,૚࡯  respectively. 

If ∢࡮࡯࡭ = ࣖ, ࡰ࡭
ࡱࡰ

= ૛࡯૚࡯ then the tio ,࢓
૛ࡰ૚ࡰ

= ࢉ
ࢊ
 depends only on the parameters ࣖ and ࢓. 

Holds that ࢉ
ࢊ

= ࢑ ࢑ where ,࢓∙ = ࢙ࣖ࢕ࢉ૛ࣖି࢙࢕ࢉ∙࢓
(૚ି࢙ࣖ࢕ࢉ∙࢓)࢓

;࢑ ≠ ૙, ࢙ࣖ࢕ࢉ ≠ ૚
࢓

 

 

Let ࡰ࡭ = ࡰࡱ,ࢇ = ,࢈ ࢇ
࢈

= ࡮࡯࡭∢,࢓ = ૚࡯ࡰ࡮∢,࢞ = ࣖ 

૚ࡷࡰ ∩ (࣓૚) = ૛ࡷࡰ,૚ࡹ ∩ (࣓૛) = ,૛ࡹ
ࢉ
ࢊ = ࢑ ∙ ࢑,࢓ ≠ ૚ 

Is: ࡰࡱ࡯࡮ −cyclic⇒ ࢞ = ࣖ 

૚ࡹࡰ −diameter of (࣓૚) ⇒ ૚ࡹ૚࡯ࡰ∢ = ૚ࡹ૚ࡰࡰ∢ = ૢ૙° 

૛ࡹࡰ −diameter of (࣓૛) ⇒ ૛ࡹ૛࡯ࡰ∢ = ૛ࡹ૛ࡰࡰ∢ = ૢ૙° 

Is: ࢚࢞࢔ࢇ = ା૚࢙ࣖ࢕ࢉ∙࢓(࢑ା૚)૛ି࢓∙࢑
(࢑ି૚)ࣖ࢔࢏࢙∙࢓

⇒ ࣖ࢔࢏࢙
࢙ࣖ࢕ࢉ

= ା૚࢙ࣖ࢕ࢉ∙࢓(࢑ା૚)૛ି࢓∙࢑
(࢑ି૚)ࣖ࢔࢏࢙∙࢓

 

࢓࢑ ∙ ૛ࣖ࢔࢏࢙ ࢓− ∙ ૛ࣖ࢔࢏࢙ = ૛࢓࢑ ∙ −࢙ࣖ࢕ࢉ ࢓࢑ ∙ +૛࢙ࣖ࢕ࢉ  ࢙ࣖ࢕ࢉ

࢓࢑ ∙ +૛࢙ࣖ࢕ࢉ ࢓࢑ ∙ ૛ࣖ࢔࢏࢙ − ૛࢓࢑ ∙ ࢙ࣖ࢕ࢉ = ࢓ ∙ ૛ࣖ࢔࢏࢙ ࢓− ∙ ૛࢙ࣖ࢕ࢉ +  ࢙ࣖ࢕ࢉ

−࢓࢑ ૛࢓࢑ ∙ ࢙ࣖ࢕ࢉ = ૛ࣖ࢔࢏࢙)࢓ − (૛࢙ࣖ࢕ࢉ +  ࢙ࣖ࢕ࢉ

࢓)࢓࢑ ∙ −࢙ࣖ࢕ࢉ ૚) = ࢓ ∙ −૛࢙ࣖ࢕ࢉ  ࢙ࣖ࢕ࢉ

࢑ =
࢓ ∙ −૛࢙ࣖ࢕ࢉ ࢙ࣖ࢕ࢉ
࢓)࢓ ∙ ࢙ࣖ࢕ࢉ − ૚)  

࢓ ∙ ࢙ࣖ࢕ࢉ − ૚ ≠ ૙ ⇒ ࢙ࣖ࢕ࢉ ≠
૚
࢓ ⇒ ࢙ࣖ࢕ࢉ ≠

ࢇ
 ࢈
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If ࣖ = ૢ૙° ⇔ ࢑ = ૙ି(૚ି)∙࢓
(૙ି૚∙࢓)࢓

⇔ ࢑ = ૚ and ࢉ
ࢊ

= ࢇ
࢈
 

Koutras’ theorem 

Note: If more circles are written with centers ࢏ࡷ, ࢏ = ૚,૛,૜… ࢏ࡷ, ∈  and points (ࢍ)

࢏ࡰ,࢏࡯  respectively, then holds that: 

ା࢐࢏࡯࢏࡯
ା࢐࢏ࡰ࢏ࡰ

= ࢑ ∙
ࢇ
࢈ , ࢐ = ૚,૛,૜, … ; ࢏ ≠ ࢐ 

This is the characteristic property of line (ࢍ) 

Application 1. 

In the figure 1 it is given that: 

ࣖ = ૟૙°, ࡭ࡻ
࡮ࡻ

= ૛, ࢆࡱ
ࡰ࡯

= ૜ ∙ ࡭ࡻ
࡮ࡻ

. Find angle ࢞. 

 

Solution. 

Let ࡭ࡻ = ࡮ࡻ,ࢇ = ࢆࡱ,࢈ = ࡰ࡯,ࢉ =  ࢊ

Is: ࢇ
࢈

= ࢓ = ૛, ࢉ
ࢊ

= ࢑ ∙ ࢇ
࢈
⇒ ࢑ = ૜ 

࢞࢔ࢇ࢚ =
࢑ ∙ ૛࢓ − (࢑ + ૚)࢓ ∙ ࢙ࣖ࢕ࢉ + ૚

(࢑ − ૚)࢓ ∙ ࣖ࢔࢏࢙ =
૜ ∙ ૛૛ − (૜ + ૚) ∙ ૛ ∙ °૟૙࢙࢕ࢉ + ૚

(૜ − ૚) ∙ ૛ ∙ °૟૙࢔࢏࢙ =
૜√૜
૛  
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࢞ = ૚ି࢔ࢇ࢚ ቆ
૜√૜
૛ ቇ ≈ ૟ૡ,ૢ ∙ ૡ૜° 

Application 2: 

In the figure 3 it is given that: 

ࣖ = ૜૙°, ࡭ࡻ
࡮ࡻ

= ૛, ࢆࡱ
ࡰ࡯

= ࢑ ∙ ࡭ࡻ
࡮ࡻ

,࢑ = ૜
૝
൫૚ + √૜൯. Find angle x. 

 
Solution. 

Let ࡭ࡻ = ࡮ࡻ,ࢇ = ࢆࡱ,࢈ = ࡰ࡯,ࢉ =  ࢊ

Is ࢇ
࢈

= ૛ = ,࢓ ࢉ
ࢊ

= ࢑ ∙ ࢇ
࢈

= ࢑ ∙  ࢓

࢞࢔ࢇ࢚ =
࢑ ∙ ૛࢓ − (࢑+ ૚)࢓ ∙ +࢙ࣖ࢕ࢉ ૚

(࢑ − ૚)࢓ ∙ ࣖ࢔࢏࢙ = 

=
૜
૝ ൫૚ + √૜൯ ∙ ૛૛ − ቂ૜૝൫૚ + √૜൯ + ૚ቃ ∙ ૛࢙࢕ࢉ૜૙° + ૚

ቂ૜૝ ൫૚ + √૜൯ − ૚ቃ ∙ ૛࢙࢔࢏૜૙°
= ૛ + √૜ ⇒ 

ࣖ࢔ࢇ࢚ = ૛ + √૜ ⇒ ࣖ = ૠ૞° 

Application 3. 

Given triangle ࡯࡮࡭ with lengths of sides ࢈,ࢇ, ࢈ and ࢉ > ܽ > ܿ, ࢈2 + ࢉ = ૜ࢇ, 

࡯࡭࡮∢ = ૟૙°. Let points ࡱ,ࡰ on the extensions of the sides ࡭࡮ to point ࡭ and ࡭࡯ to 

point ࡭ respectively, such ૛ࡰ࡮ = ૜ࢇ − ࡱ࡯,ࢉ = ૜࢈ − ૛ࢇ. 
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Denote ࡵ the incenter and ࡻ the circumcenter of ∆ࡱࡰ.࡯࡮࡭ and ࡵࡻ intersect at point 

ࡱࡲࡵ∢ :Prove that .ࡲ = ૜૙° 

 
Solution. 

૛࢈ + ࢉ = ૜ࢇ ⇒
−࢈ ࢇ
ࢇ − ࢉ =

૚
૛ 

૚ࡵ࡭ =
+ࢇ− ࢈ + ࢉ

૛ ૚࡭ࡻ, =
ࢉ
૛ ⇒ ૚തതതതതതതࡵ૚ࡻ =

−࢈ ࢇ
૛  

૛ࡵ࡭ =
+ࢇ− ࢈ + ࢉ

૛ ૛࡭ࡻ, =
࢈
૛ ⇒ ૛തതതതതതതࡵ૛ࡻ = −

ࢇ − ࢉ
૛  

⇒
૚തതതതതതതࡵ૚ࡻ
૛തതതതതതതࡵ૛ࡻ = −

࢈ − ࢇ
ࢇ − ࢉ = −

૚
૛ 

തതതത࡭ࡰ = തതതതത࡮ࡰ − തതതത࡮࡭ =
૜ࢇ − ࢉ
૛ − ࢉ =

૜
૛

ࢇ) −  (ࢉ

തതതത࡭ࡱ = തതതത࡯ࡱ − തതതത࡯࡭ = ૜࢈ − ૛ࢇ − ࢈ = ૛(࢈−  (ࢇ

⇒
തതതതࡱ࡭
തതതതࡰ࡭

=
૝
૜ ∙

࢈ − ࢇ
ࢇ − ࢉ =

૝
૜ ∙

૚
૛ =

૛
૜ =  ࢓

૚തതതതതതതࡵ૚ࡻ
૛തതതതതതതࡵ૛ࡻ = ࢑ ∙ ࢓ ⇒ −

૚
૛ = ࢑ ∙

૛
૜ ⇒ ࢑ = −

૜
૝ 

°૚ૡ૙)࢔ࢇ࢚ − ࢞) = ࢞࢔ࢇ࢚− =
૛࢓࢑ − (࢑ + ૚)࢓ ∙ °૟૙࢙࢕ࢉ

(࢑ − ૚)࢓ ∙ °૟૙࢔࢏࢙  



 
www.ssmrmh.ro 

7 RMM-KOUTRAS’ THEOREM, CHARACTERISTIC LINE (g) OF TRANGLE 
 

⇒ ࢞࢔ࢇ࢚− =
−૜૝ ቀ

૛
૜ቁ

૛
− ቀ૚ − ૜

૝ቁ ∙
૛
૜ ∙

૚
૛ + ૚

ቀ−૜૝ − ૚ቁ ∙ ૛૜ ∙
√૜
૛

= −
√૜
૜ ⇒ ࢞ = ૜૙°	 

Application 4. 

Given triangle ࡯࡮࡭ with lengths sides ࢈,ࢇ, ࢈ and ࢉ > ܽ > ܿ, ࢈4 + ૜ࢉ = ૠࢇ. Let points 

ࡱ࡭ such ,࡭ to point ࡭࡯ and ࡭ to point ࡭࡮ on the extensions of the sides ࡱ,ࡰ
ࡰ࡭

= ૚૟(ࢇି࢈)
૛૚(ࢉିࢇ)

. 

Denote ࡵ −the incenter and ࡻ −the circumcenter of ∆ࡱࡰ.࡯࡮࡭ and ࡵࡻ intersect at 

point ࡲ. If ∢࡯࡭࡮ = ૛ ∙ ࡯ࡲࡵ∢ = ࢞, find the value of ࢞. 

 
Solution. 

૝࢈ + ૜ࢉ = ૠࢇ ⇒
࢈ − ࢇ
ࢇ − ࢉ =

૜
૝ ; (૚) 

૚ࡵ࡭ =
+ࢇ− ࢈ + ࢉ

૛ ૚ࡻ࡭, =
ࢉ
૛ ⇒ ૚തതതതതതതࡵ૚ࡻ =

−࢈ ࢇ
૛  

૛ࡵ࡭ =
+ࢇ− ࢈ + ࢉ

૛ ૛࡭ࡻ, =
࢈
૛ ⇒ ૛തതതതതതതࡵ૛ࡻ = −

ࢇ − ࢉ
૛  

⇒
૚തതതതതതതࡵ૚ࡻ
૛തതതതതതതࡵ૛ࡻ = −

−࢈ ࢇ
ࢇ − ࢉ = −

૜
૝ ; 		(૛) 

⇒
തതതതࡱ࡭
തതതതࡰ࡭

=
૚૟
૛૚ ∙

࢈ − ࢇ
ࢇ − ࢉ =

(૛) ૚૟
૛૚ ∙

૜
૝ =

૝
ૠ =  (૜)		;࢓
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૚തതതതതതതࡵ૚ࡻ
૛തതതതതതതࡵ૛ࡻ = ࢑ ∙ ࢓

(૛)/(૜)
ሳልልልሰ −

૜
૝ = ࢑ ∙

૝
ૠ ⇒ ࢑ = −

૛૚
૚૟ ; 		(૝) 

࢔ࢇ࢚ ቀ૚ૡ૙° −
࢞
૛
ቁ = ࢔ࢇ࢚−

࢞
૛ =

૛࢓࢑ − (࢑ + ૚)࢓ ∙ ࢙࢞࢕ࢉ
(࢑ − ૚)࢓ ∙ ࢞࢔࢏࢙  

⇒ ࢞࢔ࢇ࢚− =
−૛૚૚૟ ቀ

૝
ૠቁ

૛
− ቀ૚ − ૛૚

૚૟ቁ ∙
૝
ૠ ∙ ࢙࢞࢕ࢉ + ૚

ቀ−૛૚૚૟ − ૚ቁ ∙ ૝ૠ ∙ ࢞࢔࢏࢙
= −

√૜
૜ ⇒ ࢞ = ૜૙°	 

⇒
૜
૛
ቀ࢙࢕ࢉ૛

࢞
૛ − ૛࢔࢏࢙

࢞
૛
ቁ =

૜
૝ ⇒ ࢙࢞࢕ࢉ =

૚
૛ ⇒ ࢞ = ૟૙° 

Application 5. 

Cyclic quadrilateral ࡰࡱ࡮࡯ is given. The extension of side ࡱ࡯ to point ࡱ and the 

extension of side ࡰ࡮ to point ࡰ intersect at point ࡭ is ࡭ࡰ
ࡱࡰ

= ૜
૛
. 

Let ࡳ be the vertical projection of the point ࡰ on the ࡮࡯ and line (ࢍ) is the 

perpendicular bisector of the segment ࡳࡰ. Random distinct points ࡷ૚ ૛ࡷ,  belonging to 

the line (ࢍ) are the centers of circles (࣓૚), (࣓૛) with radius ࡷࡳ૚,ࡷࡳ૛ respectively. 

Circles (࣓૚), (࣓૛) intersect the line ࡰ࡮ at points ࡰ૚  at ponts ࡰࡱ ૛ and the lineࡰ,

૛࡯,૚࡯  respectively. If ࡯૚࡯૛
૛ࡰ૚ࡰ

=  .ࡱ࡯࡮ find the angle ,ࡿ
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Solution. 

Let ∢ࡱ࡯࡮ = ࡯࡮ ૚, let࡯ࡰ࡮∢ ∩ (࣓૚) = ࡳ∢,૚ࡹ = ૢ૙° ⇒ ૚ࡹ ∈  ૚ࡷࡻ

Let ࡯࡮ ∩ (࣓૛) = ,૛ࡹ ࡳ∢, = ૢ૙° ⇒ ૛ࡹ ∈  ૛ࡷࡻ

Is ࡹ૚ࡰ૚ ⊥ ૛ࡰ૛ࡹ,ࡰ࡭ ⊥ ૚࡯૚ࡹ,ࡰ࡭ ⊥ ૛࡯૛ࡹ,ࡰࡱ ⊥  ࡰࡱ

Let ࡭ࡰ
ࡱࡰ

= ࢓ = ૜
૛

, ૛࡯૚࡯
૛ࡰ૚ࡰ

= :࢑ and let ࡿ ࢉ
ࢊ

= ࢑ ∙ ࢓ ⇒ ࢑ = ૚૙
૜

 

Is ࢑ = ࢙ࣖ࢕ࢉ૛ࣖି࢙࢕ࢉ∙࢓
(૚ି࢙ࣖ࢕ࢉ∙࢓)࢓

࢑ୀ૚૙૜ ୀ૜૛ሳልልልልልሰ࢓; ૟ ∙ −૛࢙ࣖ࢕ࢉ ૚ૠ࢙ࣖ࢕ࢉ+ ૠ = ૙
ழଵ࢙ࣖ࢕ࢉ
ሳልልልሰ 

࢙ࣖ࢕ࢉ =
૚
૛ ⇒ ࡱ࡯࡮∢ = ૟૙° 

 

Reference: 
Romanian Mathematical Magazine-www.ssmrmh.ro 


