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We Both worked on symmetrical infinite series And we get some nice
application of it Nature love symmetry its true

Let Sa,b =
∑

1≤m≤n≤∞

(−1)n+m

nama+b(nb +mb)

Sa,b =
∑

m,n∈N

(−1)m+n

nama+b(nb +mb)
=

∑
n,m∈N

(−1)m+n

mana+b(nb +mb)

2Sa,b =

∞∑
n=1

∞∑
m=1

(−1)m+n(nb +mb)

(nm)a+b(mb + nb)

Sa,b =
∑

1≤m≤n≤∞

(−1)m+n

mana+b(mb + nb)
=
η2(a+ b)

2
=

(
1 − 2−(a+b)

)2
ζ2(a+ b)

2

This symmetrical sum help us to evaluate very fascinating infinite series involving cosech(z)
Lets discuss case put ”a” as 0 and ”b” as 2

S0,2 =
∑

1≤m≤n≤∞

(−1)m+n

m2(n2 +m2)
=
η2(2)

2

We know

∞∑
n=1

(−1)n

m2 + n2
=
πcosech(πm)

2m
− 1

2m2

S0,2 =

∞∑
m=1

(
(−1)mπcosech(πm)

2m3
− (−1)m

2m4

)
=
η2(2)

2
∞∑

m=1

(−1)mπcosech(πm)

2m3
+
η(4)

2
=
η2(2)

2

∞∑
m=1

(−1)m−1cosech(mπ)

m3
=
η(4) − η2(2)

π
=

π3

360

Now set a,b equal to 2 we get

1



S2,2 =
∑

1≤m≤n≤∞

(−1)m+n

m4n2(n2 +m2)
=
η2(4)

2

Now using partial fraction

1

m4n2(m2 + n2)
=

1

m6n2
− 1

m6(m2 + n2)

S2,2 = η(6)η(2) −
∑

m,n∈N

(−1)m+n

m6(m2 + n2)
=
η2(4)

2
∞∑

m=1

(−1)m

m6

(
πcosech(πm)

2m
− 1

2m2

)
=

2η(6)η(2) − η2(4)

2
∞∑

m=1

(−1)m−1cosech(πm)

m7
=
η2(4) + η(8) − 2η(2)η(6)

π

∞∑
m=1

(−1)m−1cosech(πm)

m7
=

13π7

453600

Now set “a” as 4 “b” as 2∑
1≤m≤n≤∞

(−1)m+n

m4n6(m2 + n2)
=
η2(6)

2

1

n4m6(m2 + n2)
=

1

m6n6
+

1

m10n2
− 1

m10(m2 + n2)
− 1

m8n2∑
1≤m≤n≤∞

(−1)n+m

m6n4(m2 + n2)

= η2(6) + η(2)η(10) − η(8)η(4) −
∑

m,n∈N

(−1)m+n

m10(m2 + n2)
=
η2(6)

2
∞∑

m=1

∞∑
n=1

(−1)m+n

m10(m2 + n2)
=
η2(6) − 2η(8)η(4) + 2η(10)η(2)

2

π

2

∞∑
m=1

(−1)mcosech(mπ)

m11
=
η2(6) − η(12) − 2η(8)η(4) + 2η(10)η(2)

2

∞∑
m=1

(−1)m−1cosech(mπ)

m11
=

4009π11

1362160800

Such type of series generated when powers of m in the form of 4n-1 where n is Natural numbers

We can find these type of series for S2n,2
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