
Generalised Wilson’s Theorem

1 Introduction

It is known that if p is a prime then,

(p− 1)! ≡ −1(mod p) (1)

This theorem was proposed by John Wilson and published by Waring in 1770,
although it was previously known to Leibniz. It was proved by Lagrange in
1773.
In this paper, I prove the generalised version of Wilson’s theorem.

2 Main Proof

Theorem 2.1. Let p be any prime and n be any natural number, then the
following congruence holds

(np− 1)! ≡ (−1)n(n− 1)!pn−1(mod pn).

Proof: Let us define a set Sn with p− 1 elements,

Sn = {(n− 1)p + 1, (n− 1)p + 2, (n− 1)p + 3, ..., np− 1}

Observe that,
(n− 1)p + k ≡ k(mod p) (2)

where k = 1, 2, 3, ..., p− 1.
Substituting k = 1, 2, 3, ..., p− 1 in (2) and multiplying all the congruences,
we obtain,∏

x∈Sn

x ≡ (1× 2× 3× ...× (p− 1)) ≡ (p− 1)! ≡ −1(mod p)

Thus, ∏
x∈Sn

x ≡ −1(mod p) (3)
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Substituting n = 1, 2, 3, ..., n−1, n in (3) and multiplying all the congruences,
we obtain,

n∏
n=1

∏
x∈Sn

x ≡ ((−1)× (−1)× (−1)× ...(−1))(mod p)

n∏
n=1

∏
x∈Sn

x ≡ (−1)n(mod p) (4)

Multiplying both sides of (4) with (n− 1)!pn−1 we have,

(n− 1)!pn−1
n∏

n=1

∏
x∈Sn

x ≡ (−1)n(n− 1)!pn−1(mod pn)

Finally,
(np− 1)! ≡ (−1)n(n− 1)!pn−1(mod pn).
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