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ABOUT AN INEQUALITY BY RAHIM SHAHBAZOV-IV
By Marin Chirciu — Romania
1) Let be x,y,z,t > 0 such that xyzt = 1. Prove that:

x2+1 y+1 zZ2+1 t*+1
+ + <2
x5+3 y>+3 z5+3 t5+3

Proposed by Rahim Shabazov — Azerbaijan

Solution We prove the following lemma:

Lemma.
If x > 0 then:
x*+1 2
<
x>+3 x+3
Proof.

241 2, , .
— < —— Is equivalent with:
3 x+3

2x> —x3—3x2—x+3=>0e (x —1)2(2x3 + 4x% + 5x + 3) = 0, obviously with
equality for x = 1.
Let’s get back to the main problem.

Using the Lemma we obtain:

2 @
M, =S5 < N2 < 2= My, where (1) & ¥ —— © Y. == > 1, which follows from

x5+3 7 “x+3

Bergstréom'’s mequallty:

=’ s BVx)” )* ¢
Z Z x+3 Z(x+3) -

x+y+z+t+21/ + 2Vxz + 2Vxt + 2,y +2\/_+2\/_
x+y+z+t+12

Jxy +Vxz + Vxt + 2,/yz + \[yt + zt = 6, which follows from means inequality and the

condition from hypothesis xyzt = 1.

1 where (2) &

We deduce that the equality from enunciation holds, with equality if and only if
x=y=z=t=1
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Remark. The inequality can be developed

2) Letbex,y,z,t > 0 such that xyzt = 1 and 3 < n < 4. Prove that:
x*+1 y*+1 z2+1 t*+1 8
+ + + <
x°+n y’+n z°+n tt+n n+1

Proposed by Marin Chirciu - Romania

Solution We prove the following lemma:

Lemma.

If x > Oand%S n < 4 then:

x2+1< 2
x>+n~ x4-n)+2n-3

2
Proof. Inequality ;Cs;ll < . is equivalent with:

x(4—-n)+2n—
2x5+ (m—DHx3+B-2nx*+(n—-4)x+3=>0c
S (x — 1)2(2x2% + 4x% + (n + 2)x + 3) = 0 obviously with equality for x = 1.
Let’s get back to the main problem.
Using the Lemma we obtain:

€Y

x241 2 8

M = 2:xs+n = Zx(4—n)+2n—3 = n+1 = My, where (1)
1 4 x 4 .
= pr R ve— S— e (4—n) Zm > (4—n) —7 which follows from

(4—n)>0and}), L 2

_— > true from Bergstrom’s inequality:
x(4-n)+2n-3 — n+71 f 9 q y

X _ (Vx)* (zvx)* @ K
Zx(4_n)+2n_3 = Zx(4_n)+2n_3 = S +2n=3) > — where (2) &

X+y+z+t+2/xy+2vVxz+ 2Vxt +2,/yz + 2 yt+2\/E> 4
(=4
4-nkx+y+z+t)+42n—-3) n+1

(n+D(x+y+z+t+2xy+2Vxz + 2vVxt + 2\[yz + 2,[yt + 2Vzt) =
>4(4-nx+y+z+t)+16(2n—-3) &
(:>(5n—15)(x+y+z+t)+(2n+2)(\/x_y+\/ﬁ+\/ﬁ+\/ﬁ+\/ﬁ+\/ﬁ)216(2n—3),

which follows from means inequality and the conditionsn = 3, xyzt = 1, assured by the

=4
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hypothesis. We deduce that the inequality from enunciation holds, with equality if and only

fx=y=t=1

Note.
1) For n = 3 we obtain the proposed problem by Rahim Shahbazov in RMM 11/2019.

2) For n = 4 we obtain the inequality:
3) Letx,y,z,t > 0 such that xyzt = 1. Prove that:
xX+1 y*+1 z2 +1 t*+1 8
+ + <
xX5+4 y> +4 z5+4 t5+4° 5

Proposed by Marin Chirciu - Romania

SolutionWe prove the following lemma:

Lemma.

If x > 0 then:

IS equivalent with:

2x° —x2+3 =20 (x—1)2(2x3 + 4x? + 6x + 3) = 0, obviously with equality for

x = 1. Let’s get back to the main problem. Using the Lemma we obtain:
M, z x? + 1 —4 2 8 M
S 1a=L.5 5 5 ¢

We deduce that the inequality from enunciation holds, with equality if and only if

x=y=z=t=1
Remark. Inequality can be reduced to three variables:
11
4) Let x,y,z > 0 such that xyz = 1 and: < n < 4. Prove that:
x2+1 y*+1 z2+1 6
5 + 5 + 5 =
x>+n y>+n z2+n n+1

Proposed by Marin Chirciu - Romania

Solution
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2

Using the Lemma x5+1 < 2 , x>0 and> < n < 4 we obtain:

+n x(4—n)+2n-3 2
€))
x%+1 2
M Zx5+n - Zx(z} -n)+2n— 3 = n+1 Md' where (1)
1 3

< Zx(4—n)+2n—3 S m < (4 n) Z:x(4 n)+2n 3 (4 -n n+1

1
x(4—n)+2n-3

Z X — Z (\/E)Z > (2\/;)2 (;) .
x(4—n)+2n-3 x(4n—n)+2n-3 Y(x(4—n)+2n-3) n+1
x+y+z+2xy+2 yz+2\/§> 3
4-nkx+y+2)+32n—-3) " n+1 <
(n+D(x+y+z+2/xy+2/yz+2Vzx) =3¢ —n)(x+y+2) +12(2n—-3) &
& (4n—11)(x+y+z)+(2n+2)(J_+J_+\/E) >12(2n —3)

which follows from means inequality and the conditions n > ,xyz = 1, assured by the

(4—n) >0and}; = %, true from Bergstrém’s inequality:

enunciation. We deduce that the inequality from enunciation holds with equality if and
onlyifx=y=z=1
Remark.Inequality can be strengthened to five variables:

5) Let x4, x5, x3,X4,X5 > 0 such that xq - x5 - X3 - x4 - x5 = 1 and
19
- < n < 4. Prove that:

x3+1 x3+1 x5+1 xi+1 x§+1< 10
xX24+n x+n x+n xi+n x2+n n+l

Proposed by Marin Chirciu - Romania

2
Solution Using the Lemma x5+1 < 2 , x>0 andE < n < 4 we obtain:
x5+n x(4—n)+2n-3 2
®
x1+1 2 10
M Zx S+n — Zx1(4—n)+2n—3 = n+1 Mq, where (1)

1

5 .
= P ———. < m S (4—n) Zm >(4—n) —7 which follows from
(4—n)=0and ), m > — truefrom Bergstrém’s inequality:

y_m oy W, v Y

x1(4-n)+2n-3  “x;(4-n)+2n-3 — Y(x;(4-n)+2n-3) — n+?’

Xy + 2 Vxx, 5
o > o
4-n)Yx;,+52n—-3) n+1

@(n+1)(2x1+22\/E) 25(4—n)2x1+25(2n—3) =3
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(6n — 19) le +(2n+2) Z X1%, = 25(2n — 3)
which follows from means inequality and the conditionn = ?,xl "Xyt X3 X4 X5 =1,

assured by the enunciation.
We obtain (bn —19) Y. x; + 2n+2) Y x1;x, = (6n—19) -5+ (2n+ 2) - 10 = 25(2n — 3)
We deduce that the inequality from enunciation holds, with equality if and only if
X1 =Xy =X3=X4 =X5=1
Remark. We can generalize the inequality:

6) Let xq,x5, ..., X, > Osuchthatxq - x5 - ...-x;, =1 and4kkT_11 <n<4
Prove that:
x3+1 x3+1 x:+1 2k
—+t——+ -+ =—<
xij+tn x3+n xp+n n+1

Proposed by Marin Chirciu - Romania

Solution Using the Lemma ;Cz: < x(4_n)2+2n_3 , x>0 and% < n < 4 we obtain:
My =2 g::l = Zx1(4—nz)+2n—3 (;) nz_fl = Mg, where (1)
s Zm < ﬁ S (4—n) Zm > (4—n) ﬁ, which follows from
(4—n)=0and); m > %, true from Bergstrom’s inequality:
gom oy G Gt Dk

x1(4-n)+2n-3 — Y(x;(4-n)+2n-3) — n+1
Xy +2YVxx, k
> =
4-nYx+k(2n—-3) n+1

@(n+1)(2x1+22\/E) 2k(4—n)2x1+k2(2n—3)=}

x1(4—-n)+2n-3 o

1:)(n(k+1)+1—4k)2x1+(2n+2)2x1x2 > k2(2n — 3)

. . . iy 4k—-1
which follows from means inequality and the conditionsn = ——,x1 * X3 * ..o X = 1,
k+1

assured by the enunciation.
We deduce that the inequality from enunciation holds, with equality if and only if

X1 =%y =--=x, =1
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