
Interesting Problem

If G(n) is defined as follows,

G(n) =

∫ 1

0

ln(x)ln(1− xn)dx

then find the value of ∫ 1/2

0

G
(1

x

)
dx

Solution:

G(n) =

∫ 1

0

ln(x)ln(1− xn)dx =

∫ 1

0

ln(x)
∞∑
k=1

−xnk

k
dx

= −
∞∑
k=1

1

k

∫ 1

0

xknln(x)dx =
∞∑
k=0

1

k(kn+ 1)2

Now,

1

k(kn+ 1)2
=

1

k
− n

kn+ 1
− n

(nk + 1)2
=

1

k
− 1

k + 1
n

− n

(nk + 1)2

Hence,

G(n) =
∞∑
k=1

(1

k
− 1

k + 1
n

)
−

∞∑
k=1

n

(nk + 1)2
= γ + ψ

(
1 +

1

n

)
−
ψ

′
(1 + 1

n
)

n

Now, replacing x by t (since x is just a dummy variable) and n by 1
x

and
integrating both the sides from 0 to t, we obtain,∫ t

0

G
(1

x

)
dx =

∫ t

0

(
γ + ψ(1 + x)− xψ′

(1 + x)
)
dx

= γt+ ln(Γ(1 + t))−
(
tψ(1 + t)−

∫ t

0

ψ(1 + x)dx
)

= γt+ ln(Γ(1 + t))− tψ(1 + t) +

∫ t

0

ψ(1 + x)dx

= γt+ ln(Γ(1 + t))− tψ(1 + t) + ln(Γ(1 + t))

1



= γt+ 2ln(tΓ(t))− tψ(1 + t)

Thus, ∫ t

0

G
(1

x

)
dx = γt+ 2ln(tΓ(t))− tψ(1 + t)

Put t = 1/2, we get,∫ 1/2

0

G
(1

x

)
dx =

γ

2
+ 2ln

(1

2
Γ
(1

2

))
− 1

2
ψ
(3

2

)
=
γ

2
+ 2ln

(√π
2

)
− 1

2

(
− γ − 2ln(2) + 2

)
= γ + ln

( π
2e

)
Finally, ∫ 1/2

0

G
(1

x

)
dx = γ + ln

( π
2e

)
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