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OPPENHEIM’S INEQUALITY REVISITED

By Bogdan Fustei-Romania

NOTE BY EDITOR: In his unmistakable style with which the author has
accustomed us in the previous articles in this paper is approached the famous
Oppenheim inequality in triangle. The author provides an interesting
generalization and numerous applications with inequalities and identities that
result from it. | notice once again the way in which the author presents his
thought process in its entire evolution for obtaining the results-fact that makes
the article extremely useful also from a methodical perspective.

Let M —be any point in euclidian space and x,y,z € R. In AABC holds:

(x +y + 2)(xMA? + yMB? + zMC?) > yza? + zxb? + xyc?

Proof: We have: xMA + yMB + zMC = 0 then:
x2MA? + y2MB? + z2MC? + 2xyMA - MB + 2yzMB - MC + 2zxMC-MA > 0
x2MA? + y>MB? + z*MC? + xy(MA? + MB? — AB?) + yz(MB? + MC? — BC?)
+zx(MC* + MA? — AC*) > 0
x(x+y+2zMA*>+ y(x+y+2z)MB? + z(x + y + zZ)MC? > yza® + zxb? + xyc?
(x+y+2z)(xMA? + yMB? + zMC?) > yza® + zxb? + xyc?
If we take M = 0 then OA = OB = OC = R then we have that:
(x + y+ 2)?R? > yza® + zxb? + xyc? (Bottema's Inequality)
Letbe x,y,z € R,; x = a’x,,y = b%>y,,z = ¢*z4; x1,¥1,21 € R, then follows:

(a®x, + b*y; + ¢*21)?R? > a’b*c?(x1y, + ¥121 + z,x41) and from abc = 4RS we get:

a’x, + b*y; + ¢®zy > 4S\/x,y1 + y121 + 21X, (Oppenheim-Bédild-Chiritd)

In A;B,C, with sides a; = \/a,b; = /b, c; = V/c the following relationship holds:
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axy + by, +cz; = 4S1\/x1¥1 + Y121 + 21%4

1652 = ZZ a’b? — (a* + b* + ¢*) = 165% = 2(ab + bc + ca) — (a? + b% + ¢?)

cyc

ab + bc + ca = s* + 4Rr + r%; a% + b* + ¢* = 2(s*> — 4Rr — r?) it follows

1
1653 =4r(4R+1) =45 =r(4R+1)> S, = VTR +1)

So, we get: ax, + by, + czy > 2./T(4R + 1)(x1y; + Y12, + Z1%,)

But4dR+1r =>s /4 — =X which follows from s* < M (Blundon).

2(2R-r
Therefore,
2r
ax; + by, +cz; =2 |S |4 — F(xﬂﬁ +y12z1 + 21xq)
Let be: x; = ,y1 =% 1= f;x,y,z > 0 then follows

2r /xy yzZ Xxz
x+y+z=2 5/4_f(_b+bc+_)

absinC bcsinA acsinB

2r
(x+y+2)?%=>4S 4—— ’ -— Z—y 2absinC
cyc cyc
= (4 2r ZZ inC
= R xysin
cyc
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In AABC; x,y,z > 0 the following relationship holds:

2r
(x+y+2)?2=>2 ’4 R (yzsinA + zxsinB + xysinC) (Oppenheimer generalization)

Proof.

We prove it that: ax, + by, + cz; = 2\/T(4R + 1) (x1y1 + Y121 + 21X1); X1, ¥1,2, > 0

4

Let be: x; ——,y1 =371=

f;x,y,z>0then

x+y+2)? x zZ zZx
uzh(_yJ_Jr_)
Ta+Tp+T1, ab bc

But tang = %“ (and analogs); r, + 1, + . = 4R + 1, so we get:

(x+y+2?z4r(R+7) (% +2+ g) hence (x + y + z)? > BUR) (x

z | ZX
—y+y—+—)and
ab bc ca

(x+y+2)?=> Ztané-ZZabsinC-ﬂ
- 2 ab

cyc cyc

Therefore,

A
(x +y + 2)? > 2(xysinC + xzsinB + yzsinA) z tanE

cyc

For x,y,z > 0 we have ax + by + cz = 2,/r(4R + r)(xy + yz + zx) and put x = s,

a
,Z =;weget:

Sa

y:

b b e 52 [rary )(b c hac a)@
aa b Cc_ T T ab ac b c

28>2\/1‘(4R+1‘)( +b+ ) S>\/T(4—R+r)< +b+c)
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But 4R + r > s\/3 then s > \[rsx/§ (% + g + 2) and hence

a b c o . . o .
s>rV3 (E + p + E) (Ion Cristian Miu — refinement Mitrinovic)

How4R +1r = s ’4-——thenwehave s=>r /4——( + + )andfrom

4R+1

2 a b ¢ .S a b ¢ : - - A
s*>r(4R+ 1) (b + . + a) we get: - > (b + . + a) and withr, = s tanzfollows

that: > > (E + b + 5) (tané + tanE + tang).
r b c a 2 2 2

A B c . .
From cot > + cot— + cot > = E we get a new inequality:

cot%+cot§+cot% a b c
>—4+—+—
b ¢ a

A B Cc
ta117-+-ta1lif4—ta1r2

From ax + by + ¢z > 2,/Tr(4R + r)(xy + yz + zx); x, ¥,z > 0 and for x = i,y =

b c a b c a c b a b
— . . —_ . —_ ._> —_— —_ . — —_ . —
z-cwehave.a a+b A 2Jr(4R+r)(a PR C)therefore,

s> \/ r(4R + 1) (% + % + g) and from 4R + r > s\/3 we get a new inequality:

a b c
s = sr\/§<—+—+—)
c a b

2
2 > 2(2 b 5)(3 b 2) .s_>(z b 5)(5 b 2)
From s® 2 3r°(  +-+-)(; +_+_)follows: -5 =+ - +-)(; + -+~

But4R+rZS’4—%then:sz /4—%(%+%+ andfroms>r/4—?( + + )

it follows: = >(4 —)( +—+£)(£+_+)
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From ax + by + ¢z > 2,/r(4R + r)(xy + yz + zx); x, ¥,z > 0 and for x =

c _a
_;y—;;

a

b c b a
zZ= ;wegets = \[r(4R +71) (Z+Z+?) and hence

) a b ¢cxy¢c b ay s 4R+7r |(fa b c\/c b a
szreren (Grova) Groro)or=—— (Gt Grate)

Fromr, =s - tang (and analogs); 1o + 1, + 7. = 4R+ T1; Xy cotg = %we get:

COt%‘FCOt%‘FCOt% a b c¢c\/c b a
> (G+o+2)(5+2+)

A B C b a/\b a ¢
tan7+tan7+tan7
Similarly:
A B C
C0t§+COt7+C0tz c b a
>+ —+—
b a c

A B C
tan§+ tan7+ tani

Now, m,, my,, m. it can be the lengths sides of on triangle by area S,,, = %S,

. . mg+mp+m 3
semiperimeter s,, = “f”c } Sm = TmSmiSm = .

_ Mmgtmp+m, r.osSr. = 3S
m m — 2(mg+mp+m)

We have that: s > /3 (% + g + ?cz) and s > r/3 (% + g + %) so, for Am,m,m_ we have:

m,+m,+m 3S m, m, m
R \/§<—“+—”+—C)<=
2 2(mg, + my + m,) m, m, m,

m m m
(mg + my, + m,)? 23\/55(—“+—”+—C)

my m, m,

Similarly:

m m m
(Mg +my, +m)? >335 (—<+—2+—=2
m

b m, m,

Therefore, we get a new inequality:
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my m. ) <mc my ma)

2 /m
(mg + my, + m)* > (3V3S) <—a+—+—
m, m, m,

my m, m,

and hence

my m, m,

(mg +my +me)* (ﬁ+ﬂ+mc)(mc+ﬂ+ma)
3\/§S N my m, m,

We know that:

s? =n2+2r,h, © s> —n% =2rh, &

2rshy,  s—n, 21,

s—n,)(n+n,) =2r,h, ©s—n, = S =
( a)( a) a'*a a S+1’la ha S+n

(and analogs)
a

cyc cyc cyc cyc

s a s c a

—2x/§(—+—+—)and—2 3(—+—+—)
r b b

So, it follows that:

ViR -2

b a T,
ot Y s V(528 -2y
h, s+n,

cyc cyc cyc cyc
n a b c h, c b a h
Z—“zx@(—+—+—>—zz andZ—>\/_( )—ZZ “
T, b ¢ a s+ s+n,
cyc cyc cyc cyc

s> 4 2r(a+b+c> ds> 4 2r<c+b+a>
r Rbcaanr_ R\b a c

Therefore,
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Na 4 2r<a+b+C) ZZ T, d
h, — R\b ¢ a s+naan
cyc

cyc

Na 4 2r(c+b+a) Zz Ta
h, R\b a c s+n,
cyc

2ra b h
Z"“ 4-(prots)-2) —“and

cyc

n, 2r/c b a h,
T, R\b a c s+n,
cyc cyc

Applying Jensen Inequality for function convex f(x) = tan i, X €E (0, g) we have:

A B C
t A+t B+t C>3t I+Z+I t A+t B+t ¢ 3t i
J— J— @ J— J— —_—
an4 an4 an4_ an 3 an4 an4 an4_ an12
Vi 1 1 — cosx x 1+ cosx
tanﬁ = tan2 (E) =2 - \/_ tan— = sinx ,cotz = oinx
A_s—a( d ] ); ,A_ T (and ’ )
cosz— T, and ana o,gs,sm2 T, and analogs

A —
tan’) 1-cos3 1—-=—727— Al+a-s Al Al+a-s
an— = = = —_— =

- =
4 sin% a7 Al r r

AI+a -5
So, we have: tan

(and analogs)

A AI+BlI+Cl+a+b+c—3s
tanzz r

cyc

A AI+BI+Cl—s AI+BI+CI-—s
tan— =

S
1 - = - 2:;-+ 3(2 —'\E§)

cyc
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B-C (b + c> A B—-C
= sin

= — (and analogs)

cos— 3 (and analogs); cos > wa
Al 1 h, b+c r
— = I (and analogs) > — T
T  sing 2 2

b+c_ab+ac

h,h
;bc = 2Rh,(and analogs); a*> = 2R - b e (and anaolgs)

a  a? h,
b+c 2R(hy,+h,) h, + h,
= W = e (and analogs)
a 2R - Lblc hyh,
h,
h, h,+h, r Al _Wa W,
v = h, ok, Al = =, + h, % (and analogs)
Therefore,

Al + BI + CI Wy +w S
T Y ey 2 i 3(2-v3)
a

T
cyc

—=—+—+—+ Z
h, s+n,

cyc

So, we get a new inequality:

ZW>3(2 \/_)+zz

+n,
cyc cyc
Now,
A AI+BI+CI-s wp +w,—n, Trq
)
4 r h, s+n,
cyc cyc cyc
and from

s 4R+7r |yfa b c¢c\/c b a 2r
-2 (—+—+—>(—+—+—);4R+r25 4-——
r s b ¢ a/\b a c R
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So, we get a new inequality:

s> (4 Zr)(a+b+C)(c+b+a)
r- R/\b b a c

Denote:
(4 2r><a+b+c>(c+b+a> zt A<zwb+wc
Q R/\b b a 4 h,
cyc cyc
A s—a
A 1l+4cosy 1+—— Al+s—a Al Al+s—a
coty = A - A - a1 r~ T r
sinz sinzy
Hence,

A AI+BI+CI+s
ZCOtZZ

T
cyc

So, we have the identity:

A AI+BI+Cl+s Wp+Ww, S
Y- D
4 T h, r

cyc cyc

Therefore,

Z tA> +zwb+wc+s_zna+zz Trq
coty=0Q h, r Zih, s+mn,

cyc cyc cyc cyc

W, +w,—n
Yeogzy tey et
s+n, h,

cyc cyc cyc

Denote N, —Nagel point. Applying Van Aubel theorem, we have:

AN, s—c+s—b a n,—AN, s-—a n, s( d ] )
= = = = = = —
n,—AN, s—a s—a s-—a AN, a AN, a and anatogs

9 BOGDAN FUSTEI-ROBERT OPPENHEIMER’S INEQUALITY REVISITED



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

an,
AN, = — ;2s=a+b+c=(a+b+c)AN, =2an, =

b+c 2n, d /
a —ANa(an analogs)
h, a+b+c b+c
ZS=aha;ZS=Zsr:aha=2sr:7=T=1.|. m

Then, we have: % = "% (and analogs) and hence
a

AN

AN,+BN,+CN, n, n, n

+
2r h, h, h,
AN, n, AN, ng+n,+n,
= — (and analogs) = Z =
a s a s
cyc
In AABC: = + 2 + = > /3; YM < (ABC).
FoerNa:AIZ“+%+%2\/§:na+nb+nc25\/§
Now,
b+c rqthg, ﬂ ﬁ __2n4
PRl 1+ . (and analogs) and hence 2 + v = AN,
So, we have a new inequality:
n, h, h, h. hg+hy,+h,
2 Z =6+—+—+—=
AN, Ty Tp T¢ r
cyc
ab + bc + ca

bc = 2Rh,(and analogs); h, + hy + h, = — R
ab + bc + ca = s*> + 4Rr + 1?

So, it follows that:

Z n, s’+4Rr+r? 2 > 16Rr — 572(G tsen)
AN, = iRr ;) s2 > r — 5r2(Gerretsen

cyc
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n, r
>5——
AN, R

cyc

Ng
AN,

From % = (and analogs) and from h, < s,(and analogs)

Sa ng
> °
we get: ;* > ~*(and analogs) then

Sa+Sb+Sc > n,
2r  ~ LJAN,

cyc

Now, we prove it that: g -1> % (and analogs)
a

R-r AN,
> => 2(R—r1) = AN, (and analogs)
r 2r
Therefore,
6(R—1r)=>AN,+ BN, +CN,
AN, n, Al b+c 2A1
a s w, 2s (b+ow, s
AN, 2A1 AN, a na( d logs)
= . = =  —_
a (b+ow, "Z U Th+c w, and anatogs
1 b+c wa( d ] ) 2a Zwa A
= —_ = =2 — —
— a h, and analogs bTec hasm2
sinz
Hence
Wa _ 5" in? (and analogs) “<2(R 1)'A(d logs)
= —_— —_ = _—— J—
T, hasmz and analogs 7 = 2\5 sin- (and analogs
ANa<2(R 1)2 LA
Al r S
cyc cyc

A T T, 250 A 2r |r,
R — |—> —_ = —_—— D
S =V2R |n, M2 T R |ny
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AN, mn, 2r |r, d ]
al h,|R |n, (and analogs)

From % > % (Panaitopol inequality) we get:
a

AN, mn, [2r ra<na hy, |[ra mng, |1,
Al h,|R o hg |m, |h, h, |m,

AN f o
I“ < % ;—“ (and analogs) and summing, it follows that:
a a

A
S ANe R (T
Al h, lm,

cyc cyc

So, we have:

Now, N, —Nagel’s point

_ N, M2 — <2
AN, = 5 (and analogs); ns = s* — 2r, h,(and analogs)

s2 —2r,h,)a? 2r,h
ANCZIZ( Sza a) :(1_ Saz a)az

S h 28 2r I 45?2
. = — = [ —
s—a’ % a Tala = 0~ a)

452 a?

AN2=aq? ——— —;
a=a a(s —a) sz

$?2=s(s—a)(s—b)(s —c)(Heron)
B 4s(s—a)(s—b)(s— ) a

AN? = q?
a s2 s—a

4(s—b)(s—¢)
B s

AN2 = a <a > (and analogs)

But a? = (b — ¢)? + b(s — b)(s — ¢)(and analogs)

4a(s— b)(s —c)

AN2 = (b—c)* +4(s—b)(s—c) — p
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AN2 =(b—c)*+4(s—b)(s—c¢) (1 —g)

4s(s—a)(s—b)(s —¢)
§2

AN%2 = (b—c¢)* +

) ,  45?
ANa=(b—C) +S—Z;S=ST

So, we get a new identity:

a*n?

AN? = (b — ¢)? + 4r%*(and analogs); AN? = 7z

n2 (b—c)? +4r?
sz a?

(and analogs)

Using AM-QM Inequality, we have:

(b—c)?+4r? |b—c|+2r an, |b—c|+2r
= = =
2 2 s V2

So, we get a new inequality:

naZIb—c|+2r

s av2

s3(lb —c| + 2r)(Jc — a| + 2r)(Ja — b| + 27)
2N
2V2 - 4Rrs

(and analogs); abc = 4RS = 4Rrs

n,nyn, =

s?(|b —c| + 2r)(|c — a| + 2r)(Ja — b| + 21)
8V2 - Rr

n,nyn, =

But

>|b—c|+2r s_ha( d ! ) >ha |b —c| + 2r
n, = G s = 5, (and analogs);n, > - - 7z

So, we get inequality:
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na>|b—c|+2r( d logs)
—>———— (and analogs
ha ZX/ET 9
na+nb nc>|a—b|+|b—c|+|c—a|+2r+3\/§
h, h, h,— 2\/2r 2

> s(|b—c| + 2r)

a

(and analogs)

av2

We have prove it that:

AN n
2 = 2 (and analogs) and AN?% = (b — ¢)? + 4r%(and analogs)

2r  h,

So, we get:

nz (b—c)?+4r? b —c)?
a_( ) =1 +¥(and analogs)

hz ~ 4r? 4r?
Now,
s? = n2 + 2r, h,(and analogs)
2 2 s—n, 2r,
s? —ng =2r.hy © (s —ny)(s +ny) = 2r.h, © = (and analogs)
h, s+n,
28 =ah, =2 > — 2 (and analogs)
= = = — = —
ah, ST .~ 2r and analogs
So, we get:
a n, 2r,
— = d l
2r  h, + T, (and analogs)
Now,
B C T Tr,T ToTpT Ty
cot—+cot—= |[— + “b:\/“bc+‘/“bc;rarb1~c:szr
2 2 T T, VT ror

So, it follows that:
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B+ tC_s+s_h_2rbrC( d logs)
cos2 coz—rb o e = and analogs
t—+ tC_Zs( d logs)
co > coz—ha and analogs

t—+ tc—a( d l )
CO2 coz—ran anatogs

So, we get a new inequality:

tB+ tC 2n, 4r, d !
cot—+ cot - and analogs
2 2 h, s+na( 9%)

A Al+s—-a Al na 4r,
oty =————=—+~ +—+ z - =
4 r h, s+na h, s+n,

cyc

Finally, we get:

A Al n n r r r
cot———+—b+c a ( b, ¢ “)

———+2
4 h, h. h, s+n, s+n, s+n,
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