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A. GENERALIZATION of KOUTRAS’ THEOREM 

 

Let: 푶푨 = 풂,푶푩 = 풃,푬풁 = 풄.푪푫 = 풅, 푶푨
푶푩

= 풂
풃

= 풎, 푬풁
푪푫

= 풌 ∙ 푶푨
푶푩

⇒ 풄
풅

= 풌 ∙ 풎,풌 ≠ ퟎ 
Then holds: 

풕풂풏풙 =
풌 ∙ 풎ퟐ − (풌+ ퟏ)풎 ∙ 풄풐풔흑+ ퟏ

(풌− ퟏ)풎 ∙ 풔풊풏흑  

 If 풌 = ퟏ, then 풕풂풏풙 = ∞ ⇒ 풙 = ퟗퟎ° 
Stathis Koutras’ theorem 
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푬풁
푪푫 =

푶푨
푶푩 ⇔ 푴푵 ⊥ 푨푩	 

Proof: (on figure 1) 

PLAGIOGONAL SYSTEM: 푶푬 ≡ 푶풙,푶푪 ≡ 푶풚 

Let: 푶푨 = 풂,푶푩 = 풃,푶푬 = 풆,푶풁 = 풛,푶푪 = 풄,푶푫 = 풅 

푨푩: 풚 = −
풂
풃풙 − 풂, 흀푨푩 = 흀ퟏ = −

풂
풃 ; 		(푬ퟏ) 

푬푴:풚 = −
ퟏ

풄풐풔흑풙 +
풆

풄풐풔흑 ; 		(ퟏ) 

푪푴:풚 = −풄풐풔흑 ∙ 풙 + 풄;		(ퟐ)								 

풁푵:풚 = −
ퟏ

풄풐풔흑+
풛

풄풐풔흑 ; 		(ퟑ)				 

푫푵:풚 = −풄풐풔흑 ∙ 풙+ 풅; 									(ퟒ) 

(ퟏ), (ퟐ):푴
풆 − 풄 ∙ 풄풐풔흑

풔풊풏ퟐ흑 ,
풄 − 풆 ∙ 풄풐풔흑

풔풊풏ퟐ흑 ,푴(풎ퟏ,풎ퟐ) 

(ퟑ), (ퟒ):푵
풛 − 풅 ∙ 풄풐풔흑

풔풊풏ퟐ흑 ,
풅 − 풛 ∙ 풄풐풔흑

풔풊풏ퟐ흑 ,푵(풏ퟏ,풏ퟐ) 

흀푴푵 = 흀ퟐ =
풎ퟐ − 풏ퟐ
풎ퟏ − 풏ퟏ

⇒ 흀ퟐ =
풅 − 풄 ∙ 풄풐풔흑
풄 − 풅 ∙ 풄풐풔흑 ; 		(푬ퟐ) 

풕풂풏풙 =
(흀ퟐ − 흀ퟏ) ∙ 풔풊풏흑

(흀ퟐ + 흀ퟏ) ∙ 풄풐풔흑+ 흀ퟐ흀ퟏ + ퟏ
푬ퟏ 푬ퟐ⁄

 

풕풂풏풙 =
ퟏ + 풂

풃 ∙
풄
풅 − 풄

풅+ 풂
풃 ∙ 풄풐풔흑

풄
풅 −

풂
풃 ∙ 풔풊풏흑

=
ퟏ + 풌 ∙ 풂

ퟐ

풃ퟐ −
풂
풃 (풌+ ퟏ) ∙ 풄풐풔흑

풂
풃 (풌− ퟏ) ∙ 풔풊풏흑

 

풕풂풏풙 =
풌 ∙풎ퟐ − (풌 + ퟏ)풎 ∙ 풄풐풔흑 + ퟏ

(풌 − ퟏ)풎 ∙ 풔풊풏흑  

So, 
푬풁
푪푫 = 풌 ∙

푶푨
푶푩 ,풌 ∈ ℝ − {ퟎ,ퟏ} ⇔ 풕풂풏풙 =

풌 ∙ 풎ퟐ − (풌 + ퟏ)풎 ∙ 풄풐풔흑+ ퟏ
(풌 − ퟏ)풎 ∙ 풔풊풏흑  

 

B. CHARACTERISTIC LINE (g) of TRIANGLE 

Given triangle 푨푩푪 and circle (흎) with center 푲 passes throw the vertices 푩,푪 and 
intersects the sides 푨푩,푨푪 at points 푫,푬 respectively. Let point 푮 is the perpendicular 

projection of 푫 on the side 푩푪 and line (품) is perpendicular bisector to the segment 
푫푮. Let circles (흎ퟏ), (흎ퟐ) with centers radom points 푲ퟏ,푲ퟐ  belonging to the line (품) 
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and radius 푮푲ퟏ,푮푲ퟐ respectively, intersect 푨푩 at points 푫ퟏ,푫ퟐ and 푬푫 at points 
푪ퟏ,푪ퟐ  respectively. 

If ∢푨푪푩 = 흑, 푨푫
푫푬

= 풎, then the tio 푪ퟏ푪ퟐ
푫ퟏ푫ퟐ

= 풄
풅
 depends only on the parameters 흑 and 풎. 

Holds that 풄
풅

= 풌 ∙풎, where 풌 = 풎∙풄풐풔ퟐ흑 풄풐풔흑
풎(풎∙풄풐풔흑 ퟏ)

;풌 ≠ ퟎ, 풄풐풔흑 ≠ ퟏ
풎

 

 

Let 푨푫 = 풂,푬푫 = 풃, 풂
풃

= 풎,∢푨푪푩 = 풙,∢푩푫푪ퟏ = 흑 

푫푲ퟏ ∩ (흎ퟏ) = 푴ퟏ,푫푲ퟐ ∩ (흎ퟐ) = 푴ퟐ,
풄
풅 = 풌 ∙ 풎,풌 ≠ ퟏ 

Is: 푩푪푬푫 −cyclic⇒ 풙 = 흑 

푫푴ퟏ −diameter of (흎ퟏ) ⇒ ∢푫푪ퟏ푴ퟏ = ∢푫푫ퟏ푴ퟏ = ퟗퟎ° 

푫푴ퟐ −diameter of (흎ퟐ) ⇒ ∢푫푪ퟐ푴ퟐ = ∢푫푫ퟐ푴ퟐ = ퟗퟎ° 

Is: 풕풂풏풙 = 풌∙풎ퟐ (풌 ퟏ)풎∙풄풐풔흑 ퟏ
(풌 ퟏ)풎∙풔풊풏흑

⇒ 풔풊풏흑
풄풐풔흑

= 풌∙풎ퟐ (풌 ퟏ)풎∙풄풐풔흑 ퟏ
(풌 ퟏ)풎∙풔풊풏흑

 

풌풎 ∙ 풔풊풏ퟐ흑 −풎 ∙ 풔풊풏ퟐ흑 = 풌풎ퟐ ∙ 풄풐풔흑− 풌풎 ∙ 풄풐풔ퟐ흑+ 풄풐풔흑 

풌풎 ∙ 풄풐풔ퟐ흑+ 풌풎 ∙ 풔풊풏ퟐ흑 − 풌풎ퟐ ∙ 풄풐풔흑 = 풎 ∙ 풔풊풏ퟐ흑 −풎 ∙ 풄풐풔ퟐ흑 + 풄풐풔흑 

풌풎− 풌풎ퟐ ∙ 풄풐풔흑 = 풎(풔풊풏ퟐ흑 − 풄풐풔ퟐ흑) + 풄풐풔흑 

풌풎(풎 ∙ 풄풐풔흑− ퟏ) = 풎 ∙ 풄풐풔ퟐ흑− 풄풐풔흑 

풌 =
풎 ∙ 풄풐풔ퟐ흑− 풄풐풔흑
풎(풎 ∙ 풄풐풔흑 − ퟏ)  

풎 ∙ 풄풐풔흑 − ퟏ ≠ ퟎ ⇒ 풄풐풔흑 ≠
ퟏ
풎 ⇒ 풄풐풔흑 ≠

풂
풃 
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If 흑 = ퟗퟎ° ⇔ 풌 = 풎∙( ퟏ) ퟎ
풎(풎∙ퟎ ퟏ)

⇔ 풌 = ퟏ and 풄
풅

= 풂
풃
 

Koutras’ theorem 

Note: If more circles are written with centers 푲풊, 풊 = ퟏ,ퟐ,ퟑ… ,푲풊 ∈ (품) and points 

푪풊,푫풊  respectively, then holds that: 

푪풊푪풊 풋

푫풊푫풊 풋
= 풌 ∙

풂
풃 , 풋 = ퟏ,ퟐ,ퟑ, … ; 풊 ≠ 풋 

This is the characteristic property of line (품) 

Application 1. 

In the figure 1 it is given that: 

흑 = ퟔퟎ°, 푶푨
푶푩

= ퟐ, 푬풁
푪푫

= ퟑ ∙ 푶푨
푶푩

. Find angle 풙. 

 

Solution. 

Let 푶푨 = 풂,푶푩 = 풃,푬풁 = 풄,푪푫 = 풅 

Is: 풂
풃

= 풎 = ퟐ, 풄
풅

= 풌 ∙ 풂
풃
⇒ 풌 = ퟑ 

풕풂풏풙 =
풌 ∙ 풎ퟐ − (풌 + ퟏ)풎 ∙ 풄풐풔흑 + ퟏ

(풌 − ퟏ)풎 ∙ 풔풊풏흑 =
ퟑ ∙ ퟐퟐ − (ퟑ + ퟏ) ∙ ퟐ ∙ 풄풐풔ퟔퟎ° + ퟏ

(ퟑ − ퟏ) ∙ ퟐ ∙ 풔풊풏ퟔퟎ° =
ퟑ√ퟑ
ퟐ  
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풙 = 풕풂풏 ퟏ ퟑ√ퟑ
ퟐ ≈ ퟔퟖ,ퟗ ∙ ퟖퟑ° 

Application 2: 

In the figure 3 it is given that: 

흑 = ퟑퟎ°, 푶푨
푶푩

= ퟐ, 푬풁
푪푫

= 풌 ∙ 푶푨
푶푩

,풌 = ퟑ
ퟒ
ퟏ + √ퟑ . Find angle x. 

 
Solution. 

Let 푶푨 = 풂,푶푩 = 풃,푬풁 = 풄,푪푫 = 풅 

Is 풂
풃

= ퟐ = 풎, 풄
풅

= 풌 ∙ 풂
풃

= 풌 ∙ 풎 

풕풂풏풙 =
풌 ∙ 풎ퟐ − (풌+ ퟏ)풎 ∙ 풄풐풔흑+ ퟏ

(풌 − ퟏ)풎 ∙ 풔풊풏흑 = 

=
ퟑ
ퟒ ퟏ + √ퟑ ∙ ퟐퟐ − ퟑ

ퟒ ퟏ + √ퟑ + ퟏ ∙ ퟐ풄풐풔ퟑퟎ° + ퟏ
ퟑ
ퟒ ퟏ + √ퟑ − ퟏ ∙ ퟐ풔풊풏ퟑퟎ°

= ퟐ + √ퟑ ⇒ 

풕풂풏흑 = ퟐ + √ퟑ ⇒ 흑 = ퟕퟓ° 

Application 3. 

Given triangle 푨푩푪 with lengths of sides 풂,풃, 풄 and 풃 > 푎 > 푐, 2풃 + 풄 = ퟑ풂, 

∢푩푨푪 = ퟔퟎ°. Let points 푫,푬 on the extensions of the sides 푩푨 to point 푨 and 푪푨 to 

point 푨 respectively, such ퟐ푩푫 = ퟑ풂 − 풄,푪푬 = ퟑ풃 − ퟐ풂. 
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Denote 푰 the incenter and 푶 the circumcenter of ∆푨푩푪.푫푬 and 푶푰 intersect at point 

푭. Prove that: ∢푰푭푬 = ퟑퟎ° 

 
Solution. 

ퟐ풃 + 풄 = ퟑ풂 ⇒
풃− 풂
풂 − 풄 =

ퟏ
ퟐ 

푨푰ퟏ =
−풂+ 풃 + 풄

ퟐ ,푶푨ퟏ =
풄
ퟐ ⇒ 푶ퟏ푰ퟏ =

풃− 풂
ퟐ  

푨푰ퟐ =
−풂+ 풃 + 풄

ퟐ ,푶푨ퟐ =
풃
ퟐ ⇒ 푶ퟐ푰ퟐ = −

풂 − 풄
ퟐ  

⇒
푶ퟏ푰ퟏ
푶ퟐ푰ퟐ

= −
풃 − 풂
풂 − 풄 = −

ퟏ
ퟐ 

푫푨 = 푫푩 − 푨푩 =
ퟑ풂 − 풄
ퟐ − 풄 =

ퟑ
ퟐ

(풂 − 풄) 

푬푨 = 푬푪 − 푨푪 = ퟑ풃 − ퟐ풂 − 풃 = ퟐ(풃− 풂) 

⇒
푨푬
푨푫

=
ퟒ
ퟑ ∙

풃 − 풂
풂 − 풄 =

ퟒ
ퟑ ∙

ퟏ
ퟐ =

ퟐ
ퟑ = 풎 

푶ퟏ푰ퟏ
푶ퟐ푰ퟐ

= 풌 ∙ 풎 ⇒ −
ퟏ
ퟐ = 풌 ∙

ퟐ
ퟑ ⇒ 풌 = −

ퟑ
ퟒ 

풕풂풏(ퟏퟖퟎ° − 풙) = −풕풂풏풙 =
풌풎ퟐ − (풌 + ퟏ)풎 ∙ 풄풐풔ퟔퟎ°

(풌 − ퟏ)풎 ∙ 풔풊풏ퟔퟎ°  
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⇒ −풕풂풏풙 =
−ퟑퟒ

ퟐ
ퟑ

ퟐ
− ퟏ − ퟑ

ퟒ ∙ ퟐퟑ ∙
ퟏ
ퟐ + ퟏ

−ퟑퟒ − ퟏ ∙ ퟐퟑ ∙
√ퟑ
ퟐ

= −
√ퟑ
ퟑ ⇒ 풙 = ퟑퟎ°	 

Application 4. 

Given triangle 푨푩푪 with lengths sides 풂,풃, 풄 and 풃 > 푎 > 푐, 4풃 + ퟑ풄 = ퟕ풂. Let points 

푫,푬 on the extensions of the sides 푩푨 to point 푨 and 푪푨 to point 푨, such 푨푬
푨푫

= ퟏퟔ(풃 풂)
ퟐퟏ(풂 풄)

. 

Denote 푰 −the incenter and 푶 −the circumcenter of ∆푨푩푪.푫푬 and 푶푰 intersect at 

point 푭. If ∢푩푨푪 = ퟐ ∙ ∢푰푭푪 = 풙, find the value of 풙. 

 
Solution. 

ퟒ풃 + ퟑ풄 = ퟕ풂 ⇒
풃 − 풂
풂 − 풄 =

ퟑ
ퟒ ; (ퟏ) 

푨푰ퟏ =
−풂+ 풃 + 풄

ퟐ ,푨푶ퟏ =
풄
ퟐ ⇒ 푶ퟏ푰ퟏ =

풃− 풂
ퟐ  

푨푰ퟐ =
−풂+ 풃 + 풄

ퟐ ,푶푨ퟐ =
풃
ퟐ ⇒ 푶ퟐ푰ퟐ = −

풂 − 풄
ퟐ  

⇒
푶ퟏ푰ퟏ
푶ퟐ푰ퟐ

= −
풃− 풂
풂 − 풄 = −

ퟑ
ퟒ ; 		(ퟐ) 

⇒
푨푬
푨푫

=
ퟏퟔ
ퟐퟏ ∙

풃 − 풂
풂 − 풄 =

(ퟐ) ퟏퟔ
ퟐퟏ ∙

ퟑ
ퟒ =

ퟒ
ퟕ = 풎;		(ퟑ) 
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푶ퟏ푰ퟏ
푶ퟐ푰ퟐ

= 풌 ∙ 풎
(ퟐ)/(ퟑ)

−
ퟑ
ퟒ = 풌 ∙

ퟒ
ퟕ ⇒ 풌 = −

ퟐퟏ
ퟏퟔ ; 		(ퟒ) 

풕풂풏 ퟏퟖퟎ° −
풙
ퟐ = −풕풂풏

풙
ퟐ =

풌풎ퟐ − (풌 + ퟏ)풎 ∙ 풄풐풔풙
(풌 − ퟏ)풎 ∙ 풔풊풏풙  

⇒ −풕풂풏풙 =
−ퟐퟏퟏퟔ

ퟒ
ퟕ

ퟐ
− ퟏ − ퟐퟏ

ퟏퟔ ∙ ퟒퟕ ∙ 풄풐풔풙 + ퟏ

−ퟐퟏퟏퟔ − ퟏ ∙ ퟒퟕ ∙ 풔풊풏풙
= −

√ퟑ
ퟑ ⇒ 풙 = ퟑퟎ°	 

⇒
ퟑ
ퟐ 풄풐풔ퟐ

풙
ퟐ − 풔풊풏ퟐ

풙
ퟐ =

ퟑ
ퟒ ⇒ 풄풐풔풙 =

ퟏ
ퟐ ⇒ 풙 = ퟔퟎ° 

Application 5. 

Cyclic quadrilateral 푪푩푬푫 is given. The extension of side 푪푬 to point 푬 and the 

extension of side 푩푫 to point 푫 intersect at point 푨 is 푫푨
푫푬

= ퟑ
ퟐ
. 

Let 푮 be the vertical projection of the point 푫 on the 푪푩 and line (품) is the 

perpendicular bisector of the segment 푫푮. Random distinct points 푲ퟏ ,푲ퟐ  belonging to 

the line (품) are the centers of circles (흎ퟏ), (흎ퟐ) with radius 푮푲ퟏ,푮푲ퟐ respectively. 

Circles (흎ퟏ), (흎ퟐ) intersect the line 푩푫 at points 푫ퟏ ,푫ퟐ and the line 푬푫 at ponts 

푪ퟏ,푪ퟐ  respectively. If 푪ퟏ푪ퟐ
푫ퟏ푫ퟐ

= 푺, find the angle 푩푪푬. 
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Solution. 

Let ∢푩푪푬 = ∢푩푫푪ퟏ, let 푩푪 ∩ (흎ퟏ) = 푴ퟏ,∢푮 = ퟗퟎ° ⇒ 푴ퟏ ∈ 푶푲ퟏ 

Let 푩푪 ∩ (흎ퟐ) = 푴ퟐ, ,∢푮 = ퟗퟎ° ⇒ 푴ퟐ ∈ 푶푲ퟐ 

Is 푴ퟏ푫ퟏ ⊥ 푨푫,푴ퟐ푫ퟐ ⊥ 푨푫,푴ퟏ푪ퟏ ⊥ 푬푫,푴ퟐ푪ퟐ ⊥ 푬푫 

Let 푫푨
푫푬

= 풎 = ퟑ
ퟐ

, 푪ퟏ푪ퟐ
푫ퟏ푫ퟐ

= 푺 and let 풌: 풄
풅

= 풌 ∙ 풎 ⇒ 풌 = ퟏퟎ
ퟑ

 

Is 풌 = 풎∙풄풐풔ퟐ흑 풄풐풔흑
풎(풎∙풄풐풔흑 ퟏ)

풌 ퟏퟎ
ퟑ ;풎 ퟑ

ퟐ ퟔ ∙ 풄풐풔ퟐ흑− ퟏퟕ풄풐풔흑+ ퟕ = ퟎ
풄풐풔흑

 

풄풐풔흑 =
ퟏ
ퟐ ⇒ ∢푩푪푬 = ퟔퟎ° 
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